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Abstract: In this study, we consider codes over Euclidean domains modulo their ideals. In the
first half of the study, we deal with arbitrary Euclidean domains. We show that the product
of generator matrices of codes over the rings mod 4 and mod b produces generator matrices of
all codes over the ring mod ab, i.e., this correspondence is onto. Moreover, we show that if a
and b are coprime, then this correspondence is one-to-one, i.e., there exist unique codes over the
rings mod 4 and mod b that produce any given code over the ring mod ab through the product
of their generator matrices. In the second half of the study, we focus on the typical Euclidean
domains such as the rational integer ring, one-variable polynomial rings, rings of Gaussian and
Eisenstein integers, p-adic integer rings and rings of one-variable formal power series. We define
the reduced generator matrices of codes over Euclidean domains modulo their ideals and show
their uniqueness. Finally, we apply our theory of reduced generator matrices to the Hecke rings of
matrices over these Euclidean domains.

Keywords: error-correcting codes; quasi-cyclic codes; Euclidean division; Hermite normal form;
Hecke algebras

1. Introduction

The structural properties of quasi-cyclic (QC) [1,2] and generalized quasi-cyclic (GQC) codes [3-5]
have been reported. On the other hand, cyclic codes can be extended to pseudo-cyclic (PC) and
generalized pseudo-cyclic (GPC) codes [6]. Similar constructions for the rational integer ring Z are
known as integer codes and generalized integer codes [7]. We can summarize the module structure of
these codes as follows:

Cyclic codes: ideals in Fy[x]/(x" — 1)

QC codes: submodules in @'_, Fylx]/{x" —1)
GQC codes: submodules in @'_, Fylx]/(x" —1)
PC codes: ideals in IF;[x]/(d )

GPC codes: submodules in @!_, Fy[x]/(d;)
Integer codes: submodules in @!_, Z/dZ

Generalized integer codes: submodules in EBf:l 7./d;Z,

where F;[x] is a one-variable polynomial ring over a g-element finite field IF; with a prime power g,
(f) is the ideal of Fy[x] generated by f € F,[x], Fy[x]/(f) is their quotient ring, ®!_; denotes the direct
sum of the [ [x]- or Z-modules and Z/d;Z is the integer residue ring modulo d; € Z. Note that both
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IFy[x] and Z are Euclidean domains [8,9]; we say that a commutative integral domain R is a Euclidean
domain if there exists a function ¢ : R\ {0} — Ny such that, for any a,b € Rwithb # 0,a =sb+r
andr = 0or(r) < ip(b) are valid for some s, r € R, where Ny denotes the set of non-negative integers.
Finding s, r witha = sb+ rand r = 0 or ¢(r) < (D) is called Euclidean division, and s, r are called a
quotient and a remainder of a by b, respectively. If R = [F;[x], then ¢(-) = deg(-) is the degree function,
and if R = Z, then ¢(-) = | - | is the absolute value. However, no theory has yet been reported
concerning the unified treatment of codes over the quotient rings of the general Euclidean domains.

In this study, we deal with the above codes uniformly, which can be constructed by any Euclidean
domain R. Let M;(R) be the ring of I-by-I matrices with entries in R. We denote:

L=R = {(C] Ccy ... Cl) ‘ c1,C2,...,C € R},
M = L/Ldiag [d, ..., d],

where diag [dy,...,d;] € M;(R) denotes the diagonal matrix whose i-th entry is d; forall1 <i < [;
for X € M;(R), LX denotes the R-module consisting of cX for all ¢ € L; and for two R-modules
S D T, S/T denotes their quotient R-module. We investigate R-submodules of M, and we denote
one of them by C. If R = [F;[x], then R-submodules are equivalent to the GPC codes, and if R = Z,
then R-submodules are equivalent to the generalized integer codes.

To indicate the R-modules explicitly, let us define their generator matrices. Let F : . — M be a
natural surjective map of the R-modules and F~1(C) be the inverse image of an R-submodule C C M.
If G € M;(R) satisfies F~1(C) = LG, then we say that G is a generator matrix of C. For an arbitrary
given G € M;(R), there exists an R-module C C M such that G is its generator matrix if and only if
LG D Ldiag [ds, . . ., d;], and this condition is equivalent to:

AG = dlag [dl,. ..,dl]

for some A € M;(R). Then, we have C = LG/Ldiag [dy, ..., d;].

Under the above preparation, if d; = - - - = d}, then we can reveal the multiplicative structure of
generator matrices of R-submodules in the following manner. Hereafter, we set u = dy = --- = d.
Let I € M;(R) be the identity matrix. In this case, we have diag [dy,...,d;] = ul and:

C=LG/ul C M =L/uL.

For two R-modules C; = LGy /u L and C; = LGy /upL, if A1Gy = upl and AyGy = uyl, we have
ArA1G1Gy = uqupl. If we set G = G1 Gy and u = uqup, then C = LG/ ull determines an R-module in
M = L/uL. Our results can be divided into two parts. The first result asserts that this correspondence
(C1,Cy) — C by the multiplication of generator matrices is surjective, i.e., all R-modules in M = L/ulL
can be obtained by this correspondence. The second result asserts that, if gcd(uy, up) = 1, then this
correspondence is injective, i.e., C1 and Cy are both uniquely determined for each C. The latter assertion
corresponds to the explicit version of Chinese remainder theorem in our theory of R-submodules.
Because we can express its composition and decomposition through the multiplication of generator
matrices effectively, our results can be applied to the fast enumeration of the generator matrices of
efficient R-modules in M. The above results we obtain here are valid for the codes over the quotient
rings of arbitrary Euclidean domains.

In general, the result of the Euclidean division is not unique; for a,b € R with b # 0, the quotient
s and the remainder r are not always unique ina = sb+rand r = 0 or ¢(r) < 1(b). For example,
if R = FFy[x], the result is unique, butif R = Z,1 = 1-2—~1 = 0-2 + 1. One way to impose the
uniqueness for the result of the Euclidean division in R = Z is to indicate s = |a/b], where, for a
real number x, | x| denotes a unique n € Z such that n < x < n + 1. It is shown that, if a = sb +r,
then s = |a/b] is equivalent to [r/b] = 0, and r = 0 or ¥(r) < ¥(b) follows from |[r/b] = 0.
In this study, for the other cases of Euclidean domains R such as the ring of Gaussian integers Z[i],
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the ring of Eisenstein integers Z|w], the p-adic integer ring Z, and the ring of the formal power series
Iy [[x]], namely,
R =Z, F4lx], Z[i], Z|w], Zyp, F4[[x]],

where i = /=1, w = (=1 + v/=3)/2 and p denotes a rational prime, we determine a unique pair of
the quotient and remainder similar tos = |a/b] and [r/b] = 0 of R = Z. We apply this uniqueness to
show the uniqueness of the Euclidean division by a class of matrices over R.

Let GL;(R) be the group of invertible matrices in M;(R). Then, for two generator
matrices G, G’ € Mj(R) of an R-module C C M, there exists E € GL;(R) such that G' = EG.
Among these EG’s, we can algorithmically find a simple form of G, which is called the reduced
generator matrix, which generalizes the Hermite normal form [10,11] of R = Z. Then, we apply the
uniqueness of the Euclidean divisions to show that there exists a unique reduced generator matrix for
each R-module in M. This standard expression of the generator matrix is useful for enumerating and
searching for efficient R-modules in M.

Furthermore, we apply our theory of generator matrices to Hecke rings of matrices
over the prescribed Euclidean domains. Hecke rings or Hecke algebras we consider here
are the rings of the formal finite sums ) .5 cil'al’ of the double cosets I'al' with ¢, € Z,
where A = {a € Mj(R) | det(«) # 0}, det(a) denotes the matrix determinant, and I' = GL;(R).
Hecke rings are commonly used as Hecke operators to the number theory, especially, the theory
of modular forms [12,13]. In this study, we show that the generator matrices of R-modules in M are
deeply concerned with the theory of Hecke rings. We describe in terms of the generator matrices the
definition of Hecke rings, the homomorphism “ind(-)”, the prime decompositions and a generating
function of ind(-). Although these results on Hecke rings are not new (cf. [13]), the argument in this
study shows that the concept of reduced generator matrices simplifies the theory of Hecke rings and
makes it computable.

The rest of this paper is organized as follows. Section 2 gives the basic definitions and the
one-to-one correspondence between R-modules in M and certain R-modules in LL. Section 3 gives
a division algorithm, which is similar to the Euclidean division in R, for a class of matrices with a
pair of quotient and remainder matrices. Section 4 defines generator matrices of R-modules in M
and shows their existence constructively. Section 5 shows the multiplicative structure among the
generator matrices in the case of d; = - - - = d;. Section 6 treats the cases where Euclidean divisions
have a uniqueness property, which can deduce the uniqueness of the reduced generator matrix.
Finally, Section 7 applies our theory of generator matrices to Hecke rings and shows a generating
function which is useful for counting the reduced generator matrices with a fixed determinant. Section 8
concludes the study.

2. R-Modules in M

Throughout this section, R is used to denote any commutative ring. The purposes of this section
are to define R-modules in M and to show a one-to-one correspondence between R-modules in M
and a class of lattices.

Let | € Z be positive and dq,d,,...,d; € R. Consider the quotient ring R/ (d;) for 1 < i < L.
For any ¢ € R, we denote the corresponding element in R/ (d;) by cmod d; € R/ (d;). If we define:

M

I
@R/<di>

)

=1
_{(clmoddl comoddy, ... ¢;modd;) cimodd; € R/ {d;), },

1<i<]



Mathematics 2017, 5, 82 4 of 27

then M has the natural structure of an R-module. If d; = - - - = d; = 0, then we write:
1
L=@R={(c1--a)lgER1<i<I}.
i=1

We denote the projection map of the R-modules by:

F: LM

(c1 ... ¢) = (cgmodd; ... ¢gmodd)).

Hereafter, if M is considered, then d; is assumed tobe d; # 0 forall1 <i < [.

Let C C M be a subset. In this study, we consider R-submodules of the form C C M.

For example, let R = F,[x]. Then, M can be also viewed as a vector space of dimension
n= 25:1 degd; over ;. If C C M is an R-module, then C determines a linear code of length n
over [y, whose dimension will be stated later in Proposition 5. If | = 1 and d; = x" —1, then C is
called a cyclic code. If I = 1 and d; is arbitrary, then C is called a PC code. If I > 1, [ divides n,
anddy = --- =d; = x"/1 — 1, then C is called a QC code. If d; = x™ —1foralll < i < [ and
Ele n; = n, then C is called a GQC code.

For the other example, let R = Z. Then, an R-module C C M is called a generalized integer code.
If dy = --- = dj, then C is called an integer code.

Let C C M be an R-module. Consider R-module F~!(C) C L. Then, F~(C) includes ! elements
of the form:

(0...04d;0...0), )

where 1 < i < [. Note that:
F71(C) o Ldiag[dy,...,d],

where:
d 0 0
diag[dy,...,dj] = 0 d € M;(R)
0
0 0 d
and

LG:{(Cl CZ)G|(C1 CI)E]L}

for G € M;(R). Conversely, let B C L be an R-module with B O L diag [ds, ..., d;]. Then, F(B) C M
is an R-module. It is proven below that this correspondence between B C L with B O Ldiag [dy, .. ., d|]
and C C M is one-to-one and onto.

Proposition 1. The set of R-modules B C L with B O Ldiag [dy, ..., d;] and the set of R-modules C C M are
bijective through the correspondences B — F(B) and C — F~1(C) which are the inverse maps of one another.

Proof. F(F~1(C)) = C follows from the surjectivity of F. Thus, we only need to show that
FY(F(B))=B. For b € B, F(b) € F(B) implies that F~'(F(B)) > B. Conversely, from
x € F"1(F(B)) <= F(x) € F(B), there exists b € B such that F(x) = F(b). Then, F(x —b) = 0,
and there exists ¢ € L such that x — b = cdiag[dy,...,d;]. Thus, x = b+ cdiag|[dy,...,d;] € B and
FY(FB))=B. O

In [5], the author identified C with F~1(C) and expressed them using the same notation C.
In this study, we distinguish them and use the notation C only for an R-module in M.
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3. Euclidean Division

3.1. Euclidean Division in R

Hereafter, we will use R to denote a Euclidean domain; i.e., R is an integral domain and there
exists a function ¢ : R — {—oc0} U Ny (where we consider —co < n for all n € Ny), which is called a
Euclidean function, that satisfies the following property.

Fora,b € Rwith b # 0, there exist s,7 € R such thata = sb +r and ¢(r) < ¢(b). (©)]

The case of R = K[x]. Let R = K]x], the ring of one-variable polynomials over K, where K is a
commutative field. For f = Y f;x" € R with f,, # 0, we define deg(f) = w and deg(0) = —co.
If K has the infinite number of elements, then we adopt the Euclidean function ¢ : R — {—oc0o} UNy
as P(f) = deg(f). If K is equal to a g-element finite field I;, where g denotes a rational prime power,
then we adopt:

p(f) = {”’deg(f) S0

0 f=0

for consistency with the case of Z and the cardinality formula in Proposition 5 later in the paper.

The case of R = Z. Let R = Z. Then, the Euclidean function ¢ : R — N is taken to be the absolute
value ¢(a) = |a| foralla € Z.

Hereafter, for a complex number z, Re(z) and Im(z) denote its real part and
imaginary part, respectively.

The case of R = Z[i]. Let R = Z[i] = {ay +asi | aj,a0 € Z}, where i = \/—1, which is called
Gaussian integers [9]. The Euclidean function ¢ : R — Ny is taken to be the square of the complex
absolute value (a) = |a|> = a2 + a for a = a; + ayi € Z[i]. Then, the property (3) is shown as follows.
For a,b € R with b # 0, note that Re(a/b),Im(a/b) € Q because a/b = ab/(bb). Let s1,s, € Z be any
values such that:

|Re(a/b) —s1] < % and |Im(a/b) —sy| < % 4)

Then, s = s1 + syi and r = a — sb satisfies a = sb+ r and ¢(r) < 1(b) because:
2 1

P(r) = pla—sb) = |7 s 9(b) = (IRe(a/b) = s1* + |Im(a/b) — 52*) p(b) < 59 (b).

-1++/-3
2

called Eisenstein integers [9]. Note that w = w? = —1 — w. The Euclidean function P : R = Ny is taken
to be the square of the complex absolute value ¢(a) = |a|> = a — ayap + a3 for a = a1 + aw € Z[w).
Then, the property (3) is shown as follows. For a,b € R with b # 0, note that there exists 1,42 € Q

such that a/b = g1 + qow because a/b = ab/(bb). Let 51,5, € Z be any values such that:

The case of R = Z[w]. Let R = Z[w] = {a1 + ayw | a1,a, € Z}, where w = , which is

1 1
g1 —s1] < 3 and |g2 — 5| < 7 )

Then, s = s1 + spw and r = a — sb satisfies a = sb + r and ¢(r) < ¢(b) because:

2 3
P(r) = ‘% —S‘ P(b) = (|I11 —s1)* = lq1 — 51/ 192 — s2| + |92 —Szlz) p(b) = 79(b).

The case of R = Z,. Let R = Z,, where p denotes a rational prime and Z, denotes the p-adic
integer ring:

Zy, = {a: Y ayp”

h=0

ay € {0,1,...,;7—1}}.
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Fora = Y2 app" € R with ap, # 0, we define ord(a) = w and ord(0) = co. This ring
R = Zj has a metric called p-adic metric defined by |a|, = p~°4@ for a € R. Any infinite series
a =Yy ap" € Ris convergent with respect to the p-adic distance d,(a,b) = |a — b|, for a,b € R,
i.e., for any € > 0, there exists N > 0 such that, forallm > n > N,

m n m
dy (Z ap", ) ﬂhPh> = ) ap'| <p <,
h=0 h=0 h=n+1

p

where the inequality |a + a’|, < max{|a|p, |a'|,} is used. It is shown that a = ¥;° ja,p" € R
is invertible, i.e., there exists a=! € R such that aa—! = 1, if and only if ag # 0. We adopt the
Euclidean function ¢ : R — Ny as:

lp(a) _ w;l — pord(u) a # 0
0 a=0.

Note that, for any b € R with b # 0, b/p(b) € R is invertible, i.e,, b~y (b) € R. Then, the
property (3) is shown as follows. If ¥»(a) < (b), thens = 0and r = a. If ¢»(a) > (b), thens = b~ 'a
and r = O because s = b~ 'y (b) - p(b)~1a € R.

The case of R = K][x]]. Let R = K][[x]], the ring of one-variable formal power series over a

commutative field K:
K[[x]] = {a =Y apx|ay € K}
h=0

Fora = Y3°  apx" € R with ay, # 0, we define ord(a) = w and ord(0) = —oo. It is shown that
a=73"0 ahxh € R is invertible, i.e., there exists a—1 € R such thataa~! = 1, if and only if ord(a) = 0.
If K has the infinite number of elements, then we adopt the Euclidean function ¢ : R — {—oo} UNj as
¢(a) = ord(a). If K = [F,;, then we adopt:

B qord(a) a#0
yla) = {0 a=0.

Note that, for any b € R with b # 0, x~ord(®)p € R is invertible, i.e., x°"4(?)p=1 € R. Then, the
property (3) is shown as follows. If ¢(a) < (b), thens = 0 and r = a. If ¢(a) > ¢(b), thens = b~ 'a
and r = 0 because s = b~ 1x0rd(V) . y—ord(b)g ¢ R,

Hereafter, for a finite set S, we use |S| to denote the number of elements in S and we denote
|S| = oo if and only if S is an infinite set. Summarizing the above, we take the Euclidean function
p:R— {—c0}UNpas, fora € R,

deg(a) or deg(0) = —oo = K[x], |K| = o0

g8 or (0) = = Fyx]
a =7

|al

a?=a2+a3 if a=ay+api, 01,00 €L = Z[i]

pla) = ! ©)

R
R
R
R

|a|> = a2 —ayap + a3 if a=a;+apw, aj,ay € Z R = Z[w]
ord(ﬂ or lp( ): R
ord(a) or P(0) = — R
74 or ¥(0) =0 R

Unless otherwise noted, the following argument is also valid for the other choices of the Euclidean
function ¢ and arbitrary Euclidean domains.
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3.2. Euclidean Division by a Class of Matrices
Definition 1. If G = (g; ;) € M;(R) satisfies g;; = 0 forall 1 < j <i <1, ie., G is of the form:

g1 812 --- 811
0 gzrz e g yi

G=| . 7 M,
0 cee 0 811

and det(G) # 0, then we say that G is upper triangular.

Note that we impose det(G) # 0 if we say that G is upper triangular.
In this study, we need the following division algorithm, which is described in [5] in the special
case where R = [F,[x].

Proposition 2. Let G = (g;,) € M;(R) be upper triangular. Then, for any a = (ay ... a;) € L, there exist
s=(s1...s),r=(r1 ... 1)) € Lsuchthata =sG+r,ie.,

(ap ...a)=(s1 ...s;)G+(ry ... 1), (7)
with ¥(r;) < (gi;) forall1 <i <.

Proof. To prove Proposition 2 constructively, consider the following (! + 1)-by-I matrix:

81 811 812 .-+ 811
0 .
c gz ' 82,2 g?,z
— | = : = : : ’ 8)
a
81 0 . 0 gl,l
a aq e apq aj

where g; denotes the i-th row of G for all 1 < i < [. Then, the following row operations for the
matrix (8) are performed:

(1) Seti=1.
(2) Compute s;,r; € R such that a; = s;g; ; + r; with (r;) < 1(gi;) and replace a with a — s;g; in (8).
(8) Ifi=1,stop. Otherwise, seti to i+ 1 and return to 2).

Thus,s = (s1 ... s;),r = (r1 ... r;) € L are determined and (7) holds because the initial 4 is
converted into 7 in (8), and the result of these row operations can be represented by r = a — Zle 5igi =
a—sG. O

4. Generator Matrices of R-Modules in M

In this section, we define the generator matrices of C, which are useful to generate code words in C.
Definition 2. We call G € M,(R) a generator matrix of C if and only if F~1(C) = LG.

If such a generator matrix G of C is constructed, we have C = F(LG) because of F (F~1(C)) = C.
We now show the construction of a generator matrix G of C.

Proposition 3. Forall 1 <i <], let:

g = (g1 --- 8is) EF'(C) ©)
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be an element of L satisfying the following two conditions:

1 gii#Oand, ifi # 1,81 =+ = g1 =0.
2. (gi;) has the minimum value among ¢(c;) for all (c1 ... ¢;) € F71(C) with ¢; # Oand, ifi # 1,
withcl — ... :Cl—l :O_

Let G € M;(R) have an i-th row equal to (9) that satisfies Conditions 1 and 2 for all 1 < i < 1. Then, G
is a generator matrix of C, i.e., we have F~(C) = LG. Conversely, if G' is another generator matrix of C,
then there exists E € GL;(R) such that G' = EG.

Proof. Such a g; € L with g;; # 0 exists because F~1(C) includes (2). For any ¢ € F~1(C), lets,r € L
be such that ¢ = sG + r and ¢(r;) < ¥(g;;) forall 1 < i < [ by Proposition 2. Because F~!(C) is an
R-module, r = ¢ — sG € F~1(C) implies that 7 = (0 ... 0), which completes the first half of the proof.
If LG = LG/, then L = LG'G™!. Because:

L>(100...0 GG} (010...0G'G™L,...,(00...01)G'G},
we have G'G~! € M;(R). Because:
(100...0),(010...0),...,(00...01) € LG'G},

we have G'G™! € GL;(R), which completes the proof. [

Let C C M be an R-module. Because F~!(C) = LG implies that LG O Ldiag|dy,...,d],
the generator matrix G € M;(R) of C satisfies the following matrix equation:

AG = diag[dy,...,d)], (10)

for some A € M;(R). Conversely, if G € M;(R) satisfies (10) for some A € M;(R), then G determines
an R-module C = LG/Ldiag[d, ...,d;]. We summarize these facts.

Proposition 4. Let G € M;(R). Then, G is equal to a generator matrix for some C if and only if G satisfies (10)
for some A € M;(R).

Note that if upper triangular G satisfies (10), then A is also upper triangular. Note also that,
ifu=d;=---=d), then AG = GA = diag|u,...,u], cf. [57].

Example 1. Let R = Z[i]. If] = 1and dy = 5, then F : R — R/(5) D C = gR/(5) is satisfied
by g =1,2+£1,5 up to units. Although the general R-submodule R is equal to xR for some a € R,

~1(gR/(5)) = gRis valid for ¢ = 1,2 +i,5 up to units. This fact corresponds to the equation Ag = 5 of
(10). Next, ifl = 2 and dy = d = 5, then consider:

(442i,2+1),
(34 4i,4 4 2i),
Co={ (24i,1+3i), M= (R/(5).
(14 31,3+ 4i),
(0,

0)

Because Cy forms an R-submodule, C, is a code over Gaussian integers. We note that the generator matrix

of Cy is equal to:
241 1+3i
(5015,
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2—i —1—i 2+i 143\ (50
0 1 0 5 Lo 5/

In this subsection, we focus on the Euclidean domain R described above. We denote |K| = oo to
mean the case where the coefficient field K of R = K[x] or K[[x]] contains infinitely many elements.
Then, for any a,b € R, the Euclidean function of (6) satisfies:

Then, G, satisfies:

Cardinality Formulae

(ab) = {lP(a) +¢(b) if K| — o
P(a)p(b) otherwise.

Moreover, for any b € R with b # 0, we have:

W(b) = dimg R/ (b) if |K| = o0
B |R/(b)]| otherwise,

where, for a finite dimensional K-vector space V, dimg V denotes its dimension. Let G be a generator
matrix of an R-module C C M. Consider the following composition map:

L—M
(61 Cl)HF((Cl CI)G).

Note that F(-)G is not well-defined in general because Ldiag [ds,...,d;|G ¢ Ldiag|ds,...,d)]
11

in general, e.g., (2 0) ( 0 o ) ¢ 7*diag[2,4] for < 3 _; ) ( (1) ; ) = ( g 2 ) Then, the

image of this composition map is equal to C. Moreover, the kernel of this composition map is equal to
LA because:

F((Cl CZ)G) =0 (C] cl)GEILdiag[dl,...,dl]
< (c1 ... ¢)GeLAG (. (10)
<~ (c1 ... ) € LA

Thus, the R-modules LL/ILA and C are isomorphic. On the other hand, it follows from the theory
of elementary divisors [14] that there exist U,V € GL;(R) such that UAV = diag|by,...,b;] and
(by) D --- D (b;). Then, L/ILA is isomorphic to @'_; R/ (b;) as R-modules and:

Yl p(b) = dimg L/LA if [K| = oo

det(A)) =
P(det(A)) {Hf—l p(b;) = |L/LA] otherwise.

We also note that:

Y w(d) = dimg M if |K| = oo

det(A) det(G)) =
p(det(A) det(G)) {Hf—1¢(di)_|M| otherwise.

Hence, we obtain the following cardinality formula for C and all G.
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Proposition 5. Let C C M be an R-module and G be its generator matrix. Then, we have:

dimg C = n — ¢(det(G)) if |K| = o0
IC| = [IM]|/yp(det(G)) otherwise.

In the case where R = F,;[x], we denote k; = degd; — degg;, and k = Zf‘:l k; if the generator
matrix G = (g; ;) is upper triangular. Then, k is equal to the dimension of C over F,. As an application
of Proposition 5, we see that a generator matrix of C viewed as a linear code is composed of the
following linearly independent k code words from the rows of Gfor1 <i </land 0 < m < k;:

(xmgl-,l mod d] xmgi,z moddz e xmgi,l mod dl) . (11)

Example 2. In the case of R = Fy[x], g = 2,and | =3, wesetdy =dp =d3 = (1+x+x%)2 =1+ x% +2°.
Consider:

142420 1424 +x° 2483 424440

A= 0 14+x+ 23 x + x? ,
0 0 1
1 14+x+x2 x+x24+23+x°
G=| 0 1+x+x3 x+23+x*+°
0 0 14 x% 4 x°

Then, we have:
AG = (1+x2+x6) I.

Let C be the R-module in M defined by G. Then, the length n of C is equal to 18 and the dimension k of C
is equal to 9. From G and (11), we can derive a binary generator matrix:

100000 | 111000 | 011101
010000 | 011100 | 100110
001000 | 001110 | 010011
000100 | 000111 | 100001
000010 | 101011 | 111000
000001 | 111101 | 011100
000000 | 110100 | 010111
000000 | 011010 | 100011
000000 | 001101 | 111001

By applying the division algorithm to G in Proposition 2, we obtain the systematic encoding of C, which is
similar to that in the case of GQC codes [5].

5. Multiplicative Structure

In this section, we again consider the R-modules in M for the general Euclidean domain R.
Hereafter, we mainly consider the case of dy = --- = d;in (1). If u = dy = - .- = d}, then we have
diag[u,...,u] = ul and M =1L/Ldiag|d,...,d;] = L/uL.

Let Gy, Gy € M;(R) satisfy the relations:

AlGl = ull, Asz = M2I
for some A1, Ay € M;(R) with uy,u € R and ujuy # 0. Then, we have:

A2A1G1G2 = Mluzl.
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This argument shows that C; = LGy /u1L and C; = LGy /uyLL produce C = LG Gy /uqusLL.

Remark 1. Ifdy = --- = dj does not hold, then in general LG1G, does not include ujuslL. For example,
consider G| = < (l) Z > and Gy = ( (1) g ) Then, we have:

van(31)(33)-(21)
e (31)(31)-(21)

GGy = ( (1) gé >, and GG = < (1) :1;; ) If there exists a,g € Z such that:

o) s)=(0)

then we have 6g + 36a = 0 and g € 6Z. Thus, for G = G1Gy and G = GoGj, there does not exist A such that
6 0

AG = .
¢ 0 36

5.1. Surjectivity

We fix a nonzero u € R. Because GL;(R) acts from the left on the set of G € M;(R) with AG = ul
for some A € M;(R), we can consider a quotient set:

GL;(R)\ {G € Mj(R) | AG = ul for some A € M;(R)}. (12)

Let {G}, denote a complete system of representatives of generator matrices of R-modules in
M =1L/uL. In other words, {G}, corresponds one-to-one and onto to R-modules C = LG/ulL in M.
In Section 6, we will define a standard form of G € {G},, which will be called reduced, in order to
indicate a unique representative of generator matrices of an R-module in M for specified R’s.

Theorem 1. Suppose that u = ujuy with uy, uy € R. Consider the map:

@ : {G1}huy x {Ga}u, = {Glu
(Gl/GZ) = G,

where LGy Gy = LG. Then, @ is surjective.

Proof. Foreach G € {G},, let C = LG/ul. We consider an R-module in L/ u,L:

leL + LG
e Nl 1
C2 L (13)
Then, there exists G, € {G }4, such that C; = LG, /u,LL. By Proposition 1, we have:
WL +1LG = LGy, (14)

which leads to LG C LG;. Then, there exists some G € M;(R) such that G = G;1G. If we can show
that LGy D u4L, then the proof is completed. From AG = ul = ujupl and AGy = upl, we have:
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AG1G2 = u1A2G2, AGl = ulAz = Azull,
and A;lAGl = ujpl. Thus, we may show A;lA € M;(R). Because, for some M € M;(R),
M= A2’1A — AAM = A <= wpIM = G, A M = G, A,

where we note uyl = AyGy = Gy Ay, we may show upll O LGy A. It follows from LGy = LG + upLL
that G, = PG + u,Q for some P, Q € M;(R). Hence we have, noting that ul = AG = GA,

LG,A=L (PG + MQQ) A =ulL (M1P + QA) C uplL.
O

Example 3. (Continued from Example 2.) For u; = uy = 1+ x + x3, G is equal to GGy, where:

1 0 x2 1 1+x+x2 x
G = 01 x+x2 S {Gl}ulr Gy = 0 1—|—x+x3 0 S {Gz}uz.
0 0 1+x+4° 0 0 14 x+x3

As for this G, there exists another pair of representatives G1, G with G = G1Gy, i.e.,

1 1+x+x2 x+4+2a2 1 0 x+x2
Gi=| 0 14+x+2° 0 €E{Gi}uy, Ga=| 0 1  x+x? € {Ga}u,-
0 0 1+ x4+ 23 0 0 T4+x+243

5.2. Injectivity

Theorem 2. Let the notation be as in Theorem 1. If gcd (uy, up) = 1, then @ is bijective.
To prove Theorem 2, we must first prove a lemma.

Lemma 1. Let the notation be the same as that in Theorem 1. If ged(uq,up) = 1, then:

. + LG1Gy . LG,

uzl MQL '

If ged(uq, up) # 1, then Lemma 1 is not correct in general. For example, if 1 = up =2, G} = 2,
and Gy = 1, then (1L +LG1Gy) /upl = {0} but LGy/up = Fp. Note that this fact does not
contradict (13) in the proof of Theorem 1.

Proof of Lemma 1. We may show that usIL + LG G, D LG,. Because there exists E € GL;(R) such
that EG is upper triangular, we may assume without loss of generality that G; is upper triangular.
For A1 = <a§})> and G, = (gl(})) with A1Gy = uql, we have aﬁ)gﬁ) =up foralll < i < I. Then,
gcd (gi(p,m) = 1 and there exist s;, t; € R such that sigg) —tiup =1foralll <i <[ Thus,

51817 * tit 0 1 x

diag[s1,...,5/]G1 = = +
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and:
UL + LG Gy Du2L+Ldiag[51,...,sl] GG, DupL+1L Gy, = LGy.

O

Proof of Theorem 2. For a given G € {G},, there exists (G1,G2) € {Gi}u, X {G2}u, such that
LG1G; = LG by Theorem 1. We may prove only the uniqueness of G,, which leads the uniqueness of
G by the relation LGy = LGG, 1 Again, we consider an R-module in ./ u; L

C) — L + LG
2= l/lzl '

By Lemma 1, we have C; = LGy/u,lL. If there exists (G}, G}) € {Gi}u, x {Ga}u, such that
LG|G} = LG, it again follows from Lemma 1 that C, = LG}/u,L. By Proposition 1, we have
LG, = LG}, which completes the proof. [

Remark 2. Because Lemma 1 is true only for Gy in general, C; = (u1L 4+ LG)/u1lL does not agree with
LGy /uqll in general. For example, consider the case where R = 7,1 = 2, u = 6, uy = 2, up = 3,
1 4

and G = 0 6 | Then, we have:

6 —4 1 4 6 0
AG—(0 1><0 6>_<O 6)’
LG
€="C = {(00),(14),(22),(30), (44), (52)},
6 =" — ((00),(11),22)).

. 1 1 3 -1 11 30
Then,Cz—LGz/uz}Lwltth—<0 3>andA2G2—<0 1><0 3)-(0 3).

On the other hand, we have:

M1L+LG -

G = L {(00),(10)}

11

and C; = LG} /uiL with G| = 0 2

. In fact, G = GGy with G; = ( ) # Gj and

10
0 2

2 1 11 2 0
AG = — .
™1 (0 1)(0 2) (0 2)

Example 4. Consider the case of R = Fp[x], u = x + x2, uy = x, and uy = 1+ x. Because ./u; L. = (F)"

or any positive | € 7, the number of C; C IL/uqlL is equal to Zl _ c(l) 2), where c(l) denotes the number
yp q k=0 Ck kg

of k-dimensional F,-vector subspaces in (IFy) g

(Z)(Q) 0 (q) (ql_l)(ql_Q)---(ql _qk_l) ) (15)

of 1131, eg., Yh_ocl)(2) = 2,5,16,67,374,2825,29212 for | = 1,...,7. Because L/l = (Fy)!,
the number of C; C L/uplL is equal to that of C1 C L/uijl. Then, Theorem 2 asserts that
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{G}ul = {G1}uy| - {Ga}uy |, and that any G € {G}y can be uniquely obtained from G1G, for some
Gy € {G1}u, and Gy € {Gy}u,. For example, let:

11 1 1+4x
0 «x 1 1
C=110 0 14x 11x |G
0 0 0 x4+ x2
Then, we can find:
110 1 10 0 1 1 1 1 14x
0 x 0O 01 1 1 0 x x x
G: ,G: ,GG:
! 001 1 2 00 1+x 0 12 0 0 1+x 1+x
0 0 0 «x 0 0 0 1+x 00 0 x+x2

There exists E € GL;(R) such that EG1G, = G.

6. Unique Euclidean Division Cases

In this section, we focus on the Euclidean domain R described above specifically. First, we will
show that the Euclidean division in R satisfies the following condition.

o Fora,b € Rwith b # 0, there exist unique s, 7 € R such that:

o a=sb+rwithy(r) <yp(b),
o (if necessary,) the additional property on s, r, which is described below, specified on each R.

To validate this condition for the Euclidean division by a nonzero b € R, one may choose
a complete system S, C R of representatives of R/ (b) such that ¢(r) < ¥(b) for all r € S,.
Then, the above condition is valid because 2 = sb+r = s'b+ 1 withs,s’ € Rand r,7 € S,
implies r + (b) = ' + (b) € R/(b) and r = r'. However, for each b, it is not always easy to choose 5.
Thus, in this section, we show that a convenient S;, can be taken in each case of R’s.

The case of R = K[x]. The Euclidean function ¢ has the uniqueness properties, i.e., s,r are
uniquely determined ina = sb + r with b # 0 and ¢(r) < ¢(b) because, if a = sb +r = s'b + 1/, then
0= (s—s")b+ (r—r"),and it follows from ¢ (r — ') = p((s’ — s)b) and P(r — ') < max{y(r), p(r')}
thats —s' =r—+' =0.

The case of R = Z. For a,b € R with b # 0, the results s, 7 of Euclidean division a = sb+r
with ¢(r) < ¢(b) and ¢(-) = | - | are not unique as stated in Introduction. Hence, we decide s, r by
a = sb+r withs = [a/b]. In other words, we have a = sb +r with 0 < r/b < 1, or equivalently,
with |r/b| = 0, because:

s:ﬂ<:>s§%<s+1<:>0§%<1<:>m:o.

Then, s, r are unique because of the expression s = |a/b|. (Alternatively, ifa = sb+r =s'b+7/,
then 0 = (s —s')b+ (r — 1) and it follows from 0 < r/b < 1and 0 < ¥’ /b < 1 that |(r — ') /b] < 1
and s — s’ = 0.) There are some choices to indicate unique s, 7, e.g.,

s=|a/b] < |r/b] =0, s=[a/b] < [r/b] =0,
s=la/b+1/2] < |r/b+1/2] =0, s=[a/b—1/2] < [r/b—1/2] =0,

where, for x € R, [x]| denotes a unique n € Z such thatn —1 < x < n. We adopt s = |a/b]
for simplicity.
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The case of R = Z[i]. For a,b € R with b # 0, the results s, r of Euclidean division a = sb +r
with ¢(r) < ¢(b) and ¢(-) = | - |? are not unique because 1 =1-2 — 1 = 0-2 + 1. We decide s, r with

a=sb+rand(r) < p(b) by
5= {Re (g) + ;J + {Im (g) + ;J i (16)

(Similarly, s = [Re(a/b)—1/2] + [Im(a/b) —1/2]i is also satisfactory. On the other hand,
s = |Re(a/b)| + [Im (a/b)|i dose not satisfy (a — sb) < (b) in general, e.g.,, a = 3 + 3i and
b=4)

Because:

Re(s) < Re (%) + % <Re(s)+1 and Im(s) <Im (%) + % <Im(s)+1,

(16) deduces |Re(a/b) —Re(s)] < 1/2 and |Im(a/b) —Im(s)| < 1/2 of (4). Moreover, (16) is
equivalent to the property on r, through the equation a = sb +r,

r 1 r 1
{Re (5) + 2J - {Im (E> + 2J = 0. (17)
Then, s, r are unique because of the expression (16) on s. Alternatively, if a = sb+r = s'b+7/,

/
then0 = (s —s')b + (r — 1) and it follows from {Re (%) + ;J = {Re (2) + ;J = 0 that:

1 ! 1
0§Re(%)+§<1 and 0§Re<2>—|—2<1

/
and —1 < Re (%) —Re (2) = Re(s’ —s) < 1deduces Re(s’ —s) = 0, and similarly, Im(s’ —s) = 0.

Thus, we take (16) or (17) as “the additional property” to indicate unique quotient and remainder
in Euclidean division in R. A numerical example is shown in Figure 1.

61 X X
X X X X X
4r X X X X X X X
X X X X X X X X X X
2F X X X X X X X X X X X
_‘é X X X X X X X X X X X
go- X X X X X X X X X X x
§ X X X X X X X X X X X
'§-2< X X X X X X X X X X
E X X X X X X X X X X
-4 F X X X X X X X
X X X X X
6 X X
X
-8 L L L L L 1
6 -4 2 0 2 4 6

Real part of r

Figure 1. The remainders r of Euclidean division by b = 5 + 9i in Z[i]. There are 52 + 9% = 106 = |b|?
crosses, which can be all representatives of Z[i]/ (b), satisfying (17). If we adopt s with the ceiling
function, then r = —2 + 7i is included instead of r = 2 — 7i.
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The case of R = Z[w]. For a,b € R with b # 0, the results s, r of Euclidean division a = sb + r with
¥(r) < ¢(b) and () = | - |? are not unique because 1 =1-2 —1 = 0-2 + 1. Similarly to Z[i], we may
decide s, witha = sb+rand ¢(r) < p(b) by s = |1 +1/2| + g2+ 1/2|w if a/b = q1 + g,
which is equivalent to |t; +1/2] = [tp +1/2] = 0if r/b = t; + trw. (Similarly, s = [g1 —1/2] +
[g92 —1/2] w is also satisfactory.) However, unlike Z[i], we can decide s, with a = sb + r and

P(r) < 9(b) by: .
s=|qm]+ [2]w if p - M + q2w, 91,92 € Q. (18)

Because (18) deduces0 < g1 — [q1] <land 0 < gy — |g2] < 1,
a 2 2 2
pla—sb) = |7 —s| ) = {0~ [0~ (1~ [)) @2~ lg2]) + (82— L921)2} 9(b) < p(0),
where the last inequality follows from the fact that x> — xy + y? takes the maximum on 0 < x,y < 1

only at (x,y) = (1,0),(0,1),(1,1) and that, for 0 < x,y < 1, x?> — xy + y?> < 1. Moreover, (18) is
equivalent to the property on r, through the equation a = sb +r,

[h]=lt2] =0 i 7 =tH+bwo hheQ (19)

Then, s,r are unique because of the expression (18) on s. Thus, we take (18) or (19) as “the
additional property” to indicate unique quotient and remainder in Euclidean division in R. A numerical
example is shown in Figure 2.

8r x
X X
6 X X X
X X X X
A X X X X X X
X X X X X X
- X X X X X X X
5 2r X X X X X X X X
s X X X X X X X X X
2 of X X X X X X X X X
= x x x x x x x
g oL X X X X X X
X X X X X
X X X X X
4r X X X
X X
6 - X
-8 1 1 1 1 1 1 1 1 1
-9 -8 -7 -6 -5 -4 -3 -2 -1 0

Real part of r

Figure 2. The remainders r of Euclidean division by b = 2 4+ 10w in Z[w]. There are 22 —2-10 + 10?> =
84 = |b|? crosses, which can be all representatives of Z[w]/ (b), satisfying (19).

The case of R = Z;,. For a,b € R with b # 0, the results s, of Euclidean division a = sb +r
with ¢(r) < ¥(b) and ¢(-) = p°) or (0) = 0 are not unique because 3 =0-2+3 = 1-2 +1 for
p = 2. Let Q, be the field of fractions of R. For c € Q, there exists w € Z such thatc = Y° ¢ ph
withc, € {0,1,...,p—1}. Forc = ¥3° , c,p" € Qp, we uniquely define {c}, = Y),.oc;p" € Qp and
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lc)p = L5 genp™ € Zp such that ¢ = {c}, + |c]p. Then, fora,b € R with b # 0, we decide s,7 € R by
a =sb+rwiths = [a/b],. In other words, we have a = sb + r with |r/b], = 0 because:

= [i], = 5= 5= {8, = 3], o

Moreover, [r/b|, = 0implies )(r) < ¢(b) becauser = b {a/ b},. Finally, we show the uniqueness
of such s, r. Suppose that, fora,b € Rwithb # 0,a = sb+r = s'b+7r" and [r/b|, = ['/b], = 0.
Then, from 0 = (s —s')b+ (r —1'), wesay c = (r —r')/b € R. Inview of /b = {r/b}, + |r/b], =
t'/b + ¢, the uniqueness of {r/b}, and |r/b|, implies that {r/b}, = +'/band [r/b], = c = 0.

The case of R = K][[x]]. For a,b € R with b # 0, the results s, r of Euclidean division a = sb +r
with ¢(r) < ¢(b) are not unique because 1 = 0-x+1 =1-x+ x + 1 for K = F, and y(-) = 20d(")
or (0) = 0. Let K((x)) be the field of fractions of R. For ¢ € K((x)), there exists w € Z such that
c=Y cnx with ¢ € K. Forc = Y32 cpx € K((x)), we uniquely define {c}x = ¥j-qcpx” €
K((x)) and |c|x = 5o cnx” € Rsuch that ¢ = {c}k + |[c|x. Then, for a,b € R with b # 0, we decide
s,r € Rbya =sb+rwiths = |a/b]k. In other words, we have a = sb + r with |r/b|x = 0 because:

=lle=a=s o= lie= Lo

Moreover, |r/b|x = 0implies i(r) < ¢(b) because r = b{a/b}. The uniqueness of such s, r can
be shown similarly to the case of R = Z,,.

Hereafter, we denote the quotient field of R by Q(R) = {a/b | a,b € R, b # 0}. For any
a/b € Q(R), a,b € R with ged(a,b) = 1 are uniquely determined up to units because 0 = a/b —
a' /b = (ab’ — a’b) /b’ implies (a) = (a’) and (b) = (V').

Definition 3. Fora € Q(R), we define [a]] € R by

sif a=r/b+s and deg(r) < deg(b) R = K]x]
|a] R=17

[d] = |Re (a) +1/2| + [Im (a) +1/2] i R =7Z[i]
L1 + g2 w if a= g1+ g2, 41,92 € Q R = Z[w]
la]p R =17y
la]x R = K[[x]].

In the case of R = K[x], this definition is well-defined because, if a = /b +s = ' /b' + s’ with
r,b,s, 7, b,s" € R, b,V #0,deg(r) < deg(b), and deg(r') < deg(b’), then (rb’ —+'b) /b’ +s—s" =0
and deg(rb’ — r'b) < max{deg(rb’),deg(r'b)} < deg(bb’) deduces =+s'.

Lemma 2. Foranya,a’ € Q(R), if [a]] = [¢'] =0anda—a' € R, thena = a’.

Proof. Inthecaseof R = K[x|,leta =r/band a’ =+’ /b’ withr,b,7',b' € R,b,b’' # 0,deg(r) < deg(b),
and deg(r’) < deg(b’). Then,a —a’ = (rb' —'b) /bb’ € R deduces a = a’. The other cases follow from
the argument in each case. [

Hereafter, for a,b € R with b # 0, the quotient s and the remainder r of the Euclidean division
a = sb+rwith (r) < p(b) are determined uniquely such that s = [a/b]], or equivalently, [r/b] = 0.
Note that (1) < 1(b) follows from [[r/b] = 0.
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Proposition 6. Let G = (gi,j) € M;(R) be upper triangular. Then, for any a = (ay ... a;) € L, there exist
uniques = (sy ... s;),r = (r1 ... r;) € Lsuch thata = sG +r, i.e.,

(611 al) = (S] SZ)G-f—(Tl 1’1),
with [r;/ ;] = 0 forall 1 <i <. In other words, the result of the division in Proposition 2 is unique.

Proof. Suppose that s,s',r,7" € L satisfy a = sG+r = s'G+7r' and [r;/g;;] = [r;/&ii] =0
for all 1<i<I. Then, subtracting one expression for a from the other, we obtain
(0...0)=(s—5)G+ (r—r'), whichis equivalent to 0 = Y} _; (s, —s},)gn; + (r; —7}) forall1 <i < L.
Fori =1, we have 0 = (57 —s)g1,1 + (r1 — r}), which deduces s; — s} = r; —r} = 0 by Lemma 2.
Supposing s, —s;, =1, —r, = 0forallh =1,...,i —1, we have 0 = (s; —s})g;; + (; — r}), which
deduces s; — s} = r; — r/ = 0 by Lemma 2. By induction on i, we obtains —s' =r—7r" = (0 ... 0),
which completes the proof. O

Reduced Generator Matrices of R-Modules in M

Definition 4. For a € R, we say that a is monic if and only if a # 0 and a satisfies the following condition:

aw =1 if a =YY japx", deg(a) =w R = K][x]
a>0 R=17Z
Re(a) >0, Im(a) >0 R = Z[i]
ap>0,ap >0 if a=ay+aw, a1,ap € Z R =Z|w]
ay =1 if a =Y  app", ord(a) = w R =17y

ap =1 if a =Y apx", ord(a) = w R = K][x]].

If ea = a’ fore,a,a’ € R with monic 4,4’ and invertible ¢, then we havee = 1 and a = a'.

Definition 5. We say that G = (g;;) € M;(R) is reduced if and only if G is upper triangular, g; ; is monic for
alll1 <i<land[g;;/g;;] =0foralll1 <i<j<lL

If a generator matrix G of C is given, then the reduced generator matrix G with LG = LG is
obtained through the row operations for G, cf. [14]. In fact, the result of the row operations is written
as G = EG for some E € GL;(R).

241 143i
0 5
|Re ((1+3i)/5)+1/2] = 0and |[Im((1+3i)/5)+1/2] = 1. From 1+3i—i-5 = 1— 2,

< L )Gzz ( 241 1-Z ) is reduced.

Example 5. (Continued from Example 1.) G ) is not reduced because

0 1 0 5

In the case where R = Z, the reduced G of G is called the Hermite normal form of G, which is
unique for each R-module LG, according to Theorem 4.2 in [11]. Here, we prove the uniqueness of the
reduced generator matrix in the cases of Euclidean domains with unique Euclidean division.

Proposition 7. There exists a unique reduced generator matrix of each C.
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Proof. Let G = (g;;),G" = ( gl{,]») be two reduced generator matrices of C. Then, it follows from
LG = LG’ that there exists an upper triangular E = (¢; ;) € GL;(R) such that EG = G’. Note that:

EG = G — Z eikSkj = gf’]- foralll <i<j<I.
i<k<j

Then, ¢; ; is invertible in R for all 1 < i < [ because det(E) = Hle e;; is invertible in R. If i = j,
then e;;g;; = g}, implies thate;; = 1and g;; = g;i because g;; and gfl- are monic. If i + 1 = j, then:

!
8ii+1 T €iit18i+1,i+1 = &iit1-
—_ 4 _ / / —
Because of gi 1,111 = & 111/ [8ii+1/8i+1,i+1] = [8;11/8}11,+1] = 0, and Lemma 2, we have

/ .
eiji+1=0and g1 =g;; 1 - e = =¢;1=0,then:

Z €ik8k;j = 8i,j T €ij8jj = 8f,j-
i<k<j
Because of g;; = g;,j' [8i/8ii1 = [[81/‘,]'/ g;,].]} = 0, and Lemma 2, we havee;; = 0 and g;; = 81/‘,]'-
It follows from induction on j that G = G/, which completes the proof. [

Example 6. (Continued from Remark 2.) Let R =7,1 =2, u = 6, u; = 2, and uy = 3. Then, |{G1}2| =5
and |{ Gy }3| = 6 are explicitly given as:

{0212
R R R e YO

Thus, all G with |[{G}¢| = 30 can be obtained by G1G,. Although G1G, is not always reduced, e.g.,

2 0 1 2 2 4 , )
< 0 1 ) ( 0 3 ) = ( 0 3 ),wecanﬁndE € GL;(R) such that EG,G; is reduced.

Example 7. In [15], an ideal generated by g(x) = x3 + Ax?> + (A — 1)x — 1 in a ring Zo[x]/ (x” — 1) is
considered, where g(x) divides x” — 1in Zp[x] and A =2+ 22+ 25 +27 + 28 + ... € Zy isaroot of A> — A +
2 = 0. This ideal is called the two-adic lift of the binary [7,4] Hamming code because g(x) = x> + x + 1 mod 2
agrees with its generator polynomial. Moreover, it is pointed out that Zo-module (Zy)* U C (Z3)®, where:

-1 -1 0 0
A A-1 -1 0
1 A A-1 -1
0 1 A A-1 -1

o O O

1
1
1|
1

S O O

can be called a self-dual code over Z, because U (*U) is all-zero, where 'U denotes the transpose matrix of U.
Then, there exists E; € GL4(Zy) such that:

1000 -1 —A 1-A -1
0100 1-A 1 1 A
BU=10010 1 1 A 1-A
000 1 A—1 -1 1
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We say EyU = [I | V] for V € My(Z;). Note that A1G; = diag {Zb,...,Zb} holds for any positive

21| v 1|V
b € Z, where Ay = 0 i and Gy = o261 ) Then, various notable codes appear as the image

of (Z)* U by F : (Zy)® — (Zz /ZbZz)S, where 7 /27y = 7./2YZ, and Proposition 7 assures that their
unique reduced generator matrices can be computed from EyGy for some Ey € GLg(Zy). For example, If b = 1,
thenC = F ((22)4 U) is equal to the binary [8,4] extended Hamming code and there exists Ay € Mg(Z) such
that its unique reduced generator matrix G, satisfies AyG, = diag|2, .. .,2], where:

O OO OO OO -
S O O O O O~k O
O O O O O = OO
O OO O m O O o
S OO NO PR = =
O O N O R = = O
ON O O - O = =
N O O O R = O =

Ifb=2,thenC =F ((Z2)4 U) is equal to the octacode, cf. [15], and there exists Az € Mg(Z) such that

its unique reduced generator matrix Gs satisfies A3Gs = diag[4, ..., 4], where:

()
@
|

[l el elNeNoNe el
[l eleleoleleoll =
O O OO O = OO
O OO O =, O O o
O OO R NRFP WW
O O O R Rk, DN
Ok OO WIN -~ W
B O O O, WIN W

7. Application to Hecke Rings

In this section, we continue to focus on the Euclidean domain R described above.
Furthermore, if R = K[x] or R = K][[x]], then we take K = F,;. Under these assumptions, for all
b € Rwith b # 0, p(b) = |R/(b)| has a positive finite value in Z.

7.1. Preliminaries on Hecke Rings

We define:

aEeA

H(T,A) = { Y culal

Cy € Z, cy # 0 for finite number of & € A} ,

where I' = GL;(R) and A = {a € M;(R) | det(a) # 0}. We call H(T, A) a Hecke ring [12,13] with
respect to I' and A with a commutative multiplication (cf. the next subsection) and a unit I'IT =T.

Hereafter, for two R-modules A and B, we write A ~ B if A is isomorphic to B as R-modules.
The theory of elementary divisors [14] asserts that, for « € A, T'aI' = I'diag[ay, ..., 4]T for unique
(a1) D -+ D (aj) with ay,...,4; € R. Then, we denote T(ay,...,a;) = TI'al. Let B € A and
T(by,...,b;) = TBT. We note that:
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Ial' =TPI <= La = LBy forsomey €T

= (m) = (b1),..., (@) = (by)
= L/La ~L/LB (20)

because T'al’ = T(ay,...,a;) <= L/La ~ @le R/{a;). On the other hand, so far, we have frequently
used the fact that:
T'n =Tp < La =L§g. (21)

Remark 3. Let C,D C IL/ulL be R-modules. Then, C ~ D as R-modules does not in general mean C = D as
sets. For example, in the case of L = 5 [x]?, consider three different G of {G}y, i.e.,

o ()00 ()

Because these three A are in T'diag[1, x|T, and we have:

LG _ LG L
ul.  LAG ~ LA’

it follows from (20) that three R-modules LG / xIL are all isomorphic R-modules. On the other hand, because
L/xL = (FZ)Z, three R-modules LG / xIL have two elements and equal:

{(00),(10)}, {(00),(1 1)}, {(00),(01)},

respectively. Note that their values of the minimum Hamming distance are 1, 2 and 1, respectively.
This example shows that isomorphic R-modules could have distinct values of the minimum
Hamming distance.

Lemma 3. Foralla € A, if Tal' = T(ay, ..., a;), then we have La O a;L O det(a)L.

Proof. Let:: L/La — @'_, R/(a;) be the isomorphism of R-modules. Because i(a;r) = aji(r) =
(0...0) € @le R/{a;), ayr € La for all r € L. Thus, we have La D g/L.. On the other hand,
Tal = T(ay,...,a;) implies that y1ay, = diag[ay, ..., a;] for some 71,72 € I'. Then, det(a) = (—:Hﬁ:1 a;
with a unit € implies gL D det(a)L. O

Because I acts from the left on A, we can consider a quotient set I'\A similarly to (12). Let T;
denote a complete system of representatives of I'\A. As one choice of T;, we can take:

T; = {G € M;(R) | G is reduced }.

Let I'al' = |y T'ag be the disjoint decomposition into the left cosets, where the number of the left
cosets is actually finite as shown now. In view of (20) and (21), there exists a one-to-one correspondence:

{ak

by ay — yay € Tj for some vy € I'. Thus, the disjoint decomposition I'al” = ), I'a. has a finite number
of cosets because Lemma 3 deduces that AG = ;1 for some A € M;(R) and there exists a finite
number of G € T; such that AG = g;1. Hereafter, we denote:

Tal = Lﬂrak} — {GeT|L/LG ~L/La}
k

T)(a) = {G € T;|L/LG ~ L/La},
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which is equivalent to, in the notation of Section 5,

Ti(«) = {G € {G}q | L/LG = L/La} = {G € {Glaea) | L/LG = L/La} .

Hereafter, for a finite set S, we also use #S = |S| to denote the number of elements in S.
Then, we define:

ind (Tal') = #T;(«) and ind (Z c,szl") = ) cqind (Tal)
aEA aEA

forall Y ,cp cal'al’ € H(T, A). It is shown (cf. the next subsection) that ind(-) (deg(-) in [13]) is a ring
homomorphism of H(T, A).

7.2. Multiplication in Hecke Rings

There exists finite disjoint decomposition I'aI'I" = s ['(T because we have:
Ial = [HTa;, TR = |HTB),
i i

and moreover:

Tal Bl = | JTal'Bj = | JTw;B;.
. 7

]
Then, we define the multiplication - in H(I', A) by:

Tal - TR =) me(a, p)TET € H(T,A)
¢

where:
me(a, B) = #{(i,j) | Tw;B; =T¢} = #{(G1,G) € Ty(a) x Ty(B) |[LG1Gy = L&} (22)
We note:
me(a, B) = #{Gy € Ty(B) | LGa/LE ~ L/La} (23)
—#{G € T|L/LG ~ L/Lg, LG/L& ~ L/La} (24)

because LG1G, = L¢ deduces LG, /L& = LG, /LG1G; ~ L/LG; ~ L/La and (Gy, Gy) — G and
Gy + (£G5 ', Gy) determine the bijections between the sets in (22) and (23). Then, mg(a, B) does
not depend on the choices of {«;}, {/3]-}, and {¢} and the operation - defines the multiplication;
moreover, this multiplication is commutative, cf. [13].

There is another formula # { (i, j) | Ta;8;T = T¢I} = mg(a, B)ind (IET) because:

#{(i,j) | TaiBiT = TZT} = #{(G1, Ga) € Ty(@) x Ty(B) | L/LG Gy ~ L/LLE}
=#{(G1,Gy) € Tj(a) x T}(B) |LG1G, = Ly for some y € T'}

m

#{(G1,Gp) € Ti() x Ty(B) |LG1Gp = Ly} if TGT = |4 T
=1 k=1

— #{(G1,Ga) € Ty(a) X Ty(B) |LG1Gs = L&} Y 1 = iz (e, ) ind (TET)
k=1
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Then, the fact that ind(-) is a ring homomorphism of H(T, A) follows from:

ind (Tal -TBT) = ;mg(zx,ﬁ) ind (T¢T) = #{all (i,j)} = ind (TaT) - ind (TAT) .

Note that, if ¢ € T'aI'BT, then we have ind (I'¢T") > 0 and:
ind (I¢T) < ind (Tal - TBT) = ind (TaT’) - ind (TAT) . (25)

Proposition 8. For a, f € A, suppose that ged(det(a), det(f)) = 1. Then, we have Tal - TPl = TafT,
in other words,
T(al, .. .,al)T(bl, ce ,bl) = T(ﬂlbl,. . .,Lllbl)

ifTal = T(ay,...,a;) and TBT = T(by, ..., by).

Proof. For (Gy,Gy) € Tj(a) x T;(B), there exists an exact sequence:

LG, L L

0
T LG, LGG LG

— 0.

LG L L
Moreover, we have LGléz ~ LG, ~ @leR/@zi} and LG, ~ EBLlR/<bi>, and we say
L
LG.C, ~ @!_; R/(c;). Then, there exist exact sequences 0 — R/ {(a;) — R/{(c;) — R/{b;) — 0 for all

1 <i < I. It follows from the uniqueness of elementary divisors that (c;) = (a;b;) forall1 < i <. Thus,
LG.G, ~ @!_, R/(a;b;). In particular, if (G1,G,) = (a, B), then I[,Ifx‘,B ~ @' R/ (ab;).
Hence, G1G; € T;(aB). Moreover, it follows from Theorem 2 that (Gy, G;) — GG, is an injective
map Tj(a) x Tj(B) — Ti(aB). Thus, ind(I'al’) - ind(TAL') = #T;(a) x #T;(B) < #T;(aB) = ind(Tapl').
Together with (25), we have ind(I'al’) - ind(I'8I') = ind(T'apl’), which shows that m,4(«, ) = 1 and
Tal -TPr = Tapl. O

we deduce

7.3. A Generating Function of ind (T(f))

For a nonzero f € R, define:

T(f) = Y. Tal € H(T,A),
€A, det(a)=f

where the sum runs over all distinct Tal with « € A and det(a) = f. Let M = (R/(f))" = L/fL.
Then, we have:

1 1
L/LG ~ @ R/(b;) for some (by) D --- D (b;) with [ [b; = f}

i=1 =1

ind(T(f)) = # {G €T

=#{G e T; | deg(G) = f}. (26)

By Proposition 8 and (26), for nonzero f,g € R with ged(f, g) = 1, we have T(fg) = T(f)T(g).
We say that 77 € R is a prime element if (ab) C (71) implies (a) C () or (b) C (m) foralla,b € R.
Because a Euclidean domain R is a principal ideal domain, 77 is a prime element if and only if (77) is a
maximal ideal. Moreover, all nonzero f € R has a prime factorization f = e [[;_; 7r;’, where € denotes
a unit, 71; is a prime element, and e; € Z is positive and unique forall 1 <i <s.
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Thus, we can compute ind (T(f)) by calculating ind (T(7t°)) for each prime power factor 7z° || f,
where 7° || f means (f) C () but (f) ¢ (7®*1) for a positive e € Z. For 7° || f, we have:

T(n°) = Z T(ndl,...,nd’> )
0<dy<---<d,
dyttd=e

Lemma 4. Let 1 € R be a nonzero prime element. For A = (a;;), G = (g;;) € M|(R), if AG = =l
with the reduced G, then g;; = 7t implies a;; = g;; = 0 forall1 < i # j < I. Conversely, if a reduced
G = (gij) € M|(R) satisfies gj; = Lor mforall 1 <i <land g;; = rtimplies g;; =0 forall1 <i#j<]I,
then there exists A € M;(R) such that AG = ml.

Proof. By the assumption, A and G are upper triangular. If g;; = rand i < j, then AG = 7t] implies
ZZ:i a;n8nj = 0,a;; = 1,and g;; = 1 or 7. Supposing j = i+ 1, we have g;; +4;;¢;; = 0. In both
cases of g; i = 1 and 7, the reduced condition implies g;; = 0 and a;; = 0. Suppose the induction
hypothesis a;;, = g;, = 0 foralli < h < j. Then, we have g;; + a;;¢;; = 0. In both cases of g;; = 1
and 71, the reduced condition implies g; ; = a;; = 0.

On the other hand, from the assumption of G, there exists E € GL;(R) such that GE is diagonal.
Then, we put A’ = (GE)~'nl € M;(R). Thus, (GE)A’ = G(EA') = (EA")G = nl with
EA" € M)(R). O

I—k k

—— N
We denote Tk(l) = T(l,...,i m,...,m) € H(T,A).

Remark 4. Let the notation be as in Lemma 4. Let r = |R/ ()| = ¢(7r). We will show:

ind<Tk(l)): Y Dt liek) k)72 y - 27)
1< < <<l 0<iq <+ <if<I—1

Note that:
ind (1,) =#{G e T, ’det(G) = 7", AG = 7l for some A € My(R) }.

We count such G = (g;;) by Lemma 4. Let j(1),...,j(k) € Zsuch that1 < j(1) < --- < j(k) <L
If gj,ja) = = = 8jk),jtk) = T then {gi,j(h) ‘ 1<i<j(h),1<h< k} may be nonzero and the total
number of these g; i) is equal to Yh_(i(h) —1) = Zlfl:1 j(h) — k. By Lemma 4, we have gy ; = 0 for
j=j(h+1),...,j(k) and the total number of these g, ; = 0 is equal to Zﬁzl (k—h) =k(k—1)/2. Thus,
G has nonzero entries at most:

k B k k
3 — k=KD 5 o KD 5y,
h=1 h=1

which proves (27). There is another expression ind (T,El)) = c](f) () of (15), cf. [13].

It follows from (27) that:
1—

ri1+---+ik> xk — (1 _ riX) .

1

[uny

! / !
Z(_l)krk(kq)/zind (TIE )) xk — Z(_l)k

k=0 k=0 <0§i1<"'<ik§l—1

Il
=)
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On the other hand, we have:
—=[1 % rix% =Y Yy, DA X = Y ind (T(7°)) XY,
im0 L= "X 0420 e=0 | 0<dyda,...d; e=0

d1+d2+”'+d126

where the last equality follows from (26) and the fact that any reduced G € M;(R) with det(G) = 7°
is of the form:

7'(d1 81,2 v gl,l
0 nh :
7
. 8i-1,1
0 . 0 il

whered; + -+ +d; = eand [[gi,j/ndf]] =0foralli < j. Thus, ind (T(71°)) can be computed by:

- l k k(k=1)/2 (1) k_l = 1
Y ind (T(7°)) X* = |} (=1)r (k=1)/2inq (Tk )X =1l
e=0 k=0 i=0
Actually, T(7t°) has the generating function [13]:
) 1 -1
Z T(NE)XE _ Z(_l)krk(k—l)/ZTlgl)Xk
e=0 k=0
Summarizing the above results, for a nonzero f = e[];_; nf" € R, we decompose

T(f) =IT_1 T (7") and, by the multiplication, obtain all G of C C (R/ <f>)l with deg(G) = f.

Example 8. In case of R = Z[i] and | = 3, ind (T (7t°)) with 7w = 2 + i is computed by:

2 1
. T e X@ —
E;Omd( )X = T3 1 15552 — 150

=1+ 31x + 806X? + 20306 X3 + 508431 X* + . . ..

For example, we have ind (T(7?)) = 806. On the other hand, because we have T(n?) = T(1, 7, 7) +
T(1,1, %), all reduced generator matrices are:

1 * =« 7 0 x% T * 0
Tox (5%) 1 x (5%) T 0 (5)

T T 1

1 0 = 1 % 0 ™ 0 0
1 (252) 2 0 (25) 10 (1),

m? 1 1

where (-) indicates the number of reduced generator matrices of each type. Thus, we can list all 806 reduced G
for C C (R/m*R)3 with |C| = ¢(r)* = 5%

8. Conclusions

In this study, we have found various useful properties of the codes over some Euclidean residue
rings and proven that many characteristics of the generator matrices of GQC codes (in particular,
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the uniqueness of the reduced generator matrices) remain valid for the case analyzed here. If the
moduli of the codes are equal among all symbols, i.e., C C L/uL for some nonzero u € R, then we
have shown that the product of the generator matrices constructs all generator matrices. In addition,
if the moduli of the codes are relatively prime, then this construction has been shown to be a one-to-one
correspondence among the classes of generator matrices.

In the case of QC and GQC codes, the results in [2,3] have a similarity with ours in the sense of
producing codes of a modulus from those of factored moduli. We compare these results as follows.

Table 1 is supplementally explained as follows. For the classes of codes, we have treated the
codes C C (R/{u) )l with Euclidean domain R, which generalize the case of QC codes with R = [F,[x].
Whereas, in [2,3], the producing methods is the concatenation which is represented by, e.g., Turyn’s
(x 4+ a,x+ b, x + a + b)-method, our producing method is the multiplication G = G;G; of generator
matrices in Theorems 1,2. In [2,3], the self-duality is preserving, i.e., roughly speaking, if codes mod
u1 and mod u; are self-dual in a sense, then the produced code mod u = uju; is also self-dual.
Unfortunately, our producing method does not have this preserving property of self-duality. From the
viewpoint of computational complexity, our method can have an advantage over those of [2,3]
because, whereas Turyn-type methods require overall combination of codewords in the worst case, our
method requires only multiplying two [-by-I matrices. Consequently, it is important to use different
methods according to the desired types of codes. For example, for GQC or self-dual codes, the
methods of [2,3] should be chosen, and for high-rate QC codes, where “high-rate” means that the ratio
k/n of dimension k and length # is greater than 1/2, our method is appropriate because of its less
computational complexity.

Table 1. Comparison of various methods which produce a code mod u = 171, from codes mod u; and

mod u,.
Papers [2] [3] Ours
F,lx] \! 1Tyl !
classes of codes cc ((x"q'—l)> € CDin (x™i—1) ¢ C, (R/(u)) .
QC codes GQC codes R: Euclidean domain
producing methods concatenation concatenation multlphcatlon. of
generator matrices
self-duality preserving preserving not preserving
computational complexity generally large generally large approximately O(I%)

As an application, for specified standard Euclidean domains, we have applied the theory of
reduced generator matrices to Hecke rings, and we have shown the enumeration formulae of the
number of a certain types of generator matrices. Future work will focus on developing a method for the
efficient enumeration of general GPC codes. Another area of research will involve the establishment of
the theory of parity-check matrices for these codes, especially a formula for extracting them from the
equalities such as in [5,7].
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