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Abstract: The main objective of this paper is to deal with some properties of interest in two types of
fuzzy ordered proximal contractions of cyclic self-mappings T integrated in a pair (g,T ) of

mappings. In particular, g is a non-contractive fuzzy self-mapping, in the framework of
non-Archimedean ordered fuzzy complete metric spaces and 7 is a p -cyclic proximal

contraction. Two types of such contractions (so called of type I and of type II) are dealt with. In
particular, the existence, uniqueness and limit properties for sequences to optimal fuzzy best
proximity coincidence points are investigated for such pairs of mappings.

Keywords: fixed points; best proximity points; fuzzy set; fuzzy metric; optimal fuzzy best
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1. Introduction

Concepts and related results on fuzzy sets in several research disciplines are abundant in the
background literature. From a mathematical context, studies are available, for instance, in [1-18] and
the references therein, following its introduction and characterization by Zadeh [4]. Among the
research performed on the subject, effort has been devoted to the investigation of the existence and
uniqueness of fixed points, best proximity points, fuzzy fixed points, fuzzy best proximity points,
common fuzzy fixed points and optimal fuzzy coincidence points [15-28]. Also, research has been
devoted to related properties of convergence of sequences to the abovementioned relevant points.
Fixed Point Theory is also relevant to the stability properties of some iterative schemes of that of
dynamic systems [29-33], as an alternative tool to other classical techniques like Lyapunov stability.
(See, for instance, [33-37].) There are also abundant studies on all such topics in classical metric
spaces and Banach spaces, either in the fuzzy formalism or not necessarily under the fuzzy
formalism, including a lot of research on contractive and non-expansive mappings, self-mappings
and, in particular, cyclic proximal mappings. (See, for instance, [26-29,38-43] and the references
therein concerning different iterative schemes and their relations to proximal split feasibility,
variational inequalities and fixed point problems. There are also recent studies on the
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generalizations of several types of contractions in [31] with an introduction of the so-called
simulation function.

Recent work in fuzzy metric spaces and probabilistic metric spaces can be found in [22-25].
Also, the so-called simulation function is introduced and discussed in [31] related to a new special
generalized contraction that generalizes the Banach contraction and unifies several previously
known types of contractions.

There are certain real-life problems for which fixed points, best proximity points, optimal
coincidence points or optimal best proximity coincidence points do not exist, so their approximate
counterparts are looked for in order to have an approximate solution of the problem at hand. We
recall the following basic concepts:

If (X ,d ) is a metric space, 4, BC X are non-empty then:

(1) xEA4 isafixed pointof T:4— Aif d(x,Tx)=0;

(2) xEA4 isanapproximate fixed pointof T :4— 4 if d(x,Tx)= inf{d (y,Tx): yE4 };

3) xe€4 is a best proximity point of T:4—B in A if
d(x,Tx)=d(A,B)=inf{d(z,y):zEA,yEB};

(4) x€A4 is an approximate best proximity point of T:4—B in A if
d(x, Tx)= inf{d(y, Tx):yEA};

Note that a fixed point of T : 4 — Ais an approximate fixed point of T': 4 — 4 while the
converse is not true, in general. Also, a best proximity point of 7': 4 — B, which is also a fixed
point if 4and B intersect, is an approximate best proximity point of 7: 4 — B while the
converse is not true, in general. If we have two mappings g: 4 — 4 and T:A4 — B then:

(5) x€4 isan optimal best proximity coincidence point of the pair (g, T ) if d (gx , Tx) =d (A,B) ;
(6) xEA4 is an approximate optimal best proximity coincidence point of the pair (g, 7) if

d(gx,Tx)= inf{d(gy,Tx):yEA}.

Note that optimal best proximity coincidence points are also approximate optimal best
proximity coincidence points but the converse is not true, in general. Note also that, if 4 and B
intersect, then an optimal best proximity coincidence point of the pair (g, 7) is also a coincidence

point of (g, T). The above concepts can be extended to the “fuzzy” framework formalism when

dealing with fuzzy metric spaces. The purpose of this paper is to investigate some relevant
properties of two types of fuzzy ordered proximal contractions of cyclic self-mappings T
integrated in a pair (g,7) of mappings, where g is a non-contractive fuzzy self-mapping and T is

a cyclic proximal contraction, in the framework of non-Archimedean ordered fuzzy complete metric
spaces. In particular, the existence, uniqueness and limit properties for sequences of optimal fuzzy
best proximity coincidence points are investigated for such pairs of mappings.

1.1. Notation
R is the set of real numbers, R, ={zER iz > 0}, Ry, =R, U{O};
Z is the set of integer numbers, Z, ={zEZ:z > 0}, Zy, =27, U{O};
p={t . ph
cl () is the closure of the (.)—set.
The subsequent equality holds for the t-norm : [0 , 1:|2 — [0 , 1] for a fuzzy set M on
X x Xx [O i 00):

n

* M(x, y,t,,)=M(x,y1,tm)*M(zo -Zl,fm+1)*-~-*M(Zo ,zl,t,,)

n=m

Some useful technical definitions to be used are given below:

Definition 1 [1]. A binary operation *: [0 , 1:|2 — [0 , 1] is said to be a continuous t-norm if:



Mathematics 2017, 5, 22 3 0f 23

(i) = 1is continuous, commutative and associative;
(ii) ax1=1 forall aE[O,l];
(iii) axb=c*d if asc and b=d.

The formalism of fuzzy sets was proposed by Zadeh [4]. The following formal definition of
fuzzy sets on non-Archimedean fuzzy metric spaces will be used throughout this manuscript.

Definition 2 [2,3]. Let X be a non-empty set and = be a continuous t- norm. A fuzzy set M on
XxX x[O ,00) is said to be a fuzzy metric on the non-Archimedean fuzzy metric space (X M %) if for any

x,y, zEX , the following conditions hold:
(l)M(x,y,t)>0;

(ii) x = y if and onlyif M(x,y,t) =1;VtER,;

(iii) M(x,y,t)=M(y,x,t);

(iv)M(x,y,max(t, s))=M(x,z,t )*M(z,y,s ); Vi, sER,
(v) M(x,y, ) [0 , 00) — [0 , 1] is left-continuous.

7

If the condition (iv) of Definition 2 is replaced with M(x,y,t+s)=M(x,z,t )*M(z,y,s);
Vt,sER, then (X M *) is a (Archimedean) fuzzy metric space and M (x, y,.) is

non-decreasing on [0 , 00) and continuous on X2 x(O , 00) [6]. If ¢t=s then
M(x,y,t )= M(x,z,t )*M(z,y,t );VIER+ and M is said to be the strong metricon X . Each fuzzy
metric M on X generates a Hausdorff topology 7,, whose base is the family of open balls of
members BM(x, g,t)={yEX:M(x, v, t)>1—£} for 56(0,1), tER, , and a sequence {xn}
converges to xE X with respect to 7, if and only if lim M (x,.x, 1)=1;YtER, . Note that, since

n—oo

(iv) implies the above condition, any non-Archimedean fuzzy metric space is a fuzzy metric space.

Definition 3 [13]. Let A and B be two non-empty subsets of a non-Archimedean fuzzy metric space
(X,M & ) Define the sets Ao(t) and Bo(t) as:

Ao(t) = {xEA:M(x, v, t)=M(A, B, t)for some yEB},

Bylt) = {yEB:M(x, Y, t)=M(A,B, ) for somexEA}.

Definition 4 [39]. Let ¥ be the set of all mappings 1 : [0 ,1 ]—> [0 ,1 ] satisfying the following properties:
(1) 1/}(0) =0, 1/}(1)=1 and w(z)>t for tE(O,l) and it is continuous in (0 , 1),

(ii) lim yp"(¢)=1 ifand only if t =1.

n—oo

A point x in an abstract non-empty set X will be said to be an optimal fuzzy best proximity
coincidence point of the pair of mappings( g,T), where g:4— 4 and T:4— B, where 4 and
B are non-empty subsets of X, if M (gx x, t) =M (A , B, t), where Xis a non-empty set and M
is a fuzzy metric. The main paper body consists of other two sections. In such sections, some
proximal contractions associated with pair (g,T) where g is a non-contractive self-mapping and
T isa p-cyclic fuzzy ordered proximal contractive self-mapping are formalized and some of their
propertied, like convergence of sequences and existence and uniqueness of optimal fuzzy best
proximity coincidence points are investigated. The obtained results and their discussion are split
into two sections as follows. Section 2 introduces some necessary concepts in the fuzzy framework
while some results are obtained and proved concerning the so-called optimal fuzzy best proximity
coincidence points in partially ordered non-Archimedean fuzzy metric spaces for cyclic fuzzy order
preserving proximal 3 -contractions of type L. Section 3 reformulates the above results for another
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type of proximal contractions, so-called type II. Both sections contain and discuss some illustrative
examples.

2. Results and Discussion on Optimal Fuzzy Best Proximity Coincidence Points in
Non-Archimedean Fuzzy Metric Spaces for Cyclic Fuzzy Order Preserving Proximal
y -Contractions of Type I

This section is devoted to give a framework related to the existence of best proximity
coincidence points in partially ordered non- Archimedean fuzzy metric spaces for cyclic fuzzy order
preserving proximal y -contractions of type I. A set of necessary definitions are given to set and

prove the results and a set of “ad hoc” discussed examples is also given.

Definition 5. Let A be a non-empty subset of a non-Archimedean fuzzy metric space (X M *) A
self-mapping f on A is said to be:

(1) a fuzzy isometry if M(fx, fy,t)=M(x,y,1) forall x,y€EA4 and tER,;
(2) fuzzy non-contractive if for any x, yEA and tER, , wehave M(fx, fy.t)=M(x, y, ).

Definition 6. Let (X, <) bea preordered set and let X; C X be non-empty sets; Yi€Ep. A pl= 2)—cyclic

mapping T :Uep X; —Uiep X, is said to be non-decreasing, or order preserving with respect to a preorder

relation < on UiEﬁXOi(t)' if:

(a) the binary preorder relation < on U;ep X; is a partial order relation on each set X; (t) ; Viep.

(b) forany x,yin X; andany i€p if x<y then Tx=<Ty.

Remark 1. Note that Definition 6 could be restated under stronger conditions with the binary preorder
relation < holding on Uz X; while being a partial order relation on each set X;;Vi€p . Note that
X; QA,-(t); Viep and Uigp X; 2 (Xin(,E[)E;,XOj (t)) In this context, Definition 6 can be applied to the
partially order preserving non-Archimedean fuzzy metric space (X M ,x,<) (e, (X, < ) is a partially
order preserving set and (X M, *) is a non-Archimedean fuzzy metric space, [38]) to a p-cyclic mapping

T:Ujep Xi = Uigp X; where X; © X are non-empty sets; Vi€ p.

The concepts of order preserving, order reversing and monotone mappings 7 : 4 — B have

been discussed in [11], where related results have been obtained. An “ad hoc” adaptation of the
concept of order preserving for cyclic mappings is proposed in the subsequent definitions:

Definition 7. A p(z 2)—cyclic mapping T :Uiep X; = Uiep X; is said to be a (strong) p -cyclic fuzzy ordered
proximal y -contraction of type I if for any u,vEXy; (¢),x,yEX; and any given i€ p, the following
condition holds:

X2y
M(u,Tx,t)=M(X,-,X,-+1,t) :>M(u,v,t)zzp(M(x,y,t))’
M@, Ty, t)=M(X;, X, 1)

where y €W forall tER, .

If the above conditions hold for any u,v,x,yEXy (t) and any given i€p
thenT :U;e; X; = Ujep X is said to be a weak p -cyclic fuzzy ordered proximaly -contraction of type

L
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Definition 8. A p(>2) -cyclic mapping T :Uiep X; = Uiy X; is said to be a (strong) p -cyclic fuzzy
ordered proximal 1y -contraction of type 11 if for some a € ( 0,1 ) any u,vE X, (t) x,yEX; and any given
i€ p, the following condition holds:

X<y
M(u,Tx, t)=M(Xl~,X-+1,t) :M(u,v, t)zz//(M(x,y, a_lt)),

1

M, Ty, t)=M(X;, X;p1.1)

where w EY forall tER, .

If the above conditions hold for any u,v,x,yEXy; (/) and any given i€p
thenT :U;e; X; = Ujep X is said to be a weak p -cyclic fuzzy ordered proximaly -contraction of type

II.

Definition 9. A p(= 2)—cyclic mapping T :Uies X; = Uiep X; is said to be (strong) p-cyclic proximal
fuzzy order preserving if for any u,vEXi(t) ,X,y,zEX; and any given i€p then z<Tz and the
following condition holds:

X<y
M, Tx, t)=M(X;, Xiyy t) b= u=<v; ViEp

1

My, Ty, t)=M(X;, X,y )

If the above conditions hold for any u,v,x,y,z€X; (t) and any given iE€p
then7 :U;e; X; = Uiep X; s said to be a weak p -cyclic proximal fuzzy order preserving mapping.

Definition 10 [20]. A point z in an abstract non-empty set X is said to be an optimal fuzzy best proximity
coincidence point of the pair of mappings (g , T), where g :4— A is a self-mapping and T:4— B is, in
general, a non-self mapping, A and B are non-empty subsets of X if M (gz,7z,6)=M(4, B, 1).

Remark 2.

T Uies X; = Uicy X
(1) Note that Definition 10 is applicable to the case when the mapping UiepXi = Uep &

P _cyclic (so that T(X)C X, ViED) g & UiepX) |Xi = g UepX, ‘Xi,. ViEp,

(2) Strong proximal contractions might be simply referred to as proximal contractions when no confusion
is expected. Note from Definitions 8-10 that proximal contractions of types I and II are also weak proximal
contractions of types I and II, respectively.

A quadruple (X, M=, < ) is called a partially ordered non-Archimedean fuzzy metric space if
(X , j) is a partially ordered set and (X , M, *) is a non-Archimedean fuzzy metric space. The

following main result of this section holds:

Theorem 1. Let (X , M, j) be a complete partially ordered non-Archimedean fuzzy metric space and let
X; € X be non-empty sets; Vi€ p with= being a partial order defined on Ucp Xo; (¢). Let a p(z 2)—cyclic
mapping T :U;e; X; = Uigp X; be continuous and weak  p -cyclic fuzzy order preserving (with respect to <)
proximal y -contraction of type I and let g:U;ie; X; = Uicp X; be surjective, fuzzy non-contractive and
inverse monotone mapping such that, for any x,y €Uy Xo; (t), gx and gy are comparable with respect to
=< onlyif x,y are comparable. Suppose also that each pair of elements of Uy Xo; () has a lower bound and

an upper bound and that for any t>0 , Xol-(t) is non-empty, T(XOi(t))QXO,M(t) and
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Xo;(0)C g(x;(2)); Viep. If for each given xy; € X; (1) foreach i€ p, there exists some element xy; in
Xol-(t) such that:

Mlgx; Txg;, t)= M(X;, Xy, 1) with xg; <x; (1)

then there exists a unique element x;‘ EchO,-(t) for each i€p that is an optimal fuzzy best

proximity coincidence point of the pair (g, T ) in X, such that x: =D x;‘ ; Yi€p, and then:

Mlexain t)= (X, Xi,0); vie @

Furthermore, each of the subsequences {zin }C {zn}ﬂ Xo; () for each i€p for n€EZ,, with
Z;0 = 2 EXOI-(I), being defined by any given first element z)€U;c; X 0i(t) so that the proximal
constraint:

M(gzn+1’TZn’t)=M(Xj’Xj+llt) 3)

holds for any given n€Z,,,V ;€ p, is a Cauchy sequence that is convergent to the optimal fuzzy
best proximity coincidence point x; EchOi(t) (the closure of XOi(t)) of the pair (g,T ) in X;
provided that the two subsequent conditions hold:
(1) njqp+lsnsny , with np+l-n; ;=22 , for j=ii+l,.,i+p-2 , and
Misp2k tlsnsng g, With mi g g —niyp 2k 225 Vi, j€EP, VEEZ,;
2) the chosen arbitrary i€ p is such that the initial points (zq, z; )€ X;{¢)x X;{¢) and that the sets
y t€p p 0 21 0i 0i
of positive integers {n k=N k +1} for jep and kE€Z), have p positive upper-bounding

integers n; znj; —n;.; VkEZy, VjEp with n;_j g =-land n;o=1.

Proof. Denote the restricted mappings TUjep X j|X i = Ujep X j|Xin and
gUep X j|X; = U]E];Xj|Xl» ; Viep of the functions T:Ui;X; =UigpX; and
g:Uigp X; = Uigp X; , respectively, by T;:X; —=X;,; and g;:X;—=X; ; Viep . Let
zg = x(; arbitrary in Xy; (t) for the given i€ p and some z; = x;; EXy; () for any given arbitrary
i€p be such that zy<z and M(gz, Tz, 1)=M(X;, X;,1, 1) . Since Tz €T(X(;(e))C X 10 (t)
and X (1)C g(Xg41(e) , 22 EX(i(e) exists such that M(gz, Tz, )= M(X;, X, , ) . Since
T:Ujep X; = Uigp X; is weak p-cyclic proximal fuzzy order preserving and z;<z; then gz <gz
and, since g:Ujep X; = Uiy X; is surjective and X Ol-(t)g g(XO’i +1(t)) then it follows thatz;=<z, .
Assume that this is not the case and proceed by contradiction. Since gz; and gz, are comparable,

which holds, by hypothesis, only if z; and z, are comparable, then z; >z, since z;=<z, is

assumed false. However, then gz; > gz, ) which contradicts gz;<gz, . Then, z;<z, and, as a result,
z9g=z1=z, . Proceeding in the same way, we can build a sequence {Zn} with z, €X; (t)
for lsn(EZ0+)s n;o , where lsniO(EZO+)sﬁ,-—1 , such that M(gzn+1,Tzn,t)=M(Xi,Xi+1,t) ;
z,%Z,_1 ; Vn(EZJr)EﬁiO . Then, take z, . =Tz, EXO,Hl(t) such that z, ,1<z, ,» since
T:Ujep X; »Uigp X; is a weak p -cyclic proximal fuzzy order preserving, Zp0 €X0 i(t) and
Zno+1 = T2y EXO’M(I). Asaresult, z,_1<z,; Vn(E Z, )Em Again, for suchaz, 1 €Xg l-+1(t),
there is some Zni0+1€X0,i+l(t) such that z, 1<z, ,, and forlsni+1’0(€Z0+)s n;,1 - Then, the

elements of {zn} from n=0 to n=mn;+2 areordered, with the order preserved with respect to the
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preorder relation < and z, EXOi(t) and z EXO,;’+1(¢) form=1,2 . By keeping k=0, we

njo+m
proceed in the same way by running ; from i to i+ p-2 and prove that the finite subsequence

of {z,,} from n=0 to n=n,,,0+2 is also totally ordered with respect to < since
ni_jotlsnsnj for j=iji+l,. i+p-2; VjEp for the given i€ p. Now, the same reasoning
is used for j=i+p-land for k=1 and n;, , 5 g+l<n<n;, ;; to conclude that the elements
of {zn} from n=0 to n=mn; , 19+2 are ordered with respect to the relation <. Proceeding
recursively for each j =i,i+1,..,i+ p-2 and each integer kEZ_, it is proved that, z, EXOJ- (t)
for n;_yp+lsnsny for j=iji+l,. . i+p-2; Vk€Z), and z, EXO,-(t)(= X0,i+p_1(t)) for
Migpak *lsnsng i VKEZ(, and that the sequence {zn} is totally ordered with respect to
<. Define the strictly ordered set of positive integers N = {"j—l,k}; J=ii+l,.. i+p-1,VkEZ),
with ny <njp and n,p<nm gy 5 Vj€p , VkEZy, . Since T:UigpX; =UigpX; is a
weak p -cyclic proximal fuzzy order preserving (with respect to <) proximaly -contraction of type I
and g:Ujep X; = Uigp X is fuzzy non-contractive, one has for z, E{zn } since :[0 , 1]—>[0 , 1] is
in the set?:
T, (t) = M(er s Zpa ’t) zM(gz” > 8241 ’t) 211’( M(Zn—l’zu’t)) >T (t) = M(er—]’zn’t) (4)

it n,(n+1)&N" and:

Tn(t)= M(Zn »Zn+l t)z M(gzn »8Zn+l - t)z w(M(Zn—l Zn ’t)) > Tn—l(t)= M(Zn—l Zn ’t) (5)

if(n+1),(n+2)€ N .Note thatif z, ; and z, arein Xoj(t) then “7 and “7+! arein Xoj(t),for
some j€Ep , if n,(n+1)$N* and in XO,j+1(t) (n+1),(n+2)EN* since, by hypothesis,

nipg+lsnsnj , with njp+l=n;_| =2 , for J=iitl, o ivp=2

and ny, o p+lsnsng, g g, With ny g g —np 00225 Vi,JEP  As a result, there is a

€ Xoi(t)

subsequence {m Jk } of non-negative integer numbers that depends on the initial “0 , such

that Zm s Zm g +1 and Zmy+l ATE in Xoj(t)ﬂ{zn} forall K€Zo+ andeach /€7 .
Also, for the subsequence izmjkaQ {zn} for ¢=0,1,2; k€Z,, and any given jE€p,

{ijn + /(t)} and ¢=0,1,2 are strictly increasing sequences with nE€Z, for each given jE€p, so

that m;, +/—~ as n—o for /=0,1,2, and convergent to a Iimitrj(t)in (0,1] for each tER,
and jE€p since y :[0 , 1] — [0 , 1] is continuous and non-decreasing and Equations (4) and (5) hold
with:

12ij,,+1€(t)2I/J(ij)n_ﬁ((t))>7mj)n_1+(,’(t) ; VnEZ,, (6)
lzrj(t)= lim rm/”f(t)z lim Tm,,,+/(t)§ VnEZy, @)
n—oo N n—oo N

For each j€ p . Assume that there is ¢y ER, such that 1>7 j(to) for some j&€ p . Then, the

subsequent contradiction follows:
Tj(fo )= anme_,nJ,e(fo )=y (Tj (60))> Tj(fo) ®)

foreach jep.Thus, 7; (t)=1 forall tER, andall jE p .Itisnow proven that the subsequences

iijnfCX()j(l‘) are Cauchy sequences in Xo;(t) for each given jE€ p . Suppose that there is a
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sequence {ijn} that is not Cauchy for some j € p . Then, there exists ¢€(0,1) and 7y €R, such

that for all k€ Z,,, there are 5 m (> n; )€ z,, suchthat M(an"k ,ijnk , lo)S 1-¢€; for some

ng
JE P . Assume that 5, is the least integer exceeding , , ~ and satisfying the above inequality so

that:
M(ij,nk-l ,annk , t0)>1—€ 9)
Then, one obtains for all k€ Z, :

1—£zM(z 4 ,t)
Mjng > =M jng 0

= M(ij"k Emyg- ’0) *M(mer”k-l L to) (o)
o, la)eli-e)
and, since kl@wrm]‘,nk . (t0)= 7; (ZO)=1 forall j€p *3[0, 1]2 e[O, 1] is a continuous f-norm and
¢ >0, one gets by taking the limits in Equation (10) as k—> the following contradiction:
l-e>1x(l-¢)=1-¢ (11)

As a result, {ij } is a Cauchy sequence for all j € p . Since (X LM x, = ) is complete, there

exists X; Echoj(t) such that {ijn} - xj- ; VjE€p since m;, > a - and
lim M( z) ; VJ€p, VIER, .Since T :U,;X; — UepX,; is continuous, this also implies
n—oo
that:
M(ng,T(ij ),t)= annoo M (szjn s gzmjwrl , t)
. . *
= nlinoo M (T , 82 TRE t)= nll_r)ngc M (ng, szjn X t) (12)

=M (X, . X;.1)

so that x;- EclX) j(t) is the common best proximity point of the pair (g,7) in Xo;(r) for each
J € p . Itis now proven that x; EclXy; (t) is unique for each j € p . This is equivalent to proving

that, for any fixed element i, x,€x,,(r) , the subsequence {)_cmjn} C X, j(t) of

Yi€p. Since 7. Uep Xi = Uigp X, is a weak

{)?jn} CUjep Xo i(t) converges to the same x J;

P-cyclic fuzzy order preserving proximal ¥ -contraction of type I and o . Uiep X; = Uiep X; 18
* %
fuzzy non-contractive, one gets the subsequent contradiction under the assumption that x; =X ;

for some j&Ep such that, if x;=x, and x; and )_C;k are comparable, the convergent
subsequences {xmjnJL(CXoj(t)ﬂ{xn})%x; , { X }[CXOJ( )O{En}] —>E;(=x’;) , such that the

fand {m,, | with m, ., -~ as »—=; ViEp,

sequences of nonnegative integers {m n

defined by:

jn jn

Mg)_%jnﬂ ’ Txﬁjnﬂ’ t )=ngmjn+l ’ Txmjn 1 )=M(Xj ’ Xj+l’t); VneZ,,
satisfy the set of inequalities:

M(xj,)_cj,t)zM(ng,g)_cf,t) (13)
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M(gx Tx; t)M(T?c;,ij, ).M(gx Tx;, ()
zl*(l*M(T;‘c;,ij-,z))
tem(73) T )
=M(T§cj,ijf,t)

el <]
RYEEN

* % _ .
so that x; =x;; Vj€p. Now, assume that the corresponding elements of the sequences {x,} and
{%,}, with distinct initial values x, and ¥,, are not all pair-wise comparable. By the hypothesis of

the mapping 1 being a fuzzy order preserving proximal ¥ -contraction of type I and the

hypothesis of the mapping gbeing inverse monotone, both sequences are lower-bounded and

upper-bounded by sequences {u,} and {i,}, with the corresponding subsequences {umm } and

{Eﬁjn } , respectively, in any of the sets x(¢) which are constructed from:
M(g“mjnn »T“mjn»f) =M(g7’_‘r7jn+l T, ,f) =M(Xj ’Xj+1’t); ViEp

provided that +1e{mjn}c Zo, . Wy, +le{m }C Z,, ; VJ€Ep and have order

jn o ™ jn Jn Jn

comparison properties of the form Mmjn jxmjn = Uﬁjn and Mmjnjxﬁl in> Mﬁljn ; YneZ,,, YED

since the sequences {xmjn} and {Eﬁjn} ; VjE€p , are totally ordered, and also both

lower-bounded and upper-bounded by the pair-wise comparable sequences {umjn } and {Eﬁjn } ,

* .

respectively, since they are convergent. Then, lim u, = lim iz = lim Xz = lim x, =x;;
n—oo J; n—oo n— oo n n—oo J
Viep.
. * * . — . % * )
It is now proved that X, =ij; VjEp. Since xj+1,ij EXOJH(t , then:
M (g0, 7(1x)).0)=tim M (72, gx),, )= M (Tx),.gx),0) = M (X, X, 1) (14)

A *
where iij o fg X(), j+l (f ) is a Cauchy sequence of initial value Tx ;j thatis convergent to some
1 EclX), j +1( ) while another subsequence in x;(r) of a sequence with initial consecutive values
* * . * . .
X0 EX;, x EXOl-(t) converges to X;, =zj+IEX0,j+1(t). However, since x; EXoj(t) is unique
*
and Tx; EXOJ-H(t) forall j € p, then:
( -1, e i)=Ml750, e501): i
M X1+1 X1+2 M ij+1: ng+1’t =M TZj+1' ng+1’t ; VjEep (15)
* * *
since z;,1 is a unique limit of Cauchy sequences in Xo,j+1(l) then z;, =ij ; YJ€p. So the

* * *
unique limit of all Cauchy subsequencesin x, ;. ,(c) is Xjy1 =241 = Tx;; Vjep.o

Remark 3. Theorem 1 guarantees the existence of Cauchy sequences that are constructed from the proximal
constraints and their convergence to unique optimal fuzzy best proximity coincidence points of the pair (g.7)

in X;, which are located at clX; (t);Vi € p provided that the proximal constraints run at least for two
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consecutive iterations at each Xol-(t) before each iteration to the next adjacent subset X ; +1(t) (see

conditions 1-2). In the subsequent result, the constraints for running at least two consecutive proximal
iterations at each XOi(t); Viep are removed. Only a proximal iteration at X ; (t) is needed for some

given jE€ p at particular cycles of the p-cyclic map T . This operation guarantees the convergence of the
corresponding subsequences in clXy; (t) ; Yi€p tounique optimal fuzzy best proximity coincidence points of
the pair (g,T) at each set XOi(t);Vi Ep.

Corollary 1. Assume that the hypothesis of Theorem 1 holds except that, for any given initial point
zg EUigp X, the sequences {zn} are built so that:

(1) z,p =Tz, forany n€Z, if z, EXOi(t) for any z'(== j)Eﬁ and some fixed jE€p (ie. the proximal
subsequence from each subset X ; of X to each next adjacent subset is only computed eventually at the

subset X; () while at the remaining subsets only the cyclic self-mapping T is involved);

(2) the proximal constraint Equation (3), subject to its subsequent constraints, is replaced at the subset X ; of

X by the subsequent one:
M(gz” el g ,z) =M(X,.X,..1); Vk(z k* )E ZO+ , IED (16)

for some given jEp and some subsequence 12 jg {zn}ﬂ Xo; (1), for nEZ, with zy €X; for some

l’le

A . . n; i —n; .
i€p satisfying z B z,

njkam; "k * ,ank*+1€X0j(t), for some set of bounded

ik

positive integers m; (k); Vk(z k" )EZO + for the given j € p and some sequence of positive integers {n jk}
being strictly increasing with k(z k*)EZ0+ (i.e., the proximal subsequence at the subset Xoj(t) is not
necessary computed at each k -th cycle on the whole cyclic disposal of the p subsets X, (t) CX;CX forall

i€p since m; (k) can exceed the value p for some values k(z k*)EZ0+ .

Then, there exists a unique element x;k EclX; (t) for each i€ p, which is an optimal fuzzy best
proximity coincidence point of the pair (g,T ) in X;, such that x; +1 =Tx;k ; Viep, and then
M (gx’;,x;-k +1 t)= M (X X t) ; Viep . Furthermore, each of the subsequences
{zl-n }C {zn}ﬁ Xoi (t) for i€p being defined by any given first element zy €EU;c; Xo; (1), so that the
proximal constraint M(gz,Hl,Tzn, t)=M(Xj,Xj+1, t); VnE€Z,,, is a Cauchy sequence which is

convergent to the optimal fuzzy best proximity coincidence point x;-k EclXy; (t) of the pair (g.7)
in X;.

1

Sketch of Proof. Note that the proximal constraint (16) may be rewritten as:

M(gzn_,-,kmj(k)n T2n; km; i) ’j = M(X./ Xt !

njkm (k)" jk

by defining z )= T Zny - Thus, we can define a strictly increasing sequence of

jkm j(k

nonnegative integers {f n} satisfying:

4 =7 20,..., L, =nj +mj(kn)20

kp)=ky_y =k +m;(k,y) for all nEZ, and

such that the nonnegative integers m; j

* .
mj(ko)zO , ko=k €Zy, , nj €Zy, with nj, 20 such that z,

j OEXOj(t). Then, the

Jk
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subsequence {z ‘0, } C Xy, (t) and satisfies the proximal condition (16). Then, according to Theorem

1, such a subsequence is Cauchy and convergent to a unique xj- EchOj(t) which is a unique

4

optimal fuzzy best proximity coincidence points of the pair (g,7) in X j- Since this sequence is

convergent, all subsequences {T k zy, }—> x; sks j=i,i+1, .., i+p-1 and x;+k is the unique limit
point and also the unique optimal fuzzy best proximity coincidence point of the pair (g,7) in
Xivk -

Theorem 1 and Corollary 1 also hold if 7:UjgpX; = U X; is a p -cyclic fuzzy order

preserving (strong) proximal  -contraction of type I such that the convergence of the constructed
subsequences in each X; for i€p converge asymptotically to be proximal subsequences
converging to a unique optimal fuzzy best proximity coincidence point of ( g, T ) ineach X; so that
M(zn_l - ,t) — M(Xl- X t) as n— o« . In particular, Equation (1) is replaced with Equation (17)

below. A related result is as follows:

Corollary 2. Theorem 1 and Corollary 1 also hold “mutatis—mutandis” if T:Ue;X; = Uicp X; is a
continuous p -cyclic fuzzy order preserving (with respect to =< defined on Uiz X; ) proximal

y -contraction of type I provided that for each given for each i€ p and some existing element xy; in X ;:

Mlgxy; Trg;, t)s M(X;, Xy, 1) with xo; <), (17)
Sketch of Proof. Now take some arbitrary z; = xp; in X;and any arbitrary given i€p and some
71 =x; EX; for any given arbitrary i€ p such that (17) holds (note that equality in Equation (17)
holds if and only if xy; ,x; EXy; (t) ). Since T:UjepX; =UigpX; is a p -cyclic fuzzy order
preserving proximal y -contraction of type I and g:Uie; X; = Ujep X; is fuzzy non-contractive,
one has for any built subsequence z, E{zn } C X; of the whole iteration, since :[0 , 1]—> [0 , 1] is
in the set ¥, and following Equations (4), (5) and (17):

M(X, X, ) 2M(z,.2,,.1) =M (gz,, 82,,.1) 2W( M (z,..2,.1)) > M (z,,.,2,.1) (18)
if n,(n+1)&N", and:

M(Zn+1 > Zn42 t)=M(TZn Tzyy, t)z l/j(M(Zn’Zn+1:t))>M(Zn—l)zn’t) (19)

if (n + 1), (n + 2)6 N". One can conclude from the steps of the proof of Theorem 1 and from the sketch
of the proof of Corollary 1 that M(zn_1  Zn ,t) — M(X,- X t) as n— o so that the subsequence

z, converges to a best proximity point in c/ (XOi(t)) which is a unique optimal fuzzy best
proximity coincidence point of (g,T ) in X;.
Example 1. Let XCR(%Jr be defined by X =X UX, 6 where X, ={(0,1+x):x€R0+} and
X, ={(l+x,0):xERO+}. Note that X1 NX, =& . Consider the complete ordered fuzzy metric space

(X,M,*,j) under M(x, y, 1)= ; Vx,yEX , VtER, and M(Xl,Xz,t)=tt—1, where
+

t
t+d(x, y)
d(x,y)= |x1 —y1| + |x2 —y2| forany x = (x1 , X7 ),y = (yl, yz)EX, and “ <" is a coordinate-wise ordering for
all x,y,z,wEX; for i=1,2 defined by:

(a) (x, y)—_<(z,w) ifand only if x<z; and
() (x, y)jT(x,y) for any(x, y)EX, ie., if (x, y)EXi, T(x, y)EXj for i, j(aé i)=1,2.
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The proximal subsets are XOl(t)={(0,l)}, on(t)={(1,0)}.

Define the continuous 2 —cyclic mapping T A(X1)=(l+/1x,0) and T A(X2)=(0,1+/lx) for
some given real constant AE[O,I). Note that Tj(X; ()= Xpy(¢) and TA(on(t))=X01(t);
VAERy, .1 =0 then Ty(Xq(1))= Xoo (1) ={(1,0)} and 7y(Xo (1)) = X1 (1) ={(0.1)}.

Define g: X —X as gp(O,x)=,0(0,x) and gp(1+x,0)= (l+,0x,0) for any given
XER,, and some given real p=1. Note that gp(XOI(t))=X01(t), gp(on (t))=X02 (t) and that
gp X — X issurjective and inverse monotone.

Now, we build a sequence {xn}C X, UX, by taking an initial point x =(0 yO)EX 1 for
some real yo=l+x=1 for some given fixed real XERy, . Now,
T)xo =T,1(0,y0)=(1+ﬂx,0)=(1+l(y0 —1),0) for some given real AE[O 1). Take #(r \/_ Next,
take some y;ER, such that x =(0,y1)EX01(t) and x=<xy (e, ¥y =y, )
gp(x1)=px1 = p(O,yl) for some given real ,06[1,00). In general, xoE€X;, Txg EXz,{xn}C Xy,
{T,lxn}C X,,with T;x, =(1+/1(y,, —1),0),s0 that x,,;=<x, for n€Z, and:

M(gpxn+l) Tyxy, t)=M(:0(O’ .Vn+1)) TA(O) Yn )’t)

=M (0, pyyu). (1+2(y, ~1),0).1)

t
B t+|pyn+1 +/’L(1_yn)_1|

Note that if p=2 and AE[O,l) then (A/p)E[O,l/Z) and {yn} is strictly decreasing
and {yn}—>1. Thus, for all nEZ, , one has M(gpxn+1,T,lxn,t)zM(gpxn,Tﬂxn_l,t) which

7

t
converges to M(Xl,Xz,t)=—1 as n—o, YtER,, and:
t+

M(xn+2’ Xn+l > t)
ZM(gpxn+2’ gpxn+1’t)

=M (0, py,2). 0, P31 )1)

) (f+/0|yn+2 _Yn+1|]
=y (M0, yuu1). (0, ,).0) )

1/2
I
(t+|yn+1 _yn|]
t
S P
{t+|yn+l _yn|]

VnEZy, , VtER,, the last inequality being strictif y,,; = y,, with 1/1(0) =0 while 1/1(1) =1 ifand
only if y,,; =»,. Note that the sequence {M (xn 1 Xns t)} is strictly increasing for all tER, and

M(x,,+2,x,,+1,t)—>1 as n—oo , YtER, so that {y,,+1—yn}—>0, Xp412X,, YNEZ, , and:

{0, }C X1 (1) = 0,1), {7ax, HC X0 (1)) = (1. 0)

Note that this example extends the validity of Corollary 1—via Corollary 2—to the construction
of sequences in the whole X; (instead of on just the proximal subset X (r)C X,), which converge

to the unique proximal point limit (0 , I)EX o1 (t) to X,.
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Example 2. If, in Example 1, we take the initial points either in the proximal set X olt)= {0 , 1} or in the
proximal set X (l)= {1 , 0}, e, xg€ {{0 , 1} {1 , O} }, then, according to Corollary 1, T, (0 , 1) = (1 , 0) and
7,(1,0)=(0,1) since T;(x;)=(1+4x,0) and T;(X,)=(0,1+Ax) for x=0.

Example 3. Note that, in Example 1, we have taken the initial conditionsin X, and the proximal sequences to
X, are always constructed within X, and converge to the unique best proximity point of the proximal set
XOl(t) = {0, l}C X to X, so that the best proximity point in X, is focused as a limit point via the cyclic
mapping since T), (XOI (1)) =Xp (t) = {I,O}C X, . In Example 2, the points of the proximal built sequences are

taken directly on both proximal sets. Now, we can construct converging proximal sequences with elements in
both X, and X, that converge to the unique optimal fuzzy best proximity coincidence points of the pair

(g,T ) in both corresponding proximal sets. Take a point X =(1+Ax,0)€X2. We now proceed by
constructing a sequence with two consecutive elements in X,, then the next one is in Xy and again two
consecutive proximal elements to X, in X; and so on so that the cyclic mapping T is also relevant to

alternate elements with two or more elements of the sequences of interest in both subsets in the cyclic disposal.
Thus, for instance, the sequence:

2 3 4 5
{ (1+Z.x,0), 1+ A x’o o, 1+1°x o, 1+}L2 X o, l+/13 X
Iy P P /Y
6 7 8
,[1+/13x,0} [1+ﬁx}0]’[#,o]’
14 P 1Y

consists of two subsequences that converge to the best proximity points (1,0) and (0,1) for any given

XER,, which are the unique optimal fuzzy best proximity coincidence points of (g.7 )

3. Results and Discussion of Optimal Fuzzy Best Proximity Coincidence Points in Partially
Ordered Non-Archimedean Fuzzy Metric Spaces for Cyclic Fuzzy Order Proximal
y -Contractions of Type II

This section is devoted to a framework related to the existence of best proximity coincidence
points in partially ordered non-Archimedean fuzzy metric spaces for cyclic fuzzy order preserving
proximal ¢ -contractions of type II. Three definitions are given; we then state and prove the results

and two examples are also given.
The following definitions are used in the main results of this section:

Definition 11 [8]. A sequence {tn} of positive real numbers is said to be s -increasing if there exists
ngEZy, suchthat t, . =t,+1 forall n=ny.

Definition 12 [7,8]. A fuzzy metric space (X, M, =) is said to have the property T if forany s -increasing
sequence {tn} and any given real constant EE(O , 1) , there exists ng=nyg (8)6 Zy, such that

# M(x,y, t,)=1-¢ forall n=ny andall x,yEX .

nzng,

An alternative definition under weaker conditions follows:

Definition 13. A fuzzy metric space (X M, *) is said to have the property Ty if for any s-increasing
sequernce {tn} and any given real constant EE(O 1), there exist some ngy = ny (£)E Zy, andsome NEZ,
such that:

n0+N—1
* M(x,y,t,,)zl—g forall +zn; Vx,yEX

nzng
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The following result relates the properties Ty and T if lim M(x, y,t)=1; Vx, yEX.

—>00
Lemma 1. Let (X .M, ') be a fuzzy metric space endowed with the product t-norm * :[0 , 1]2 —>[0 , 1]
such that its associate fuzzy metric fulfils Iim M (x,y,2)=1; Vx, yEX . Then, the fuzzy metric space
{—©

(X,M,*), endowed with a t-norm * :[0,1]2 —>[O,l] has the properties Ty and T for any t-norm
+:[0,1]> =[0,1].

Proof. If lim M(x, y,t)=1 forany s -increasing sequence {tn }, one has:

{—

Eiat't;M(x,y,t”)=1il13M(x,y,t,,',)=”.l}'ExM(x,y,t”m)=l; Vx,yEX, VEEZO"_

and for any given real constant ¢ E(O , 1) , there exists ny=n (51 , *)E Z,, such
thatM(x, v, tn)zl—sl forany x, y€X and n=ny since M(x, y,.) is a non-decreasing function
on (0 , o0 ) Also, for any given real constants EE(O , 1) and & E(O , € ), and some integer NEZ_,

where & =g (.9,N)< 1- (l - 5)1/N+1 isin (0 , 1), one gets for the fuzzy metric space (X, M, ') :

n0+N—1
. M(x,y,tn)]z(l—gl)Nzl—g for some N=N(£,£1)€Z0+
nzny
and 1 = (e, )e(0.1) ;o VOYEX o that (x.M+) possesses the property Ty
N-1 S-1
Since lim M(x,y,tn)=1 ; Vx.yEX then lim " M(x,y,tm)= lim " M(x,y,tm)=l ;
n—o0 n—0© m=n n,S—=o0 m=n

(.1, )

Vx,y&X Thus, since has the property o then for any s -increasing sequence {t"}

and any given real constant e€(0.1) there exists "0 "0 ()< 2o, such
n0+N—1 °

that M(x,y,tn)zl—g for all integer nzno; Vx,yEX‘ As a result, (X’M’ ) has the
nzng

property T since:

o M(x,y.1,)

m=n(=n0)
n+N-1 n+2N-1
= lim ( . M(x,y,tm))* lim( . M(x,y,tm)J
N—sco\ m=n ano) N—oo\ m=n+N
>(1-¢)el=1-¢

If the metric space is (X M ,A), with 4 :[O, 1]2 —>[0, 1] being the triangular f-norm, then

ng+N-1
one gets for any arbitrary e=¢6€(0,1) that OA [M(x,y,tn)]zl—gl =l-¢.
n=ng

Since the triangular f-norm exceeds any other ¢-norm, all of which are strictly larger than the
drastic ¢ -norm #p :[0 , 1]2 — [0 , 1] , one gets from the above results for any given EE(O 1)

n0+N—1
and £ €(0,7,) with 52=mir{§1 B M(x,y,tn)] , and some integer NEZ,, where

nzn
g =7(e.N)<1-(1-)¥! isin (0,1), that:

n0+N—1 n0+N—l n0+N—1
A M yot)]z x [MGyn)]z o My,
nzno I’lzl‘lo nzno
n0+N—1
z(l—gl)Nzl—ez *p [M(x,y,tn)]zo

nzn
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and (X,M,+) has the property T, for any ¢ -norm :|:O,l]2 —>[0,1] . Also,
n0+N—1
% M(x,y,tn)zl—f for all integer n=ng ; Vx,yEX ,

n=ng

ny+N-1 n+N-1
lim % M(x,y,tn)= lim * M(x,y,tm)zl—e ;0 VUx,yEX for any ¢ -norm

N— n=zn, n,N—0© m=n
& :[0 , 1]2 —>[0,1] so that (X, M,*) has also the property T .
Lemma 1 concludes that property T is less restrictive than property 7, and holds under a
standard property in probabilistic spaces lim M(x, y,t)=1; Vx,yE€X . The subsequent result is
t—o
close to Theorem 1 for the case when 7:U,;X; =UgpX; is a weak p-cyclic fuzzy order

preserving proximal ¢ -contraction of type II. The main result of this section follows below:

Theorem 2. Let (X , M =, j) be a complete partially ordered non-Archimedean fuzzy metric space
satisfying the property T and let X; C© X be non-empty sets; Vi€ p with < being a partial order defined
on U,EﬁXOl-(t). Let a pl(= 2)—cyclic mapping T U X; = Uiep X; e continuous and weak p -cyclic
fuzzy order preserving (with respect to <) proximal y -contraction of type Il and let g :U;e5 X; = Uiep X
be surjective, fuzzy non-contractive and inverse monotone mapping such that, for any x,y €U;ep Xo; (), gx

and gy are comparable with respect to < onlyif x,y are comparable. Suppose also that each pair of elements

of Uigp X, 0i(t) has a lower bound and an upper bound, and that for any t>0, Xoi(e) is non-empty,
T(xy; (1)) C XO,M(t) and X, (t)C g(Xo; (¢)); Vi€ p. If for each given X0; EX ;1) foreach i€ p, there

exist some element xy; in chO,-(t) such that:

M(gxli)Tin’t)=M(Xi)Xi+1)t) with xp; <xp; (20)

Then, there exists a unique element xf Ecl Xy, (t) for each i€p which is an optimal fuzzy
best proximity coincidence point of the pair (g,T ) in X; such that x; + =Tx7;Vi €p, and
thenM(ng,le , t)=M(Xl~ X, t),' Vi€ p. Furthermore, each of the subsequences {zl-n }C Xol-(t)
for each i€p being defined by any given first element z EUigp X Oi(t) so that the proximal

constraint:

M(gzp01.T2,. )= M(X; . X . 1) (21)
holds for any given n€Z,,V j€E p, is a Cauchy sequence which is convergent to the optimal fuzzy
best proximity coincidence point x;-k EXy; (t) of the pair (g, T ) in X; provided that the two
subsequent conditions hold:

(1) njqp+lsnsny , with ng+l-n; ;=22 , for j=ii+l,.,i+p-2 , and
Nivp-2.k +l=n= it p-1,k+1+ with it p-1,k+1 = Mixp-2,k = 2; Vi, jep, VkEZ0+;

(2) the chosen arbitrary i€ p 1is such that the initial point zyEX; (t) and that the sets of positive
integers {n Jk =Nk +1} for j€p and kEZ), have p positive upper-bounding integers
n_j 2y -nja; YKEZy, NjEp with n;_og=-1 and n;p=1.

Proof. Denote the restricted mappings T:Ujep X j|1X; = Ujep X j|Xin and

gUjep X ;| Xi = U X;|X; 5 Viep of the functions T:Ui;X; >UigpX; and

g:Uigp X; = Uigp X; , respectively, by T7T;:X;—=X;,; and g;:X;—X; ; Viep . Let
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zg = x¢; arbitrary in Xol-(t) and some z; =x; EX(; for any given arbitrary i€p be such that
z0=z and  M(gz Tz, t)=M(X; X;y,t) . Since Tz €T(X(1))C Xg4(6)  and
Xol-(t)g g(XO’m(t)), one gets that z, EXOi(t) exists such that M(g22 Tz, t)= M(Xl- Xidl t). Since
T:Uiep X; = Uigp X; is a weak p-cyclic fuzzy order preserving proximal mapping and zyp<z; then
82128z, and, since g:Uiep X; = Ujcp X; is surjective and X, (t)g g(X 0.i +1(t)) then it follows that
21Xz, . Assume that this is not the case and proceed by contradiction. Since gz; and gz, are
comparable which holds, by hypothesis, only if z; and z, are comparable then z; >z, since
z1=z, is assumed false. However, gz; > gz, contradicts gzj<gz,. Then, z;<z, and, as a result,
z9=z1=z, . Proceeding in the same way, we can build a sequence {zn} with anXOi(t) for
0= n(EZO+)s n;o , where 1= niO(EZO+)s n;-1 , such that M(gzn+1,Tzn , t)=M(Xl- X, t) ;
Z,.1=3Z, ; Vn(EZJr)Er_zio . Then, take z, .1=Tz,, EXOJH(t) such that z, ,1<z, ., since
T:Ujep X; = Uicp X; is a weak p-cyclic fuzzy order preserving proximal mapping, z, €X Oi(t)

and :z 1=Tz,,i0€X0)l~+1(t). As a result, z, 1<z, ; Vn(EZ+)Enl-O +1 . Again, for such a

njo+
Zpig+l EXO’M(t) , there is some an-0+IEXO,i+1(t) such that z, ,<z,,,, and for
lsni+1,0(EZ0+)s 1, .- Then, the elements of {zn} from n=0 to n=n;y+2 are ordered, with
order preserving, with respect to the preorder relation < and z, €X; (/) and Zng+m €EXo,i ()
for m =1,2.By keeping k =0, we proceed in the same way by running ; from i to i+p-2 and
prove that the finite subsequence of {zn} from n=0 to n=n;, 50+2 is also ordered with
respect to < since n;_jg+lsns<njy for j=ii+l,., i+p-2; Vj€p for the given i€p. Now,

the same reasoning is used for j =i+ p-landfor k=1 and n ot+lsn=n 1 to conclude

i+p-2, i+p-1,

that the elements of {zn} from n=0 to n=mn;

i+p-10 +2 are ordered with respect to the relation <.

Proceeding recursively for each j =i,i+1,..,i+p-2 and each integerk€Z,, it is proved that,
z, EXO_I-(I) for n;_y+lsnsnjpforj=ii+l, . i+p-2;Yk€Z), and z, EXOI-(I)(= X0’i+p_1(t))
for n.,, » . +lsn=sn;, ,_ ; Yk€Z,, and thatthe sequence |z, is ordered with respectto <.

i+p=2.k i+p-1,k+1 0+ q n p =
Define the strictly ordered set of positive integers N = {nj_l,k}; j=ii+l,., i+p-1,VkEZ,, with
njg<njr and n,p<nyg; VEDP, YKEZy, . Since T:UipX; =Uigp X; is a weak p-cyclic
fuzzy order preserving (with respect to =< ) proximal w -contraction of type II and
g:Uigp X; = Uigp X; is fuzzy non-contractive, one has for zne{zn} and some real constant

a€(0,1), since y:[0,1]—[0,1] belongs to the set ¥':
Mlzy 2 1)z Mgz, 8200 1)
= Mz 20 7))> Mlzyy 2y ) (22)
E M(zo,zl,a_”t)
y n,(n+l)$N*, VIER, 4.
Mzt Zpaa 1) = M (T2, T2, 1)
= Mz 2y e 7))> Mlzyy 2y ) (23)

> .2 M(zo,zl,a _”t)
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(n+1),(n+2)EN", ViER cER ny =nyle)€EZ, YIER,

if + . Thus, one gets for any given +, some

and all m(z n)n(z "o )EZ+ that:

M(zn yZm s t)zz/J[M(zn - t)*M(zn s Zpal t)* ~-~-*M(Zm—1 yZm t)]

> M(zo .21, a " l)*M(ZO .z, 0!_(”+1)t)* ....*M(ZO .71, 0!_<m+1)t)
(24)

m+l
= % M(x, v, a_"t)

nzn

=1-¢

from the property T with ¢, =a™"t; Vn€Z,, being a {tn} s -increasing sequence for n = ng

n+l

such that 7, = a "t = (a_l —1)_1 implies that 7, =a_( )t 2t,+1=a"t+1 for all n=n; and

no
all 121, =— (note that ¢, =0 as ny —> ). Any other s -increasing sequence {tn} can be
a -
accommodated to satisfy by, SUpatlst,st, Thus,

x M(x,y,t,)= * M (x, v, tnk)zl—e by the non-Archimedean property. Then,
k=k k=ky (nko zno)
(X, M, %, <) satisfies the property T since Equation (24) holds for the s -increasing sequence
{a_”t} n=n, and it is extendable to any other s -increasing sequence. Thus, one has from Equation

(22) that:

lim M(znk s Zny 4l l‘)= lim M(gznk »8Zny 41> t)

k—>o0 k—>00
(25)
= [im M(zl,zo,a_"kt)=1; V[ER+

k—>00

for a subsequence {Z”ik } c {X 0i (t)} being defined, provided that arbitrary points
Zo( =z )E Xoi 21 EX; (1) for some  given  arbitrary i€p and such  that
Ny ,(nik +l)¢ Nl-* (N,-* CN being the set where the iteration switches from X; to X;,;), V/IER, .
Thus, iz

the given initial zyE€Xy; (t) , 21 E X, (t) , we can always find two  points

g f is Cauchy and convergent to some x: EclX Oi(t) since (X , M, =, -_<) is complete. For

Zjo€Xp; (). z 1 (—_<E 0 )E {zn }ﬂ Xy, ()  which are initial adjacent points of a subsequence

4

{Z”jk } C {zn} for any arbitrary j(;é i )Eﬁ. It is found that {znik } is Cauchy and convergent to some

x; EclXy; (t) .The setof p limit best proximity points xj- EclXy; (); viep is unique since all the

above subsequences are also totally ordered with lower-bounding and an upper-bounding ordered
sequences (see Theorem 1 for similar reasoning), which converge to a unique best proximity point of
a set X; to its adjacent set X, for each j€p . Then, for any constructed sequence

{xn }E Uiep Xoi (), we have convergent subsequences to the same limit within each subset X, P which

is a unique best proximity point so that:

llm M('xnk 4 xnk+1 4 t)= klanM(gxnk ’ g'xnk+l ’ t)

k—
. * . * . — (26)
= klz_r)nooM(xnjk VX t)= klz_rsz(gxnk, gx;, t)= 1; Vjep
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so that {X”jk }—> x; ; Vj€p. It is now proven that each x;EcZXOj (t) is an optimal fuzzy best
proximity coincidence points of the pair (g,T ) in X, for each j€p . One gets from the

properties of the -norms, Equation (26), and the continuity of T:UepX; = Uiep X; :
Mlg;. 77,
> (M (gx’;, X t)*M(gxnjk T, t))*M(Txnjk Tx], z) 27)
= (M(ng,gxnjk, t)*M(Txnjk Tx, t))*M(gxnjk Tx,,. t); VkEZ,,, V€D

and:

M(gx;, ij-, t)z lim inf (M(gx;, g t)* M(Txnjk Tx;, t))

k—>

*[im infM(gxnjk Txnjk, t)

k—0

= (1*1)*]1;:’! infM(gxnjk Txnjk, t)
(28)
=lim infM(gxn v T t)
PR J J
= lim M(gxnjk Tx;, t)

k—>0

=M(Xj,Xj+1, t); Viep

However, we can interchange the locations of M (gxnjk Tx;,t) and M (gx;,T x;,t) in

Equations (27) and (28) for obtaining corresponding sets of inequalities to conclude that:

klanM(gxnjk Txnjk,t) =M(ng,ij,t)=M(Xj,Xj+1,t) ; V€D (29)

Thus, x; = Tx;_l EclXy; (t) is a unique best proximity point to X;,; in X; of
T:Ujep X; = UjepX; and it is also an optimal fuzzy best proximity coincidence point of the
pair(g,T) in X;.

In the same way as Corollary 1 and under a close proof (see also Remark 3), we can get the
subsequent Corollary to Theorem 2:

Corollary 3. Assume that the hypothesis of Theorem 2 holds except that, for any given initial point

20 EUigp Xoi (t), the sequences {zn} are built so that:

(1) z,. =Tz, for any n€Zif z, € Xy, (1) for any i(= j)Ep and some fixed jEp (ie., the proximal
subsequence from each subset X ; of X toeach next adjacent subset is only computed eventually at the
subset X, (¢) while at the remaining subsets only the cyclic self-mapping T is involved);

(2) the proximal con,stmint Equation (3), subject to its subsequent constraints, is replaced at the subset X ; of

X by the subsequent one:

M(g:” T ,r)=M(X,,XM,t) ) Vk(z k* )E ZO+ , iIEp (30)
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for some given jE€ p and some subsequence iz,,jk fg Xy, (¢), for nEZ, with zy EX; for some satisfying

1 kem (k)1 .
=7’ +mjlk) jkz with z

z
njk+m nj *.Z

" « EXoj (¢), for some set of bounded positive integers

J njk

m; (k); Vk(z k*)EZO + for the given jE€p and some sequence of positive integers {n jk} being strictly
increasing with k(z kK" )E Z, (ie., the proximal subsequence at the subset X ; is not necessary computed

at each k -th cycle on the whole cyclic disposal of the p subsets X; (t) CX;CX forall i€p since m; (k)

can exceed the value p for some values k(z k" )E Zy, ).

Then, there exists a unique element x;-k eXy; (t) foreach i€ p, which is an optimal fuzzy best proximity
coincidence point of the pair (g,T) in  X; , such that xf,rl =Tx;‘ ; VYiep , and then
M(gxg;,x;l , t)= M(Xl» JXiis t); Vi€ p. Furthermore, each of the subsequences {zm }C {zn}ﬂ Xo; (t) for
i€p being defined by any given first element zo€Uiep X, (1) , so that the proximal
constraintM(gzn+1,Tzn, t)=M(Xj,Xj+1 , t); VnEZ,,, is a Cauchy sequence that is convergent to the

optimal fuzzy best proximity coincidence point x;k EclXy; (t) of the pair (g, T ) in X;.

Results similar to those of Theorem 2 and Corollary 3 can be obtained by replacing the
continuity assumption on 7:Ui; X; =UiepX; by the condition that X;,; is fuzzy
approximatively compact with respect to X;; Vi€ p, that is, each sequence {T xn}C X1 such that
{M(x,Txn, t)}—> M(x s Xl t) for some xE€X; hasa convergent subsequence.

Corollary 4. Theorem 2 holds “mutatis-mutandis” if X;,, is fuzzy and approximatively compact with
respect to X;; Vi€ p evenif T:Ue; X; = Uiep X; is not everywhere continuous.

Proof. The hypothesis of Theorem 2 still holds except that 7 :U;e; X; = U5 X; is not necessarily

everywhere continuous while X;,; is fuzzy and approximately compact with respect to X;;

Vi€ p . Then, the first part of the proof of Theorem 2 is still applicable while one concludes from
Equation (28) that {xnj }—> x; , {gxnj }—> ng as n; »» VYjEp so that there is a convergent

*

subsequence {Txnjk}(C{Txnj}Ccho,jH(t))ez+1 for some z;”Echoyj”(t) for each jE€p

J
since:
* * . .
M(ng, Tx;, t)z ll;n_)lsz(gxnjk Txnjk , t)
. *

= ézmwM(gx”jk Zjsls t)

. * 31

—liz:ioM(ng,Tx”jk,t) (31)

= lim M(gx; , Z;+1, f)

k—0

-M(X;, X4, t); V€D

leads to:

(M(gx”/ 7")(”/,1) —M(gx';. ,Tx"],t) ]eo, M(gx) Ty, 0] =M (g5, X,,0)=M(X,, X, 1) 5 V€,
(32)

M(ng,zj.+1, z)=M(Xj,Xj+1, ()
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and Tx; = zj-+1 = xj-+1; Vj € p . Assume that this is not true, i.e., zj-+1 = xj-+1 for some j€E€ p, so that:

1>M(2,, %, ,r)z(m M0, Tx,, 1) Jim M (75, T, ,r))*l”im M(1y, T2 (33)

Taking limits in both sides of the above inequality as k,n;, n; —o , and since

{xnjk},{xn}ex; and {Txn/k}—>zj41 , yields the contradiction 1>(1*1)*1=1 , so that

* * * R * * L
TXj=Zj+1=Xj+1,' V]Ep.Then, Zj+1=Xj+],' V]Ep

Corollary 5. Corollary 3 holds “mutatis-mutandis” if X;,, is fuzzy and approximately compact with respect
to X;; Viep evenif T:UipX; —UigpX; is not everywhere continuous.

Theorem 2 and Corollaries 3-5 can be directly extended to a (g.7) pair where the
p(=2) -cyclic mapping T :Ue; X; = Uigp X; is a continuous p -cyclic fuzzy order preserving
proximal y -contraction of type II, the partial order being defined with respect to < which is now
defined on the whole union of subsets of the cyclic disposal Uz X; . This n{eans that the

constructed sequences possessing Cauchy subsequences within each subset converge to the best
proximity points. Such points are simultaneously unique optimal fuzzy coincidence points of the
pair (g,T) that can be constructed on the whole subset X; but converge to the corresponding

proximal subsets.

Remark 4. Note from Definition 7 and from Definition 8 that if T:UgpsX; =UiepX; is a strong
(respectively, weak) p -cyclic fuzzy order preserving proximal y -contraction of type 1l for some a € ( 0,1 )
and M(Xi ,XHI,.) is non-decreasing on (0,00) then T :Ujep X; = Uigp X is also a strong (respectively,
weak) p -cyclic fuzzy order preserving proximal 1 -contraction of type 1. This becomes obvious from

M(X,-,Xl-+1,a_1t)zM(Xl-,X-+1,t) ;,  YteR,, , VYiep , and,  respectively,  from

1

M(XOi(t)’XO,Hl(t):a _lt)ZM(XOi(t)’ XO,i+1(t)’t); ViERy,, ViEp.

Example 4. Assume that T:UiepX; =UicpX; is a p -cyclic fuzzy order preserving
M
A+ d(x, y)
(respectively, Vx,y EUiep X (t)), VtER, , forsomereal AER, where d: X xX — Ry, isametric, then,
dM(x, v, t) ﬂd(x, y)

= 20, Vx,yEU;ep X; (respectively, Vx,yEUEfXO-(t)), Y:tE R, with the
dt (/lt+d(x, y))2 A A *

proximal ¥ -contraction with M (x, v, t) ; Vx,y€eU i€p X;

above inequality being strict if and only if x = y. Thus, M(x, Vv, a_lt)> M(x, ¥, t) for any aE(O , 1) if
andonly if x=y forall t€R, . Then, T:Ujcp X; = Uigp X; is also a strong (respectively, weak) p -cyclic

fuzzy order preserving proximal y -contraction of type I (see also Remark 4).

Example 5. Consider the mappings 7 and g defined as in Examples 1-3. From Definition 8,
Equations (22) and (23) in the proof of Theorem 2 and Example 4 with A =1, it follows that
lim M(zn - ,t)z lim M\zq , 7 ,a‘”t)=1 for any sequence {zn}C XiUX, for i=12
n—ow n—oo

constructed as in the proof of Theorem 2. Thus, it follows that the p subsequences
{zin}C{zn}ﬂ X; (or, respectively, in {zm}C{zn}ﬂXol-(t) for ;=12 for the weak proximal
contraction case) for each i=1,2 converge to unique best proximity points, which are also the
unique optimal fuzzy best proximity coincidence points of the pair (g.7 ) of X; at each X;(t);
i=12.
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Remark 5. Consider the mappings T and g under the conditions of Theorem 3. From Equations (22) and

(23) in  the proof of Theorem 2 and Example 4 with A=1 , it follows that

lim M(zn - ,t)z lim M\zy ,z1 ,a _”t)=M(zo , 2] ,00)=1 , even if the constraint
n—oo

n—>c
M(zn+2 s Zpal s t) =y (M (z,, s Znal s a_lt)) in Definition 8 holds for all n€ Z, and only for some tER, , for
any sequence {zn}C Uiep X; constructed as in the proof of Theorem 2. Thus, it follows that the p
subsequences {zm} of {zn} fulfilling {zm}C {zn}ﬂ X; CUigpX; (or, respectively, in
{zi,,}C {zn}ﬂ XOl-(t) for the weak proximal contraction case), Vi€ p, converge to unique best proximity

points at each X; which are also the unique optimal fuzzy best proximity coincidence points of the pair ( g. T )

7

at each X;; Vi€ p. Thus, Theorem 2 can be weakened by “ad hoc weakening” the implied part of the
inequalities in Definition 8 so as to be fulfilled only for some (and not for all)t ER, .

4. Conclusions

This paper has dealt with some properties of interest in two types of fuzzy ordered proximal
contractions of cyclic self-mappings 7 which is integrated in a pair (g.7) of mappings that

construct the relevant proximal sequences of interest. In particular, g is supposed to be a
non-contractive fuzzy self-mapping in a non-Archimedean ordered fuzzy complete metric space
(X , M %, < ), endowed with a partial order < and a triangular norm *, while 7 isa p-cyclic
proximal contraction. The fuzzy set M on XxX x[O L) is a fuzzy metric on the
non-Archimedean fuzzy metric space (X, M %). Two types of such contractions (so-called type I

and of type II) are considered. The main results obtained rely on the existence, uniqueness and limit
properties for sequences to existing optimal fuzzy best proximity coincidence points for such pairs
of mappings.
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