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Abstract: In this paper, we prove the sufficient conditions for the existence results of a solution of a
nonlocal g-symmetric integral boundary value problem for a sequential g-symmetric integrodifference

equation by using the Banach’s contraction mapping principle and Krasnoselskii’s fixed point theorem.
Some examples are also presented to illustrate our results.
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1. Introduction

Quantum difference operators dealing with sets of nondifferentiable functions have been
extensively studied as they can be used as a tool to understand complex physical systems. There are
several kinds of difference operators. The g-difference operator was first introduced by Jackson [1] and
was studied in intensive work especially by Carmichael [2], Mason [3], Adams [4] and Trjitzinsky [5].
The studies of quantum problems involving g-calculus have been presented. The recent works related
to g-calculus theories can be found in [6-8] and the references cited therein.

The g-symmetric difference operators are a useful tool in several fields, especially in quantum
mechanics [9]. However, there are few research works [10-13] involving the development of
g-symmetric difference operators.

In 2012, AM.C. Brito da Cruz and N. Martins [10] studied the g-deformed theory, in which the
standard g-symmetric integral must be generalized to the basic integral defined.

Recently, Sun, Jin and Hou [12] introduced basic concepts of fractional g-symmetric integral and
derivative operator. Moreover, Sun and Hou [13] introduced basic concepts of fractional g-symmetric
calculus on a time scale.

In particular, the boundary value problem for g-symmetric difference equations has not been
studied. The results mentioned are the motivation for this research. In this paper, we devote our
attention to the estabished existence results for a nonlocal g-symmetric integral boundary value for
sequential g-symmetric integrodifference equation of the form

DyDpu(t) :F(t,u(t), (Seu)(t), (Zwu)(t)), tell
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u(0) =Au(T), )

/077 g(s)u(s)dys =0, 5 € I; —{0,T},

9
where I; = {}¥*T: ke N}U{0,T}, p,q,r,w,6 € (0,1), p= %, g = Z—;, r = %, w=4 9=711

wy’ (23
1

LCM (pa,2, 12,020
C(I; x R x R x R,R) are given functions; and for ¢, ¢ € C(I; X I{, [0,00)), define

and x =

] are the simplest form of proper fractions; ¢ € C(I},R") and F €

t

(Sou) (t) ::/ @(s, H)u(s)dgs and (Zeu) (t) := /Ot(p(s,t)u(s)tfws.

0

This paper is organized as follows. In Section 2, we provide basic definitions, properties of
g-symmetric difference operator and lemmas used in this paper. In Section 3, the existence results of
problem (1) will be proved by employing Banach’s contraction mapping principle and Krasnoselskii’s
fixed point theorem. In Section 4, we give some examples to illustrate our results.

2. Preliminaries

We introduce some basic definitions and properties of g-symmetric difference calculus as follows.
Definition 1. For g € (0,1), the g-symmetric difference of function f : R — R is defined by

- flgt) = f(q~'t)

qu(t): (q_q_l)t and qu(O):f/(t)

The higher order g-symmetric derivatives of f is defined by
f);’f(t) = f)qu_lf(t), neN.

We note that DJf(t) = f(t).
Next, if f is a function defined on the interval I, g-symmetric integral is defined by

[ i = [ s [ ro)ds
and /Ox f(s)chs = x(1— qz),i;’)qzkf (xq2k+1>

where the above infinite series is convergent.
We next discuss the following lemmas used to simplify our calculations.

Lemmal. Let0 < g < 1,and f : I — R be continuous at 0. Then,

[ xedsdy = [ [ x(gs) dyrd
/0 /0 x(s) dys qr—/o /qux(qs) gt dgs.

Proof. Using the definition of symmetric g-integral, we have

/0 /Or x(s) dgs dgr

_ /Ot [r(l S i 7 x (rq2k+1) ] dyr = i et [/Ot r(1—g%) «x (rq2k+1) qu]

k=0

_ i 21— ) i P [P (1 - qz)]x( (tq2h+1) q2k+1>
k=0 =0
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hgk
hgk

= (1 - g?)? 2k-+4h (tq2k+2h+2>

q
[q4hx (tq2h+2) + g2y (tq2h+4) + gty (tq2h+6) + }
x(tq%) + q%x (tq4) + gtx (tq6) + }
x(tg*) + q°x (tqé) + g8x (tq8> + }

+ [qsx(tq6) + q'% (tqs) + q'%x (tq1°> + } + ... }
= 21— P {xt?) + P+ x (1g') +a* 1+ 2+ 4% x (10°) + ..}

= 21— q2>2k_20q2k[k+ 1]q2 X (tq2k+2>

T
[}
il
(e}

hgk

= q(1-¢*)’

o

= (1 -¢)?
+

i

-
'

= g Z qZktz(l . q2> [1 o qz(k+1)] X (tq2k+z)
k=0

= /Ot [qt — q7s] x (qs) dgs

= [ [ w ) dor- /fsst) dyr] dys
= //qs (qs) dgr dgs.

O
Lemma 2. Let 0 < g < 1. Then,
gt?
ds—tzmd//drds— .
/ q s "9 qZ
Proof. Using the definition of symmetric g-integral, we have
b © 1
[ = - L =) | ] =t
0 k=0 1- q
"y ot — o)
= t —_
/0 2 gtdgs /O[q q°s] dys
= t1-¢%) y g% [qt q2k+3t]
k=0
1 7> } qt?
= qP1-¢ — = :
gt (1 —¢°) [1_q2 - " 1+¢
O

To study the solution of the boundary value problem (1), we first consider the solution of a linear
variant of the boundary value problem (1) as follows.

L 3. Let p, 0,1 =0 =0 —rl dx=—F+~"—+
emma et p,qe (0,1), p by 4= g0 T = 55 an = (o)

fractions; A € R; g € C(II,RT) and h € C(II,R) are given functions. The solution for the problem

are the simplest form of proper

D Dyu(t) =h(t), te Il )
u(0) =Au(T), ©)
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g ds =0, ye1f (0,1}, @

is in the form

u(t) = V sg(s) dys - A// s)dsdyx a7 [ 7 gy dqsdpxaf,y]
/O )dys - A// $)dysdyx — (1— A /// pxd;y] )
+// ) dysdyx,

where A := AT [ g(s)dys + (1= A) [ sg(s

Proof. We first take the g-symmetric integral for (2) to obtain

Dyu(t) = Cy + / ©)

Next, taking the p-symmetric integral for (6), we have

u(t) = C2+C1t+// 5)dysd,x. %

To find C; and C;, we first take the r-symmetric integral for g(t)u(t). We find that

/Otg(s)u(s)cfrs: C /g() rs+C1/ sg(s ds+/ / / s)dgs dpx dyy. 8)

We apply condition (3) to (7). Then, we have

CIAT — (1—A)Cy = —A/OT /Oxh(x) dys d,x. )

We next apply condition (4) to (8). Then we have

G /0'7 sg(s)dgs + C, ./(:7 g(s)dgs = — /(:7 /Oy /Ox g(y)h(s)dgsdpxdyy. (10)

Constants C; and C, are obtained by solving the system of Equations (9) and (10) as follows

= l /0 §)dys - A / / x)dysdyx — (1- A / / / dqsdpxdry]
e x| [ s [ [ dsdaar [ [ stom iy

Employing these results in (7), we get the solution (5). O
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3. Main Results

To study the existence and uniqueness of solution of (1), we transform the boundary value
problem (1) into a fixed point problem. Let C = C(I; ,R) denote the Banach space of all functions u.
The norm is defined by ||u|| = sup |u(t)|. The operator T : C — C is defined by

eif
(Tu)(t) = [ [ sg(s)dys 2 / / ), (So1) (x), (Zo) (x) ) dys
-t Uty <seu><s>,<zwu><s>)dysd}xd}y] a1
e / Vs A / / ), (851 (x), (Zou)(x) ) dys dy
-0 [" [ [ st (Sgu)(s),(Zwu)(s))chsdpxdry]

+/ / x, u(x), Sgu)(x),(zwu)(x)> dys dpx,

0
where IT := {}*T : k € N}U{0,T}, p,q € (0,1), p—p—z q—% r=d,w=73L0=4g

are the simplest form of proper fractions and x = ; g € C(I I'RY)and F €

1
LCM (Pzzqziszzﬁz)
C(Ii xR xR xR,R);and for ¢,¢ € C(I] x I, [0,00)), define

t

Sou(t) := /Otrp(s,t)u(s)tfgs and Z,u(t) ::/O ¢(s,t)u(s)dys.

We note that problem (1) has solutions if and only if the operator 7 has fixed points.
To present our results, we establish the following theorem based on Banach’s fixed point theorem.

Theorem 1. Assume F € C(I] x RxRxR,R),g € C(I[,RT) and ¢, € C(I] x IT,[0,00)). Let ¢y :=
sup {¢(t,s)}and po:= sup {¢(t s)}. Assume F and g satisfy the following conditions:
(ts)elfxIf (ts)ell Ik

(Hy) there exist positive constants Lq, Ly, L3 such that

’F(t, u,Sou, Zwu> — F(t, v, 5S4, Zwv> ’
< L1|M —Ul +L2’59M - SGU| +L3|Zglzl —

forallt € I; and u,v, Sgu, Z,u € R,
(Hz) 0 < g(t) <G forallt € I.

If
pT?
E=[L1+ T (Lago + Lago) ] ®+1+p2 <1, (12)
where
1| py*TG q r
A 1+P2<1+’72 e
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) (ATZ taraarm U A)nzﬂ,

where A is given by (15), then the boundary value problem (1) has a unique solution.

Proof. For any u,v € C and for each ¢ € I T we have

‘F(t, u,Sou, Zwu) — F(t, v, Spv, Zwv)‘
L1|1/l — U| + L2|S()M — 590’ + Lglzwu - ZwU’

IN

Ll o] + Lz [ g(s,)lu(s) ~ 0(6)ldos + Ls [ 95, )u(s) — 0(5) s

t
0
|lu — || {L1 + T (Logo + Lago) },

IN

and

I1—A| =:A.

' oL q81*

From (14) and (15), we have

(Tu)(®) = (To) (1)
Lol (1 + T (Logo + Lag) } x

{ GA [y sdgs - fOT Jo dgsdpx + ATG [ [§ [o dgsdpx d}y]

IN

+% [GA Jo dgs- foT Jo dosdpx+ (1 =1)G [ [ J§ dgsdpxdry | + foT Jo dgs ‘ipx}

IN

TG
llu —o|[[L1 + T (L2go + Lago) | {Il\ [pﬂpz <1fqz)\T + MM“?)

pnTG 2 - 2 pT?
T RGP (” T e U W) +1+p2}

pT?
1+p2 (-

= |lu—2o|[L1+ T (Logo + La¢y) | {®+

6 0f 9

(13)

(14)

(15)

(16)

As B < 1, T is a contraction. Therefore, the proof is done based on Banach’s contraction

mapping principle.

O

Furthermore, we prove the existence of a solution to the boundary value problem (1) by using the

Krasnoselskii’s fixed point theorem.

Theorem 2. [14] Let K be a bounded closed convex and nonempty subset of a Banach space X. Let A, B be

operators such that:

(i) Ax+ By € Kwhenever x,y € K,
(ii) A is compact and continuous,
(iii) B is a contraction mapping.

Then there exists z € K such that z = Az + Bz.

Theorem 3. Assume that (Hy) and (Hy) hold. In addition we suppose that:

(H3)‘P(t, u, Sou, Zwu)‘ < u(t), for all (t, u, Spu, Zwu) IS I; xR xR xR, withy € C(I;, RT).
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If
@<1, (17)

where © is given by (13), then the boundary value problem (1) has at least one solution on L.
Proof. We let sup |u(t)| = ||u|| and choose a constant

tell

VTZ
R > u 0+ — 8
_H H{ 1+p2}’ (l)

where Bg = {u € C : |Ju|| < R}.

Based on the results of Lemma 3, we define the operators 77 and 75 on the ball By as

/ | E( Sgu)(x),(Zwu)(x))(quJpx,
(Tou)(t) = [ / cg(s)dys- A / / ), (So1) (x), (Zut) () dys
—ar [' [ st (seu)()(Zwu)(s))dqsdpxtfry]
/ $)dys - A / / ), (o) (x), (Zeott)(x) ) dys dpx

(1A /// (5), (Su)(5), (Zat)(5) ) dys prd}y].

We proceed similarly to Theorem 1 for u,v € Br. Then we have

pT?
[Tix+Tayll < lpll ®+@ <R,

which implies that 71x + 7oy € Bg. Using (17), we find that 7, is a contraction mapping.
From the continuity of F and the assumption (Hj3), we see that an operator 77 is continuous and
uniformly bounded on Bg. For t,t, € I; with #1 < f, and u € Bg, we have

5]

|Tix(f2) —

x u( Sgu)(x),(Zwu)(x)) dgs dpx

/tl / x,u(x), (Sgu) (x), (Zou) (x) ) dys dpx

< ralFIB-4l

We observe that the above inequality tends to zero when t, — t; — 0. Therefore 77 is relatively
compact on Br. Hence, we can conclude by the Arzeld-Ascoli Theorem that 77 is compact on Bg.
We find that the assumptions of Theorem 2 are satisfied implying that the boundary value problem (1)
has at least one solution on I ; . The proof is complete. O
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4. Examples

In this section, we provide some examples to illustrate our main results. Consider the following
boundary value problem of sequential g-symetric difference equations

L — e~ 1—sin“(mt |u(t)| 1 1 10
DyDyu(t) = (100 + #)2(T+ [u(1)]) T 1002 (S%”) 1)+ J00722 (Z%”) (B, tely (19)

1 -
u(0) = 3u(10), /02“’0” [100e + 20 cos? s]u(s) d2s = 0,

0 (+10)2 ) 2
1 2 2
/q:j/rzglwzglez
e

Jts|
A=1, o(s,t) = (jHO > and ¢(s, t) =

where (Slu) t) = tMlsand Zzu) (t):fotmd~ s.
1
3

(D If g(t) = 100e + 20 cos? t. We can show that ¢y = 5, ¢o = g5 and

1
- <
’F(t,u,S%u,Z%u> F(t,v,S%v,Z%v)’ < 1002 |u—v| + 1002 51u S%v
4 4
+100 5 ‘ 2U — zv
So, (H,) is satisfied with L1 = 1002 L, = ﬁ and Lz = ﬁ.
By (Hz), we have ¢ = 100e < g(t) < 100e 420 = G.
Clearly, A =0.0419 and © = 1231.332.
Hence, we get
o+ P
L1+ T(L L =02 1.
[L1+ T (Lago + Lago) | +1+p2 0.253 <
Therefore, by Theorem 1, problem (19) has a unique solution on I'. g
0
(ID If g(t) = 100%¢ + 30 cos? t. We can show that
—1—sin?mt —t —2t
e e t e t
F(tu,Siuz ‘ < : ,
‘ ( it %”) (1001 )2 " 1002 (1 10)2 T 10073 (¢ + 20)2
1 1 e 2t

< = t).
c@00 - 02 T 10027 T 1008 - M)

So, (H3) is satisfied and (H) is still satisfied.

By (H,), we have ¢ = 100% < g(t) < 100%¢ + 30 = G.
Clearly, A = 419.489.

Hence, we get

®=0123 < 1L

Therefore, by Theorem 3, problem (19) has at least one solution on I'°. O
0

5. Conclusions

In this article, we consider a nonlocal g-symmetric integral boundary value problem for sequential
g-symmetric difference-sum equation. We study the condition under which the problem has existence
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and a unique solution by using Banach’s contraction mapping principle. Furthermore, we provide the
condition for the case of at least one solution by using Krasnoselskii’s fixed point theorem. A further
extension of this article is the study of stability, behaviour under perturbation and possible applications
in economics and engineering.
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