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Abstract: The main objective of this paper is to deal with some properties of interest in two types of 
fuzzy ordered proximal contractions of cyclic self-mappings T  integrated in a pair  T,g  of 
mappings. In particular, g  is a non-contractive fuzzy self-mapping, in the framework of 
non-Archimedean ordered fuzzy complete metric spaces and T  is a p -cyclic proximal 
contraction. Two types of such contractions (so called of type I and of type II) are dealt with. In 
particular, the existence, uniqueness and limit properties for sequences to optimal fuzzy best 
proximity coincidence points are investigated for such pairs of mappings. 

Keywords: fixed points; best proximity points; fuzzy set; fuzzy metric; optimal fuzzy best 
proximity coincidence points; proximal  -contractions of types I and II 

 

1. Introduction 

Concepts and related results on fuzzy sets in several research disciplines are abundant in the 
background literature. From a mathematical context, studies are available, for instance, in [1–18] and 
the references therein, following its introduction and characterization by Zadeh [4]. Among the 
research performed on the subject, effort has been devoted to the investigation of the existence and 
uniqueness of fixed points, best proximity points, fuzzy fixed points, fuzzy best proximity points, 
common fuzzy fixed points and optimal fuzzy coincidence points [15–28]. Also, research has been 
devoted to related properties of convergence of sequences to the abovementioned relevant points. 
Fixed Point Theory is also relevant to the stability properties of some iterative schemes of that of 
dynamic systems [29–33], as an alternative tool to other classical techniques like Lyapunov stability. 
(See, for instance, [33–37].) There are also abundant studies on all such topics in classical metric 
spaces and Banach spaces, either in the fuzzy formalism or not necessarily under the fuzzy 
formalism, including a lot of research on contractive and non-expansive mappings, self-mappings 
and, in particular, cyclic proximal mappings. (See, for instance, [26–29,38–43] and the references 
therein concerning different iterative schemes and their relations to proximal split feasibility, 
variational inequalities and fixed point problems. There are also recent studies on the 
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generalizations of several types of contractions in [31] with an introduction of the so-called 
simulation function. 

Recent work in fuzzy metric spaces and probabilistic metric spaces can be found in [22–25]. 
Also, the so-called simulation function is introduced and discussed in [31] related to a new special 
generalized contraction that generalizes the Banach contraction and unifies several previously 
known types of contractions. 

There are certain real-life problems for which fixed points, best proximity points, optimal 
coincidence points or optimal best proximity coincidence points do not exist, so their approximate 
counterparts are looked for in order to have an approximate solution of the problem at hand. We 
recall the following basic concepts: 

If  d,X is a metric space, XB,A  are non-empty then: 

(1) Ax  is a fixed point of AA:T  if   0Tx,xd ; 
(2) Ax  is an approximate fixed point of AA:T   if     AyTx,ydinfTx,xd  : ; 
(3) Ax  is a best proximity point of BA:T   in A  if 

      By,Azy,zdinfB,AdTx,xd  : ; 
(4) Ax  is an approximate best proximity point of BA:T   in A  if 

    AyTx,ydinfTx,xd  : ; 
Note that a fixed point of AA:T  is an approximate fixed point of AA:T   while the 

converse is not true, in general. Also, a best proximity point of BAT : , which is also a fixed 
point if A and B  intersect, is an approximate best proximity point of BAT :  while the 
converse is not true, in general. If we have two mappings AAg :  and BAT : then: 

(5) Ax  is an optimal best proximity coincidence point of the pair  T,g  if    B,AdTx,xgd  ; 
(6) Ax  is an approximate optimal best proximity coincidence point of the pair  T,g  if 

    AyTx,ygdinfTx,xgd  : . 

Note that optimal best proximity coincidence points are also approximate optimal best 
proximity coincidence points but the converse is not true, in general. Note also that, if A  and B  
intersect, then an optimal best proximity coincidence point of the pair  T,g  is also a coincidence 
point of  T,g . The above concepts can be extended to the “fuzzy” framework formalism when 
dealing with fuzzy metric spaces. The purpose of this paper is to investigate some relevant 
properties of two types of fuzzy ordered proximal contractions of cyclic self-mappings T  
integrated in a pair  T,g  of mappings, where g is a non-contractive fuzzy self-mapping and T  is 
a cyclic proximal contraction, in the framework of non-Archimedean ordered fuzzy complete metric 
spaces. In particular, the existence, uniqueness and limit properties for sequences of optimal fuzzy 
best proximity coincidence points are investigated for such pairs of mappings. 

1.1. Notation 

R  is the set of real numbers,  0:  zz RR ,  00   RR ; 
Z  is the set of integer numbers,  0:  zz ZZ ,  00   ZZ ; 

 p,,,p 1 ; 
 .cl is the closure of the  . -set. 

The subsequent equality holds for the t-norm    1010: 2 ,,   for a fuzzy set M on 
  ,XX 0 : 

       nmmn

n

mn
t,z,zM....t,z,zMt,y,xMt,y,xM 101101  


   

Some useful technical definitions to be used are given below: 

Definition 1 [1]. A binary operation    1010: 2 ,,   is said to be a continuous t-norm if: 
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(i)   is continuous, commutative and associative; 
(ii) 11 a  for all  10 ,a ; 
(iii) dcba   if ca   and db  . 

The formalism of fuzzy sets was proposed by Zadeh [4]. The following formal definition of 
fuzzy sets on non-Archimedean fuzzy metric spaces will be used throughout this manuscript. 

Definition 2 [2,3]. Let X be a non-empty set and   be a continuous t- norm. A fuzzy set M  on 
  ,XX 0  is said to be a fuzzy metric on the non-Archimedean fuzzy metric space  ,M,X  if for any 
Xz,y,x  , the following conditions hold: 

 , , 0;(i) M x y t   

(ii)  , , 1; ;x y if and only if M x y t t    R  

(iii)    , , , , ;M x y t M y x t  

(iv)       s,y,zMt,z,xMs,tmax,y,xM  ;  Rs,t ; 
(v)      100: ,,,y,xM .   is left-continuous. 

If the condition (iv) of Definition 2 is replaced with      s,y,zMt,z,xMst,y,xM  ; 

 Rs,t  then  ,M,X  is a (Archimedean) fuzzy metric space and  .,y,xM  is 

non-decreasing on  ,0  and continuous on   ,X 02  [5]. If st   then 
     t,y,zMt,z,xMt,y,xM  ;  Rt  and M  is said to be the strong metric on X . Each fuzzy 

metric M  on X  generates a Hausdorff topology M  whose base is the family of open balls of 
members       1: t,y,xMXyt,,xBM  for  10 , , Rt , and a sequence  nx  
converges to Xx with respect to M if and only if   1


t,x,xMlim n

n
;  Rt . Note that, since 

(iv) implies the above condition, any non-Archimedean fuzzy metric space is a fuzzy metric space. 

Definition 3 [13]. Let A  and B be two non-empty subsets of a non-Archimedean fuzzy metric space 
 ,M,X . Define the sets  tA0  and  tB0  as: 

      Byt,B,AMt,y,xMAxtA  somefor:0 , 

      Axt,B,AMt,y,xMBytB  somefor:0 . 
 

Definition 4 [39]. Let   be the set of all mappings    1010: ,,   satisfying the following properties: 
(i)   00  ,   11   and   tt   for  10 ,t  and it is continuous in  10 , , 

(ii)   1


tlim n

n
  if and only if 1t . 

A point x  in an abstract non-empty set X  will be said to be an optimal fuzzy best proximity 
coincidence point of the pair of mappings  T,g , where AAg :  and BAT : , where A  and 
B  are non-empty subsets of X , if    t,B,AMt,Tx,xgM  , where X is a non-empty set and M  
is a fuzzy metric. The main paper body consists of other two sections. In such sections, some 
proximal contractions associated with pair  T,g  where g  is a non-contractive self-mapping and 
T  is a p -cyclic fuzzy ordered proximal contractive self-mapping are formalized and some of their 
propertied, like convergence of sequences and existence and uniqueness of optimal fuzzy best 
proximity coincidence points are investigated. The obtained results and their discussion are split 
into two sections as follows. Section 2 introduces some necessary concepts in the fuzzy framework 
while some results are obtained and proved concerning the so-called optimal fuzzy best proximity 
coincidence points in partially ordered non-Archimedean fuzzy metric spaces for cyclic fuzzy order 
preserving proximal  -contractions of type I. Section 3 reformulates the above results for another 
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type of proximal contractions, so-called type II. Both sections contain and discuss some illustrative 
examples. 

2. Results and Discussion on Optimal Fuzzy Best Proximity Coincidence Points in 
Non-Archimedean Fuzzy Metric Spaces for Cyclic Fuzzy Order Preserving Proximal 
 -Contractions of Type I 

This section is devoted to give a framework related to the existence of best proximity 
coincidence points in partially ordered non- Archimedean fuzzy metric spaces for cyclic fuzzy order 
preserving proximal  -contractions of type I. A set of necessary definitions are given to set and 
prove the results and a set of “ad hoc” discussed examples is also given. 

Definition 5. Let A be a non-empty subset of a non-Archimedean fuzzy metric space  ,M,X . A 
self-mapping f on A is said to be: 

(1) a fuzzy isometry if    t,y,xMt,yf,xfM   for all Ay,x   and Rt ; 
(2) fuzzy non-contractive if for any Ay,x   and Rt , we have    t,y,xMt,yf,xfM  . 

Definition 6. Let  ,X  be a preordered set and let XXi   be non-empty sets; pi . A  2p -cyclic 
mapping  pi ipi i XXT  :  is said to be non-decreasing, or order preserving with respect to a preorder 

relation   on   pi i tX 0 , if: 

(a) the binary preorder relation   on  pi iX  is a partial order relation on each set  tX i0 ; pi ; 

(b) for any y,x in iX  and any pi  if yx  then TyTx . 

Remark 1. Note that Definition 6 could be restated under stronger conditions with the binary preorder  
relation   holding on  pi iX  while being a partial order relation on each set iX ; pi . Note that 

 tAX ii  ; pi  and     pij jipi i tXXX   0 . In this context, Definition 6 can be applied to the 

partially order preserving non-Archimedean fuzzy metric space  ,,M,X   (i.e.,  ,X  is a partially 
order preserving set and  ,M,X  is a non-Archimedean fuzzy metric space, [38]) to a p -cyclic mapping 

 pi ipi i XXT  : where XXi  are non-empty sets; pi . 

The concepts of order preserving, order reversing and monotone mappings BAT :  have 
been discussed in [11], where related results have been obtained. An “ad hoc” adaptation of the 
concept of order preserving for cyclic mappings is proposed in the subsequent definitions: 

Definition 7. A  2p -cyclic mapping  pi ipi i XXT  : is said to be a (strong) p -cyclic fuzzy ordered 

proximal -contraction of type I if for any   ii Xy,x,tXv,u  0  and any given pi , the following 
condition holds: 

   
   

    t,y,xMt,v,uM

t,X,XMt,yT,vM

t,X,XMt,xT,uM

yx

ii

ii 
















1

1


,  

 where for all Rt . 

If the above conditions hold for any  tXy,x,v,u i0  and any given pi  
then  pi ipi i XXT  : is said to be a weak p -cyclic fuzzy ordered proximal -contraction of type 

I. 
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Definition 8. A  2p -cyclic mapping  pi ipi i XXT  :  is said to be a (strong) p -cyclic fuzzy 

ordered proximal  -contraction of type II if for some  10 , , any   ii Xy,x,tXv,u  0  and any given 
pi , the following condition holds: 

   
   

    t,y,xMt,v,uM

t,X,XMt,yT,vM

t,X,XMt,xT,uM

yx

ii

ii
1

1

1




 










 


,  

where    for all Rt . 

If the above conditions hold for any  tXy,x,v,u i0  and any given pi  
then  pi ipi i XXT  : is said to be a weak p -cyclic fuzzy ordered proximal -contraction of type 

II. 

Definition 9. A  2p -cyclic mapping  pi ipi i XXT  :  is said to be (strong) p -cyclic proximal 

fuzzy order preserving if for any   ii Xz,y,x,tXv,u   and any given pi  then Tzz  and the 
following condition holds: 

   
   

vu

t,X,XMt,yT,vM

t,X,XMt,xT,uM

yx

ii

ii 



















1

1 ; pi   

If the above conditions hold for any  tXz,y,x,v,u i0  and any given pi  
then  pi ipi i XXT  :  is said to be a weak p -cyclic proximal fuzzy order preserving mapping. 

Definition 10 [20]. A point z  in an abstract non-empty set X  is said to be an optimal fuzzy best proximity 
coincidence point of the pair of mappings  T,g , where AAg :  is a self-mapping and BAT :  is, in 
general, a non-self mapping, A  and B  are non-empty subsets of X  if    t,B,AMt,Tz,zgM  . 

Remark 2. 

(1) Note that Definition 10 is applicable to the case when the mapping  pi ipi i XXT  :
 is 

p -cyclic (so that   1 ii XXT ; pi ) and ipj jipj j XXgXXg    ::
; pi ; 

(2) Strong proximal contractions might be simply referred to as proximal contractions when no confusion 
is expected. Note from Definitions 8–10 that proximal contractions of types I and II are also weak proximal 
contractions of types I and II, respectively. 

A quadruple  ,,M,X   is called a partially ordered non-Archimedean fuzzy metric space if 
 ,X  is a partially ordered set and  ,M,X  is a non-Archimedean fuzzy metric space. The 
following main result of this section holds: 

Theorem 1. Let  ,,M,X   be a complete partially ordered non-Archimedean fuzzy metric space and let 
XXi  be non-empty sets; pi  with  being a partial order defined on   pi i tX 0 . Let a  2p -cyclic 

mapping  pi ipi i XXT  :  be continuous and weak p -cyclic fuzzy order preserving (with respect to ) 

proximal -contraction of type I and let  pi ipi i XXg  :  be surjective, fuzzy non-contractive and 

inverse monotone mapping such that, for any  tXy,x pi i  0 , xg  and yg  are comparable with respect to 

  only if y,x  are comparable. Suppose also that each pair of elements of  tXpi i  0  has a lower bound and 

an upper bound and that for any 0t ,  tX i0  is non-empty,     tXtXT i,i 100   and 



Mathematics 2017, 5, 22  6 of 23 

 

    tXgtX ii 00  ; pi . If for each given  tXx ii 00   for each pi , there exists some element ix1  in 

 tX i0  such that: 

   t,X,XMt,Tx,xgM iiii 101   with ii xx 10   (1) 

then there exists a unique element  tXclx i
*
i 0  for each pi  that is an optimal fuzzy best 

proximity coincidence point of the pair  T,g  in iX  such that *
i

*
i Txx 1 ; pi , and then: 

   t,X,XMt,x,xgM ii
*
i

*
i 11   ; pi  (2) 

Furthermore, each of the subsequences      tXzz inin 0  for each pi  for Zn , with 
 tXzz ii 000  , being defined by any given first element  tXz pi i  00  so that the proximal 

constraint: 

   t,X,XMt,Tz,zgM jjnn 11    (3) 

holds for any given  0Zn , pj , is a Cauchy sequence that is convergent to the optimal fuzzy 

best proximity coincidence point  tXclx i
*
i 0  (the closure of  tX i0 ) of the pair  T,g  in iX  

provided that the two subsequent conditions hold: 

(1) kjk,j nnn  11 , with 21 1   k,jkj nn , for 21  pi,...,i,ij , and 

112 1   k,pik,pi nnn , with 2211   k,pik,pi nn ; pj,i  ,  0Zk ; 

(2) the chosen arbitrary pi  is such that the initial points      tXtXz,z ii 0010   and that the sets 
of positive integers  1 k,jjk nn  for pj and  0Zk have p  positive upper-bounding 

integers 1 k,jkjj nnn ;  0Zk , pj  with 101  ,in and 10 in . 

Proof. Denote the restricted mappings 1:   ipj jipj j XXXXT   and 

ipj jipj j XXXXg   :  ; pi  of the functions  pi ipi i XXT  :  and 

 pi ipi i XXg  : , respectively, by 1:  iii XXT and iii XXg : ; pi . Let 

ixz 00  arbitrary in  tX i0  for the given pi  and some  tXxz ii 011   for any given arbitrary 

pi  be such that 10 zz   and    t,X,XMt,Tz,zgM ii 101  . Since     tXtXTTz i,i 1001   

and     tXgtX i,i 100  ,  tXz i02   exists such that    t,X,XMt,Tz,zgM ii 112  . Since 

 pi ipi i XXT  : is weak p -cyclic proximal fuzzy order preserving and 10 zz   then 21 gzgz   

and, since  pi ipi i XXg  : is surjective and     tXgtX i,i 100   then it follows that 21 zz  . 

Assume that this is not the case and proceed by contradiction. Since 1zg  and 2zg  are comparable, 
which holds, by hypothesis, only if 1z  and 2z  are comparable, then 21 zz   since 21 zz  is 
assumed false. However, then 21 gzgz  , which contradicts 21 gzgz  . Then, 21 zz   and, as a result, 

210 zzz  . Proceeding in the same way, we can build a sequence  nz  with  tXz in 0  
for   001 inn  Z , where   11 00   ii nn Z , such that    t,X,XMt,Tz,zgM iinn 11   ; 

1nn zz  ;   0inn  Z . Then, take  tXTzz i,nn ii 101 00    such that 21 00  ii nn zz   since 

 pi ipi i XXT  :  is a weak p -cyclic proximal fuzzy order preserving,  tXz ini 00  and 

 tXTzz i,nn ii 101 00   . As a result, nn zz 1 ;   10   inn Z . Again, for such a  tXz i,ni 1010   , 

there is some  tXz i,ni 1010    such that 21 00  ii nn zz   and for   10011   i,i nn Z . Then, the 

elements of nz  from 0n  to 20  inn  are ordered, with the order preserved with respect to the 
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preorder relation   and  tXz in 0 and  tXz i,mni 100   for 21,m  . By keeping 0k , we 

proceed in the same way by running j  from i  to 2 pi  and prove that the finite subsequence 
of  nz  from 0n  to 202   ,pinn  is also totally ordered with respect to   since 

001 1 j,j nnn   for 21  pi,...,i,ij ; pj  for the given pi . Now, the same reasoning 

is used for 1 pij and for 1k  and 1102 1 ,pi,pi nnn    to conclude that the elements 

of  nz  from 0n  to 201   ,pinn  are ordered with respect to the relation  . Proceeding 

recursively for each 21  pi,...,i,ij  and each integer Zk , it is proved that,  tXz jn 0  

for jkk,j nnn  11  for 21  pi,...,i,ij ;  0Zk  and     tXtXz pi,in 100   for 

112 1   k,pik,pi nnn ;  0Zk  and that the sequence  nz  is totally ordered with respect to 

 . Define the strictly ordered set of positive integers  k,j
* nN 1 ; 11  pi,...,i,ij ,  0Zk  

with k,jkj nn 1 and 11  k,k,p nn ; pj ,  0Zk . Since  pi ipi i XXT  : is a 

weak p -cyclic proximal fuzzy order preserving (with respect to ) proximal -contraction of type I 

and  pi ipi i XXg  : is fuzzy non-contractive, one has for  nn zz  since    1010: ,,   is 

in the set : 

            1 1 1 1 1, , , , , , , ,n n n n n n n n n nt M z z t M gz gz t M z z t t M z z t             (4) 

  and1f *Nn,ni  : 

            t,z,zMtt,z,zMt,zg,zgMt,z,zMt nnnnnnnnnn 11111     (5) 

    *Nn,nif  21 . Note that if 1nz  and nz  are in  tX j0  then nz  and 1nz  are in  tX j0 , for 

pj some , if   *Nn,n 1 and in  tX j, 10       *Nn,n  21  since, by hypothesis, 

kjk,j nnn  11 , with 21 1   k,jkj nn , for 21  pi,...,i,ij  

and 112 1   k,pik,pi nnn , with 2211   k,pik,pi nn ; pj,i  . As a result, there is a 

subsequence  jkm  of non-negative integer numbers that depends on the initial  tXz i00  , such 

that 1jkjk mm z,z  and 1jkmz  are in    nj ztX 0  for all  0Zk  and each pj . 

Also, for the subsequence    nm zz
jk

  for 210 ,, ;  0Zk  and any given pj  , 

  t
njm   and 210 ,,  are strictly increasing sequences with  0Zn  for each given pj  , so 

that  njm  as n  for 210 ,, , and convergent to a limit  tj in  10 ,  for each Rt  

and pj  since    1010: ,,   is continuous and non-decreasing and Equations (4) and (5) hold 
with: 

      ttt
n,jn,jnj mmm   

 111   ;  0Zn  (6) 

     tlimtlimt
njnj m

n
m

n
j  





 1 ;  0Zn  (7) 

For each pj . Assume that there is R0t  such that  01 tj  for some pj . Then, the 

subsequent contradiction follows: 

        0000 tttlimt jjm
n

j nj
  


  (8) 

for each pj . Thus,   1tj  for all Rt  and all pj  . It is now proven that the subsequences 

   tXz jmjn 0  are Cauchy sequences in  tX j0  for each given pj  . Suppose that there is a 
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sequence  
jnm

z  that is not Cauchy for some pj  . Then, there exists  10 ,  and  R0t  such 

that for all  0Zk , there are    0Zkjnjn nm,n
kk

 such that   10t,z,zM
kjnkjn mn ; for some 

pj  . Assume that 
kjn

m  is the least integer exceeding 
kjn

n  and satisfying the above inequality so 

that: 

  


101 t,z,zM
kjnkn,j nm  (9) 

Then, one obtains for all  0Zk : 

 01 t,z,zM
kjnkjn mn  

   00 11 t,z,zMt,z,zM
kjnkn,jkn,jkjn nmmm 

  

    


101
t

kn,jm
 

(10) 

and, since     1001



ttlim j

k kn,jm
  for all pj     1010: 2 ,,   is a continuous t -norm and 

0 , one gets by taking the limits in Equation (10) as k  the following contradiction: 

    1111  (11) 

As a result,  
jnm

z  is a Cauchy sequence for all pj  . Since  ,,M,X   is complete, there 

exists  tXclx j
*
j 0  such that   *

jm xz
jn

 ; pj  since njm  as n  and 

  1


t,x,zMlim *
jm

n jn
; pj ,  Rt . Since  pi ipi i XXT  :  is continuous, this also implies 

that: 

    t,zg,zTMlimt,xTT,xgM
n,jjn mm

n

*
j

*
j 1

  

   t,zT,xgMlimt,zg,xTMlim
njn,j m

*
j

n
m

*
j

n 


1
 

 t,X,XM jj 1  

(12) 

so that  tclXx j
*
j 0  is the common best proximity point of the pair  T,g  in  tX j0  for each 

pj  . It is now proven that  tclXx j
*
j 0  is unique for each pj . This is equivalent to proving 

that, for any fixed element  tXx,x j000  , the subsequence    tXx jm jn 0  of 

    pj j tXx
jn  0  converges to the same *

jx ; pj . Since  pi ipi i XXT  :  is a weak 

p-cyclic fuzzy order preserving proximal  -contraction of type I and  pi ipi i XXg  :  is 

fuzzy non-contractive, one gets the subsequent contradiction under the assumption that *
j

*
j xx   

for some pj   such that, if 00 xx   and *
jx  and *

jx  are comparable, the convergent 

subsequences       *
jnjm xxtXx

jn
 







0 ,        *j*
jnjm xxxtXx

jn
 







0 , such that the 

sequences of nonnegative integers  jnm  and  jnm  with jnjn m,m  as n ; pj , 

defined by: 

     t,X,XMt,Tx,xgMt,xT,xgM jjmmmm jnjnjnjn 1111   ;  0Zn   

satisfy the set of inequalities: 

   t,xg,xgMt,x,xM *
j

*
j

*
j

*
j   (13) 
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     t,xT,xgMt,xT,xTMt,xT,xgM *
j

*
j

*
j

*
j

*
j

*
j   

  t,xT,xTM *
j

*
j 11  

 t,xT,xTM *
j

*
j1  

 t,xT,xTM *
j

*
j  

  t,x,xM *
j

*
j  

 t,x,xM *
j

*
j  

so that *
j

*
j xx  ; pj . Now, assume that the corresponding elements of the sequences  nx  and 

 nx , with distinct initial values 0x  and 0x , are not all pair-wise comparable. By the hypothesis of 

the mapping T being a fuzzy order preserving proximal  -contraction of type I and the 
hypothesis of the mapping gbeing inverse monotone, both sequences are lower-bounded and 

upper-bounded by sequences  nu  and  nu , with the corresponding subsequences  
jnm

u  and 

 
jnmu , respectively, in any of the sets  tX j0 ,

 which are constructed from: 

     t,X,XMt,uT,ugMt,Tu,ugM jjmmmm jnjnjnjn 111   ; pj   

provided that       00 11 ZZ jnjnjnjnjnjn mm,m,mm,m ; pj  and have order 

comparison properties of the form jnjnjn mmm uxu   and jnjn mjnmm uxu  ;  0Zn , pj  

since the sequences  
jnmx  and  

jnmx ; pj , are totally ordered, and also both 

lower-bounded and upper-bounded by the pair-wise comparable sequences  
jnmu  and  

jnmu , 

respectively, since they are convergent. Then, *
jm

n
m

n
m

n
m

n
xxlimxlimulimulim

jnjnjnjn



; 

pj . 

It is now proved that *
j

*
j Txx 1 ; pj . Since  tXTx,x j,

*
j

*
j 101   , then: 

        
1,

* * * * *
1 1 1 1 2ˆ, , lim , , , , , ,

j nj j m j j j j jn
M gx T Tx t M Tz gx t M Tx gx t M X X t

     
    (14) 

where    tXẑ j,m n,j 101 
  is a Cauchy sequence of initial value *

jTx  that is convergent to some 

 tclXz j,
*
j 101  

,
 while another subsequence in  tX j0  of a sequence with initial consecutive values 

iXx 0 ,  tXx i01   converges to  tXzx j,
*
j

*
j 1011   . However, since  tXx j

*
j 0  is unique 

and  tXTx j,
*
j 10   for all pj  , then: 

     t,xg,zTMt,xg,xTMt,X,XM *
j

*
j

*
j

*
jjj 111121   ; pj  (15) 

since *
jz 1  is a unique limit of Cauchy sequences in  tX j, 10   then *

j
*
j Txz 1 ; pj . So the 

unique limit of all Cauchy subsequences in  tX j, 10   is *
j

*
j

*
j Txzx   11 ; pj . □ 

Remark 3. Theorem 1 guarantees the existence of Cauchy sequences that are constructed from the proximal 
constraints and their convergence to unique optimal fuzzy best proximity coincidence points of the pair  T,g  
in iX , which are located at  tXcl i0 ; pi   provided that the proximal constraints run at least for two 
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consecutive iterations at each  tX i0  before each iteration to the next adjacent subset  tX i, 10   (see 

conditions 1–2). In the subsequent result, the constraints for running at least two consecutive proximal 
iterations at each  tX i0 ; pi   are removed. Only a proximal iteration at  tX j0  is needed for some 

given pj  at particular cycles of the p -cyclic map T . This operation guarantees the convergence of the 
corresponding subsequences in  tclX i0 ; pi  to unique optimal fuzzy best proximity coincidence points of 
the pair  T,g  at each set  tX i0 ; pi  . 

Corollary 1. Assume that the hypothesis of Theorem 1 holds except that, for any given initial point 
ipi Xz  0 , the sequences  nz  are built so that: 

(1) nn zTz 1 for any Zn  if  tXz in 0  for any   pji   and some fixed pj  (i.e., the proximal 

subsequence from each subset jX  of X  to each next adjacent subset is only computed eventually at the 

subset  tX j0 ,
 while at the remaining subsets only the cyclic self-mapping T  is involved); 

(2) the proximal constraint Equation (3), subject to its subsequent constraints, is replaced at the subset jX  of 

X  by the subsequent one: 

   ,

,

1

1 1, , , ,j k m j

j k m jkj

n n jk
n n j jM gz T z t M X X t



 

  ;    0Z
*kk , pi  (16) 

for some given pj  and some subsequence      tXzz jnn jk 0 , for Zn  with iXz 0  for some 

p̂i  satisfying  
jk

kjmk,j

jmk,j n
jknn

n zTz



  with  tXz,z jknkn *

j
*

j
01




, for some set of bounded 

positive integers  km j ;    0Z
*kk  for the given pj and some sequence of positive integers  kjn  

being strictly increasing with    0Z
*kk  (i.e., the proximal subsequence at the subset  tX j0  is not 

necessary computed at each k -th cycle on the whole cyclic disposal of the p  subsets   XXtX ii 0  for all 

pi  since  km j  can exceed the value p  for some values    0Z
*kk . 

Then, there exists a unique element  tclXx i
*
i 0  for each pi , which is an optimal fuzzy best 

proximity coincidence point of the pair  T,g  in iX , such that *
i

*
i Txx 1 ; pi , and then 

   t,X,XMt,x,xgM ii
*
i

*
i 11   ; pi . Furthermore, each of the subsequences 

     tXzz inin 0  for pi  being defined by any given first element  tXz pi i  00 , so that the 

proximal constraint    t,X,XMt,Tz,zgM jjnn 11   ;  0Zn , is a Cauchy sequence which is 

convergent to the optimal fuzzy best proximity coincidence point  tXclx i
*
i 0  of the pair  T,g  

in iX . 

Sketch of Proof. Note that the proximal constraint (16) may be rewritten as: 

     t,X,XMt,zT,zgM jjnn kjmk,jkjmk,j 11  







  

by defining  
 

jk

kjmk,j

kjmk,j n
jknn

n zTz



 . Thus, we can define a strictly increasing sequence of 

nonnegative integers  n  satisfying: 

00  *kj
n ,…,   0 njkjn kmn

n
   

such that the nonnegative integers    11   njnnnj kmkkkm  for all Zn  and 

  00 km j ,  00 Z*kk ,  01 Zkjn  with 01 kjn  such that  tXz jn kj 00
 . Then, the 
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subsequence    tXz jn 0  and satisfies the proximal condition (16). Then, according to Theorem 

1, such a subsequence is Cauchy and convergent to a unique  tXclx j
*
j 0

,
 which is a unique 

optimal fuzzy best proximity coincidence points of the pair  T,g  in jX . Since this sequence is 

convergent, all subsequences   *
kj

k xzT
n  ; 11  pi,...,i,ij  and *

kjx   is the unique limit 

point and also the unique optimal fuzzy best proximity coincidence point of the pair  T,g  in 

kiX  . 

Theorem 1 and Corollary 1 also hold if  pi ipi i XXT  : is a p -cyclic fuzzy order 

preserving (strong) proximal  -contraction of type I such that the convergence of the constructed 
subsequences in each iX  for pi  converge asymptotically to be proximal subsequences 
converging to a unique optimal fuzzy best proximity coincidence point of  T,g  in each iX  so that 

   t,X,XMt,z,zM iinn 11    as n . In particular, Equation (1) is replaced with Equation (17) 
below. A related result is as follows: 

Corollary 2. Theorem 1 and Corollary 1 also hold “mutatis–mutandis” if  pi ipi i XXT  :  is a 

continuous p -cyclic fuzzy order preserving (with respect to   defined on  pi iX ) proximal 

 -contraction of type I provided that for each given for each pi  and some existing element ix1  in iX : 

   t,X,XMt,Tx,xgM iiii 101   with ii xx 10   (17) 

Sketch of Proof. Now take some arbitrary ixz 00  in iX and any arbitrary given pi  and some 

ii Xxz  11  for any given arbitrary pi  such that (17) holds (note that equality in Equation (17) 

holds if and only if  tXx,x iii 010  ). Since  pi ipi i XXT  :  is a p -cyclic fuzzy order 

preserving proximal  -contraction of type I and  pi ipi i XXg  :  is fuzzy non-contractive, 

one has for any built subsequence   iXnn zz   of the whole iteration, since    1010: ,,   is 

in the set  , and following Equations (4), (5) and (17): 

          1 1 1 1 1, , , , , , , , , ,i i n n n n n n n nM X X t M z z t M gz gz t M z z t M z z t          (18) 

if   *Nn,n 1 , and: 

        t,z,zMt,z,zMt,zT,TzMt,z,zM nnnnnnnn 11121     (19) 

if     *Nn,n  21 . One can conclude from the steps of the proof of Theorem 1 and from the sketch 
of the proof of Corollary 1 that    t,X,XMt,z,zM iinn 11    as n  so that the subsequence 

nz  converges to a best proximity point in   tXcl i0 , which is a unique optimal fuzzy best 

proximity coincidence point of  T,g  in iX . 

Example 1. Let 2
0 RX  be defined by 21 XXX  , where    01 :10 Rxx,X  and 

   02 :01 Rx,xX . Note that  21 XX . Consider the complete ordered fuzzy metric space 

 ,,M,X   under  
 y,xdt

t
t,y,xM


 ; Xy,x  ,  Rt  and  

121 

t

t
t,X,XM , where 

  2211 yxyxy,xd   for any     Xy,yy,x,xx  2121 , and “ ” is a coordinate-wise ordering for 
all iXw,z,y,x   for 21,i   defined by: 

(a)    w,zy,x   if and only if zx  ; and 
(b)    y,xTy,x   for any   Xy,x  , i.e., if   iXy,x  ,   jXy,xT   for   21,ij,i  . 
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The proximal subsets are     1001 ,tX  ,     0102 ,tX  . 
Define the continuous 2 —cyclic mapping    011 ,xXT   and    x,XT   102  for 

some given real constant  10 , . Note that     tXtXT 0201   and     tXtXT 0102  ; 

 0R . If 0  then        0102010 ,tXtXT   and        1001020 ,tXtXT  . 
Define XXg :  as    x,x,g 00    and    0101 ,x,xg    for any given 

 0Rx and some given real 1 . Note that     tXtXg 0101  ,     tXtXg 0202   and that 

XXg :  is surjective and inverse monotone. 

Now, we build a sequence   21 XXxn   by taking an initial point   100 0 Xy,x   for 
some real 110  xy  for some given fixed real  0Rx . Now, 

      011010 000 ,y,xy,TxT    for some given real  10 , . Take   tt  . Next, 
take some R1y  such that    tXy,x 0111 0   and 01 xx   (i.e., 01 yy  ), 

   111 0 y,xxg    for some given real   ,1 . In general, 10 Xx  , 20 XTx  ,   1Xxn  , 

  2XxT n  , with   011 ,yxT nn   , so that nn xx 1  for Zn  and: 

      t,y,T,y,Mt,xT,xgM nnnn 00 11      

     t,,y,y,M nn 0110 1     

  111 


 nn yyt

t


 

 

Note that if 2  and  10 ,  then    210 /,/   and  ny  is strictly decreasing 
and   1ny . Thus, for all Zn , one has    t,xT,xgMt,xT,xgM nnnn 11    ,

 which 

converges to  
121 


t

t
t,X,XM  as n ,  Rt , and: 

 t,x,xM nn 12   

 t,xg,xgM nn 12    

    t,y,,y,M nn 12 00    















 12 nn yyt

t


 

     t,y,,y,M nn 00 1  

21

1

/

nn yyt

t















 















 nn yyt

t

1
 

 

 0Zn ,  Rt , the last inequality being strict if nn yy 1 , with   00   while   11   if and 
only if nn yy 1 . Note that the sequence   t,x,xM nn 1  is strictly increasing for all Rt  and 

  112  t,x,xM nn  as n ,  Rt  so that   01  nn yy , nn xx 1 ,  0Zn , and: 

      1001 ,tXxn  ,       0102 ,tXxT n    

Note that this example extends the validity of Corollary 1—via Corollary 2—to the construction 
of sequences in the whole 1X  (instead of on just the proximal subset   101 XtX  ), which converge 
to the unique proximal point limit    tX, 0110   to 2X . 
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Example 2. If, in Example 1, we take the initial points either in the proximal set    1001 ,tX   or in the 
proximal set    0102 ,tX  , i.e.,     01100 ,,x  , then, according to Corollary 1,    0110 ,,T   and 

   1001 ,,T   since    011 ,xXT    and    x,XT   102  for 0x . 

Example 3. Note that, in Example 1, we have taken the initial conditions in 1X  and the proximal sequences to 

2X  are always constructed within 1X  and converge to the unique best proximity point of the proximal set 
    101 10 X,tX   to 2X  so that the best proximity point in 2X  is focused as a limit point via the cyclic 

mapping since        20201 01 X,tXtXT  . In Example 2, the points of the proximal built sequences are 
taken directly on both proximal sets. Now, we can construct converging proximal sequences with elements in 
both 1X  and 2X  that converge to the unique optimal fuzzy best proximity coincidence points of the pair 
 T,g  in both corresponding proximal sets. Take a point   20 01 X,xx   . We now proceed by 
constructing a sequence with two consecutive elements in 2X , then the next one is in 1X  and again two 
consecutive proximal elements to 2X  in 1X  and so on so that the cyclic mapping T  is also relevant to 
alternate elements with two or more elements of the sequences of interest in both subsets in the cyclic disposal. 
Thus, for instance, the sequence: 

  








 









 









 









 



  3

5

2

432 1010100101














x

,,
x

,,
x

,,,
x

,,x  
















 









 









 
,...,,

x
,,

x
,,

x
, 010101

5

8

4

7

3

6











  

 

consists of two subsequences that converge to the best proximity points  01 ,  and  10 ,  for any given 

 0Rx , which are the unique optimal fuzzy best proximity coincidence points of  T,g . 

3. Results and Discussion of Optimal Fuzzy Best Proximity Coincidence Points in Partially 
Ordered Non-Archimedean Fuzzy Metric Spaces for Cyclic Fuzzy Order Proximal 
 -Contractions of Type II 

This section is devoted to a framework related to the existence of best proximity coincidence 
points in partially ordered non-Archimedean fuzzy metric spaces for cyclic fuzzy order preserving 
proximal  -contractions of type II. Three definitions are given; we then state and prove the results 
and two examples are also given. 

The following definitions are used in the main results of this section: 

Definition 11 [8]. A sequence  nt  of positive real numbers is said to be s -increasing if there exists 

 00 Zn  such that 11  nn tt  for all 0nn  . 

Definition 12 [7,8]. A fuzzy metric space  ,M,X  is said to have the property T  if for any s -increasing 
sequence  nt and any given real constant  10 , , there exists    000 Znn  such that 

  



 1

0
n

nn
t,y,xM  for all 0nn   and all Xy,x  . 

An alternative definition under weaker conditions follows:  

Definition 13. A fuzzy metric space  ,M,X  is said to have the property 0T  if for any s -increasing 
sequence  nt  and any given real constant  10 , , there exist some    000 Znn  and some  ZN  
such that: 

  



 1

10

0
n

Nn

nn
t,y,xM  for all 0n n ; Xy,x   
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The following result relates the properties 0T  and T  if   1


t,y,xMlim
t

; Xy,x  . 

Lemma 1. Let  ,M,X  be a fuzzy metric space endowed with the product t -norm    1010: 2 ,,   
such that its associate fuzzy metric fulfils   1


t,y,xMlim

t
; Xy,x  . Then, the fuzzy metric space 

 ,M,X , endowed with a t -norm    1010: 2 ,,   has the properties 0T  and T  for any t -norm 

   1010: 2 ,,  . 

Proof. If   1


t,y,xMlim
t

 for any s -increasing sequence nt , one has: 

     
,

lim , , lim , , lim , , 1n n n m
n n n m
M x y t M x y t M x y t   

   ; Xy,x  ,  0Z   

and for any given real constant  101 , , there exists    0100 Z,nn   such 
that   11 nt,y,xM  for any Xy,x   and 01nn   since  .,y,xM  is a non-decreasing function 
on  ,0 . Also, for any given real constants  10 ,  and  11 0  , , and some integer  ZN , 

where     11
11 11  N/N,   is in  10 , , one gets for the fuzzy metric space  ,M,X : 

      



11 1

10

0

N
n

Nn

nn
t,y,xM  for some    01 Z ,NN   

and    1011 ,,   ; Xy,x   so that  ,M,X  possesses the property 0T . 

Since   1


n
n

t,y,xMlim ; Xy,x   then     1
11









m

Sn

nmS,n
m

Nn

nmn
t,y,xMlimt,y,xMlim ; 

Xy,x  . Thus, since  ,M,X  has the property 0T  then for any s -increasing sequence  nt  

and any given real constant  10 , , there exists    000 Znn  such 

that   



1

10

0
n

Nn

nn
t,y,xM  for all integer 0nn  ; Xy,x  . As a result,  ,M,X  has the 

property T  since: 

 
 m

nnm
t,y,xM






0

 

 
   


























m

Nn

NnmN
m

Nn

nnmN
t,y,xMlimt,y,xMlim

121

0

 

    111  

 

If the metric space is  ,M,X , with    1010: 2 ,,   being the triangular t -norm, then 

one gets for any arbitrary  101 ,   that     



11 1

10

0
n

Nn

nn
t,y,xM . 

Since the triangular t -norm exceeds any other t -norm, all of which are strictly larger than the 
drastic t -norm    1010: 2 ,,D  , one gets from the above results for any given  10 ,  

and  21 0  ,  with   


















n

Nn

nn
D t,y,xM,min

1
12

0

0

1 , and some integer  ZN , where 

    11
11 11  N/N,   is in  10 , , that: 

        n

Nn

nn
n

Nn

nn
n

Nn

nn
t,y,xMt,y,xMt,y,xM

111 0

0

0

0

0

0












  

     011
1

1
0

0





n

Nn

nn
D

N t,y,xM  
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and  ,M,X  has the property 0T  for any t -norm    1010: 2 ,,  . Also, 

  



 1

10

0
n

Nn

nn
t,y,xM  for all integer 0nn  ; Xy,x  , 

    







 1

110

0
m

Nn

nmN,n
n

Nn

nnN
t,y,xMlimt,y,xMlim ; Xy,x   for any t -norm 

   1010: 2 ,,   so that  ,M,X  has also the property T . 
Lemma 1 concludes that property T  is less restrictive than property 0T  and holds under a 

standard property in probabilistic spaces   1


t,y,xMlim
t

; Xy,x  . The subsequent result is 

close to Theorem 1 for the case when  pi ipi i XXT  : is a weak p -cyclic fuzzy order 

preserving proximal  -contraction of type II. The main result of this section follows below: 

Theorem 2. Let  ,,M,X   be a complete partially ordered non-Archimedean fuzzy metric space 
satisfying the property T  and let XXi   be non-empty sets; pi  with being a partial order defined 
on   pi i tX 0 . Let a  2p -cyclic mapping  pi ipi i XXT  :  be continuous and weak p -cyclic 

fuzzy order preserving (with respect to  ) proximal  -contraction of type II and let  pi ipi i XXg  :  

be surjective, fuzzy non-contractive and inverse monotone mapping such that, for any  tXy,x pi i  0 , xg  

and yg  are comparable with respect to   only if y,x are comparable. Suppose also that each pair of elements 
of  tXpi i  0  has a lower bound and an upper bound, and that for any 0t ,  tX i0  is non-empty, 

    tXtXT i,i 100   and     tXgtX ii 00  ; pi . If for each given  tXx ii 00   for each pi , there 

exist some element ix1  in  tXcl i0  such that: 

   t,X,XMt,Tx,xgM iiii 101   with ii xx 10   (20) 

Then, there exists a unique element  tXclx i
*
i 0  for each pi , which is an optimal fuzzy 

best proximity coincidence point of the pair  T,g  in iX  such that *
i

*
i Txx 1 ; pi , and 

then    t,X,XMt,x,xgM ii
*
i

*
i 11   ; pi . Furthermore, each of the subsequences    tXz iin 0  

for each pi  being defined by any given first element  tXz pi i  00  so that the proximal 

constraint: 

   t,X,XMt,Tz,zgM jjnn 11    (21) 

holds for any given  0Zn , pj , is a Cauchy sequence which is convergent to the optimal fuzzy 

best proximity coincidence point  tXx i
*
i 0  of the pair  T,g  in iX  provided that the two 

subsequent conditions hold: 

(1) kjk,j nnn  11 , with 21 1   k,jkj nn , for 21  pi,...,i,ij , and 

112 1   k,pik,pi nnn , with 2211   k,pik,pi nn ; pj,i  ,  0Zk ; 

(2) the chosen arbitrary pi  is such that the initial point  tXz i00   and that the sets of positive 
integers  1 k,jjk nn  for pj  and  0Zk  have p  positive upper-bounding integers 

1 k,jkjj nnn ;  0Zk , pj  with 101  ,in  and 10 in . 

Proof. Denote the restricted mappings 1:   ipj jipj j XXXXT   and 

ipj jipj j XXXXg   : ; pi  of the functions  pi ipi i XXT  :  and 

 pi ipi i XXg  : , respectively, by 1:  iii XXT  and iii XXg : ; pi . Let 
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ixz 00  arbitrary in  tX i0  and some ii Xxz 011   for any given arbitrary pi  be such that 

10 zz   and    t,X,XMt,Tz,zgM ii 101  . Since     tXtXTTz i,i 1001   and 

    tXgtX i,i 100  , one gets that  tXz i02   exists such that    t,X,XMt,Tz,zgM ii 112  . Since 

 pi ipi i XXT  :  is a weak p -cyclic fuzzy order preserving proximal mapping and 10 zz   then 

21 gzgz   and, since  pi ipi i XXg  :  is surjective and     tXgtX i,i 100   then it follows that 

21 zz  . Assume that this is not the case and proceed by contradiction. Since 1zg  and 2zg  are 
comparable which holds, by hypothesis, only if 1z  and 2z  are comparable then 21 zz   since 

21 zz   is assumed false. However, 21 gzgz   contradicts 21 gzgz  . Then, 21 zz   and, as a result, 

210 zzz  . Proceeding in the same way, we can build a sequence  nz  with  tXz in 0  for 
  000 inn  Z , where   11 00   ii nn Z , such that    t,X,XMt,Tz,zgM iinn 11   ; 

nn zz 1 ;   0inn  Z . Then, take  tXTzz i,nn ii 101 00    such that 21 00  ii nn zz   since 

 pi ipi i XXT  :  is a weak p -cyclic fuzzy order preserving proximal mapping,  tXz ini 00   

and  tXTzz i,nn ii 101 00   . As a result, nn zz 1 ;   10   inn Z . Again, for such a 

 tXz i,ni 1010   , there is some  tXz i,ni 1010    such that 21 00  ii nn zz   and for 

  10011   i,i nn Z . Then, the elements of  nz  from 0n  to 20  inn  are ordered, with 

order preserving, with respect to the preorder relation   and  tXz in 0  and  tXz i,mni 100    

for 21,m  . By keeping 0k , we proceed in the same way by running j  from i  to 2 pi  and 
prove that the finite subsequence of  nz  from 0n  to 202   ,pinn  is also ordered with 

respect to   since 001 1 j,j nnn   for 21  pi,...,i,ij ; pj  for the given pi . Now, 

the same reasoning is used for 1 pij and for 1k  and 1102 1 ,pi,pi nnn    to conclude 

that the elements of  nz  from 0n  to 201   ,pinn  are ordered with respect to the relation  . 

Proceeding recursively for each 21  pi,...,i,ij  and each integer Zk , it is proved that, 
 tXz jn 0  for jkk,j nnn  11 for 21  pi,...,i,ij ;  0Zk  and     tXtXz pi,in 100   

for 112 1   k,pik,pi nnn ;  0Zk  and that the sequence  nz  is ordered with respect to  . 

Define the strictly ordered set of positive integers  k,j
* nN 1 ; 11  pi,...,i,ij ,  0Zk  with 

k,jkj nn 1  and 11  k,k,p nn ; pj ,  0Zk . Since  pi ipi i XXT  :  is a weak p -cyclic 

fuzzy order preserving (with respect to  ) proximal  -contraction of type II and 

 pi ipi i XXg  : is fuzzy non-contractive, one has for  nn zz   and some real constant 

 10 , , since    1010: ,,   belongs to the set  : 

   t,zg,zgMt,z,zM nnnn 11    

    t,z,zMt,z,zM nnnn
1

1
1

1





    

 t,z,zM.... n 10  

(22) 

if   *Nn,n 1 ,  Rt , and: 

   t,zT,TzMt,z,zM nnnn 121    

    t,z,zMt,z,zM nnnn
1

1
1

1





    

 t,z,zM.... n 10  

(23) 
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if     *Nn,n  21 ;  Rt . Thus, one gets for any given R , some    Z00 nn ,  Rt  

and all      Z0nn,nm  that: 

        t,z,zM....t,z,zMt,z,zMt,z,zM mmnnnnmn 111    

       t,z,zM....t,z,zMt,z,zM mnn 1
10

1
1010

    

 t,y,xM n
m

nn





 

1

0

 

 1  

(24) 

from the property T  with tt n
n

 ;  0Zn  being a  nt  s -increasing sequence for 0nn   

such that   11 10
0

   tt n
n  implies that   111

1  
 tttt n

n
n

n   for all 0nn   and 

all 
11

0






 n

*
tt  (note that 0

*
t  as 0n ). Any other s -increasing sequence  nt́  can be 

accommodated to satisfy 111 
  kk nnnn tt́t́t . Thus, 

      







 1

0000
k

k
n

nnkk
n

kk
t,y,xMt́,y,xM  by the non-Archimedean property. Then, 

 ,,M,X   satisfies the property T  since Equation (24) holds for the s -increasing sequence 

 
0nn

n t 
  and it is extendable to any other s -increasing sequence. Thus, one has from Equation 

(22) that: 

   t,zg,zgMlimt,z,zMlim
kkkk nn

k
nn

k
11 





  

  101  


t,z,zMlim kn

k
 ;  Rt  

(25) 

for a subsequence     tXz inik 0  being defined, provided that arbitrary points 

   tXz,Xzz ii 01010   for some given arbitrary pi  and such that 

  *
iikik Nn,n 1 ( **

i NN  being the set where the iteration switches from iX  to 1iX ),  Rt . 

Thus,  
ikn

z  is Cauchy and convergent to some  tXclx i
*
i 0  since  ,,M,X   is complete. For 

the given initial    tXz,tXz ii 0100  , we can always find two points 
       tXzzz,tXz jnjjjj 00100  

,
 which are initial adjacent points of a subsequence 

   nn zz
jk

  for any arbitrary   pij  . It is found that  
ikn

z  is Cauchy and convergent to some 

 tXclx j
*
j 0 . The set of p  limit best proximity points  tXclx j

*
j 0 ; pj  is unique since all the 

above subsequences are also totally ordered with lower-bounding and an upper-bounding ordered 
sequences (see Theorem 1 for similar reasoning), which converge to a unique best proximity point of 
a set jX to its adjacent set 1jX  for each pj . Then, for any constructed sequence 

   tXx pi in   0 , we have convergent subsequences to the same limit within each subset iX , which 

is a unique best proximity point so that: 

   t,xg,xgMlimt,x,xMlim
kkkk nn

k
nn

k
11 





  

    1


t,xg,xgMlimt,x,xMlim *
jn

k

*
jn

k kjk
; pj  

(26) 
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so that   *
jn xx

jk
 ; pj . It is now proven that each  tXclx j

*
j 0  is an optimal fuzzy best 

proximity coincidence points of the pair  T,g  in jX  for each pj  . One gets from the 

properties of the t -norms, Equation (26), and the continuity of  pi ipi i XXT  : : 

 t,xT,xgM *
j

*
j  

      t,xTxTMt,xTxgMt,xg,xgM *
jnnnn

*
j jkjkjkjk

  

      t,xTxgMt,xTxTMt,xg,xgM
jkjkjkjk nn

*
jnn

*
j  ; ,k  0Z  pj  

(27) 

and: 

 t,xT,xgM *
j

*
j     t,xTxTMt,xg,xgMinflim *

jnn
*
j

k
jkjk




 

 t,xTxgMinflim
jkjk nn

k 
  

   t,xTxgMinflim
jkjk nn

k 
 11  

 t,xTxgMinflim
jkjk nn

k 
  

 t,TxxgMlim *
jn

k
jk


  

 t,X,XM jj 1 ; pj  

(28) 

However, we can interchange the locations of  t,TxxgM *
jn jk and  t,xT,xgM *

j
*
j  in 

Equations (27) and (28) for obtaining corresponding sets of inequalities to conclude that: 

     t,X,XMt,xT,xgMt,xTxgMlim jj
*
j

*
jnn

k jkjk 1


  ; pj  (29) 

Thus,  tXclTxx j
*
j

*
j 01   is a unique best proximity point to 1jX  in jX  of 

 pi ipi i XXT  : and it is also an optimal fuzzy best proximity coincidence point of the 

pair  T,g  in jX . 

In the same way as Corollary 1 and under a close proof (see also Remark 3), we can get the 
subsequent Corollary to Theorem 2: 

Corollary 3. Assume that the hypothesis of Theorem 2 holds except that, for any given initial point 
 tXz ipi 00   , the sequences  nz  are built so that: 

(1) nn zTz 1 for any Zn if  tXz in 0  for any   pji   and some fixed pj  (i.e., the proximal 

subsequence from each subset jX  of X  to each next adjacent subset is only computed eventually at the 

subset  tX j0 ,
 while at the remaining subsets only the cyclic self-mapping T is involved); 

(2) the proximal constraint Equation (3), subject to its subsequent constraints, is replaced at the subset jX  of 

X  by the subsequent one: 

   ,

,

1

1 1, , , ,j k m j

j k m jkj

n n jk
n n j jM gz T z t M X X t



 

  ;    0Z
*kk , pi  (30) 
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for some given pj  and some subsequence    tXz jn jk 0 , for Zn  with iXz 0  for some satisfying 

 
jk

kjmk,j

jmk,j n
jknn

n zTz



  with  tXz,z jknkn *

j
*

j
01




, for some set of bounded positive integers 

 km j ;    0Z
*kk  for the given pj  and some sequence of positive integers  kjn  being strictly 

increasing with    0Z
*kk  (i.e., the proximal subsequence at the subset jX0  is not necessary computed 

at each k -th cycle on the whole cyclic disposal of the p  subsets   XXtX ii 0  for all pi  since  km j  

can exceed the value p  for some values    0Z
*kk ). 

Then, there exists a unique element  tXx i
*
i 0  for each pi , which is an optimal fuzzy best proximity 

coincidence point of the pair  T,g  in iX , such that *
i

*
i Txx 1 ; pi , and then 

   t,X,XMt,x,xgM ii
*
i

*
i 11   ; pi . Furthermore, each of the subsequences      tXzz inin 0  for 

pi  being defined by any given first element  tXz pi i  00 , so that the proximal 

constraint    t,X,XMt,Tz,zgM jjnn 11   ;  0Zn , is a Cauchy sequence that is convergent to the 

optimal fuzzy best proximity coincidence point  tXclx i
*
i 0  of the pair  T,g  in iX . 

Results similar to those of Theorem 2 and Corollary 3 can be obtained by replacing the 
continuity assumption on  pi ipi i XXT  :  by the condition that 1iX  is fuzzy 

approximatively compact with respect to iX ; pi , that is, each sequence   1 in XTx  such that 
    t,X,xMt,Tx,xM in 1  for some iXx  has a convergent subsequence. 

Corollary 4. Theorem 2 holds “mutatis-mutandis” if 1iX  is fuzzy and approximatively compact with 
respect to iX ; pi  even if  pi ipi i XXT  :  is not everywhere continuous. 

Proof. The hypothesis of Theorem 2 still holds except that  pi ipi i XXT  :  is not necessarily 

everywhere continuous while 1iX  is fuzzy and approximately compact with respect to iX ; 
pi  . Then, the first part of the proof of Theorem 2 is still applicable while one concludes from 

Equation (28) that   *
jn xx

j
 ,   *

jn gxxg
j
  as jn pj  so that there is a convergent 

subsequence        *
jj,nn ztXclxTxT

jjk 110    for some  tXclz j,
*
j 101    for each pj  

since: 

 t,xT,xgM *
j

*
j  t,xTxgMinflim

jkjk nn
k 

 

 t,z,xgMlim *
jn

k
jk 1


  

 t,xT,xgMlim
jkn

*
j

k 
  

 t,z,xgMlim *
j

*
j

k
1


  

 t,X,XM jj 1 ; pj  

(31) 

leads to: 

   *, , , 0n n j nj j j
M gx Tx t M gx Tx t

 
   

 
,      * *

1 1, , , , , ,
jj n j j j jM gx Tx t M gx X t M X X t   ; j p  , 

   t,X,XMt,z,xgM jj
*
j

*
j 11    

(32) 
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and *
j

*
j

*
j xzTx 11   ; pj . Assume that this is not true, i.e., *

j
*
j xz 11   for some pj , so that: 

        * * * *
1 1 1 ,

1 , , lim , , lim , , lim , ,
jk jk j jj j j n n n n j

k k n n
M z x t M z Tx t M Tx Tx t M Tx Tz t    

     (33) 

Taking limits in both sides of the above inequality as jkj n,n,k , and since 

    *
jnn xx,x

jk
  and   *

jn zxT
jk 1 , yields the contradiction   11111  , so that 

*
j

*
j

*
j xzTx 11   ; pj . Then, *

j
*
j xz 11   ; pj . 

Corollary 5. Corollary 3 holds “mutatis-mutandis” if 1iX  is fuzzy and approximately compact with respect 
to iX ; pi  even if  pi ipi i XXT  :  is not everywhere continuous. 

Theorem 2 and Corollaries 3–5 can be directly extended to a  T,g  pair where the 
 2p -cyclic mapping  pi ipi i XXT  :  is a continuous p -cyclic fuzzy order preserving 

proximal  -contraction of type II, the partial order being defined with respect to  , which is now 

defined on the whole union of subsets of the cyclic disposal  pi iX . This means that the 

constructed sequences possessing Cauchy subsequences within each subset converge to the best 
proximity points. Such points are simultaneously unique optimal fuzzy coincidence points of the 
pair  T,g  that can be constructed on the whole subset iX  but converge to the corresponding 
proximal subsets. 

Remark 4. Note from Definition 7 and from Definition 8 that if  pi ipi i XXT  : is a strong 

(respectively, weak) p -cyclic fuzzy order preserving proximal  -contraction of type II for some  10 ,  
and  .,X,XM ii 1  is non-decreasing on  ,0  then  pi ipi i XXT  : is also a strong (respectively, 

weak) p -cyclic fuzzy order preserving proximal  -contraction of type I. This becomes obvious from 

   t,X,XMt,X,XM iiii 1
1

1 


  ;  0Rt , pi , and, respectively, from 

         t,tX,tXMt,tX,tXM i,ii,i 100
1

100 


  ;  0Rt , pi . 

Example 4. Assume that  pi ipi i XXT  :  is a p -cyclic fuzzy order preserving 

proximal  -contraction with  
 y,xdt

t
t,y,xM





 ;  pi iXy,x   

(respectively,  tXy,x pi i  0 ),  Rt , for some real R  where  0: RXXd  is a metric, then, 

   
  

02 



y,xdt

y,xd

dt

t,y,xMd



 ,  pi iXy,x   (respectively,  tXy,x pi i  0 ),  Rt  with the 

above inequality being strict if and only if yx  . Thus,    t,y,xMt,y,xM 1  for any  10 ,  if 
and only if yx   for all Rt . Then,  pi ipi i XXT  :  is also a strong (respectively, weak) p -cyclic 

fuzzy order preserving proximal  -contraction of type I (see also Remark 4). 

Example 5. Consider the mappings T  and g  defined as in Examples 1–3. From Definition 8, 
Equations (22) and (23) in the proof of Theorem 2 and Example 4 with 1 , it follows that 

    1101  





t,z,zMlimt,z,zMlim n

n
nn

n
  for any sequence   21 XXzn   for 21,i   

constructed as in the proof of Theorem 2. Thus, it follows that the p  subsequences 
    inin Xzz   (or, respectively, in      tXzz inin 0  for 21,i   for the weak proximal 
contraction case) for each 21,i   converge to unique best proximity points, which are also the 
unique optimal fuzzy best proximity coincidence points of the pair  T,g  of iX  at each  tX i0 ; 

21,i  . 



Mathematics 2017, 5, 22  21 of 23 

 

Remark 5. Consider the mappings T  and g  under the conditions of Theorem 3. From Equations (22) and 
(23) in the proof of Theorem 2 and Example 4 with 1 , it follows that 

      110101  





,z,zMt,z,zMlimt,z,zMlim n

n
nn

n
 , even if the constraint 

    t,z,zMt,z,zM nnnn
1

112


    in Definition 8 holds for all  0Zn and only for some Rt , for 
any sequence    pi in Xz   constructed as in the proof of Theorem 2. Thus, it follows that the p  

subsequences  inz  of  nz  fulfilling     inin Xzz   pi iX  (or, respectively, in 

     tXzz inin 0  for the weak proximal contraction case); pi , converge to unique best proximity 
points at each iX , which are also the unique optimal fuzzy best proximity coincidence points of the pair  T,g  

at each iX ; pi . Thus, Theorem 2 can be weakened by “ad hoc weakening” the implied part of the 
inequalities in Definition 8 so as to be fulfilled only for some (and not for all) Rt . 

4. Conclusions 

This paper has dealt with some properties of interest in two types of fuzzy ordered proximal 
contractions of cyclic self-mappings T , which is integrated in a pair  T,g  of mappings that 
construct the relevant proximal sequences of interest. In particular, g  is supposed to be a 
non-contractive fuzzy self-mapping in a non-Archimedean ordered fuzzy complete metric space 
 ,,, MX , endowed with a partial order   and a triangular norm  , while T  is a p -cyclic 
proximal contraction. The fuzzy set M  on   ,XX 0  is a fuzzy metric on the 
non-Archimedean fuzzy metric space  ,M,X . Two types of such contractions (so-called type I 
and of type II) are considered. The main results obtained rely on the existence, uniqueness and limit 
properties for sequences to existing optimal fuzzy best proximity coincidence points for such pairs 
of mappings. 
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