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Abstract: The convergence order of numerous iterative methods is obtained using derivatives of a
higher order, although these derivatives are not involved in the methods. Therefore, these methods
cannot be used to solve equations with functions that do not have such high-order derivatives, since
their convergence is not guaranteed. The convergence in this paper is shown, relying only on the first
derivative. That is how we expand the applicability of some popular methods.
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1. Introduction

Let By and B, be Banach spaces and Q) be a convex subset of B;. Further, suppose that £(By, By)
is the set of bounded linear operators from B; into B. In applied mathematics many problems can be
modeled in the form

F(x) =0, @

wherein F: () C By — B is a Fréchet differentiable operator. Most of the methods for finding a
solution x, of Equation (1) are iterative, since closed form solutions can be found only in some special
cases (see [1,2]). In this paper, we study the local convergence of the method defined by

Yn = Xu—F'(x2) 1F(xn)
20 = yo— ($1= Q) (31— §Q(xa)) ) F'(xa) " E () @
Xurr = 20— (51— Q) (41 = 3Q(x)) ) F'(x) 'F(z0)

where Q(x,,) = F'(x4) 'F'(y»). Method (2) was studied in [3], when B; = B, = R™, where m is a
positive integer. The method was compared favorably to existing higher-order methods.

The eighth-order convergence of Equation (2) was shown in [3] using Taylor expansions and
assumptions on F(), i = 1,2, ...., 8. Such assumptions restrict the applicability of this method, especially

since only the first derivative is used in the method. As a motivational example, define function F on
Q=[-3,2]and By = B, =R, by

3 2,2 S5ainl
F(x) = x log(i'fx )+ xsing, x #0
0, x=0
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We have that
1 1
/ 2_ .3 4. (1
F(x)=2x"—x cos( )+3x log(m*x?) 45 x sm(x)
+

F'(x) = — SXZCOS(%) 2x(5 + 3log(m?x?)) + x(20x2 — 1)sin(%)

and
F"(x) :% [(1 ~36x )cos(l) +x(22+6log( 22) + (60 x2 —9):@(%))]

Notice that F”(x) is not bounded on (), so earlier results cannot be applied. In this work, our
goal is to weaken the assumptions considered in [3]. Consequently, we study the local convergence of
Method (2) using hypotheses on the first Fréchet-derivative only by taking advantage of the Lipschitz
continuity of the first Fréchet-derivative. There exist many studies which deal with the local and
semilocal convergence of iterative methods (see, for example, [2,4-16]). In particular, relevant work
can be found in [17] for the special case By = B, = R.

The rest of the paper is structured as follows. In Section 2, the local convergence analysis is
studied. In the analysis, we also provide a radius of convergence, error bounds, and a uniqueness
result of Method (2). Some numerical examples are presented in Section 3. Concluding remarks are
given in Section 4.

2. Local Convergence Analysis

We shall introduce some scalar functions and parameters that appear in the local convergence of
Method (2). Let ¢g: [0, +c0) — [0, +00) be an increasing and continuous function satisfying ¢ (0) = 0.
Suppose that equation

po(t) =1, ®)

has at least one positive solution. Denote by ¢, the smallest such solution. Let ¢: [0,5y) — [0, +0c0) and
¢1:[0,09) — [0, 4+00) be increasing and continuous functions with ¢(0) = 0. Define functions ¢, and
1 on the interval [0, &) by
1
fo p((1—06)t)dd
1—go(t)

Pi(t) =

and
P1(t) = 9i(t) —

We have §;(0) = —1 and ¢ (t) — oo as t — ¢, . The intermediate value theorem assures that the
equation ¢y () = 0 has at least one solution in (0, Jy). Denote by 1 the smallest such solution. Suppose
that the equation

Po(Ppr()t) =1, 4)

has at least one positive solution. Denote by §; the smallest such solution. Set 6, = min{é, 1 }. Define
functions ¢, and ¢, on [0, 5;) by

Jo @A =01 (DA (go(r(1)E) + @o(t)) fy @1 (091 (t)
yal) = ( 1—<P0(¢1(f)f) T A D) - <>>

119(po($1 (00 + 90(8)) . 501001 (D0) (@o(1 (1) + 90(£) ] Ji @1(81 (D))
+4{ T—g) (1 go(t) 2 g0 )"’1“)

and

Pa(t) = ¥o(t) —
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We obtain ¢,(0) = —1 and §,(t) — o0 ast — J, . Denote by r; the smallest solution of Equation
Po(t) = 01in (0, ;). Suppose that equation

Po(tp2(t)t) =1 ®)

has at least one positive solution. Denote by &3 the smallest such solution. Set § = min{J;, d3}. Define
functions 3 and ¢3 on the [0, ) by

(1) = (fo 0)a(t)t)do N (9o(¥2(D)1) + @o(t)) [y @1(0wa(t)1)d0
’ 1—%(% 1)) (1~ go(p2()) (1~ o(1))

115(p0(y2(0)8) + 90(t)) . 391 (91(D) (@0 (1 (DE) + go(t) ] Jot 91 (B2 (H)t)d
+2[ g (1 go(D) 2 Ol—qoo(t) )‘”2“)

and
Pa(t) = ys(t) —

We obtain §3(0) = —1 and ¢3(t) — co as t — ¢~ . Denote by r3 the smallest solution of Equation
P3(t) = 01in (0,). Define a radius of convergence r by

r = min{r;} i=1,23,..., (6)
it follows that for each t € [0,7)
0<go(t) <1, @)
< @o(pr(t)t) <1, ®)
0 < go(y2(t)t) <1 9
and
0< i(t) < 1. (10)

Denote by U(y, a) the open ball in By with center u € B; and of radius a > 0. Moreover, denote
by U(u,a) the closure of U(u, a).
The local convergence analysis of Method (2) uses the hypotheses (H) as follows:

(h1) F:Q — By is continuously differentiable operators in the sense of Frechet and there exists x, € Q)
such that F(x,) = 0and F/(x,)~! € £(B,, By).

(hy) There exists a function ¢g: [0, +00) — [0, +00) that is continuous and increasing with ¢ (0) = 0
such that for each x € ()

1F" () THF () = F'(x:)) | < o (llx = x)

and dy defined by Equation (3) exists. Set 0y = QN U (x4, dp).
(h3) There exist functions ¢: [0,dp) — [0,00) and ¢1: [0,dp) — [0,00) that are continuous and
increasing such that for each x, y € Qg

1F"(x) THF' (y) = F' ()| < o(lly — xI])

and
IF' () T F' ()] < @1 (flx — x: )

(hg) U(xs,r) C Qand 61 and J; exist and are given by Equations (4) and (5), respectively, and r is
defined by Equation (6).
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(hs) There exists 1, > r such that
1
/ @o(0r,)do < 1.
J0
Set O = QN U (x4, 7).

In the sequel, we present local convergence analysis of Method (2) using the preceding notation
and the hypotheses (H).

Theorem 1. Suppose that the hypotheses (H) hold and we choose xy € U(x«,1+) — {x:}. Then, sequence
{xn} starting at xo and generated by Method (2) is well defined, remains in U(x«,r) for every n =0,1,2......,
and converges to x.. Additionally, the following error bounds hold

lyn — 2l < Pr(llxen — 2D 0 — x| < 2w — x| <7, (11)
lzn — x| < P2(llxn — x| — 2] < Jl2en — 24| (12)

and
%041 — x| < P3(llxn — 2l l2en — 24| < [Jxn — x| (13)

where functions ; are given previously and r is defined in Equation (6). Furthermore, the limit point x, is only
a solution of the equation F(x) = 0 in O given in (hs).

Proof. Estimates (11)—(13) shall be shown using mathematical induction. Let x € U(x,,7) — {x.}.
By Equation (6), (h1) and (hy), we have in turn that

[F"(x:) 7 (F' (%) = F'(x:)) || < @o(llx = x4]]) < @o(r) < 1. (14)
Estimate (14) and the Banach Lemma on invertible operators [2] assure that F/(x) -1¢ £(By, B) and

1

/x71 /x* .
IF ) F el < 1= e =

(15)

It also follows that, for x = x, iterates o, zg, and x; are well defined by Method (2) for n = 0.
We obtain from the first substep of Method (2) for n = 0 and (/1) that

Yo — X = Xo — X« — F'(x0) "*F(x0), (16)

so by Equations (6), (10) (for i = 1), (h3), (15), and (16), we obtain in turn that

lyo = Il < IIF'(x0) "' P ()| / F' () M (F (e + 0(x0 — x.)) = F'(x0)) (0 — )0

fo 0)[|x0 — x)d0]|x0 — x| (17)
1—(P0(||x0—x*\|)
= P1([lx0 — x4 |0 — x| < [Jxo —x:]| <7,

which shows Equation (11) for n = 0 and yg € U(x,r). The second substep of the method can be
written as
20— X« = (Yo— % — F'(y0) 'F(v0)) + (F'(y0) " = F'(x0) ") F(o)
1 (18)
1 [9(I — Q(x0)) —5Q(x0) (I — Q(x0))] Q(x0)-
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Then, by Equations (6), (10) (for i = 2), (15) (for i = 2), (17), and (18), we obtain in turn that

lzo %=1l <llgo — % — F'(30) "Flyo) + (F'(30) ™ ~ F'(x0) ™) E(y0)
+ 11901~ Q(x0)) +5Q(x0) (1 - Qx0)) Q)]

<llyo = x« = F'(yo) " F(yo) | + IF'(yo) ' F'(x:) | [IIF' () ™1 (F' (y0) — F'(x:)) |
+[[F' () "1 (F' (x0) = F'(x:)) ][I (x0) ~'F' ()

+ 191 = QG + S QC) 1 - Qo) ] Qo)

<{£¢W19mewﬁﬂmxw
- 1= go(flyo — )
(9010 = x:11) + @o(llx0 — x:[1)) Jy @1(6llyo — x- )60 — x|
(1= go(lyo —xD) (T~ go(llxo — 1))
1 9(enllzo —x:I) + gollvo —x:1D) , o1(Iyo = 2= D (gllxo —x:I) + gollvo — x: D)y
4 1= go([lx0 —x.) (1= go(Jlx0 —x.]))?
. Jo 91(6llyo — x.[)d6]lyo — x.|
1= go([lx0 —x.])
< (o =zl llxo —xil <7,

(19)

+

+

which shows Equation (14) for n = 0 and z9 € U(x,r), where we also used the definition of Q(xg)
and the estimates

1Q(x0) 111 = Qxo) | <[ (x0) " F' () [I1F' (x2) ~ F' (yo) [ ' (x0) ~'F' ()]
X [IF' () TH(F (x0) = F'(x)) [+ [|F' () ™ (F' (90) = F' ()]
Using the third substep of the method for n = 0, we can write
x1— e = (20 — %« — F'(2z0) 'F(z0)) + (F'(z0) "' — F'(x0) ") F(20)
~ [31- Qo) 41— 2Q(x0))] F'(x0) " Fizo)
= (20— x- = F'(20) ""F(20)) + F'(20) ™" [(F'(x0) — /() + (F' () = F'(20)) | F(20)

1
2

(20)

[5(I = Q(x0)) — 3Q(x0) (I — Q(x0))] F'(x0) ' F(zo)-

Then, using Equations (6), (10) (for i = 3), (15) (for x = zp), (17), (19), and (20), we have in turn as
in Equation (19) that

|H_M|<(ﬁwu—mmwwAwmg%um—mm+%mm—mmﬁhum%—mnw
U T g0l — x) (1= go(lz0 — %)) (L — po([[0 — x-[1))
1FWMM—MW+%N%—MW

2 1 —@o([lxo — x«|)

Jo 918120 — x.])do
e [

< 93(llxo — xal)lIxo — 2l < [0 — x| <7,

3¢1(llyo — x:[]) (@o(l[x0 — x«[)) + @o(llyo — x«[1))

- (1 — go([x0— . ]))? 1)

+

which shows Equation (2) for n = 0 and x; € U(xy, 7). The induction for Equations (11)-(13) is finished,
by simply replacing x, yo, zo and x1 by X, Y, zm and x,, 11 in the preceding estimates. Then, using
the estimate

[ — x| < clfxm — x| <7 (22)
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where ¢ = P3(||xo — x«||) € [0,1), we deduce that lim,—eoXy = x4 and x,, 1 € U(x, 7). Finally, in
order to show the uniqueness part, let y, € Q; with F(y.) = 0. Define G = fol F' (x4 4 0(ys — x4))d0.
Then, using (hy) and (hs) we obtain in turn that

1
IF() NG =F el < [ gof6llx —y.])ds
0
: (23)
< / Po(6r)do < 1,
J0
so G~! € £(B,, By) by the identity
0=F(ys) = F(x:) = Gy« — x:)- (24)
Hence, we conclude by Equation (24) that x, = y.. O
3. Numerical Results
Example 1. Consider the motivational example as given in the introduction of the paper. Note that x, = % is

zero of this function. By conditions (1) — (h3), we can choose go(t) = Lt, ¢(t) = Lt, and ¢q(t) = %, where

L = 52:(80+ 167 + (11 + 12log2)72). Using the definition, we obtain the parameter values as

1 =7.5648 x 1073, r, = 2.9838 x 107, r3 = 7.0615 x 107> and r = 7.0615 x 10~°.

Example 2. Let X =Y =R3, Q = U(0,1), x. = (0,0,0). Define function F on Q) for w = (x,y,z)" by

Fw) = (¢ 1,12 +y,2)".
The Fréchet-derivative is given by
e* 0 0
F(w) = 0 (e—1)y+1 0
0 0 1

Then, we have by conditions (k1) — (h3),

H

—~
~

=
I
(9]
>
1]

Po(t) = (e~ 1)t, g(1) =ev1t, g

Using the definition of the radius of Equation (6), the parameter values are given as
r1 = 0.382692, r, = 0.146424, r3 = 0.0971542 and r = 0.0971542.
Example 3. Consider function F defined on Q) = (—o0, +00) by
F(x) = sinx.
Then, as in the previous examples, we have the following for x, = 0:
po(t) =1, ¢(t) =1, ¢:(t) = 1.

The parameter values are given as

r1 = 0.666667, r, = 0.321702, r3 = 0.238606 and r = 0.238606.
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Example 4. Let By = By = C[0, 1] be the space of continuous functions defined on [0, 1] and equipped with
the max norm. Let Q = U(0,1). Define function F on Q) by

F(g)(x) = p(x) 10 [ x6g(6)’de

We have that

F'(9(8))(x) = &(x) — 30 /O ' ¥0p(6)2¢(8)d6, for each & € O

Similarly, to the previous examples, we get that x, = 0, ¢o(t) = 15¢, ¢(t) = 30t, ¢1(t) = 30.
Then, we obtain

r1 =3.33333 x 1072, 1, = 1.78413 x 1073, r3 = 5.36379 x 104 and r = 5.36379 x 10~ %.

4. Conclusions

In the forgoing study, we have studied the local convergence of an efficient eighth-order method
by assuming conditions only on the first derivative of the operator. The iterative scheme does not
use second or higher-order derivative of the considered function. However, in an earlier study of
convergence, the hypotheses used were based on Taylor series expansions reaching up to the eighth-
or higher-order derivatives of function, although the iterative scheme uses first-order derivative.
These conditions restrict the usage of the iterative scheme. We have extended the suitability of the
method by considering suppositions only on the first-order derivative. The local convergence we have
studied is also important in the sense that it provides estimates on the radius of convergence and
the error bounds of the solution. Such estimates are not provided in the procedures that use Taylor
expansions of higher derivatives, which may not exist or may be very expensive to compute. We have
also verified the theoretical results so derived on some numerical problems.
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