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1. Introduction

The stability problem for functional equations or differential equations began with the well known
question of Ulam [1]:

Let Gy and Gy be a group and a metric group with a metric d(-, ), respectively. Given ¢ > 0, does there
exist a 6 > 0 such that if a function h : G; — G; satisfies the inequality d (h(xy), h(x)h(y)) < 6
forall x,y € Gy, then there exists a homomorphism H : Gy — Gy with d(h(x), H(x)) < € for all
x e Gqy?

In short, the Ulam’s question states as follows: Under what conditions does there exist an additive
function near an approximately additive function? (For more details about the historical background,
see [1-5].)

In 1941, Hyers [6] gave a partial solution to the question of Ulam under the assumption that
relevant functions are defined on Banach spaces. Indeed, Hyers” (modified) theorem states that the
following statement is true for all ¢ > 0: If a function f satisfies the inequality | f(x +y) — f(x) —
f(y)|| < efor all x, then there exists an exact additive function F and a function K : [0,00) — [0, o0)
such that || f(x) — F(x)|| < K(e) for all x and lg% K(e) = 0. In this case, the Cauchy additive functional

equation, f(x +y) = f(x) + f(y), is said to have (or satisfy) the Hyers—Ulam stability.

When Hyers’ theorem is true even if we replace ¢ and K(¢) by ¢(x) and ®(x), where ¢ and
@ are functions not depending on f and F explicitly, the corresponding equation is said to have
(or satisfy) the generalized Hyers—Ulam stability. These terminologies will also be applied for other
functional equations.

Since Hyers’ paper, a number of mathematicians have extensively investigated the stability
problems for several functional equations (see for example [2-5,7-15] and the references therein).
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Given abelian groups G; and G; and any mapping f : G; — G, we will set

Af(x,y) = f(x+y) — f(x) — f(y),

Qf(xy) == f(x+y) + flx —y) — 2f(x) — 2f(y),

Cf(xy) == f(2x+y) = 3f(x+y) +3f(y) — f(—x+y) —6f(x),

Qf(xy) = f2x+y) —4f(x +y) +6f(y) —4f (—x +y) + f(—2x +y) — 24f(x)

for all x,y € Gp. In connection with these notations, a mapping f : G; — G, is said to be a quartic
mapping, a cubic mapping, a quadratic mapping, or an additive mapping provided f satisfies the
functional equation Q'f(x,y) = 0, Cf(x,y) = 0, Qf(x,y) = 0 or Af(x,y) = 0 for all x,y € Gy,
respectively. Those functional equations seem to be familiar to us because we can easily find out

examples for the existence of their solutions. For example, the mapping f : R — R given by f(x) = ax*,

ax3, ax? or ax is a solution of Q' f(x,y) = 0, Cf(x,y) =0, Qf (x,y) = 0, or Af(x,y) = 0, respectively.

If a mapping f : G; — Gy can be represented by the sum of a quartic mapping, a cubic mapping,
a quadratic mapping, and an additive mapping, then we call f a quartic-cubic-quadratic-additive
mapping and vice versa. For example, the mapping f : R — R given by f(x) = ax*+
bx® + cx? + dx is a quartic-cubic-quadratic-additive mapping. A functional equation is said to be
a quartic-cubic-quadratic-additive functional equation provided the set of all of its solutions is the
same as the set of all quartic-cubic-quadratic-additive mappings.

Throughout this paper, we assume that V and W are real vector spaces, X a real normed space,
and that Y is a real Banach space if there is no specification. Let Ny be the set of all nonnegative integers,
R the set of all real numbers, and let QQ denote the set of all rational numbers.

In this paper, we prove some general stability theorems that can be easily applied to the
(generalized) Hyers—Ulam stability of a large class of functional equations of the form

Df(X1,xZ,.. .,xn) = 0,

which includes quartic-cubic-quadratic-additive functional equations. From now on, for any given
mapping f : V — W, we define Df : V" — W by

4
Df(x1,%2,...,xn) := ) Cif (anx1 + apXa + -+ + Ay xn) )
i=1

for all x1,xz,...,x, € V, where £ and n are fixed integers larger than 1, and ¢;, a;; are fixed real
constants throughout this paper. The direct method, which is the most powerful one in studying the
stability problems of functional equations, is mainly applied to the proof of main theorems of this
paper and the paper [10], while another method known as the “fixed point approach” was applied to
the proof of the main theorem of [11].

Until now, we have followed out a routine and monotonous procedure for studying the stability
problems of the quartic-cubic-quadratic-additive functional equations. However, the stability theorems
of this paper can save us the trouble of proving the stability of relevant solutions repeatedly appearing
in the stability problems for various functional equations (see [16-20]).
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2. Preliminaries

Throughout this section, let V and W be real vector spaces and let Y be a real Banach space.
Given a mapping f : V — W and a real number a, we will use the following notations:

_ a>fo(x) — fo(ax) Folx) == a*fe(x) — fe(ax)

fix): B _a ’ S —
folx) = W’ fa(x) = %ﬂiﬁe(@, @)
e e

for all x € V. We will now introduce some lemmas from [21] in the following Corollaries 1-4.

Lemma 1 ([21] (Corollary 3.1)). Given a real constant k > 1, assume that a function ¢ : V\{0} — [0,0)
satisfies either the condition

d(x) := f(:);iq)(kix) < oo (forall x € V\{0}) (3)
or

D(x ::ook4i X oo (forall x € V\{0}). 4

(9= L () <o (raitx e V(o)) @

Furthermore, suppose f : V. — Y is an arbitrary mapping. If a mapping F : V — Y satisfies the inequality
1f(x) = F(x)[| < @(x) ®)
forall x € V\{0} as well as the equalities
Fi(kx) = kFi(x),  F(kx) = K*F(x),
Fy(kx) = K°F(x),  Fy(kx) = k*Fy(x) ©
forall x € V, then F is the unique mapping with the properties of (5) and (6).

Lemma 2 ([21] (Corollary 3.2)). Given a real number k > 1, assume that the functions ¢, ¢ : V\{0} — [0,00)
satisfy each of the following conditions

o i o 1
Ig)kll’(:i) < %, ;)kzi¢(kx)<°°/
O = LoHg(5) < ¥ = L (k) <o

i=0 k! i:Okl

orall x € V\{0}, and f : V — Y is an arbitrary mapping. If a mapping F : V — Y satisfies the inequalit
Yy mapping pping q Y
1f(x) = F(x)|| < ®(x) +F(x) @)

forall x € V\{0} as well as the equalities in Expression (6) for all x € V, then F is the unique mapping
satisfying equalities in (6) for all x € V and the inequality (7) for all x € V\{0}.
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Lemma 3 ([21] (Corollary 3.3)). Given a real number k > 1, assume that the functions ¢, : V\{0} — [0, 00)
satisfy each of the following conditions

ngz l’l](k’) < oo, gﬁﬂk x) < oo,
d(x) = ik%(p(x.) <o,  ¥(x):=), i.lp(kix) < oo
i=0 K i=0 k3

forall x € V\{0}, and f : V — Y is an arbitrary mapping. If a mapping F : V — Y satisfies the inequality
(7) for all x € V\{0} as well as the equalities in (6) for all x € V, then F is the unique mapping satisfying the
equalities in (6) for all x € V and the inequality (7) for all x € V\{0}.

Lemma 4 ([21] (Corollary 3.4)). Assume that k > 1is a real number and the functions ¢, : V\{0} — [0, 00)
satisfy each of the following conditions

1§k3 1’[](;) < o0, g@gb(k x) < oo,
B =L Rp(5) <o ¥ = X el <o
i=0 K ik

forall x € V\{0}. In addition, suppose f : V — Y is an arbitrary mapping. If a mapping F : V — Y satisfies
the inequality (7) for all x € V\{0} as well as the equalities in (6) for all x € V, then F is the unique mapping
satisfying the equalities in (6) for all x € V and the inequality (7) for all x € V\{0}.

3. Main Results

In this section, we assume that V is a real vector space and Y is a real Banach space if there is no
specification. In the following theorems, we prove that there exists only one exact solution near every
approximate solution to Df(x1,xp,...,x,) = 0.

Theorem 1. Given a real constant a with |a| > 1, assume that the functions u,v : V\{0} — [0, co) satisfy
the conditions

0 i [=S) i
Zy(a?c)<ooand Zv(aj.c)<oo (8)
i—0 |al' i—0 |al'

forall x € V\{0} and a function ¢ : (V\{0})" — [0, c0) satisfies the condition

oo i i i
Z:cp(a X1, 8%, ..., Xn) < oo ©)
i=0 |l

forall x1,x3,...,x, € V\{0}. If a mapping f : V — Y satisfies f(0) =0,

| fe(a®x) — (a2 +a*) fo(ax) + a®fo ()| < pu(x),

| fo(a*x) — (a+a®) fo(ax) +a*fo (x) || < v(x)

(10)

forall x € V\{0}, and, if f moreover satisfies the inequality

IDf(x1,x2,...,x2) || < @(x1,%2,...,%n) (11)
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forall x1,x3,...,x, € V\{0}, then there exists a unique mapping F : V. — Y such that
DF(x1,x2,...,%1) =0 (12)
forall x1,x,...,%x, € V\{0}, and

Fi(ax) =aF(x),  F(ax) = a®F(x),

(13)
Fy(ax) = a®F3(x),  Fy(ax) = a*Fy(x)
forall x € V, and such that
o0 |a2i+2—1|‘u(aix) ]a2i+2—1|v(aix)
1f(x) = F(x)| < i;() ( 0% — a2[[a]4i+ + @ — a|[a]Pi T3 (14)
forall x € V\{0}.
Proof. First, we define the mappings J,.f : V — Y by
I f () = f4gi:x) N faE:;ZX) L fzgg’;x) LA (:Zx)
for all x € V and m € Nj. It then follows from (2) and (10) that
i f (%) = Jns1f (2]
m+l-1
< 2 Wif&) = Jiaf@)]
B m+1-1 fe(aHlx) _ uzfg(aix) B fe(ui+2x) _ azfg(aiJrlx)
- i; a%(a* — a2) a4t (g = g2)
+ fo(”i+1x) - afo(aix) _ fo(ai+2x) - ”fO(”iHX)
i (ad — a) B3 (a3 — q)
a4fe(aix) —fe(ai'HX) B a4fe(ai+1x) —fe(ai+2x)
a2 (g% = a2) 22 (g4 = g2)
a3f0(aix) —fo(aiJrlx) B u3f0(ai+1x) _fo(ai+2x)
ai(ad —a) at1(ad —a)
m+1-1 fe(ai+2x) _ (az + a4)fe(11i+1x) + aéfe(aix)
- = a i (gf — 72) (15)
_ fola2x) — (a+ a%) fo(a™Fx) + atfo(a'x)
33 (a3 — q)
fe(a™*2x) — (a® + a*) fe(a™*'x) +a®fe(a'x)
+ 22 (g4 — g2)
| So(@*2) — (a+ @) foa ) + atfola'x)
A 1(a3 — q)
- m+I—1 |a2i+2—1|]1(aix) \a2i+2—1|1/(aix)
= 2 a5+ g% — 2] |a3+3(23 — 4

forall x € V\{0}.
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In view of (8) and (15) and since |a| > 1, the sequence {], f(x)} is a Cauchy sequence for all
x € V\{0}. Since Y is complete and f(0) = 0, the sequence { ], f(x)} converges for all x € V. Hence,
we can define a mapping F : V — Y by

m—o0 m—oo

F(x) = lim J,f(x) = lim (f‘*iizx) +f3%2x) +f2%x) +f1(;:x)> (16)

forallx e V.
If we replace x with a"x in the second inequality of (10) and divide the resulting inequality by
|a|™, then we obtain

(am-i-Zx)
a2f70 e (a® +a*)

fO(”me) + a4fo(a’”x)

am+1 am

jal™

forall x € V\{0} and m € N. In view of the second inequalities of (8), this implies that

m
lim fio (a")
am

m—o0

converges forall x € V (17)

because of our hypothesis that f(0) = 0. Analogously, by the first inequalities of (8) and (10), we obtain

m
lim fie(i *)
a m

Jlim_ converges forall x € V. (18)

By (2), (16), (17), and (18), we have

Fo(x) = lim (fs(ﬁmx) +fl(umx)) C lim fola™x)

g3m amn

7
m—»o0 am

(19)

Fo(x) = lim <f4<ﬂ’”x) +fz(amx)> i fel@™)

gdm a2m m—oo  g2m

forallx € V.
In view of (2) and (19), we easily obtain

3 _ 3 m m+1
Fy(x) = a°Fo(x) —Fo(ax) _ a lim fola™x) 1 lim fo(a™  x)
a3 —a a3 —am—=eo M a3 —am—e g™
m
= lim fo(a"x)

m—oo am

for all x € V. Hence, we obtain

forallx € V.
Moreover, by (2) and (19), we obtain

4 _ 4 m m+1
_a'F(x) —F(ax)  a lim fe(a™x) 1 lim fe(a™  x)
P 24— 2 moee  g2m A 2 mse  g2m

= lim fe(a"x)

Fz(.X)

m—oo  g2Mm

for each x € V. Thus, we obtain
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forallx e V.
Similarly, using (2), (17), and (19), we have
F,(ax) — aF,(x) 1 fol@™lx) a lim fola™x) 0

F(x) = = lim
3(x) a’—a a3 —am—e g™ a3 —am—oe g

for every x € V. Thus, we have F3(ax) = a®F3(x) forall x € V.
Furthermore, by (2), (18), and (19), we obtain

E o ZP 1 m—+1 2
Fy(x) = e(ax) — a“Fo(x) _ lim fe(@"x) a fe(” x) -0
A2 22— a2 moe  g2m A _ 2 mﬂoo Tam

for all x € V. Therefore, it holds that Fy(ax) = a*Fy(x) forall x € V.
Now, it follows from (1), (2), and (16) that

DF(xq,Xx2,...,%n)
¢
= Y ciF(anx1 4+ apxo+ - + aypxy)
i=1

<f4(am(“i1xl + 0t ainxn)) + f3(@" (apxy + -+ a;xn))

{
= lim Ci
m—>ooZi ! adm asm

1=

+

fa(@™(anxy + -+ apxn))  fr(a™(@aaxs+ -+ apnxn))
aZm + am

~ im i (e (@™ (anxy + -+ gnxn) ) — @ fo(@" (anx1 + - + Ainxn))
T e i atm (gt — a2)
i=1
n fo (am+1(ai1xl + 4+ aznxn)) afo( allxl +---+ ﬂinxn))
a’m (a3 — a)
a4fe(am(ai1xl +oF aznxn ) fe(a ( m+1 a i1x1+---+ ainxn))
2 (% — a?)
+ a3f0 (um(ailxl 4+ aipXn ) fO( m+l lZ i1X1+ -+ ainxn))
am (a3 —a)
o Df.(a"™ xq,...,a" xy,) — a>Dfe(a"xy, ..., a"xy)
- ml—rgo 114’” (ﬂ4 — ﬂz)

N Dfo(a™*1xy,...,a" x,) —aDfo(a"xy, ..., a"xy)

a’m (a3 —a)
114Dfe(amx1,...,amxn) Df( m+1, ..,am“xn)
aZm( 4 _ az)
N 113Df0(amx1,...,amxn) Df, (a gy ..,amﬂxn)
am (a3 —a)

for all x1,x2,...,x, € V\{0}.
Hence, in view of (9) and (11), we have
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IDF(x1,%2,..., %)l
P <(1+|a|m+l—0—|a2m—|—a|3m+1)q)g(am+lx1,am+lx2,...,am+1xn)
im

— m—oo |a|4m‘a4_a2|

N (|a|2 4 |a|m+2 + |a|2m+4 + |a\3m+4)<pg(a’”x1,...,amxn)
[al et =

=0

for all x1,x,...,x, € V\{0}, where ¢.(x1,...,%,) = %(qo(xl,...,xn) + @(=x1,...,—xy)), ie,
DF(x1,x3,...,%,) = 0 for all x1,xp,...,x, € V\{0}. Moreover, if we set m = 0 and let ] — oo
in (15), then we obtain the inequality (14).

We note that the equalities

Fi(lalx) = la|Fi(x),  E(lalx) = |a]F(x),
Bi(lalx) = [aPEs(x),  Fa(lalx) = a*Fy(x)
are true in view of (13). (When a < 0, we have

a3F,(—ax) — Fy(—a’x) a3F,(ax) — F,(a’x)

F (|alx) = Fi(—ax) = e = - g ,

since F, is odd. By the definition of F; (see (2)) and since we already showed that F; (ax) = aF; (x) for
all x € V, we further obtain

Fi(|alx) = —Fi(ax) = —aFy(x) = |a|F(x)

and so on.)
On account of Lemma 1 with k = |a|, the mapping F : V — Y is the unique mapping satisfying
the equalities in (13) and the inequality (14), since the inequality

00 |a2i+2—1|]/t(11ix) |a2i+2_1|v(aix)
—F < - -
1f(x) = F@)[ < i <a4—a2||a|41+4 a3 — a|[a]Pi+3
i ‘u(aix) n v(a'x)
- S\ la>—1la]" " |a%—1]af
< Zk—gb(kx)

holds for all x € V\{0}, where k := |a| and ¢(x) := le—_”(y(x) +u(—x) +v(x)+v(—x)). O

In the following theorem, let V and Y be a real vector space and a real Banach space, respectively.

Theorem 2. Given a real constant a with |a| > 1, assume that the functions u,v : V\{0} — [0, co) satisfy
the conditions

Z|a|4l ( ><oo and Z|a|4l < )<oo (20)

forall x € V\{0} and a function ¢ : (V\{0})" — [0, co) satisfies the condition

> - (x1 X X
X(:)|a|4’qo<-, a) <o 1)
=

at’ at
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forall x1,xz,...,%, € V\{0}. If a mapping f : V — Y satisfies f(0) = 0 and inequalities in (10) for all
x € V\{0}, and if f satisfies inequality (11) for all xq1,x2, ..., x, € V\{0}, then there exists a unique mapping
F:V — Y satisfying (12) for all x1,x,...,x, € V\{0} and (13) for all x € V, and such that

_ 420 3i_ i
”f( ; < |a4—ZZ|V<aiil> + |aa3 _Z|V<alil>> (22)

forall x € V\{0}.

Proof. First, we define the mappings J,,f : V — Y by

Jnf (x) o= a*" 4 (;") +‘13171][3(119’:1) +a2’”f2<;”> +a’”f1(;”>

for all x € V and m € Njy. It then follows from (2) and (10) that

[ f (%) = Jn41f (2)]

m+l1—1

< i:Zm 1Jif (x) = Jisa f(x)l
SR n() () )
) - 8(7) ) ()
= a4f(fe<:2i>—<a2+a4>fe<;ﬁ> () e
(155 - () () )|
oo & (A - a+a>f<;”> 4 (5%))

(f 1) @+, ()*f(m'
) m§:11<||a:i— ' (afm>+ |ﬂ3:a|| (afkl))

forallx € V\{0} and I, m € Ny.

On account of (20) and (23), the sequence { ], f (x)} is a Cauchy sequence for all x € V\{0}. Since
Y is complete and f(0) = 0, the sequence {J, f(x)} converges for all x € V. Hence, we can define
amapping F : V — Y by

F(x) = lim Juf(x)

m—o0

= lim <a4mf4(;n> +a" f3 (;) +ﬂ2mf2(;n) +ﬂmf1<;n>> (24)

for all x € V. Moreover, if we put m = 0 and let | — oo in (23), we obtain the inequality (22).
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As we saw in the proof of the previous theorem, it follows from (10) and (20) that

lim a*"f, <ax ) and lim a*"f, (ax ) converge forall x € V. (25)

m—00 m—ro0

By (2) and (25), we obtain

. x x x
F(x) = n%lg&( 3mf3<m) +a"f (cz’”)) = nllggoaamfo (am)'
. X x X
F(x) = lim <ﬂ4mf4<am) +“2mf2<am>> = ,%E}goamfe(am)
forallx e V.

In view of (2), (25), and (26), we have

(26)

a3F,(x) — Fy(ax)
a’—a

Fl(x) = =0

for each x € V. Therefore, it holds that F; (ax) = aF;(x) for any x € V. Analogously, it follows from (2),
(25), and (26) that F,(x) = 0 for every x € V. Thus, we have F,(ax) = a*F,(x) forall x € V.
Similarly, using (2), (25), and (26), we obtain

F3(X) _ Fo(ax) —QFO(X) — lim a3mf0(;:n>

613 —a m—oo

for all x € V. Hence, we easily see that F3(ax) = a®F3(x) for any x € V. Moreover, similarly as the
case of F3, we obtain

by - Flo) =) A(2)

at —g? m—o00

and Fy(ax) = a*Fy(x) forany x € V.
Now, using (1), (2), and (24), we have

DF(x1,x2,...,%n)

¢
= Y ciF(anx1 +apxy + - - + ajuxn)
=1

4

R G . S

= n%ljllo (ﬂ ;sz4(a11am+ +aznam)
3 Xn
mz zf3< ain —; M "'+ainam>
22 Xn
mz zf2< ai —,; am '+ainam>

4

X X
+a" Zcifl(ailanli +"'+ﬂz‘na;>)

i=1
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1 X1 Xn
- mfe s

4 3
a X1 Xn
m . —_— g — DR L J—
+a g@(ag_afo(azlam"‘ "’amam)
1=

_a31_afo(ai1g:rf1_1+"'+ain o )
. agim X1 X 5 X1 X
= %g}o [514—(12<Dfe<aml,”"aml) —a ng(um,...,am)
a>" X1 Xn X1 X,
+u3_a<Dfo(am_1,...,am_1>—llDf0<am,...,am )
a" 4 X1 Xn X1 Xn
+u4_a2 (ﬂ Dfe(am,...,am)—Dfe(aml,...,am1))
a™ 3 X1 Xn x1 X
+u3_a<€l Dfa(am,...,am)—Dfo(am_l,...,am_1>>‘|

for all xq,xy,...,x, € V\{0}. Hence, by (11) and (21), we obtain

HDF(X]/ xZI . -rx'fl)”

) |a|4m |a|2m |a|3m |a|m X1 X,
< m -+ -
n%l—mo l( |a4 a2| ‘QS a| Pe am=17"""" gm-1

N |a|4m+2+|a|2m+4 N ‘a’3m+1+|a|m+3 ﬂ xl
|a* — a?| |a3 — a| Pel qm” 7 gm

=0

for all x1,xp,...,x, € V\{0}, where @.(x1,...,x,) := %(go(xl,...,xn) + @(—x1,...,—xn)).
Thus, it holds that DF(x1, x2,...,x,) = 0 forall x1, x5, ...,x, € V\{0}.
As we see in the proof of Theorem 1, we notice that

Fi(lalx) = [alFi(x),  Ef(lalx) = [a*F(x),

F(lalx) = |aPF3(x),  Fi(lalx) = [a]*F4(x)
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for all x € V. According to Lemma 1, the mapping F : V — Y satisfying equalities in (13) and
inequality (22) is determined uniquely, since

£~ @I < i(W:Z;' (ai’il)+'f:§ZZi'v(aiﬁl))
() ()
Ii;)kznq)(;)

for all x € V\{0}, where k := |a| and ¢(x) := ﬁ(}l(%) +u(ZF)+v(E)+v(3)). O

IN

We assume again that V is a real vector space and Y is a real Banach space if there is
no specification.

Theorem 3. Given a real constant a with |a| > 1, assume that the functions p,v : V\{0} — [0, ) satisfy all
the conditions

Z |a|2l <oo Z|a|y< ><oo, ZV|(;|§) < oo, Zaiv<;><oo (27)
j i=0

forall x € V\{0} and a function ¢ : (V\{0})" — [0, 00) satisfies the conditions

p(a'xy,a'xy, ..., a'x,) - (x1 x X,
2 \a\Zi < o0 and Z(:)M'l(p(ai’gi’“'") < o0 (28)
1=l

forall xq1,x3,...,x, € V\{0}. If a mapping f : V — Y satisfies f(0) = 0 and inequalities of (10) for all
x € V\{0}, and if f satisfies inequality (11) forall x1,x, ..., x, € V\{0}, then there exists a unique mapping
F : V — Y satisfying equality (12) for all x1,x,...,x, € V\{0}, equalities in (13) for all x € V, and

aix) |a2i+2 _ 1‘

00— Pl < 3 BT a|z(g|31+3+l v ()) @)

i=0
forall x € V\{0}.
Proof. We define the mappings J,.f : V — Y by
) | B B ()
a

Jmf(x) === 2o 2

forall x € V and m € Ny. By (2) and (10), we have
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i f () = T f ()|

m+1—1
< Z 1Jif (x) = Jixaf (%)l
_ st fe(”i+1x) - azfe(”ix) fe(”i+2x) - ﬂzfe(aiHX)
- = % (a* — a?) - a4 (g% — g2)
fe(ai+lx) - “4fe(“ix) fe(“i+2x) - “4f6(”i+1x)
N a2 (a* — a2) a%+2(a% — a2)
+ fO(”in) - “fO(“ix) . fo(ai+2x) - “f0(0i+1x)
% (a3 — ) B3 (3 — q)
a a3a— a (fo C:;) BREL (ljl))
i+1
+a§a<fo(;fl> a%(ulil)) (30)
1 mH-1 (@2 - aix) — (a2 + a*) o (a1 + ab f, (aix
< e i; S ) —( +a4i)+f4( ) +a°fe(a'x)
fe(a? - a'x) — (a + a*) fo(a"1x) + abf, (a'x) ‘
+ 22i+2
L1 N (e aix) — (atad) fo(a ) + atfa(a'x)
@ —a] = 2313

(3(5) v o) ()

m+I—1 i 2i+2 m+I—1 i
alx) |a —1 1 v(atx : X
Z la* —a2|  |al4i+4 a3 — a] iZ:m |a|3i+3 ai+1

i=m

forall x € V\{0} and forall [, m € Ny.

In view of (27) and (30), the sequence { ], f(x)} is a Cauchy sequence for all x € V\{0}. Since Y
is complete and f(0) = 0, the sequence {],f(x)} converges for all x € V. Hence, we can define
amapping F : V — Y by

F(x) = lim Juf(x) = lim <f4<“’"x> L B | L) e <am)> (31)

m—c0 g4m 3m a2m

forallx € V.
By (1), (2), and (31), we obtain
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DF(x1,x2,...,%n)
¢
= Y ciF(apx1 +apxs + -+ + aipxy)
i=1

= Zc lim [ f4@na"x1 4 A apa"xn) + Faapa™xy + -+ aya™x,)
- m—00 a4m a3m

folapa™xy + - - 4 a;,a" xy) aj1x1 AjnXn

a2m am

—  lim 1 Z c fe(ana™ g + -+ aa™xy) — a?fo(apa™xy + -+ aua™xy,)
“am i

m—o0 a4m = a4 — az
+ lim L ic'fo (ailam+1x1 4+ 4 {Ilinaerlxn) — llfg (aﬂumxl R ainﬂmxn)
mveo adm B _a
+ lim 1 ic a4fe (ailamxl 4+ 4 ainamxn) — fe(uilﬂm+1x1 4+ 4 ainam+1xn)
2m i

m—yoo g2M = at — g2

{
a™ 3 ai1xX1 AinXn “zlxl AinXn
T, 5 azci<“f0<am+'“+ ek T

i=1
Df,(a"xy,...,a" x,) —a?Df, (a"xy, .. .,a’”xn)

— WPE)I;Q 1147” (a4 _ az)
+ hm Dfo (ﬂm+1x1’ e rﬂm—:’lJCn) - anO (amxll e ,ﬂan)
. a4ng(amx1, .. .,amxn) — Df, (am+1xll o ,aerlxn)
+ lim :
m—eo a m<a4 _ az)

a™ Xn axq axy
(o) -oe(52)

forall xq,x7,...,x, € V\{0}. Hence, by (11) and (28), we have

IDF(x1,x2,...,%n)||

(1 + |a|m+1 + |a|2’")q)e(am+1x1,am+lx2,. . .,amﬂxn)
af#]a* a2

< lim
m—00
(a2+ |a|m+2+ ‘a|2m+4)(l)g(amx],...,um.Xn)

a7 —

|a|m+3 x1 Xn |a|™ axq ax,
+|a3_a|q)€ ﬁ/'-'/ﬁ +|a3_a|q)ﬁ a?/'-'/ ﬂm

for any x1,x2,...,x, € V\{0}, where ¢.(x1,...,x,) = %(go(xl,...,xn) + o(—x1,...,—xy)), ie,
DF(x1,x2,...,%,) = 0 for all x1,x,...,x, € V\{0}. Moreover, if we set m = 0 and let | — oo
in (30), then we obtain the inequality (29).

As we did in the proofs of the previous theorems, on account of (10) and (27), we can show that

lim fe(ﬂmX),

m—oco M m%oo

=0

f o( ) . X
and n%lg;o a™ f, —m ) converge forallx € V.
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In view of (2), (31), and the last relations, we obtain

(32)

forallx € V.
By using (2) and (32), we obtain

B = % F L F(ax) = tim amf, (2
1(x>_a3—a o(x)_a3_a 0<ax)—m1_f)lloa fo K
4 m
a . ax
F(x) = s sFe(x) = g F(ax) = nllglo feiZm )’
1 a™x
Fx) = a3 aFo(ax) B aFo(x) o "11%0 fofﬁ’ )'
1 a?
F4(x) - mlzg(ax) 1 _ang(x) - 0

for all x € V. Hence, we can verify that F; (ax) = aFi(x), F2(ax) = a’F,(x), F3(ax) = a®F3(x), and
Fy(ax) = a*Fy(x) foreach x € V.
Similarly as in the proof of Theorem 1, we can use (13) to show that

Fi(lalx) = lalFi(x),  F(lalx) = |a]*F(x),
F3(lalx) = |aP’F3(x),  Fa(|alx) = |a[*Fs(x).

Due to Lemma 2, the mapping F : V — Y is the unique mapping satisfying equalities in (13) and
inequality (14), since it follows from (29) that

) y(aix) |a2i+2_1| x
If&) =B < Y pa g s _a|2 |a|3z+3+\al’ e
1=
i y(aix)+1/(aix)+ |a|’ x
- = ‘a271||a|2i |a2—1\ ai+1
<

» <’c12ilp(kix) + ki¢<;>>

for all x € V\{0}, where we set k := |a|, (x) := ‘azl_” (u(x) + p(—x) +v(x) + v(—x)) and ¢p(x) :=
S () +v(). O

In the following theorem, let V be a real vector space and Y a real Banach space.

Theorem 4. Assume that the functions yu,v : V\{0} — [0, 00) satisfy the conditions

(33)
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forall x € V\{0} and a function ¢ : (V\{0})" — [0, 00) satisfies the conditions

® o(alxy,aixy, ... alx ad o (x1 x X
Y. GGEs! 2 n) < oo and Z|u|21<p<all.,;,..., a?> < o0 (34)
i i=0

forall x1,xp,...,x, € V\{0}. If a mapping f : V — Y satisfies f(0) = 0 and the inequality (10) for
all x € V\{0} and if f satisfies (11) for all x1,x2,...,x, € V\{0}, then there exists a unique mapping
F : V — Y satisfying the equality (12) for all x1,xy,...,x, € V\{0}, the equalities in (13) for all x € V, and

IF6) = FO < Z<|a41+4+| & (H)>

i X
= (ww +laf'v ()) @)

forall x € V\{0}.

Proof. We define the mappings J,,f : V — Y by

o) = B BT (2 g ()

g3m

for all x € V and m € Ny. It then follows from (2) and (10) that

[ f (%) = Jns1f ()]

m+1—1
< ; Tif (x) = Jixaf(x)]
mil-1 alx atly alx atly
- i;ﬂ f4,(14i )_f4,(14i+4 )+f31(13i )_f3i3i+3 )
+a2ff2(;.) Mf< lH) 1f1< ) i, (am ’
_ 1 m—+1—1 B fe(aZ-uix) _ (u2+a4)fg(ai+lx)+a6fg(aix)
= - & ghita
, 2
_ (fe(;fl) —(a2+a4)fe(;f1> 6fe( “>>H (36)
1 m=1 (a2 - aix) — (a—+ ad) f,(aitlx) + a*f, (aix
+ i; _ fol ) (+a3)i{3( ) +a"fo(a'x)
2
(fo(;—&-)i) o (a+a3)fo<al+l) +a fo( 1+1)> H
<

1 il “l/l(ll x) 2i X

7t — 2] i; |a[#+% +a| <ai+1>
1 "HS My(aix) x

+ 2 —a _Z a5 3 +lal'v (ai+1>

1=m

for all x € V\{0}.
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In view of (33) and (36), the sequence {],,f(x)} is a Cauchy sequence for all x € V\{0}. Since Y
is complete and f(0) = 0, the sequence {],f(x)} converges for all x € V. Hence, we can define
amapping F : V — Y by

F(x) := lim Juf(x) = lim (ﬂz%ﬂ +f35g::x) +a2’”fz(;;) +amf1(;n)> (37)

for all x € V. Moreover, if we set m = 0 and let I — oo in (36), we obtain the inequality (35).
In view of (10) and (33), it holds that

x _ fo(a"x) oy [ X _ fe(a"x)
lim a™ f, (am)’ 7%13%037, lim a“™" f, , J%T

m—oo a°om m—co adm
converge for all x € V. Using these facts, we obtain

a3 1
F(x) = mFo(x)—mFo(”x)

- a3aiam—>°° <f3(a x>+ f( ))
a31—amhglo <f3(am+1 . T <amx 1))

3
= 3a lim a’”f1<x>— © lim o™~ 1f1< ad )

a° — g m—oo a3 —a m=oo
x
= lima
m—»o00 fl

for all x € V. Therefore, F;(ax) = aF;(x) for all x € V. By the similar way, we can show that the
equalities in (13) hold true for any x € V.
On account of (1), (2), and (37), it holds that

DF(x1,x2,...,%n)
4
= Y ciF(anxy +apxy + - 4 ajyxn)
i=1
{

1
= Z i lim <a4mf4(ﬂm(ai1x1+"'+tlinxn))

1
+ aTmfa (a™(apx1+ -+ aipxn))
(Ilﬂxl + - +ﬂinxn>

am

+ {12mf2
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nieo g4m \ g% — g2
2
m m
—— 7a2Dfe(a X1,...,4a xn)>
1 1
lim — a"tly a"tly
+ oot a3m ﬂ3 P fo( 1, ’ n)

for all x1, xp, ..., x, € V\{0}.
Using (11) and (34), we obtain

IDF(x1,%2,-.., %)l

. 1 1 1
< lim <ll4—llz||ll|4m¢e(am+ xy,...,am" xn)

m—o0
a2 . §
+W%(ﬂ x1,...,a"x,)
1
T alqap e )
4]

W(Pe (a"x1,...,0"x,)

|a|*|a)?™ X1 Xp |a|?™ X1 Xp
(PE /AR (Pg EEWARRY —
|a4 (12| am am ‘a4 a2| am 1 am 1

|a|3|a|m X1 Xn |a|™ X1 Xn
+|a3_a|§0e aimr"'/aim +|a3_a‘§l)e amil/"‘/amil

for all x1,xp,...,x, € V\{0}, i.e,, DF(xy,x2,...,x,) = 0 for all x1,x,,...,x, € V\{0}. By a similar
way as the previous proofs, we notice that the equalities

=0

Fi(lalx) = lalFi(x),  E(lalx) = [a]F(x),
Fs(|alx) = [aPFs(x),  Ei(lalx) = |a|*Fy(x)

are true in view of (13).
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Using Lemma 3, we conclude that the mapping F : V — Y is the unique mapping satisfying
equalities in (13) and the inequality (35), since

[1f(x) = ( )l

< a2| Z <a|4’+4 + la*p (a’il)) i <|a|31‘+3 +al' (aiﬁ1>>
< —u§:< lJ;Wx>+aﬁy(Hl)+wF’<;L)>
- Z<WZ W¢QJ)

for all x € V\{0}, where we set k := |a|, ¢(x) := ‘uzl 1 (u(x) + p(—x) +v(x) +v(—x)) and ¢p(x) :=
S () + (50 +v(3) +u(50). O

Theorem 5. Assume that the functions p, v : V\{0} — [0, 00) satisfy all the conditions

> i (x d > [ x > y(aix)
Z |“|3lﬂ(i> Z 41 < 0o, Z |a|3l‘/<i> <% Z n < (38)
i=0 a ‘al i=0 a i=0 |a|

forall x € V\{0} and a function ¢ : (V\{0})" — [0, 00) satisfies the conditions

‘11|4’ = a’ at 4

) i i i 00 .
Z p(a xl,axz,l...,axn) < oo and Z|a|3l(p<x1.,xz. ,x"> < 00 (39)
i=0

forall x1,x3,...,x, € V\{0}. If a mapping f : V — Y satisfies f(0) = 0 and the inequality (10) for
all x € V\{0}, and if f satisfies (11) for all x1,x3,...,x, € V\{0}, then there exists a unique mapping
F : V — Y satisfying the equality (12) for all x1,x3,...,x, € V\{0}, the equalities in (13) for all x € V, and

-t e B v ) () e

forall x € V\{0}.

Proof. We define the mappings J,.f : V — Y by

Juf ) i= BEE s (2 o ( )+ ()

forall x € V and m € Nj. It follows from (2) and (10) that
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[ f (%) = Jns1f (2)]

m+I—1

< En 1Jif (x) = Jiza f (2]
- R () e ()
015(3) - () on(3) - ()|
. |41_2|m+zlml fe<a2~afx>—<a2+22>ﬁ<af+lx>+a6fe<afx> )
R GCORGRUCHRACH)
+|a31_a|mf_zl: a3f<fo(jfﬁ)—<a+a3>fo(a )+ fo(lﬂ))

o[ (8) s () (i)

1 m+1—-1 y(aix) )y x m+1-1 |u3i _ ai| x
S ! - _— -
< o & (e () )< 8 e ()

1 1=m

forall x € V\{0} and I, m € N.
On the other hand, by (10) and (38), we further see that

m
nlgrgo a’m fo( il >, n%lggo a’m fg<ax ), nllgéo % converge for all x € V. 42)

In view of (38) and (41), the sequence { ], f(x)} is a Cauchy sequence for all x € V\{0}. Since
Y is complete and f(0) = 0, the sequence {].f(x)} converges for all x € V. Hence, considering (2)
and (42), we can define a mapping F : V — Y by

F(x):= lim Juf(x) = lim (ﬁl(inmf)—i—amfg,(;ﬂ)) (43)

m—o0 m—o0

for all x € V. Moreover, if we set m = 0 and let | — oo in (41), we obtain inequality (40).
On account of (2) and (43), the oddness and evenness of F, and F, imply that

F,(x) = éig;oamfg (;ﬂ) and F,(x) = lim fa(a™x)

m—oo  g4m

for all x € V. Using these facts, for example, we obtain

1 a?
F4(x) - mFg(ﬂX) - mFg(x)
1 m+1 2
= g im f4(a4m 2 4{Z 7 Jm f4(imX)
a* — a- m—oo a a*r — - m—oo a
fa(a"x)

= lim 7l
m—oo  g3m

for all x € V. Therefore, Fy(ax) = a*Fy(x) for all x € V. Similarly, we can show that all the equalities
in (13) hold true for any x € V.
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By using (1), (2), and (43), we have

DF(xq,Xx2,...,%n)
¢
Y ciF(apx1 4 apxy + - - + ajpxy)
i=1
: 1
Y ¢ dm | fa (a™(ajxy + -+ ainxn))

i=1
3 ainxy + -+ apX
+amf3( 1 am m 71))

4
. 1
g chn%gréo (er(am-i‘l(aﬂxl_l_...+ainxn))

2
a
- mfe (a™(apx1+ -+ ﬂinxn)))

/ 3m
. a apnxy+ -+ apxy
+chrrlll—1>rc1>0 <a3—afo( am—l

_ “3m+1f apx1+ -+ aipXn
a3 —a’’ am

Df,(a a" My, ..,am+1xn)

_ 1
o ml—rgo (g4 g)g4m

2
a
N mee(amxl, . .,amxn)>

3m 3m+1
. a X1 Xn a X1 Xn
lim D ... — Dfo| —,...,—
i fo am=17"""" gm-1 ad—a fo am’ " am

for all x1, x7, ..., x, € V\{0}.
By (11) and (39), together with the last equality, we obtain

||DF<x11x2/"'/x”>|| =0

for all x1,xp,...,x, € V\{0}, i.e,, DF(x1,x2,...,x4) = 0forall x1,xp,...,x, € V\{0}.
We remark that the equalities

Fi(lalx) = lalFi(x),  F(lalx) = |a]*F(x),
Fs(lalx) = [aPF3(x),  Fa(lax) = |a]*Fs(x)

are true in view of (13).
Using Lemma 4, we conclude that the mapping F : V — Y is the unique mapping satisfying
equalities in (13) and the inequality (40), since

I72) = Fl - = a2| Z <|a|4(1+1 jal*p < z+1)> 2 ’|a3:a|| <a1+1)
pu(a'x) |a |3 X BE .
i 0('”‘””2 +|ﬂzlly<ai+1)+ |a21|v<ai+1)>

R ICEERD)

i agk
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for all x € V\{0}, where we set k := |a], ¢(x) := ‘Hzl 1 (X)) +u(Z) +v(3) +v(=)) and p(x) ==
e (1) + (). O
4. Corollaries

By using Theorems 1-5, we can prove the Hyers-Ulam-Rassias stability of the functional

Equation (1).

Corollary 1. Assume that X is a real normed space, Y is a real Banach space, and p, 0, v, and ¢ are real
constants such that p ¢ {1,2,3,4}, [a| > 1, > 0,5 > 0, and 6 > 0. If a mapping f : X — Y satisfies
f(0) =0and

| fe(a®x) = (a® + a*) fo(ax) + a® fe(x) || < mllx],

2 3 4 (44)
| fo(a®x) — (a+ %) fo(ax) +a* fo(x) || < &[lx|1”
forall x € X\{0} and if f moreover satisfies the inequality
IDf (x1, %2, 0a) | < O([laallP +-- - + [lxal?) (45)

for all x1,x3,...,x, € X\{0}, then there exists a unique mapping F : X — Y satisfying (12) for all
X1,%2,..., %, € X\{0}, and the equalities in (13) for all x € X, as well as

) = FOOI < oot (o 46)

—lal?|lal? — a2~ |[af®> — |a[P|||a]? — |a]|
forall x € X\{0}.

Proof. If we set ¢(x1,x2,...,%,) = 0([lx1 [P + -+ + |[x4||P) for all x1,x2,...,x, € X\{0}, then ¢
satisfies (9), (21), (28), (34), and (44) whenp < 1,p > 4,1 < p < 2,2 < p < 3,and3 < p < 4,
respectively.

Therefore, there is a unique mapping F : X — Y satisfying (12) for all x,xp,...,x, € X\{0},
the equalities in (13) for all x € X, as well as

1£(x) =
(wz P awﬂmv+wrﬁw |wwim Aﬁfu (forp <1),
(wz jal? awnmv+mﬁwm |¢ymp>|ﬂﬂiu (forl<p<2)
= (W’ —JaP " Jaft = app |a|pa|§|a |a|3|a|<§ F’) |a|2|::2Hp— 1] (for2 <p <3),
(o o o T~ ey @er3<p <)
(|”” —lal*  Jaf? ’ " |ﬂ|”’a—’§|a|3 - IaIILa|—€|a|> |a|2|:22“p—1| (forp>4).
From the above inequalities, we obtain the desired inequality (46). O

Corollary 2. Assume that X is a real normed space, Y is a real Banach space, and that p, 0, 11, and ¢ are
real constants such that p ¢ {1,2,3,4},0 < |a| < 1,& > 0,and 6 > 0. If a mapping f : X — Y
satisfies f(0) = 0 and the inequalities in (44) for all x € X\{0}, and if f satisfies the inequality (45)
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for all x1,xz,...,x, € X\{0}, then there exists a unique mapping F : X — Y satisfying (12) for all
X1,%2,..., %X, € X\{0}, the equalities in (13) for all x € X, and (46) for all x € X\{0}.

Proof. Replacing x by a% and multiplying # in the first inequality of (44), we obtain

1 a? + a 4
Lh) - fe< )+fe H <%
for all x € X\{0}. Analogously, replacing x by = and multiplying Tt in the second inequality of (44),
we have
1 a + a3 Ell x||P
aij(x) fo +fo < |a|4 72

for all x € X\ {0}.
Letb = % Then we obtain the inequalities

[ fe (D2x) — (0 + b*) fo(bx) + B0 fe(x)|| < B2PLO||x||F,
[ fo (b2x) = (b+B) fo(bx) + b fo(x)|| < b2PBE]|x||P

for all x € X\{0}. By Corollary 1, there exists a unique mapping F : X — Y satisfying (12) for all
x1,%2,...,%; € X\{0}, the equalities in (13) for all x € X, and

622 |b[5y x| 622 o]
x) — F(x
N e T T e R e G
) pl=|? x|
A JaPlal =] T TTaP — Jal?]/[al? — Ja]

forall x € X\{0}. O
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