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1. Introduction

Approximate Lie symmetry is based on the utilization of the perturbation approach in finding
symmetries of certain equations. Baikov, Gazizov and Ibragimov [1] proved an approximate Lie
theorem enabling one to construct approximate symmetries of differential equations that are stable
under small perturbations. Fushchich and Shtelen [2] and later Gazizov [3] introduced approximate
symmetries of differential equations with small perturbations and showed that the these symmetries
form an approximate Lie algebra. Since then, many authors have used the approximate Lie symmetries
to study nonlinear partial differential equations (PDEs) with a small parameter; see, for instance, [4-7]
and the references therein.

Pakdermirli, Yurusoy and Dolapci [8] provided a comparison between several methods that use
approximate symmetries. Valenti [9] calculated the solution of a model describing dissipative media
using the generator of the first-order approximate symmetries. Bokhari, Kara and Zaman [4] considered
some nonlinear evolution equations with a small parameter and their symmetries. On the other
hand, a refined invariant subspace method to determine subspaces of solutions to nonlinear wave
equations was discussed in [10]. Zhi-Yong, Yu-Fu and Xue-Lin [11] performed classification and gave
approximate solutions to a class of perturbed nonlinear wave equation employing the method
originated from Fushchich and Shtelen. In [12], the authors introduced a new method to obtain
the approximate symmetry of the nonlinear evolution equation from perturbations.

In this paper, we study the approximate symmetries of a class of perturbed nonlinear wave
equations given by:

up +oup = (g(u)uy)x + (h(”)”y)y + Bf (u). 1)

Lie group theory provides a systematic way of finding exact solutions of differential equations.
If the problem involves a small parameter, then an approximate solution instead of an exact solution
can be sought. We employ two methods in which a combination of Lie symmetries and perturbation
theory is used to find approximate Lie symmetries and invariant solutions.

Method I was introduced by Baikov, Gazizov and Ibragimov [1,13]. In this method, an
approximate generator is calculated to obtain the solution. The Lie operator is expanded in a
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perturbation series other than perturbation for dependent variables as in the usual case. In other
words, it is assumed that the perturbed differential equation is of the form:

F(z) = Fo(z) +eR(z) =0, 2
where z = (x,u,u(1),...,u(n)), Fo(z) = 0 is the unperturbed equation and F(z) is the perturbed term.
Theorem 1. [14] Equation (2) is approximately invariant with the generator X = X° + eX' if and only if:

[XFlreo =O0(e)  or  [X°FO 4 e(X'Fy + X°F a0 = O(e),
in which X is a generator of Lie symmetry of Fy = 0 and X' is a generator of Lie symmetry of Fy.

The exact symmetry of the unperturbed equation Fy(z) = 0 denoted by X can be obtained using
the equation X°Fy(z)| Fy(z)=0 = 0. Applying the auxiliary function:

1
H= EXO(FO(Z) + eF1(2))[FoteF1=0,
we deduce the vector field X! from the relation:
X'Fo(2)|ro=0 + H = 0. ©)

After computing the approximate symmetries, the corresponding invariant solutions are constructed
via the classical Lie symmetry method [14]. One may refer the reader for some cases of studying
unperturbed and perturbed non-linear wave equations to Bokhari, Kara, Karim, Zaman [15] and Zhi-Yong,
Yu-Fu and Xue-Lin [12]. Ahmed, Bokhari, Kara and Zaman [16] provided a classification of the symmetries
of the unperturbed nonlinear (2 + 1) dimensional wave equation with its respective commutator table.

Method II is due to Fushchich and Shtelen [2] and later followed by Euler et al. [17] and
Euler and Euler [18]. In this method, the dependent variables are expanded in a perturbation series as is
done in the usual perturbation analysis (see, e.g., [19,20]). The approximate symmetry of the original
equation is defined to be the exact symmetry of the coupled equations.

Consider the general m-th order nonlinear evolution equation:

E = E(x,t,u,uy, Uy, ..., Uy, U €) =0, (4)

where u; = du/ot,u; = ofu/oxk, 1 < k < m, ¢ is a small parameter and E is a smooth function
of the indicated variables. Expanding the dependent variable in the small parameter yields:

u=1uy+eu;+ ..., O<e<. 5)

Inserting expansion Equation (5) into the original Equation (4) and separating at each order
of the perturbed parameter, one has:

Order € : Ey =0, Ordere' : E; =0, 6)

and hence, the exact symmetry of system Equation (6) is the approximate symmetry of the original
Equation (4).

The outline of this paper is as follows. In Section 2, we construct invariant solutions of a perturbed
nonlinear (1 + 1)-dimensional wave equation. In Section 3, we consider Equation (1) with = 0
and obtain exact and approximate symmetries of the equation using the approximate Lie symmetry
Method I. Moreover approximate invariant solutions of the perturbed non-linear wave equation based
on the Lie group method are constructed. In Section 4, we discuss Equation (1) with « = 0 and compute
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approximate symmetries of the equation with a forcing term using both the approximate Lie symmetry
methods. We compare these different methods and discuss the advantages of using one over the other.
Moreover, approximate invariant solutions of the nonlinear wave equation with a forcing term based
on the Lie group method are constructed.

2. Perturbed Nonlinear (1 + 1)-Dimension Wave Equation

Consider the perturbed nonlinear wave equation (see e.g., [21]):
Fo(2) 4 eFy(z) = uy — (uPuy)x +eup = 0. (7)

The approximate group generator of Equation (7) is of the form:

0 d d
X=X +eX! = (w+em) 5+ (Zo+261) 5+ (o +em) ®)
where T, Gjs 77]-(]' = 0,1) are all unknown functions of t,x, and u. The infinitesimal generator

for the unperturbed equation is a vector field in the three-dimensional space (two independent
variables and one dependent variable):

0 ) 0
0_ 7 _ —

The prolongation of the infinitesimal symmetry generator is given by:

@ ad ) d ) 0
X0 — x0 t X tt xt XX ) 1
+ 1o ouy +1p iy +1 Oy + 10 iyt +1 Oy ( 0)
The symmetry criterion of Equation (10) yields the relation:
0@ 2
X (upr — (u%uy)x) |uu—(uZux)X =0. (11)

Comparing coefficients of uy, 42, . .., we obtain the following system of determining equations.

(:Ol, = 0/ (;(Ot = 0/ TOM = 0/ TOX = O/ 1/]0“1, = O/
2n0 + 2ung, — 4udp, +4uty, =0, Zuziyoxu — utjo,, +4ung, =0,
— 2770tu + 14 =0, 2u170 + 2u2170x + 2u2T0t =0, MZ’?OM — oy = 0

Solving this system of PDEs, we obtain:
Go = ap + a1x, To = a3t +art +ay, o = —a3l, (12)

where «g, a1, ap, 3 are arbitrary constants. Thus,

d d d
X0 = (a4 %) — + (a3t +ayt 4+ ap) — — agu—

13
ox ot ou (13
To determine the auxiliary function H, we consider:
1 15,02
H=— X" [fo(z) + R (2)]] , (14)
¢ {Fo(z)+¢Fi (2)=0}
or:
H=1 [XO(Z) [t — 2uti2 — uPiuyy + 1ty , (15)
{up—2uu3 —u2uyy+eup=0}

where X0 is the second prolongation of X°. This implies that:
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H = (16)

M| =

[1(=218% = 2utaz) + 7 (—4d) + 7' () + 7™ (—10%) + "

{upy—2uu? —u2uyy+eu;=0}
Hence,

t
= —azu, Nt = —agily, n' = aqup — aguy,

tt

pe
= agup — 203Uy, n

= —&gqlyy — 203Uxx.
Substituting #, 7%, 7', 1", 7™ and uy = 2uu2 + uuyy — eu; into Equation (16) gives:

H = azuy. (17)
The determining equation for deformations is written as:

x1® (upr — Uty — 2uni?)| ,+H=0, (18)

Uy =1y +2uu3

where X! denotes the second prolongation of the operator:

d

J 0
1.9 9 9
X _Tlat+€lax+7718u' (19)

We obtain the following system of the determining equations for Equation (18):

glu = 0/ glt = 0/ Tlu = 0/ Tlx = 0/ Uluu = 0/
21 + 2uny, — 4udy, +4ut, =0, 2u2771xu — Un1,, +4un;, =0,
— 211y, + Ty — a3 =0, 2uny + 2uPyy, + 2uPTy, = 0, WP H1ex — 1y = O

Solving the above system yields:

T = B1+ Bst+ %0&32@, ¢1=PB2+ (B3 + Pa)x, n = (Bs— %txgu)u. (20)

Substituting Equations (12) and (20) into Equation (8), we obtain the following approximate
symmetries for Equation (7):

d d 0 d €,,0 d
X = — Xy = — Xa = t— I O S ¥ o g
1= KTy Xesig gy talty —2ugy)
0 0
X4 =X+ u=—, X5 = SXl, X6 =eXo, Xy = £X4, Xg = £X3.
dx Jdu

In Table 1, we show that the generators span an eight-dimensional approximate Lie algebra
and, hence, generate an eight-parameter approximate transformation group.

Table 1. Approximate commutators of approximate symmetry of the perturbed non-linear wave equation.

X1 X X3 Xy Xs Xe X7 Xg
Xy 0 0 Xj+3iXs—X7) 0 0 0 0 Xs
X, 0 0 X, X, 0 0  Xe X
X; 0 0 0 0 —-Xs —-X¢ 0 0
Xy 0 0 0 0 0 -X4 0 0
Xs 0 0 X6 X¢ O 0 0 0
X¢ O 0 Xe 0 0 0 0 0
X, 0 —Xg 0 0 0 0 0 0
Xg —-Xs5 —Xg 0 0 0 0 0 0
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Approximate Invariant Solution

Using the symmetry X = X3 — X4, we obtain:

98 e(,0 2

The approximate invariants of Equation (21) can be written as:
E(t,x,u,€) = EO(t, x,u) + eE (t,x,u) + O(e),

which lead to the system:

t@ - u@ =0
ot ou ’
t%—u% = —% (tZaEiO—ZtuﬁJ), (22)
Solving Equation (22) gives two functionally independent invariants:
E1 = E(t,x,u) + eEi(t,x,u), Ey = ES(t, x,u) + eEX(t, x,u), (23)

for generator Equation (21).
The first equation in Equation (22) has two functionally independent solutions,

EY =x, E9 = tu.

Substituting EY = x into the second equation in Equation (22) and taking its simplest solution
E% = 0, we obtain one invariant in Equation (23),

Ei=x. (24)

Now, we substitute the solution Eg = tu of the first equation in Equation (22) into the second
equation in Equation (22) and get a non-homogeneous linear equation:

1
251 _ 9 _ Ly,

u
ot ou 6
The corresponding characteristic equation are:

dt  du 6dE§

t u_ﬁ

for which the first integral tu = A = const. We obtain:

1
El = gtzu +c. (25)
Assuming t = 0, we get the second invariant in Equation (23),

sl
E, =tu+ 6tzu.

Note that invariants” Equations (24) and (25) are functionally independent. Letting E, = ¢(E;), i.e.,

(1 4 “Z) b = (%)
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and solving for tu in the first order of precision,

et

tu = (1 + 6) o p(x) = <1 + 8;) ¢(x) +O(e).

The approximately invariant solution is given by:

= (1 - Z) p(x). 26)

From Equation (7), we obtain:

Setting ¢ = 0, we have ¢(x) = +x, and:

3. Perturbed Nonlinear (2 + 1)-Dimension Wave Equation

Consider the perturbed nonlinear wave equation:
up +euy = ((u)uy)x + (h(u)uy)y, (27)
where ¢ is a small parameter. Putting ¢(u) = h(u) = u gives:
up + eup = (utty )y + (utty)y. (28)

The first method is used to obtain a complete approximate symmetry classification of Equation (28)
with the first order of precision o(¢). The approximate group generator of Equation (28) is of the form:

X=Xy+eXy

0 0 0 0
= (10 + 871)& + (o + Eél)a + (6o + 891)@ + (170 + 8771)51 (29)
where T;, &}, 0; and 7;, i = 0,1, are unknown functions of ¢, x, y and u.

3.1. Exact Symmetries

To find the exact symmetries, we solve the determining equation:
2)
X2 Fo(2) 2y = O (30)

where Fy(z) = uy — (utiyx)x — (uuy)y is the unperturbed part of Equation (28) and X(()z) is the second
prolongation of the infinitesimal generator X, given by:

@) _ ¢ 9, ox9 y9d g9 | O
Xo© = Xo %aut + o Oty + o oy + o ity * 1o Ollsy

tya

d
_ _— - vy_“7
+ Uh) auty + Mo auxx + Mo auxy + Mo auyy . (31)
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Equation (30) takes the form:

(10 (—tex — ttyy) + 115 (=2ux) + 17 (=2uy) + 5™ (—11)

+ ﬂ(y)y(fu) + 77(tJt) ‘u”:(uux)x+(uuy)y =0, (32)

where:

1o = Dxtjo — (uxDxGo + uyDx0o + ur Do),

r;g = Dy — (1xDy&o + uyDyBo + 1:Dy ),

16 = Dino — (uxDio + 1y Dy + 1t Di1p),
1o" = Dxtfg — txxDxGo — xyDx00 — uxtDxTo, (33)
1" = Dyt — thxyDy&o — ttyyDybo — 1ty DyTp),

16 = D — uxtDi&o — 1y Dy6g + 1y Dy o).

Here, Dy, Dy, and D; denote the total derivative operators with respect to x, y and ¢, respectively,

o] 0 0 0 0 0
D, = % +uxa +Mxxa +u xya +uxtaiut+"'+uxttﬁtt/
0 0 0 8 0 0
2 4
Dy = oy gy Tyt ”Wauy g, T g, (34)
d d e] d d
Dy =5 +Mta +Mxta +Myta +Mtta t+~-+utttﬁtt-

Equation (32) gives the following system of equations:

gOu = 0/ COt = 0/ Toy = 0/ T()y - O/ Tox = 0/ 6014 - 0/ BOt = 0/

0wy = 0, =210, — 210y, + UGoyy + MC()W =0, —10, + 280, — 2T0; = 0,
— 210, + uboxy + ubpyy =0, —210y + 200y + 10, — 270r = 0, —UN0, 1oy — U0y, = 0,
27701/”} — ¢ = O/ 2uCOx - 2uTOt - 170 == O/ 90x + é()y = 0/ _ZuTOt + 21/190]/ - 770 =0

Solving this system of PDEs, one has:
So = azx +ay +ay, 0o = asy —mx +ag, T = ast+as, o = 2u(as —ag), (35)

where ay,ay,a3,a4,a5 and ag are arbitrary constants.  Hence, the infinitesimal generator
for Equation (28) is:

] d
Xo =(agt + as) = + (a3x + a1y + ap) —

ot ox
+ (asy —a x+a)i+(2u(a fa))i (36)
3y 1 6 dy 3 4 E
3.2. Approximate Symmetries
The auxiliary function H is given by:
LIy (0)
H=: [XO (Fo(2) + €F1(2)) |y o) e 210 - (37)
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Substituting the generator Xy into Equation (36) and:
Fo(z) +eF(z) = up + eur — (uniy)x — (uny)y

into Equation (37), we obtain:
H = asgUg. (38)

Now, we calculate operator X; by solving the inhomogeneous determining equation:
(2) —
X; FO(Z)|F0(Z) +H=0,
which can be written as:
2
X5 (= )= (0 g, = g, | 800 = . (39)
Equation (39) generates the following system of equations:

‘:lu =0, glt =0, Ty = 0, le =0, Tx = 0, 911/! =0,

61; =0, Moyy = 0, 211X — zmhxu + Uty + uélyy =0, —11, + 28, — 21, =0,
=2y + Ul +ubyyy, =0, —2m, +201, +y, — 21, =0, —uig + 1y — U, =0,
20y — T+ a3 =0,  2um, —2uty—m =0, 61, +8, =0,  —2umy;+2uby, —n =0.

Solving this system of PDEs, we obtain:

é1= byx+ b1y+ by, 0, = bgy — bi1x + b,

40
T = %+b4t+b5, 1/]1:2u<b3—%a4t—b4>, (40)

where by,bp,b3,b4,b5 and bg are arbitrary constants. Thus, the approximate symmetries
of Equation (28) are:

] 0 0 0 0 ] 0
Xl—yg_x@, Xz—g, X3—xa +ya +y@+2u£,
J 0 29 2 9
X4 = tg —21/[@ + ¢ <108[’ — 5tuau) ,
] ]
X5 = 5 X = e X7 =¢eXy, Xg = €Xp,
X9 = eX3, X190 = €X5, X11 = €Xe, Xqp = eXy.

Remark 1. 5 5
Xlz =& (tat — 2utau>

In Table 2, we show that the previous generators span a twelve-dimensional approximate Lie algebra
and, hence, generate a twelve-parameter approximate transformations group.
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Table 2. Approximate commutator table of approximate symmetries of the perturbed non-linear
wave equation.

X1 Xo X3 Xy Xs X X7 Xs Xo X0 Xnn Xn
X, 0 Xe O 0 0 —X, 0 Xy 0 0 0 0
Xn —Xg 0 Xn 0 0 0 —X11 0 Xg 0 0 0
X3 0 -X, 0 0 0 ' 0 —Xg O 0 Xy 0
X, 0 0 0 0 ~X5—-3Xp, 0 0 0 0 —Xyq O 0
X5 0 0 0 X5+ 2Xn 0 0 0 0 0 0 0 Xy
X X7 0 X 0 0 0 Xg 0 X11 0 0 0
X7 0 X11 0 0 0 —Xg 0 0 0 0 0 0
Xg —X11 0 Xg 0 0 0 0 0 0 0 0 0
Xo 0 —Xg 0 0 0 —X11 0 0 0 0 0 0
X190 0 0 0 Xq0 0 0 0 0 0 0 0 0
X11 0 0 X11 0 0 0 0 0 0 0 0 0
X12 0 0 0 0 —X10 0 0 0 0 0 0 0
3.3. Approximate Invariant Solutions
Reconsider Equation (28):
up — ey = (utly)y + (utty)y. 41)
and the symmetry:
d d e (,0 d
Xy=t——-2u—~+ — [ t"= —4dut— ). 42
=y 8u+10< T 8u> (42)

The approximate invariant for Equation (42) is of the form:
E(t,x,y,u,e) = EO(t,x,y,u) + eEX(t,x,y,u) +o(e),

determined by the equation X (E) = o(¢). Using the notation:

X =X +ext,
where: 5 5 . 5 5
X0 =t— —2u— X'= — (P= —4tu—);
ot ~aw 10( ot t”au>’
for operator Equation (42), we write the determining equation X(E) = o(e) for the approximate

invariants in the form:
XO(E%) +¢ [XO(E) + X' ()] =0, X°(E%) =0,

XO(EY + X1(EY) =0,

or:
oE" oE"
T T
oF! oF! 1 [ ,0F° oE°
Solving Equation (43) gives two functionally independent invariants:
E1 = EV(t,x,y,u) + €Ei(t, x,y,u), Ey = E9(t,x,y,u) + eEX(t,x,y,u), (44)

for generator Equation (42).
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The first equation in Equation (43) has two functionally independent solutions:
E(l) = xy, E(Z) = t2u.

Substituting E¥ = xy into the second equation in Equation (43) and taking its simplest solution
g L1 Y q q g %
E} = 0, we obtain one invariant in Equation (44),

Ei =xy (45)

Note that the dependent variable u does not appear in Equation (45). Now, we substitute
the solution Eg = t?u of the first equation in Equation (43) into the second equation in Equation (43)
and obtain non-homogeneous linear equation:
oE;! oE,1 1

il SR, PP S Tt
tat 2u » 5( u).

The corresponding characteristic equations are:

dt du dE%

t o 2u Pu

with the first integral ?u = A = const. Therefore, the second equation:

dt 5dE§
t T Bu
gives:
1
E' = gt3u +c. (46)

Assuming that ¢ = 0, we obtain the second invariant in Equation (44),
Ey = Pu+ gt?’u. (47)
Note that E; and E; are functionally independent. Letting E; = ¢(E1), i.e.,
2. €3\ _
(t u+ 5t u) = (xy)
and solving for 2y in the first order of precision,
2= (14 80) play) = (1- &
tu = (1 + 5t) p(xy) = (1 St) ¢(xy) +o(e),

yield the approximate invariant solution:

1
utx) = (7= 5 ) o) )
From Equation (28), we obtain:
op\? | P op\* | P¢ _

Case I: Let ¢(xy) be of the form ¢(xy) = (xy)*. From Equation (49), one obtains:

[20(2 _ 0(] (xtx—Zya + xzxytx—2) —6=0
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For &« = 2, we have:

1 €
u(t,x,y) = (tz - 5t) (y?) st K> +y*=1.

An approximate solution for this case is depicted in Figure 1.
Case II: Let ¢p(xy) = A(x)B(x). Equation (49) gives the following equation:

A/Z—l—AA” B'2—|-BBN
B<A tAl—F ) 6=0

where:

4 0A ,  0%A , OB , 0°B

ox o Sy o2

Equation (50) leads to the following ordinary differential equations:
AA" + A? — a1 A? — 1A =,

and:
BB" + B — d,B*> — c,B = 0,

where c1, ¢3, dy, dy are constants.
Let y(x) = A?(x). From Equations (51) and (52), we obtain:

A%(x) 2 c1 x?
2In(d{A(x) +¢1) —1 — L4 L A%(x = — 43X + Cy,
( ( 1 ( ) 1) )( 2d1 Zd% d% ( ) 2 3 4

and:

B?(x) C% €2 2 x2
(21n(d2B(x)+C2)—1) ( 2d2 _zid% +;%B (x) = 7+C5X+C6,

where c3, ¢4, c5, 6 are arbitrary constants. Therefore, a solution in this case is of the form:

3

u(t,x,y) = (tlz - St) A(x)B(x).

We plot an approximate solution for this case in Figure 2.

11 0f 17

(50)

(51)

(52)

(53)

(54)

(55)

Figure 1. Casel: approximate invariant solution of Equation (28) fort =n, —1<x <1, —1<y<1,

e=0.1.
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Figure 2. Case Il:approximate invariant solution of Equation (28) for t =100, —1<x <1,-1<y <1,

e=0.1.

4. Nonlinear Wave Equation with a Forcing Term

12 of 17

In this section, we discuss the nonlinear (2 + 1)-dimensional wave equation with a forcing term:

upr — (uny)y — (uy)y = ef (u).
4.1. Approximate Symmetries by Method 1

Exact symmetries of the unperturbed part (¢ = 0) of Equation (56) are given by:

Co = asx + a1y +ap, 0o = azy — a1x + ag, To = ast + as, o = 2u(az —ag),

where a1, a,a3,a4, a5 and a¢ are arbitrary constants.
Consider the auxiliary function:

1
H {XO(FO(Z) +eh (Z)) | Fy(2)e1 (2) 0"

= _
where: 3 3 3 5
X0 = T35 + 605 + 90@ + Mo,
Using Equations (56) and (57), one obtains:
H = —2a3 (uf'(u) + f(u)) +2ag (uf' (u) —2f(u)) .
Now we calculate the operator X; with the condition that

XY (Fy(z _TH=0.

N e

Condition Equation (60) can be written as:
| =20 (uf () + f(w)
+2¢4 (uf'(u) —2f(u)) =0,

2
[X§ )(utt — (uuy)y — (uuy)y)’u”:(uux)ﬁ(uuy)

(2)

where X;™ is the second prolongation of X;.

(56)

(57)

(58)

(59)

(60)

(61)
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Equation (61) yields the following system of equations:

glu = 0/ glt = 0/ Ty = 0/ le = 0/ Ty = 0/

61, =0, 01 =0, Muw =0, =211y — 2Ut1, + UGty + uG1y, =0,

=11, +281, —21;, =0 =21, + ub1y +ubry, =0, =21, +261, + 11, — 211, =0,
— Uy + gy — U1y, — 203(uf (u) + f(u)) =0, 21, — 1y =0,

2ul1, —2uT; — 11 =0, 015+ 1, =0, —2uty; +2uby —m =0,

Solving this system of PDEs, we obtain:

1= b3x+b1y+b2, 01 :bgy—blx—i-bé,

62
Ty = byt +bs, 1 = 2u(bz — by), (62)

where by, by, b3, by, bs and by are arbitrary constants.
Case I: a3 = 0. The scaling operator:

0 0 0
Xg—xa —l—y@—l—Zu@

is not stable, and hence, Equation (56) does not inherit symmetries of its unperturbed part.
Case II: Solving the first order linear differential equation uf’(u) + f(u) = 0, we obtain
f(u) = ki/u, where k; is a constant. The approximate symmetry generator of Equation (56) is given by:

X =X+ Xy

0
=[(a3 + €b3)x + (a1 + eby)y + (a2 + SbZ)]a

d
+ [(a3 + eb3)y — (a1 + &by )x + (ag + sbe)]@

+ [(ag + eby)t + (a5 + sb;,)}% + [2u((az + eb3) — (ag + slu))]% (63)

These additional symmetries are actually the same as those obtained from the unperturbed
equation that are considered as trivial symmetries. To summarize: in this case, Method I only gives
trivial symmetries.

4.2. Approximate Symmetries by Method 11

We expand the dependent variable to the first order of ¢ as follows:
u=v+ew+o(e), e — 0.

Taylor expansion of f in the first order of precision is given by:

f(u):ﬁ(l—gg+o(s)):%—sklw—i—o(e), e— 0.

v v?

Substituting the above expansion into Equation (56) and separating at each order of perturbation
parameter, one may obtain:

2 2
Ot — Ux” — U0xx — Uy~ — U0y = 0,

k
Wit — 205 Wy — VWxy — WOxy — 20yWy — VWyy — WOy = ?1 (64)



Mathematics 2017, 5,59 14 of 17

Now, the infinitesimal generator for the problem is:

d 0 d
X = T(t,x,y,,v,w)a +C(t,x,y,v,w)£ +9(t,x,y,v,w)®

0
+¢(t,x,y,0,w)=— +n(t,x,y,0w

—. 65
v >aw (65)
Using standard Lie group analysis, we obtain the infinitesimals as follows:
T = ¢yt +c5, ¢=c1x—c3y+ce, 0 = c3x +c1y +ca,
¢ =20(-cs+cr), = —2w(cr —2cq), (66)
where ¢y, c2, 3, ¢4, ¢5 and c¢ are arbitrary constants. Hence, we have the following symmetries:
] 0 d ] 0 0 ad
X == E N 2 = 2 = 7 X - = X = —Yy— -
! x8x+yay+ Y90 Yoo 2 ay 3 yax+xay
0 ] 0 d d
Xy =t — 20— +4w— X5 =— Xe==—. 7
T T T BT T €7
Table 3 shows that Equation (67) spans a sixth-dimensional Lie algebra.
Table 3. Commutators span six-dimensional Lie algebra.
X1 X X3 Xy X5 X,
XT 0 -X 0 0 0 —Xg
X, X, 0 —-X¢ 0 0 0
X5 0 X 0 0 0 -X
X, 0 0 0 0 —-Xs 0
Xs 0 0 0 Xs 0 0
Xe X¢ O X, 0 0 0
4.3. Approximate Invariant Solution
Using X3 from Equation (67), we retrieve the following characteristic equations:
d d d d
dr _dy _do_dw ©8)

-y x 0 0

The equations in Equation (68) yield a = x? + y? and suggest that w = w(a), v = v(a).
Derivatives of dependent variables v and w with respect to x and y are:

870(:0’ Utt:O

d d
Uy =0 — tx—a = 2X0y, Uxy = 204 + 2xvm£ = 20, +4x20,m

ax

o Jux
Uy =0—0-— = 2Yvy, Uyy = 204 + Zyvaa@ =20, + 4}/20,m

9y
o
wt—w,xg —0, wtt—O
% on 5
Wy =W — zxa = 2XWy, Wyyx = 2W, + 2xwaa$ = 2wy + 44X “Wyy
Ju ou
wy =w — aay = 2ywy, Wyy = 2w, + Zyw,m@ = 2w, + 4y2wm.
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These equations lead to the following second order ordinary differential equations:

(wi + avvy, + 00, =0,

k
200, Wy + VW, + KOWyy + WO, + KWVyy = ﬁ (69)

Substituting;:
H(a)’
2

v(a) =
into the first equation of Equation (69), we obtain:

oH (&) n 0°H(a)

Yz 0

We have H(a) = cjlna + ¢y, where ¢; and ¢, are arbitrary constants of the integration.
Thus, v(a) = /e +c1Ina. Put c; = 0,¢; = 1. The second equation of Equation (69) is reduced
to the following second-order ordinary differential equation:

(1I+Ina)w, + (alna)wy, — Lw _k (70)
‘ M 4Ine T 47

Observe that it is not straight forward to obtain a solution for Equation (70). However, we may

obtain an asymptotic estimate of the solution of Equation (70) using the asymptotic expansions [22].

Definition 1. The function f(x) = O(g(x)) as x — xo if there exists a constant C such that
limy ,y, f/g= C.

In Equation (70), we have (1+1na) = O(a), (xIna?) = O(a?) and -~ = O(1) as & — oo.

For large values of «, Equation (70) is asymptotically equivalent to the following equation:

k
DCZZUWX + KWy +w = Z (71)

The solution of the above non-homogeneous Cauchy—Euler equation is:

w(a) = kysin(Ina) + k3 cos(Ina) + %1

where kj, k3 are constants. Lastly, we re-cast the solution in original coordinates as:
u(t,x,y) =o(t,x,y) +ew(t, x,y)

=4/In(x2+y2) +¢ (kz sin(In(x? + y?)) + k3 cos(In(x* + y?)) + IZ) . (72)

This is an approximate solution invariant under rotation in x — y, dilation in space
and u coordinates. We depict an invariant solution for the unperturbed equation in Figure 3 and an
approximate solution of the perturbed one in Figure 4.
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Figure 3. Invariant solution of the unperturbed equation of Equation (56) for —10 < x < 10,
-10<y < 1O,x2+y2 > 1.

Figure 4. Approximate invariant solution of Equation (56) for —10 < x < 10, =10 < y < 10,
Ay >,k =4k=1kK=1e=01

5. Concluding Remarks

In this work, we have studied a class of perturbed nonlinear wave equations via Lie symmetry
analysis. Two methods have been employed to obtain approximate symmetries used to construct
invariant solutions of the equations. There was a case where Method I gives only trivial solutions.
We applied Method II to this case and obtained the invariant solutions of the equation. Many problems
arising from physical or engineering situations may be dealt with by approximate Lie symmetry
analysis. We plan to investigate modified and perturbed forms of Korteweg-de Vries (KdV) equations
using this approach.
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