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Abstract: The Harary index is defined as the sum of reciprocals of distances between all pairs of
vertices of a connected graph. The additively weighted Harary index H4 (G) is a modification of the
Harary index in which the contributions of vertex pairs are weighted by the sum of their degrees.
This new invariant was introduced in (Alizadeh, Iranmanesh and Dosli¢. Additively weighted Harary
index of some composite graphs, Discrete Math, 2013) and they posed the following question: What is
the behavior of Ha(G) when G is a composite graph resulting for example by: splice, link, corona and rooted
product? We investigate the additively weighted Harary index for these standard graph products.
Then we obtain lower and upper bounds for some of them.
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1. Introduction

A topological index is a real number derived from the structure of a graph in a way that does
not depend on the labeling of the vertices. Hence, isomorphic graphs have the same values of
topological indices. Chemical graph theory is a branch of mathematical chemistry that is mostly
concerned with finding topological indices of chemical graphs that correlate well with certain
physico-chemical properties of the corresponding molecules. The basic idea behind this approach
is that the physico-chemical properties are governed by the mechanism depending mostly on the
valences of atoms and on their relative positions within the molecule. Since both concepts are well
described in graph-theoretical terms, there are reasons to believe that chemical graphs capture enough
information about real molecules to make them useful as their models.

Hundreds of different topological indices have been investigated so far and have been employed
in QSAR (Quantitative Structure Activity Relationship)/QSPR (Quantitative Structure Property
Relationship) studies, with various degrees of success. Most of the more useful invariants belong to
one of two broad classes: they are either distance based, or bond additive. The first class contains
the indices that are defined in terms of distances between pairs of vertices; the second class contains
the indices defined as the sums of contributions over all edges. Typical representants of the first type
are the Wiener index and its various modifications; characteristic for the second type are the Randi¢
index [1] and the two Zagreb indices.

Another distance-based topological index of the graph G is the Harary index. The Harary
index of a graph G, denoted by H(G), was introduced independently by Plavsi¢ et al. [2] and by
Ivanciuc et al. [3] in 1993. The Harary index is defined as follows:

1
HG) = Y ———
{”/”}?%V(G) dG(u/ Z))
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where the summation goes over all pairs of vertices of G and dg(u,v) denotes the distance of the
two vertices u# and v in the graph G. For a list of new results about the Harary index see [4-7].

The additively weighted version of the Harary index was introduced by Alizadeh et al. [8] in 2013.
For a given graph G, its additively weighted Harary index H,4 (G) is defined as:

og(u) +dc(v)
Hy(G) = dg(u) +6g(v)
{u,v}gV(G) dg(u,0)
u#v

where Jg(u) denotes the degree of vertex u in G. It is obvious that, if G is a k-regular graph,
then Hy (G) = 2kH(G).

Also, in the paper [8], they posed the following question: What is the behavior of H(G) when G
is a composite graph resulting for example by: splice, link, corona and rooted product?

In this paper we investigate the behavior of H4 (G) under these four operations which are useful
in chemistry. Also, we try to obtain upper and lower bounds for H4 (G) of these operations.

2. Preliminary Results

All graphs considered in this paper are finite, simple and connected. For a given graph G we
denote by V(G) its vertex set, and by E(G) its edge set. The cardinalities of these two sets are denoted
by n and e, respectively. The degree of a vertex u € V(G) is denoted by 6 (1) and the distance d¢ (1, v)
between vertices u and v in G is the length of any shortest path in G connecting u and v. The diameter
of the graph G, denoted by D(G), is max{dg(u,v)|u,v € V(G)}. We denote by K, and P, the complete
graph and the path graph with n vertices, respectively.

A regular graph is a graph where each vertex has the same number of neighbors. A regular graph
with vertices of degree k is called a k-regular graph or regular graph of degree k.

The first and the second Zagreb indices of a graph G are defined as follows:

Mi(G) = ), (bc(u)+dc(v)),  MG)= ) dc(u)sg(v).
uveE(G) uveE(G)

These topological indices were conceived in the 1970s [9,10]. In 2008, in [11] the first and the
second Zagreb coindices of a graph G are defined as follows:

Mi(G)= ), (b(u)+d6(v),  Ma(G)= }, 6&c(u)ig(v).
uvgE(G) uv¢E(G)

Also, the first and the second Zagreb coindices of graph G with n vertices and e edges are equal
to M1(G) = 2e(n — 1) — M3 (G) and My(G) = 2¢? — My(G) — 3 M;(G), respectively. For the proof of
these facts, we refer the readers to [12]. We will use Zagreb indices and Zagreb coindices to formulate
our results in a more compact way.

For a graph G with u € V(G), we define P(G) = ¥, .cv(q)

Luev(c) Wv)ﬂ' Also we define Hg(v) = Lcv(G)\ {0} m.

W and PG(U) =

In the rest of the paper any sum Y, 1cy(c)h(u,0) denotes the sum Y, cy g h(u,u) +

2Y qupycv(c) h(u,v), where h(u, v) is the contribution of pair u, v to the sum.
u#v
In the sequel of this paper we denote by ¢, e for the number of vertices and the number of

edges of G and we denote by ny, ey for the same quantities for H.

3. Main Results

In this section we introduce the standard graph products resulting in composite graphs and then
we present explicit formulas for the values of additively weighted Harary indices of them.
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3.1. Rooted Product

Definition 1. The rooted product G{H?} is obtained by taking one copy of G and |V (G)| copies of a rooted
graph H, and by identifying the root of the i-th copy of H with the i-th vertex of G, i = 1,2, ..., |V (G)|.

For the rooted product G{H } we have:
IVIGIH}D[ = [V(G)[IV(H)|, [E(G{H})[ = [E(G)[ + [V(G)|[E(H).

As an example for rooted product see Figure 1.

G

= G{H} :

Figure 1. The rooted product of G and H where w is the root of H.

Lemma 1. Let G be a simple graph and H be a rooted graph with w as its root. Then for a vertex u of G{H}
such that u € V(G), we have 0y (1) = dc(u) + 6p(w), and for a vertex v of G{H} such that v & V(G)
we have d¢ 11y (v) = dn(vo), where vy is the corresponding vertex in H as v of H;. Also:

(1) ifu,v € V(G), then dgypy(u,v) = dg(u,v),

(2) ifu € V(G),v € V(H;), wherei = 1,2,...,[V(G)|, then dgpy(u,v) = dc(u, w;) + dp,(w;, v) =
dg(u, w;) +dy(w,vy), where w; is the root of H; and vy is the corresponding vertex in H as v of H;,

(3) ifu,v € V(H;), wherei =1,2,...,|V(G)|, then dgpy (u,v) = dp(uo,vo), where ug and vg are the
corresponding vertices in H as u and v of H;,

(4) ifu € V(H;),v € V(Hy)and 1 <i <j<|V(G)| then dgipy(u,0) = dp,(u, w;) +dH],(v,wj) +
dg(w;, w;j) = dy(uo, w) + dp(vo, w) + dg(w;, w;), where w; is the root of H; and w; is the root of H;.
Also, ug and vg are the corresponding vertices in H as u of H; and v of H;, respectively.

Proof. The proof is straightforward. [
Theorem 1. Let G be a simple graph and H be a rooted graph with w as its root. Then:

Ha(G{H}) = Ha(G) + 26n(w)H(G) + ngHa(H) + 2ecHu (w)
oG (1) + 0n(v) + on(w)

+2
(W TV(G) vev(m\iwy 46 t) +du(o,w)
u#t
+ Z Z 5H(u) + ‘SH(U)

141

Proof. From the definition we have:

dcqay () + g (my (0)

ooy dopm (o)
u#ov

Ha(G{H}) =
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By Lemma 1, we partition the sum into four sums S;, i =1, 2, 3, 4, where:

5, — Oy () +6(my(v) y 66 (1) + 6¢(v) + 261 (w)
fuojcvie)  daumn (o) fuolcv(c) A (u,0)
u#v u#v
— Ha(G) + 281 (w) H(G),
5, = "ZG Sy (1) +6(my(v) y 6 (1) + S (w) + 5x(v)
i=1  uev(G) Aoy (14,0) v delnt) +du(v,w)
oeV(H;)\{w;} veV(H)\{w}
-y o () +oom(©) B11() + 11 (0)
=N S G CAY (uohchi\fwy A1 (00)
u#v u#ov
5, = Scqmy () +dgymy (v)
1<i<j<ng ueV(Hy)\{w;} dmy (1, 0)

oy (u) +6p(v)
u,w)+dy(v,w)+dg(t1)

[IYSV(G) {0} VTH)\ () TH(
t£1

Hence:

og(u) +u(w) +0n(v)

Ha(G{H}) = Ha(G) + 261 (w)H(G) 4 2 de(u, ) + dp (v, w)

vV (H)\{w} {1t}CV(G)

u#t
) ) )
D o) oy M
ueV(G) H(?}, ZU) {w,0}CV(H) H(U, w)
o€V (H)\{w} w#v

on (1) +6n(v)
(V@) {um) SVTH)\ ) dp(u,w) +dp (o, w) +dg(t,1)

+

Thus we complete the proof of this theorem. O

Example 1. We have:

Ha(PoAKs}) = =5, Ha(P{Ks}) = 55

Based on Theorem 1, we obtain the next corollary immediately.
Corollary 1. Let G be a r-regular graph and H be a k-regular rooted graph with w as its root. Then:

Ha(G{H}) =2(r +k)H(G) 4+ 2kngH(H) + ngrHy(w)
1
u,t) +dy(v, w)

+2(r + 2k) acl
{u/t}Q‘t/(G) veV(H)\{w} ©C

1

2k .
* 1, W) + dg (0, 0) + dg (51

[IYSV(G) {wo) VT (o) TH(
141

We can determine a lower and an upper bound for Hs (G{H}), where G is a r-regular graph and
H is a k-regular rooted graph.
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We know that 1 < dg(u,v) < D(G), where {u,v} C V(G), u # vand D(G) is the diameter of G.
Similarly, we have 1 < dy(u,v) < D(H), where {u,v} C V(H), u # v and D(H) is the diameter of H.
Hence, we have:

Ha(G{H}) > 2(r + k)H(G) + 2kngH(H) + ngrHp (w)
r+2k n k(ng —1)
D(H)+ D(G) ' 2D(H)+ D(G)
Hu(G{H}) < 2(r + k)H(G) + 2kncH(H) + ngrHy (w)
r+2k k(ng—1)
Pa

I

+ng(ng —1)(ng —1)[

+ng(ng —1)(ng —1)[

3.2. Corona

Definition 2. Let G and H be two graphs. The corona product G o H is obtained by taking one copy of G and
|V(G)| copies of H; and by joining each vertex of the i-th copy of H to the i-th vertex of G,i =1, 2, ..., |V(G)].

For the corona product G o H, we have:
V(G H)| = [V(G)|(1+[V(H)]), [E(GeH)|=[E(G)[+[V(G)[(IV(H)]+|E(H)])-
As an example for the corona product see Figure 2.

¢ S~

= GoH: \

Figure 2. The corona product of G and H.

Lemma 2. Let G and H be two simple connected graphs. For a vertex u of G o H such that u € V(G),
we have dgop(u) = dg(u) + |V(H)|, and for a vertex v of G o H such that v € V(H), we have
5GOH(U) = (SH(ZJ) + 1. Also:

(1) ifu0 € V(G), then dgops(u,0) = de(u,0),

(2) ifueV(G),ve V(H;), wherei=1,2,..,|V(G)|, then dgoy (u,v) = dg(u, w;) + 1, where w; is the

i-th vertex in G,
(3) ifu,v € V(H;), wherei =1,2,...,|V(G)|, then:

(1 if uv € E(H;)
dgor(u,v) = { 2 if uv ¢ E(H;)

(4) ifueV(H;),veV(H)and1<i<j<|V(G)| then dgop(u,v) = dg(w;, wj) + 2, where w; is the
i-th and w; is the j-th vertices in G.

Proof. The proof is obvious. [

Lemma 3. Let G be a simple graph and K, be the complete graph of order 2. Then:

1

H(G{Kz}) = H(G) + P(G) + o Ao 72

u#£v
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Proof. By definition:
1

) - .
[} CV(GKy)) F61Ke} (4:0)

u#o

H(G{Ky}) =

We partition the sum in the formula of H(G{K3}) into three sums S; such that S; is over A; for
i=1,2,3, where:
Ay ={(u,v)|lu,v e V(G)},
Az = {(wo)lu € V(G),0 € V((K)) \ {wi}, 1 <i < [V(G)]},
e~ (o)l € V(K0 \ ()0 £ V(K (1 21 <) < V(G
where (K3); is the i-th copy of K; and (Kj); is the j-th copy of K in G{K3}.
So we have:

H(G{Kz}) =51+5+S;3

1 el 1
= —_—t —
{u,v}gwc) Ak, (1,0) 1; Uev(G) dGik,} (1,0)
uto veV((K2)i)\{wi}
1

+ Y S —
1<i<j<ng ueV((Ka)i)\{w;} 46 (k) (1,0)
veV((K2)j)\{w;}

1
e ot 2; TeGa AT e () 42
u#v
1
= H(G) + P(G) + S S—
{u,v}gv(G) dg(u,v) +2
u#v

O
Theorem 2. Let G and H be simple graphs. Then:

HA(G o H) = HA(G) + 21’1H(1 —2ey — TlH)H(G) -|—21’lH(2€H + nH)H(G{Kz})
+ 58 My (H) + 265 (1 = 2n1) — n}y + na] P(G)

nyg — 1 (SG(I/I)
+nGnH(eH—|— )-l—nH -
2 {u,v}gwc) Ae(u,0) +1

Proof. By definition we have:

(sGoH(u) + stoH(U) .

{u,0}CV(GoH) dGOH(u, U)
u#v

Ha(GoH) =

By Lemma 2, we partition the sum into four sums S;, i = 1,2,3,4. We consider four sums
51,55, 53,54 as follows:

S$5= Y OGon (1) +dcor(v) _ > 3 (1) +dg(v) +2|V(H)|
{u,0}CV(G) dGOH(ur U) {u,0}CV(G) dG(u,v)
u#v uto

= Hu(G) +2nyH(G)

S, = IVf)I y SGon (1) +0Gor(v) _ ”ZG: 3 oc(u) + |V(H)| 405 (v) +1
A uevie)  deen(?) i=1 uev(c) dg(u,w;) +1
veV(H;) veV(H;)
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Now we consider the following relation:

dg(u) +oy(v) +ny +1 nudc (1) + 2en )
= ———————— + (ng+1)n -
ue%c) Ao wi) +1 ME;G) dg(u,w;) +1 Y Hueg(lc) de(u,w;) +1
UGV(HZ‘)
uev(G) de(u,wi) +1 MGV(G dG(u wl) 1
oG (u) )
=" + 26 +7’l +71 P wl .
w X Tl @t Po(w)
Hence, we have:
(1) )
S2= 2 7+2€+n+nPwi
SRR A R L)
= _ () 2
=ny o do(u,0) +1 + (2ey + ny +ny)P(G)
-y y fe tdenle) _§ g bult)+in(0)+2
= woycv)  Acen(u) = ooy deen(,0)
uv u#v

Now we consider the following relation:

(5H(u)+(5H(v)+2 (SH(M)+5H(U)+2
) = L OGu+om@)+2)+ Y
{u,v}%éV(H) dGOH(u’ ”0) uveE(H) uv¢E(H) 2

= () + g (a1)+ 20+ (1 57) < e

g—1
2 )

1
= SMy(H) + n(en + n

Note that the last equality holds in view of the fact that My (H) = 2ey(nyg — 1) — My (H). So:

53 = nZG;[lMNH) +nplen + nHz_ 1)] = ”G[%MNH) + ey + 71H2— 1)]
i=1
Sa= Y v OGor (1) +dcon(v) y > Sr1(1) + 657 (0) 42

o dG(wi,w]-) +2

1<i<j<ng ueV(H;) dGor (,0) 1<i<j<ng ueV(H;)
0€V(Hj) veV(H;))

Now we consider the following relation, where 1 < i < j < ng

op(u) +on(v) +2 1 L. 2np(2en +np)

= ) u)—+ Oy (v —+ 2n - = s 7

X iz " dmayal, X, 00+ dn(e) 2] = ORI
0€V(Hj) veV(H;)

By using Lemma 3 we have:

Su = 2141 (20 + np1) | }Z . dc(ulw — 2ny(2ey + np) [H(G{Kz}) — H(G) — P(G)].
uv}CV(G /
u#v

The result now follows by adding the four contributions and simplifying the expression. O
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Example 2.

148
Hp(PyoKp) = =

313
HA(P3 OKZ) = 7
We note that P, o Ky = P,{K3} and P53 o K, = P3{K3} and the result is similar to Example 1.

Corollary 2. Let G be a r-regular graph and H be a simple graph. Then:

Ha(Go H) = 2[ny(1 —2ey —ny) +r|H(G) + [2e(1 — 2ny) — n3; + ny(r +1)]P(G)
ng — 1

+ "G ML (H) + 20y (2en + ng)H(G{K2Y) + nenp (e + ).

2

3.3. Splice

Definition 3. For given vertices y € V(G) and z € V(H) the splice of G and H by vertices y and z, which is
denoted by (G - H)(y; z), is defined by identifying the vertices y and z in the union of G and H.

As an example for the splice of G and H see Figure 3.

G

(G- H)(y;2):

V4
H A
Figure 3. The splice of G and H by vertices y and z.

Then for the splice of G and H by vertices y and z we have:
V((G-H)(y;2))| = [V(G)|+|V(H)| =1, [E((G-H)(y;2))| = |[E(G)| + |E(H)|.

Lemma 4. Let G and H be simple graphs with disjoint vertex sets. For given verticesy € V(G)andz € V(H)
suppose that the splice of G and H by vertices y and z is denoted by G - H for convenience. Then for a vertex
u of G- H such that u € V(G) \ {y} we have ég.y(u) = éc(u) and for a vertex v of G - H such that
v e V(H)\ {z} we have 6g.;(v) = 0y (v) and 6.5 (y) = dc(y) + 6n(z) = ég.u(z). Also:

(1) ifu,v e V(G), thendg.g(u,v) =dg(u,v),
(2) ifu,v e V(H), thendg.y(u,v) = dy(u,v),
(3) ifueV(G),ve V(H), thendg.y(u,v) =dg(u,y) +dy(z,0).

Proof. The proof is obvious. [

Theorem 3. Let G and H be two simple graphs.  For vertices y € V(G) and z € V(H),
consider (G - H)(y;z). Then:

Ha((G-H)(y;2)) = Ha(G) + Ha(H) + n(2)Hg (y)

5(;(14) + (5H(v)
PG T D T,y + du(o,2)

veV(H)\{z}
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Proof. For convenience we denote (G - H)(y;z) by G - H. By definition we have:

dc.a(u) + 5G~H(U)'

{u,0}CV(G-H) dc.n(u,v)
u#v

Ha(G-H) =

We partition the sum into three sums S; such that S; is over A; for i = 1,2,3, where A; =
{(w,0)|lu,0 € V(G)}, Ay = {(u,v)|lu,v € V(H)}, Az = {(u,v)|u € V(G) \ {y},v € V(H) \ {z}}.

So we have:
g oc.u(u) +éc.u(v)
= dc.(u,0)
{u0}CV(G) G-HA
u#v
_ 5(;(11) + (SG(ZJ) n (SG(y) + 5H(Z) + 5(;(0)

woycviong 60 ev(Guy dg(y,v)

u#v
= Hy(G) + 01 (2)Hg ().
Similarly, we have S; = H4 (H) + 66 (y)Hp(z). Also:
o) +o.u(v) _ oG (u) +0n(v)

wevichyy  den(wo) N wevion iy 46w y) +du(v,z)
veV(H)\{z} veV(H)\{z}

S3 =

The result now follows by adding the three sums S;,i =1,2,3. O

Corollary 3. Let G be a r-regular graph and H be a k-reqular graph. For vertices y € V(G) and z € V(H),
consider (G - H)(y;z). Then:

Ha((G-H)(y;z)) = 2rH(G) 4+ 2kH(H) + kHg (y)
+rHy(z) + (r+k) ), !

wevion iy 96l y) + dy(v,z)’
eV (H)\{z}

We can determine a lower and an upper bound for H4 ((G - H)(y;z)), where G and H are r-regular
and k-regular graphs, respectively.

We know that 1 < dg(u,y) < D(G), where u € V(G) \ {y} and D(G) is the diameter of G.
Similarly, we have 1 < dy(v,z) < D(H), where v € V(H) \ {z} and D(H) is the diameter of H.
Hence, we have:

(r+k)(ng —1)(nyg —1)
D(G)+D(H) '

Ha((G-H)(y;z)) > 2rH(G) +2kH(H) 4+ kHg (y) + rHu(z) +

(r+K)(nG — 1) (m 1)

Ha (G- H)(y;2)) < 2rH(G) + 2kH(H) + kHg () + rHp (2) + .

3.4. Link

Definition 4. A link of G and H by vertices y and z, which is denoted by (G ~ H)(y; z), is defined as the
graph obtained by joining y and z by an edge in the union of these graphs.

As an example of the link of two graphs see Figure 4.
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(G~ H)(y;2): ¥

Figure 4. The link of G and H by vertices y and z.

For a link of G and H by vertices y and z we have:
V(G ~ H)(y;2))| = V(G| + [V(H)|, [E((G~ H)(y;2))| = [E(G)| + |E(H)| + 1.

Lemma 5. Let G and H be two simple graphs with disjoint vertex sets. For given vertices y € V(G) and
z € V(H) suppose a link of G and H by vertices y and z is denoted by G ~ H for convenience. Then for a vertex
uof G ~ H such that u € V(G) \ {y} we have ég.y(u) = 6g(u) and for a vertex v of G ~ H such that
v e V(H)\ {z} we have 6.y (v) = 6y (v) and dgp(y) = 6c(y) +1,0c~u(z) = oy (z) + 1. Also:

(1) ifu,veV(G), thendgy(u,v) =dg(u,v),
(2) ifu,ve V(H), thendgpy(u,v) =dy(u,v),
(3) ifueV(G),ve V(H), thendg.y(u,v) =dg(u,y) +dy(z,v) + 1.

Proof. The proof is straightforward. O

Theorem 4. Let G and H be two simple graphs. For vertices y € V(G) and z € V(H), consider (G ~
H)(y;z). Then:

Ha((G ~ H)(y;2)) = Ha(G) + Ha(H) + Ho (y) + Hr(2)
+ (0u(z) + D)(Pe(y) = 1) + (b6 (y) + 1) (Pr(z) = 1)
06 (u) + 61 (v)

ueV(G)\{y} dg(u,y) +du(v,z) +1
veV(H)\{z}

+6c(y) +0u(z) +2+

g (u)
dc(u,y) + 1

On(v)

+ in2) +1

ueV(G)\{y}

+
veV(H)\{z}

Proof. For convenience we denote (G ~ H)(y;z) by G ~ H. By definition we have:

dg~m(u) + 5G~H(0)_

{u,0}CV(G~H) dc~n(u,v)
u#v

Ha(G~H) =

Similarly to the proof of Theorem 3, we partition the sum into three sums S; such that S; is over
A;fori=1,2,3, where:
A1 ={(u,v)|lu,v e V(G)},
Ay ={(u,v)|lu,v € V(H)},
Az ={(u,v)|lu e V(G),v € V(H)}.
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We consider three sums Sy, Sy, S3 as follows:

dg~H(u) +ocn(v)
{u,v}gV(G) dGNH (Z/l, U)
u#£ov
dg(u) + 95 (v) dg(u) +05(y) +1
= L RO e (i, y)
fupycvio\fyy 46\ uev(G)\{y} GU Y

uxo

= Hx(G) + Hg(y).

51 =

Similarly, we have Sp = Hy (H) + Hy(z). Also:

dg~H(u) +dc~n(v)

Sa: =
’ wevic)  Ae~n(,0)
veV(H)
- ¥ dg(w) +ou(0) b6 (u) +0p(2) + 1
rep @ B T IO T ey gy ol +1
ve z

6c(y) +6m(v) +1
dg(v,z) +1

+ ( ) +06(y) +90n(z) +2

veV(H)\{z}
- v b6 (u) +0n(v)
do(u,y) +dy(v,z) +1

+5G(_1/) + (SH(Z) +2

ueV(G)\{y}
veV(H)\{z}
o (u)
+ ———— + (0g(z) +1)(Pc(y) — 1)
wev(nfyy 4o y) +1
)
n 10 4 (56(y) + 1) (Prr(z) — 1).

vev(m\ (=) 41(@2) +1

We obtain the result by adding the three sums S;,i =1,2,3. O

Corollary 4. Let G be a r-regular graph and H be a k-reqular graph. For vertices y € V(G) and z € V(H),
consider (G ~ H)(y; z). Then:

Hy ((G ~ H)(y;2)) = 2rH(G) + 2kH(H) + Hg(y) + Hu(2)
+ (k+r+1)[Pc(y) + Pu(z) —1] +1
1
dg(u,y) +dy(v,z) +1°

Similarly, we can determine a lower and an upper bound for H4 ((G ~ H)(y;z)), where G and H
are r-regular and k-regular graphs, respectively.
We know that 1 < dg(u,y) < D(G), where u € V(G) \ {y} and D(G) is the diameter of G.
gimilaflly, we have 1 < dy(v,z) < D(H), where v € V(H) \ {z} and D(H) is the diameter of H.
o we have:

Hy ((G ~ H)(y;z)) = 2rH(G) + 2kH(H) + Hg(y) + Hp (2)

(r+k)(ng —1)(ny —1)

(Rt DIP6(y) + Pule) — 1+ 14 p g

)
(
)
(

Ha((G ~ H)(y;2)) <2rH(G) + 2kH(H) + Hg(y) + Hp(2)

(r+K) (1 —1)(ng —1)

+(r+k+1)[Pc(y) + Pu(z) —1] +1+ 3
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Remark 1. From the definition of H(G) and P(G), it is obvious that the complete graph has the largest H(G)
and P(G) among all graphs on the same number of vertices. So, for any graph G on n vertices we have
H(G) < (3) and P(G) < (3) + n. Also, from the fact that adding an edge to G will increase its additively
weighted Harary index, it immediately follows that the complete graph has the largest H 4 (G) among all graph
on the same number of vertices. Hence, for any graph G on n vertices we have Ha(G) < n(n —1)2.

From the above remark, we obtain the next corollaries immediately.
Corollary 5. Let G be a r-regular graph and H be a k-regular rooted graph. Then:

HA(G{H}) < (r+1)[r(r + k) + k*(k +1)]

2k k?
r+ L

+rk(r+1)[1+ 7 3].

Corollary 6. Let G be a r-regular graph and H be a k-reqular graph. Then:
7+ k]
2 7

Ha((G~H)(y;2)) < (r+1)r* + (k+1)k* + %rk(r+k)

F SR D[+ 1) 2) + (k4 1)k +2)]

Ha((G-H)(y;2)) < (r+1)r* + (k+ 1)k* + rk[2 +

4. Conclusions

In this paper we have investigated the additively weighted Harary index for some graph products
such as splice, link, corona and rooted product. Also we have determined lower and upper bounds for
some of them.
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