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1. Introduction

A function h : I C R — R is said to be convex if

h(pu + (1 —p)o) < ph(u) + (1 —p)h(v)

holds for all u,v € I and u € [0,1]. For any convex function %(t) on a closed interval [a, b], the

double inequality
b
h(“;b) g/ h(t)dt§7h<a);h(b) )
a

is classical and called as the Hermite-Hadamard integral inequality.

It is well known that the convex function is a basic concept in mathematics and mathematical
sciences and there exists a theory on convex functions. For the theory of convex functions, please refer
to two monographs [1,2], for example. Among the theory of convex functions, the Hermite-Hadamard
type inequalities play important roles. For new development of the Hermite-Hadamard type
inequalities, please refer to the monograph [3], for example.

We now introduce the s-convex function in the second sense and the extended s-convex function
in the second sense.

Definition 1 ([4]). Lets € (0,1]. A function h: I C [0,00) — R is said to be s-convex in the second sense if

h(pu + (1= p)o) < pwh(u) + (1 —u)°h(v) @

holds for all u,v € Iand y € [0,1].
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Definition 2 ([5]). For somes € [—1,1], a function h : I C [0,00) — R is said to be extended s-convex in the
second sense if the inequality (2) holds for all u,v € I and u € [0,1].

Remark 1. We note that, the following five cases, and only the following five cases, are possible:

1. whens € (0,1], any s-convex function in the second sense is equivalent to an extended s-convex function
in the second sense for the same s € (0,1];

2. when s € (0,1] and h(t) is an s-convex function in the second sense, there exists a number
so € [—1,1] \ {s} such that h(t) is an extended sy-convex function in the second sense;

3. whens € (0,1] and h(t) is an s-convex function in the second sense, there does not exist a number
so € [—1,1)\ {s} such that h(t) is an extended sy-convex function in the second sense; equivalently
speaking, for any s € (0,1], there exists an s-convex function h(t) in the second sense, but h(x) is not an
so-convex function in the second sense for all sy € [—1,1] \ {s};

4.  when s € (0,1] and h(t) is not an s-convex function in the second sense, there exists a number
so € [—1,1]\ {s} such that h(t) is an extended so-convex function in the second sense;

5. whens € (0,1] and h(t) is not an s-convex function in the second sense, there does not exist a number
so € [—1,1)\ {s} such that h(t) is an extended sy-convex function in the second sense; equivalently
speaking, for any s € (0,1], there exists a function h(t) which is neither an s-convex function in the
second sense nor an extended sq-convex function in the second sense for all sy € [—1,1] \ {s}.

We now construct an example as follows. Let h(t) = 1 —t> for t € [0,1]. Taking u = 0.1, u = 0.8,
v =04, and s € (0,1] in Definition 2 yields

h(pu+ (1 —p)v) — [p*h(u) + (1 — p)°h(v)] = 0.8064 — [0.36 x 0.1° + 0.84 x 0.9°] > 0.

This means that h(t) is not an s-convex function in the second sense on [0,1] for s € (0,1]. On the other hand,
it is easy to see that

(1= )1 = u?) + p(1 = 0%) = p(L = ) {1 = [pu + (1 = p)o} >0

for every u,v € [0,1] and u € (0,1). This means that h(t) is an extended —1-convex function in the second
sense on [0, 1].

There have been some studies dedicated to generalizing the s-convex function in the
second sense and the extended s-convex function in the second sense and to establishing their
Hermite-Hadamard type inequalities. For more details, please refer to the papers [6-15] and closely
related references therein.

The following are some of the Hermite-Hadamard type inequalities for s-convex functions in the
second sense.

Theorem 1 ([16]). Let h: I C [0,00) — R be differentiable on I° and a,b € [ witha < band h' € Ly([a, b]).
If |1 (t)|7 is s-convex in the second sense on [a, b] for some fixed s € (0,1] and q > 1, then

‘h(”;b) _ bia /abh(t)dt‘ < b;“ <;>1w {(“Ws)r/qﬂh’(a)m I (b)) 7.

s+1)(s+2

Theorem 2 ([17]). Let h: [ C [0,00) — R be differentiable on I°, a,b € [ witha < b, and I’ € Ly(][a, b]).
If |1 (t)]7 is s-convex in the second sense on [a, b] for some fixed s € (0,1], and q > 1, then

() bi"/"bh(t)dt’ <5 {<s+1>1<s+z>]1/q(§)l/p

X { {|h'(a)|‘7 +(s+1) h’(a ;“ b> Hl/q + {\h’(b)\‘? +(s+1)

/()1
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1,1 _
wherep—l—q 1.

Theorem 3 ([18]). Let h: I C [0,00) — R be differentiable on 1°, a,b € I witha < b, and i’ € Ly(][a, b]).
If |l (t)] is s-convex in the second sense on [a, b] for some fixed s € (0,1], then

HICRTCERT ] o [nwar
(s —

4)6s+1 _|_2 % 5S+2 _2x 3S+2 +2

s 625 + 1)(s + 2)

(b—a)[[K (@)| + [ (b)]].

During the past two decades, starting from s-convex functions to generalizing different concepts
of convex functions, there has been a continuous interest in the development of integral inequalities of
the Hermite-Hadamard type. It seems that it is a rich machinery for obtaining results. For example,
in the paper [19] and closely related references therein, a strong extension and refinement of the
Hadamard inequality in the right hand side of (1) was generalized to nonlinear integrals. For more
results on integral inequalities of the Hermite-Hadamard type for diverse convex functions, please
refer to [20-27] and closely related references therein.

In [6], some integral inequalities of the Simpson type were established for a function (t) whose
third derivative 1"’ (t) belongs to L1 ([a, b]) and |h"(t)]7 is an extended s-convex in the second sense
for g > 1. One of the key steps is to set up an identity

Hh(a)ﬂh(”;b) +h(b)} —bl_a/ﬂbh(t)dt
_ (b;6ﬂ)3 /Olt(l_t)z[hm<tb+(1_t)a42'b)—h’”(ta+(1—t)a42_b)]dt 3)

forh:ICR—R,a,be Iwitha<b,and W € Li([a,b]).

In this paper, we will set up an identity different from (3), establish some integral inequalities for
a function h(t) whose third derivative "/ (t) belongs to L1 ([a, b]) and |1’ (t)|7 is an extended s-convex
in the second sense for 4 > 1, and apply these integral inequalities to construct inequalities for several
special means.

2. A Lemma

For attaining our main aim, we need a lemma below.

Lemma 1. Let h : I C R — R be a three times differentiable function on I and a,b € T witha < b. If
" € Li([a,b]) and A € [0,1], then

b 2 _
. L a/ h(t)dt— W(h—a)zh”()\aj%l—/\)b)
- a

22 -1

(b—a)l'(Aa+ (1 — A)b) — h(Aa + (1 — A)b)

_ @ {)\4 /01 PR (t(Aa+ (1 - A)b) + (1 —t)b) d ¢

1
(- A)4/ BH (HAa+ (1—A)b) + (1— Ha)dt|. (@)
0
Proof. When A € (0,1), by integrating by parts, we have

/01 B (Aa 4+ (1— A)b) + (1 — H)b)d
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= —ﬁ /01 Bdn" (H(Aa+ (1— A)b) + (1— £)b)

_ _A(bta)h'/(Aa+ (1—A)b) — ﬁ /01 2dK (HAa+ (1= A)b) + (1—£)b)

= —A(bl_ ol (et (1-2)b) ~ ﬁh’(m +(1—=A)b)
- e e+ -0 + (- 1)

== A(bl_ ot (Aat (1= - ﬁh’(m +(1—=A)b) - ﬁh()\a +(1—A)b)
+ ﬁ '/Olh(t()\awt (1=A)b) + (1 —t)b)dt

and
/01 Br" (t(Aa+ (1= A)b) + (1 —t)a)dt
U B AR (HAa+ (1— A)b) + (1— )

SH'(Aa+ (1= A)b) - 5 . /1 Al (H(Aa+ (1= A)b) + (1— t)a)

1-A)2b—-a)2)o

— g e =) - mh’wﬂl—)\)b)
+m%}ltdh(t(/\aﬁ-(1—/\)b)+(1_t)a)
_ mhumﬁ (1= A)b) — mhlﬁ“ )
0 6

+

mh()\a +(1—A)b) — A=A pG—ap '/01 h(t(Aa+ (1 —A)b) + (1 —t)a)dt.

Substituting these two equalities into the right side of (4) and changing variables result in the required
conclusion. The proof is complete. [

Remark 2. When taking A = 0,1 in (4) respectively, we derive

1
b—a

—a 3
/abh(t) dt— é(b —a)*n" (b) + %(b —a)l' (b) — h(b) = _%

1
/ B30 (th+ (1 —t)a)dt
0

and

—a 3
bia/abh(t)dt—%(b—ﬂ)zh”(ﬂ)—%(b—a)h’(a)—h(a) = %/01 B (ta+ (1 — )b d

respectively.
The identity (3) mentioned above and the newly-established identity (4) can not be derived from each other.

3. Inequalities for Extended s-Convex Functions in the Second Sense
Now, we are in a position to establish some new integral inequalities of the Hermite-Hadmard

type for extended s-convex functions in the second sense.

Theorem 4. Let h : I C [0,00) — R be a three times differentiable function on I, a,b € [ witha < b,
W" € Li(|a,b]), and A € [0,1]. If |h"'(t)|9 is an extended s-convex function in the second sense on [a,b],
s € [—1,1],and q > 1, then

1.  when A €10,1] and —1 < s <1, we have
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b 2 _
‘ﬁ/ h(t)dt— W(bw)zh”mﬁ (1—A)b)
- a

20 —1
2

(b—a)®

(b—a)l'(Aa+ (1= A)b) — h(Aa+ (1= A)b)| <

4
NG+ +2)(5+3)(s+4

+ 6l @)1+ A [(s+1) (s +2)(s +3) W (Aa+ (1 = A)p)|T + 6" (B)|7] 7}

1/q
)} {(1 - A)4[(s +1)(s+2)(s+3) | (Aa+ (1 —A)b)|1

®)

2. when A € (0,1) and s = —1, we have
1 b 3A2 —3A+1 .
‘m/a Mt — = (b — ) (e + (1= M)b)

20 -1 (b—a)? 2 1V
2 24 [3M(1-A)

X {(1 —AA201 = APAHR (B)]7 — A*(2(1 = A)? +3(1 — A)2 +6(1— A) + 6In A) |1 (a)]1] /1

(b—a)h'(Aa+ (1 —A)b) —h(Aa+ (1 — A)b)‘ <

A2 = A3 ()T — (1= M) (223 + 302+ 6A + 61n(1 — 7)) \h’“(b)|‘7]1/q}. (6)

Proof. When A € [0,1] and —1 < s <1, since |I"’(#)|7 is an extended s-convex function in the second
sense on [4,b], by Lemma 1 and the Holder inequality, we have

'bia/bh(t)dtfL:}\H(bfa)zh”()m+(lf)\)b)

_2A-1

(b—a)' (Aa+ (1 — A)b) — h(Aa+ (1 — A)b)‘

(b—a)

<
- 6

{/\4 /0'1|t3h"’(t(m +(1=A)b) + (1—t)b)| dt
+(1—A)4/01|t3h’”(t(Aa+(1—A)b)+(1—t)a)|dt}

. 1-1/ .
@{M(/Olﬁdt) q{/olt3|h”’(t()\u+(l7/\)b)+(17t)b)\‘7dt}

+(1- ) (/01 £d t) o {/01 BIH" (t(Aa+ (1— A)b) + (1 — t)a)|7d t] l/q}

1/q

IN

(b —a)? 1

6 {A4 (/ P dt)]im {/01 P (8 R (Aa+ (1= Mb)JT + (1 — [ (b)) ‘“}

IN

+(1- ) (/01 t3dt>H/q Uol B (E|R" (Aa + (1= D)b)|7 + (1 — £ |1 (a)]) dt} w}

_(b—a)p D\ (A + (1= A)b) |7 6|1 (b)]7 1

6 {A4<Z> { s+4 Jr(sJr1)(s+2)(s+3)(s+4)}
DNV R (A + (1= A)b)J9 6|1 (a)|7 1

+(1_/\)4<1> { s+4 +(s+1)(s+2)(s+3)(s+4)} }

(b —a)® 4
24 {(s+1)(s+2)(s+3)(s+4

+ 611" (@)|7] 7+ A4 [(s + 1) (s +2)(s + 3)[H"” (xa + (1 = A)B) |7 + 61" (B)/7] /7.

1/q
)} {@=2)*(s+1)(s +2)(s +3) 1" (Aa+ (1 - A)p) |7

When A € (0,1) and s = —1, since |h”(t)]7 is an extended s-convex function in the second sense
on [4,b], by Lemma 1 and the Holder inequality, we have

b 2 _
‘b ! a/ h(t)dtfW(bfu)zh”()er(lf/\)b)
- a

_ %(b — ) (Aa + (1= A)b) — h(Aa + (1 — A)b)
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< @ {,\4 /01 |B1" (H(Aa+ (1— A)b) + (1 —t)b)| d t

+(1-2)* /01|t3h”’(t()uz +(1—=A)b) + (1 —t)a)|dt

A t3df)1w ) @ =) ad]

1/q

IN

- A)4(/01 t3dt)11/q [/01 B +1— O " (@)1 + (¢t — ) 1" (b)) dt} W}

_ 3 1-1/q 3 2 _ 1/q
_ (b—a) {A4(1) {3%”1,,,(“”{172/\ +3A*+6A+6In(1 A)|h”’(b)|‘4}

Z 1 6A%
DV B 201 -2 +3(1= A2 +6(1=A) +6InA 11
R C L v 6(1-A)* ]}
N 1/q
- &7 {w(i M {A=1* 20 =222 b)) = A* (21— 1)* +3(1 — A)?

+6(1—A) +6I A (@)]9]M 7+ A4[2(1 — A)*A3|H (a)]7 — (1 — A)* (243 4 3A2
+6A+6In(1— 7)) K" (b)]7] 1/‘7}.

The proof of Theorem 4 is complete. []
Corollary 1. If s = 1in (5), then

b—a 6

20 -1
2

x { (L= A (4" (Aa+ (1= A)b) |7 + [ (@)|7] 7 + A (4" (A + (1 = A)b) 7 + [ (b)|7] 7}

! /bh(t)dt—w(b—a)zh”(/\a—&-(1—A)b)

_ )3 1/q
(b—a)'(Aa+ (1 - A)b) — h(Aa + (1 —/\)b)' < 24”) <%>

Corollary 2. Ifs = g = 1in (5), then

b—a 6
20 —1
2
(b—a)®
120

‘ L /b n(e d =T 2t (1 - )
(b—a)l'(Aa+ (1— A)b) — h(Aa + (1— A)b)

= (1= A" (@)] + 4(A* + (1= ) 1" (Aa + (1 = A)b)| + A*[1" (B)].

Corollary 3. If g = 1in (6), then

b 2 _ _
’bla/ h(t)dt—W(b—um"mwu—m)—” !
- Ja

o (b=l (Aa+ (1= 1))

(b—a)’
36

—6(1—A)—6InA) |1 (a)| + (2(1 — A)* =243 =322 —6A — 6In(1 — 7)) |1 (b)]].

—h(Aa+(1-A)b)| < [(2A3 —2(1—A)* —3(1—A)?
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Theorem 5. Let h : [ C [0,00) — R be a three times differentiable function on I, a,b € I witha < b,
" € Li([a,b]), and A € [0,1]. If |[h"'(t)|9 is an extended s-convex function in the second sense on [a,b],

s€ (=1,1],and q > 1, then
1 b 302 —30 41 9,1
‘m/a h(t)dt = 2220 (b~ aPH (e + (1 - A)D)

22 -1
2

x {(1 — AR (Aa+ (1= A)b)|9 + (3g +5 +1)B(3q + 1,5 + 1) |1 (a) |7] /7

_ )’ R
(b*a)h’(/\H(l*A)b)*h(AH(l*/\)b)’ < (3q+1s+1)

+ A4 (W (Aa + (1= A)b) |7 + (39 +5+1)B(3q + 1,5+ 1) " (0)|] 7},
where )
B(m,n) = / "1 - tdt, m>0, n>0
0

is the classical beta function.

Proof. Since |1""(t)|7 is an extended s-convex function in the second sense on |4, b], then by Lemma 1

and the Holder inequality, we have

! /bh(t) dr- L s (- A

b—a 6
A W (Aa+ (1= A)b) — h(Aa+ (1 — A)b)‘
< @ [/\4 /01|t3h”’(t(/\a +(1=A)b)+ (1 —t)b)|d¢t

1
+(1— A)4/0 |BH" (t(Aa+ (1 — A)b) + (1 —t)a)| dt]

”"6”>3{A4</01 1dt)11/q Uol £9IR" (H(Aa + (1= A)b) + (1 - t)b)lqdf}

1/q

IN

+(1-2)* (/01 1dt)1_1/q Uol PR (HAa + (1= A)b) + (1 — £)a) |7 dt} Uq}

1/
< (b—6a)3 {}\4[/01 t3'1(ts|h’”(/\a+(1—)\)b)|q+(1—t)s|h”’(b)|‘7)dt} q

1/
+(1—A)* [/01 B9 (Aa+ (1= AN)b)[T+ (1 —t)°|h" (a)|9) dt} q}

::w—af{ﬁ[ : w%mH(lme+BBq+LS+”WW“”4Uq

6 3g+s+1
A 1 1/q
- " - q neoNg
(1= 2| g W A (L= B+ B+ Ls + DI ]

—a)3 1/q
<O (o) (A a-pppe

+(3g+s+1)BBq+ 1,5+ 1)1 (a)]]
+ A [ (a4 (1= A)B)|7 + (39 + s+ 1)B(3q + 1,5+ D" (0)]7]/7}.

1/q

The proof of Theorem 5 is complete. []
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Corollary 4. Under assumptions of Theorem 5, if s = 1, then

b_a./a.bh(t)dt_T(b_a)zh”()‘a‘k(l—/\)b)
2A -1
-2
(b—a)® 1
=6 {(3q+1)(
+)\4[(3’7+1)|h”’()\ﬂ+(1—/\)b)|’1+|h”’(b)‘q]1/q}‘

’ 1 302 —3A+1

(b—a)i'(Aa+ (1= A)b) — h(Aa+ (1 — /\)b)’

1/q 4 m q me \iq11/4
3q+2)} {(1—/\) (B +1)|W"(Aa+ (1 — A)b) |7+ [H" (a)]7]

Theorem 6. Let h : [ C [0,00) — R be a three times differentiable function on I, a,b € [ witha < b,
hW" € Li([a,b]), and A € [0,1]. If |h"'(t)|7 is an extended s-convex function in the second sense on [a, b],
s€ (—1,1],and q > 1, then

b 2 _
‘b L a/ h(t)dt—%(b—a)zh”()\a—k(l—/\)b)
- a

24 -1

2

AN _ 1-1/q 1/q
< b 6 ) (4qq11) (si1> {0 =W (Aa+ (1= 2)b) 7 + W (a)]1] 1

—|—/\4[|h’”(/\11—|- (1—A)b)|7+ |h///(b)|q]1/‘7}'

(b—a)i'(Aa+ (1 — A)b) — h(Aa + (1 — A)b)‘

Proof. Since |’ (t)|7 is an extended s-convex function in the second sense on |4, b], then by Lemma 1
and the Holder inequality, we have

‘ ! /bh(t) dr = L g (1 - A

b—a 6
_ L{l(b—a)h’()\aHl—A)b) —h()‘a+(1_)‘)b)'
By Ml:/\4/0.1’t3h”/(t()‘a+(17/\)b)+(17t)b)|dt

6

(1A /01 B0 (H(Aa + (1— A)b) + (1 — t)a)| dt}

_ —601)3 {A4 (/01 $39/(0-1) t) o Uol B (A + (1 — A)b) + (1 — £)b)]1 dt} o

- /\)4(/01 £9/(-1) dt)l_w {/01 7 (H(Aa + (1 — A)b) + (1 — t)a)wdt} W}

@{)‘4(/01 £34/(0-1) dt)l_l/q Uol (FIR" (Aa + (1= A)b) |7+ (1 = 1)° 1" (b)|7) dt} v

<

+(1-2)* (/01 £31/(1-1) dt)l_w Uol (B (Aa+ (1= A)b) |1+ (1 —£)° | (a)]9) dt} Uq}

_ )3 . 1-1/q 1/q
:(bx)<%i%) (gh) {0 =4[ (A2 + (1= 2B + 1" (a)]7]7

F AR (At (1= A1+ 1 () 7]

The proof of Theorem 6 is complete. []
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Corollary 5. Under assumptions of Theorem 6, if s = 1, then

‘ ! /b B =L e (1— A

b—a 6
_ ZAgl(b—u)h/(Aa+ (1—A)b) —h(A”+(1_A)b)'
3 _ 1-1/q 1/q9
_ @ 6“) (%) @ [0 = VAW e+ (L= A7+ 1" (@)]7) 7

+/\4[|hm(Aa+(17/\)b)‘q+|h,"(b)ml/q}.

4. Applications to Means

Making use of results for integral inequalities of the Hermite-Hadmard type for extended s-convex
functions in the second sense in the above section, we construct some inequalities for means.

Let b > a > 0, the arithmetic mean Ay (a,b) and the generalized logarithmic mean L,(a,b) are
defined [28,29] respectively as

Au(a,b) =pa+ (1 —p)b, pelo1]

and
br+1 _arJrl 1/r
Creoa) A
—a
L(ab) =\ np—Tna’ r=-1
1/pb 1/(b—a)
e(a> ‘ p=0
s+3 .
Leth(t) = m Then h"'(t) = t°. Whenu,v >0, 4 € (0,1),ifg > 1, -1 <sq < 1,and

—1 < s <1,then
B (4 (1 =)o) = |[pu + (1= p)ol* |7 < [0 ()| + (1= p)° [0 (0) |7

which means that |[h”/(t)|7 = 1 is an extended s-convex function in the second sense on

[a, b]. Meanwhile,
1

b 1 s
m/a h()dt = (s+1)(s+2)(s+3) Lsig(a,b).

Consequently, applying (5) in Theorem 4 to |h"(t)|7 = t°7 yields the following theorem.

Theorem 7. Letb >a>0,4>1,-1<sqg<1,-1<s<1,and A €0,1]. Then

L5+3(a,b) _ (s+2)(s +3)é3)\2 —3A+1)

= (b—a)?A5(a,b)

S — o : 1/q
3 ("'3)(272)‘1)(17—11)&\*2(%17) —A§\+3(“'b)‘ = e 24 ) <Si4)

X [(s+1)(s+2)(s +3)]1’1/q{(1 —A)*[(s+1)(s+2)(s+3)|Ax(a,b)[* +6a“’}1/q

+ A (s +1)(s +2) (s +3)| Ay (a,b) | +6b5‘7}”‘7}.

Corollary 6. Under assumptions of Theorem 7, if A = % and s =1, then

(b —a)?
2

LS+3(a,b)—AS+3(L‘l, b) _

+1
s+3 1/2 Al)(a,b) ‘

(b_a)3 1 14 sq sq11/49 sq sq11/49
<O () {BAY, @) + T+ (447 (0, b) + 577) 7.
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Applying Theorem 5 to the function |I"’(t)|7 = 7 yields the following theorem.
Theorem 8. Letb >a>0,0>1,-1<sqg<1,-1<s<1,and A € [0,1]. Then

(s+2)(s+3)(3A2 =31 +1)

L513(a,b) — A (b—a)?A5 1 (a,b)
- (54’3)(272)‘_1)(17 — @) A (a,b) — A (a, b)‘
<(b—a)3(s+1)(s+2)(s+3)< 1 )1/‘7
- 6 3+s+1

x {(1 — M)A (a,b) % + (3g + 5+ 1)B(3g + 1,5 + 1)a1] /1

+ A [|Ax(a,0)[ + (39 +5 +1)B(3 + 1,5+ 1)p*1] /7|,

Corollary 7. Under assumptions of Theorem 8, if A = % and s =1, then

L313(a,b) — A333(a,b) —

(b—a) . (b—a)’ ! e
2A1721(”’b)’< 4 [(3q+1)(3q+2)

x { (37 +1)A7)5(a,0) + a7 + [(3g + 1) A}, (a,b) + 5] /7.
Applying Theorem 6 to |1 ()| = %1 yields
Theorem 9. Letb >a>0,4>1,-1<sqg<1,-1<s<1,and A € [0,1]. Then

s+2)(s+3)(3A2 —3A +1)

L5+3(a,b) — ( (b—a)?A5(a,b)

543 6
- CEDE - a5 20 ) - 437500
(b—a(s+1)(+2)(s+3) (g-1\ Y7/ 1\
< A (417_1) (S+1>

o (L= A (1A (@, B) 9+ a9] VT4 2% 1 4 1, b) 4 + 659,

Corollary 8. Under assumptions of Theorem 9, if A = % and s =1, then

Ls+3(a b)—As+3(a b) _ (b_a)2A5+l(a b)‘
s+3\% 17237 2 1/2\%
b—a3 _1 1-1/q 1 1/q 1/ 1/
S( 4) (427—1) (5> {[Aiq/z(“'b)‘*‘“sﬂ T+ [AT)5(a, b) + 5] q}'

Remark 3. Since the identity (3) in [6] and the newly-established identity (4) in Lemma 1 can not be derived
from each other, we can be sure that all results in this paper and those in [6] can not be compared with each other.
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