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Abstract: Fourier spectral methods for solving some linear stochastic space-fractional partial
differential equations perturbed by space-time white noises in the one-dimensional case are
introduced and analysed. The space-fractional derivative is defined by using the eigenvalues
and eigenfunctions of the Laplacian subject to some boundary conditions. We approximate the
space-time white noise by using piecewise constant functions and obtain the approximated stochastic
space-fractional partial differential equations. The approximated stochastic space-fractional partial
differential equations are then solved by using Fourier spectral methods. Error estimates in the
L?-norm are obtained, and numerical examples are given.
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1. Introduction

In this paper, we will consider a Fourier spectral method for solving the following linear stochastic
space fractional partial differential equation:

ou(t, x) o _ 0*W(t,x)

T+(_A) u(tIX)_W/ O0<t<T, 0<x<1 (1)

u(t,0) =u(t1) =0, 0<t<T )

u(0,x) =up(x), 0<x<1 3)
W (t,x)

where (—A)%, 1/2 < a < 1, is the fractional Laplacian and S~ 1s the mixed second order
derivative of the Brownian sheet [1]. It is well known that the Laplacian —A has eigenpairs (A;, ¢;) with
A= 22, ej = V2sinjmx,j =1,2,3,... subject to the homogeneous Dirichlet boundary conditions on
(0,1),ie. €;(0) = ¢j(1) = 0 and:

—AE]' :)\]'(3]‘, ]: 1/2/31--'-

Let H = L2(0,1) with inner product (-, -) and norm || - ||. For any r € R, we denote:
Hj = {v: v= Z(v,ej)ej, where Z)\]r-(v,ej)z < oo}
j=1 j=1
with norm:

©
|U|r = ( Z)\;'(U/ ej)Z)l/Z
=1
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Then, for any v € Hg“(O,l),l/Z < o < 1, we have:

[e9)

(—8)%v =) (v,e)Alej )
j=1

Space-fractional partial differential equations are widely used to model complex phenomena, for
example quasi-geostrophic flows, fast rotating fluids, the dynamics of the frontogenesis in meteorology,
diffusion in a fractal or disordered medium, pollution problems, mathematical finance and the
transport problems; see, e.g., [2-6].

Let us here consider two examples, which apply the fractional Laplacian in the physical models.
The first example is the surface quasi-geostrophic (SQG) equation,

00 +i-VO+k(—A)*0 =0

where k > 0and « > 0, 0 = 0(xy, xp, t) denotes the potential temperature, il = (11, uy) is the velocity
field determined by 8. When k > 0, the SQG equation takes into account the dissipation generated
by a fractional Laplacian. The SQG equation with k > 0 and o = 1/2 arises in geophysical studies
of strongly-rotating fluids. For the dissipative SQG equation, @ = 1/2 appears to be a critical index.
In the subcritical case when « > 1/2, the dissipation is sufficient to control the nonlinearity, and the
global regularity is a consequence of a global a priori bound. In the critical case when « = 1/2, the
global regularity issue is more delicate. There are few theoretical results for the supercritical case
o < 1/2 in the literature [7].

The second example is about the wave propagation in complex solids, especially viscoelastic
materials (for example, polymers) [8]. In this case, the relaxation function has the form k(t) = ct7,
0 < v < 1, c € R, instead of the exponential form known in the standard models. This polynomial
relaxation is due to the non-uniformity of the material. The far field is then described by a Burgers
equation with the leading operator (—A) "% instead of the Laplacian:

1+v

Ot = —(=A) 7 u+ 9y (u?)

This equation also describes the far-field evolution of acoustic waves propagating in a gas-filled
tube with a boundary layer.

Frequently, the initial value or the coefficients of the equation are random; therefore, it is natural
to consider the stochastic space-fractional partial differential equations. The existence, uniqueness
and regularities of the solutions of stochastic space-fractional partial differential equations have been
extensively studied; see, for example, [3,4,9,10]. In this work, we will focus on the case 1/2 < a < 1,
since the existence, uniqueness and regularity of the solution in this case is well understood in
the literature; see [11] (Theorem 1.3). However, the numerical methods for solving space-fractional
stochastic partial differential equations are quite restricted even for the case 1/2 < « < 1. Debbi and
Dozzi [11] introduced a discretization of the fractional Laplacian and used it to obtain an approximation
scheme for the fractional heat equation perturbed by a multiplicative cylindrical white noise. As far as
we know, [11] is the only existing paper in the literature that deals with this kind of numerical approach
for such a problem. In this work, we will use the ideas developed in [12] to consider the numerical
methods for solving stochastic space-fractional partial differential equations; see also [13-16]. We first
approximate the space-time white noise by using piecewise constant functions and then obtain the
approximate solution #(t) of the exact solution u(t). Finally, we provide error estimates in the L?-norm
for u(t) —4(t).

For the deterministic space-fractional partial differential equations, many numerical methods are
available in the literature. There are two ways to define the fractional Laplacian. One way of defining
(=A)*v,1/2 < o < 1is by using the eigenvalues and eigenfunctions of the Laplacian —A subject
to the boundary conditions as in (4). Another way of defining (—A)*v,1/2 < « < 1is by using the
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integral for the function &, where 7 is defined on the whole real line R and is the extension function
of v:

v(x), 0<x<1
0, x¢(0,1)

More precisely, for 7(x), x € R, we define:

20(x)+0(x+y) —9(x —y) p
R—{0} |y[12x v

(=8)%0(x) = Ca xeR

where Cy is a positive constant depending on .. We then define [17],
(~8)%5(x) = F ' (|eP*(F(@)(8)), xeR

where F and F~! denote the Fourier and inverse Fourier transforms, respectively. For v(x),x € (0,1),
we define the fractional Laplacian by:

It is easy to show that for some suitable functions w(x),x € R [18],

(=8)%w(x) = F7 (e (E)) = 5—— Coj(m) (RD3*w(x) + $D2w(x))

where ®_DPFw(x) and RDEw(x),1 < B < 2 are called Riemann-Liouville fractional derivatives

defined by:

2 ex
RaDEw0(x) = gy gz | (=9 Py

—00

2 %)
RDEw(x) = F(Zlﬁ);icz/x (v — )" Puw(y)dy

Hence, for the function v(x) defined on the bounded interval (0, 1), we have:

(=8)70(x) = 5 (ED30(x) + ¥DF0(x), v € (0,1 ©
which is also called the Riesz fractional derivative.

We note that Definitions (4) and (5) are not equivalent [17]. For the deterministic space-fractional
partial differential equations where the space-fractional derivative is defined by (5), or the
Riemann-Liouville space-fractional derivative, or the Caputo space-fractional derivative, many
numerical methods are available, for example, finite difference methods [18-30], finite element
methods [14,31-40] and spectral methods [41,42]. For the deterministic space-fractional partial
differential equations where the space-fractional derivative is defined by (4), some numerical methods
are also available, for example the matrix transfer method (MTT) [21,22,43] and the Fourier spectral
method [44]. In this work, we will use Fourier spectral methods to solve the approximated stochastic
space-fractional partial differential equations. The main advantage of this approach is that it gives
a full diagonal representation of the fractional operator, being able to achieve spectral convergence
regardless of the fractional power in the problem. Let 0 = xg < x1 < xp < --- < xj = 1 be the space
partition of (0,1) and h the space step size. Let 0 =ty < t; < t; < --- < ty = T be the time partition
of (0, T) and k the time step size. To find the approximate solution of (1)-(3), we first approximate
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the space-time white noise i g\g x) by using a piecewise constant function i 5 té %) defined by, with

n=1,23.,N,j=12,.,][12],

PW(tx) M

aox ki

where 1,,; € N(0,1) is an independently and identically distributed random variable and:

tn
MTnj = /x

a2 tn
W - kh/ / on [ty_1, ta] X [xj-1,x] @

We also note that [12]:

tho1 <t <ty xj 1 <x <X (6)

Hence:

ty tn 2
/ / W(t, x) / / PW(E) ooy
xjo1 Xjo1 - otdx

The solution u(t, x) of (1)-(3) can then be approximated by 7 (¢, x), which solves the following:

o1 (t, x) an _*W(t,x)

ot —I—(—A)u(t,x)—w, 0<t<T,0<x<1 (8)
4(40) = a(t,1) =0, 0<t<T )
2(0,x) = up(x), 0<x<1 (10)

Note that até %) is a function in L2((0,T) x (0,1)), and therefore, we can solve (8)-(10) by using
any appropriate numerical method for deterministic space-fractional partial differential equations. In
Theorem 2, we prove that, if 1/2 < « < 1, then:

(11)

26— 3)

IE/ / ) — di(t,x)) dxdt < C(K' 2% + h2k 3

Let us now introduce the Fourier spectral method for solving (8)—(10). Let ] be a positive integer,
and denote:
S; = span{ey, ey, ... e}

Define by Pj : H — Sj the projection from H to Sj,

/

Prv := Z;(v, ej)e; (12)
j=

The Fourier spectral method for solving (8)—(10) is to find 7j(t) € Sj, such that:

Bﬁ](t,x) o ?W(t, x)
o + (—A) u](tx) P]W’ 0<t<T, 0<x<1 (13)
y(t,0) = a5(t,1) = 0<t<T (14)
](O,X) = P]MQ( ), 0<x<l1 (15)

In Theorem 4, we prove that:



Mathematics 2016, 4, 45 5 of 28

/2
() = 2(0)]| < Clluo — Pracoll + C g7z /||f ||2ds , for1/2<a<1  (16)

]+1

Combining Theorem 2 with Theorem 4, we have:

IE/ / u(t,x) —1y(t, x)) dxdt < C(k'~ 2 4 12k )—i—CHuo—P]uOH2

1

T

(k1 k)

The paper is organized as follows. In Section 2, we consider the approximation of space-time
white noise. In Section 3, we consider a Fourier spectral method for deterministic space-fractional
partial differential equations, and the error estimates are proven. In Section 4, we provider a
numerical example.

2. Approximate White Noise and Regularity

Consider the stochastic space-fractional partial differential equation:

ou(t, x)

5 +(=A)*u(t,x) = f(t,x), 0<t<T,0<x<l1 (17)
u(t,0) =u(t,1) =0, 0<t<T (18)
u(0,x) =up(x), 0<x<1 (19)

where f(t,x) = azg\g %) denotes the mixed second order derivative of the Brownian sheet [12]. There

is no strong solution of (17)-(19) since f(t,x) = i g\t]a;x ¢ L2((0,T) x (0,1)).
The mild solution of (17)—(19) has the following form, for example [9,10],

1 t rl
u(t, ) = [ Galtxy)uo@dy+ [ [ Galt=s,xy)aW(s,y) 0)

where:

Galtxy) = Y e M e (x)e;(v)

and the stochastic integral fot fol Gu(t —s,x,y)dW(s,y) is well defined.
We have the following existence and uniqueness theorem, for example [9-11],

Theorem 1. [11] [Theorem 1.3] Let 1/2 < o« < 1 and > 0. Let ug be a Hg’ (0,1)-valued Fy-measurable
function, such that:

E|luo|? < o0

HP (0,1)

for some p > 2 . Then, (17)—(19) has a unique mild solution u, such that, for any 0 < 8 < min 2“— — =

< ©

14
]EOSS?ET Hu(t) ||H§(Or1)

Our strategy is to approximate the solution u(t, x) of (17)—(19) by #(t, x), which satisfies the
following problem:

on(t, x)
ot

+ (=A)*a(t,x) = f(t,x), 0<t<T,0<x<1 (21)

o Bl
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A(0) =0(L1) =0, 0<t<T (22)
up(x), 0<x<1 (23)

=

=
S—

Il

Here, f (t,x) = Cal ah-g *) is defined by (6). The solution of (21)—(23) has the form of; see, e.g., [12]:

i(t, x) /G (t,x,y) up(y dy+// —s,%,y)dW(s,y) (24)

Theorem 2. Let u and i be the solutions of (17)—(19) and (21)—(23), respectively. Assume that ug € H and
1/2 < « < 1, then:

20—3

]E/ / ) — a(t,x)) dxdt < C(K'" 25 + h2k*55") (25)
Proof. See the Appendix. [
Remark 1. When o = 1, we obtain the same estimates as in [12,14], i.e.,
T . 2 1,1
E/ / (u(t,x) — a(t, x))? dxdt < C(kE + h%k %)
JOo JO
Theorem 3. Let 1 be the solution of (21)—(23), then:

/’“/ 22(t,x) dxdt < C(k~2 + 1Y), j>0 26)

and: ) ) )
IE/ [(—a)%a(t,x)| dx < C( o + k) (27)
0

forany1/2 < « < 1.
Proof. We only prove (26). The proof of (27) is similar. Note that:

a(t,3) = [ Galtuyo)dy+ [ [ Galt=5xy)dW(sy)

_/ «(t, %, y)up(y dy+/ /G —5,X,Y) as(aj/y)dy]ds

and:
¢(t,x) / o(t,x,y)uo(y dy+/ / G(t—sxy)M y}ds
ot « T dsdy
BZW(t I*W(ty)
n / G0, x,y) "5 dy (28)

Since w(t, x) fO Gu(t, x,y)wo(y) dy is the solution of the following equation:

ow(t, x)
ot
w(t,0) =w(,1)=0, 0<t<T

w(0, x) = wo(x)

+(—A)%w(t,x) =0, 0<x<1,0<t<T

we therefore have:

wo(x) = /01 Gu(0,x,y)wo(y) dy
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Choose wy(y) = i g\g y Y) for fixed t; then, we have:

BZW(t y) ?W(t, x)
/ Cal0xy) =55, W = 5pox

Hence, by (28),

¢(t,x) /8 (£, x,y)up(y) dy

?W(t, x)
+/0/Ogca — s, x,y) dW(s,y) +

Using the inequality (a2 + b + 0)2 < 3(112 + b2 +c?), Va,b,c € R, we have:

E/]+1/ (t,x) dxdt
< 3E//H/ / / —s,%,y)dW(s, y)rdxdt

2
+3E/]+1/ avgt;xx dx dt+3E/]H/ / at (£ x,y)up(y) dy} dxdt

=3(I+ I +1II)

Now, I, by using (a + b)? < 2(a®> + b?), Ya,b € R, is written as:

j+1 j-1 2
I< ZE/ / / ; —s,x,y) dW(s, y)} dxdt
j+1 ~ 2
+2E/ / / / 3 Galt—s,%,y) dW(s,y)} dxdt
=2(L + D)

Furthermore I}, withny = N (0,1), k=0,1,2,...,]—1,1=0,1,2,...,j — 2, j > 2, is expressed as:

L —]E/]H/ /] 1/ —5,x,y)dW(s, y)rdxdt

P o )
/]+1/ /1+1 2/ k+1 BQG (t—s, X,y) Nkl dyds] dxdt
t

k=0
; j- 2] 1 t X
:]E/]H/ kl /H]/ o 8 —5,X,Y) dyds)nkl} dxdt
fj l 0k=0
1 ] 2] 1 t X
= /]Jrl 1 /Hl/ o 8 —5,%,Y) dyds) dxdt
i 70 z 0k=0 ~ 71

1 j 2] 1 t X 0 2
_ /]+1 1 /’“ / o ZNX NS ey (x)en (1) dyds) dxdt
0 z 0k=0 " 7h

/ j+1 / Z? Ii i }\‘Xcos NTXg 1 — COS NTIX

OkOnl nm

e~ M= f1+1) — e Ni(t=t)

en(x) 3 ) dxdt
n
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Note that (e, ep) = 8y, n,m =1,2,...; we have:

taa 1721 &0 rcos g — cosnrrxg\ 2 e M (i) — o= AR (E-h)
h=cfMEE Y X ( ) ( i

>2dt

j ;P nm
1 1 122)1 © cos x4 — cos ntx « « 2
= / Z Z Z ( k+1 k) —2A5 (t_t1+1) (1 _ e_}\n (tl+l_tl)) dt
tj kh =0k=0n= L
j—2]-1 o

1 COS NTIX, — COS NTIX
7222( St aa )

“2AF(t—tip1) _ o2 (t— i) 2
e 7" e "7 (1 - e”\%(hﬂ*h))
A
-1 —AXk\2 J—2
= Ci ) i (COS N7TXj41 — COS ””xk)z (1—e %) ]Z oA (t~ti11)
(0.8
kh (= =1 nm AR 120
_ - =2
1 & (1—¢ A%ky2 -1 ] B -
= CE Y (NT)( ) (cos nmxyq — cos nmck)2> Y e 2A7 (=)
n=1 n k=0 =

Note that, since | cos(nmxq) — cos(nmxy)| < (n7h)?, then:

J-1 J—1
COS NTTX 1 — COSNTIXE )" < nmh)* = CA,
n 2<C h)? = CAh
k=0 k=0
We have, by (68) and (67):
_ 1 i 1 - ei)\ k) (}\ h) ]‘_22672?\,‘;‘(tj7t1+1)
- 71 n
kh = }\(X+1 =
1 & (1—e Mk 1
= En;l )\oﬁq (}‘nh)(k }‘n oc)
00 _ =AYk o
— 2 € ;2“ ) < Ck 28 = ck =

We remark that [; can also be estimated by using the following alternative way.

N 2
/]H/ /] 1 A —G(x —5,%,Y) dW(s,y)} dxdt
I AN e " dyds| dxdt
/ LT Gt s i
2
/ / /J 1/ Z?\‘x —A(t=s en(x)en(y)) dydsdxdt
= /]H/l_1 i 7\,21“6_2}\'0'((!_5) dsdt
. t]' 0 n=1
o=t 2N

Note that t > ti, we then have, by using (63),

[ee] Ao(

ot ) N
n=c [ Y age P = ck L v < Ck~ s
i =1
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For I, we have:

I < ZE/]H/ / / —5,x,y)dW(s, y)rdxdt
—i—ZE//H/ / / —G(x —S,%,Y) dW(s,y)rdxdt

=2Ip1 +2I»

where I can be estimated as follows:

tin 11 pJZ ey e a
Izle/t‘ / E{Z/tl/ sxy)nk]dyds] dxdt

1 ] 1 X 2
i 1 / / o EGCX —5,%,Y) dyds} dxdt

[e9)

J-1 x N )
ih / / k1 Z ASe A (tfs)en(x)en (y) dyds} dxdt
] 1

n=1
00 “e—)\fj‘(t—tj) . e—)\g‘(t—tj,l)
Z Aﬂ AX
=1 n

cos nnka — Cos nmck}2 dxdt

en(x) nr

ih i [ i (cos AT 1 — COS ””xk)ze—zxg(t—t/) (1 7 e—A%k)z} it

nrt
1

T

I
[~ ¢\,_,

— X(f. . — X(f. o f.
[i (cos NTXg 1 — COS nmck)2e A=t 2N (=) (1 e*wk)z}
nm

T
(=)

n=1

1_ e Mky2 )1
g( Z(cos NTX) 1 — COS nﬂxk)z) -1

I
S
hgk

n=1 )‘Zﬂ_l =
1 & (1—e k)2 1& (1 —e*“‘k) 1 & (1—e k)
S L e Ml EE e Y
n=1 n n=1 n=1 n
which implies, by (64):

I < %kl*ﬁ = k=

For I,,, we have:

Ip = /]H/ / / —5,x,y)dW(s, y)rdxdt

1 ] 1 X © 2
i/]+1 0 1 / /‘k+1 ZNX F(t=5)e, (x )n(y)dyds} dxdt

/ / kh Z ZA )\;;‘

_ 2
., (x>cos nnxk+:l = COS NTIX) dy ds} dxdi
a1k 2\ [ COSNTIXf 41 — COS LX)\ 2 AL
/tv kh [;< nm ) ( ¢

j
_ 677\;',%)2

2
(cos NTXg 1 — COS nnxk> ()\7
n

HMS ‘TM‘

5



Mathematics 2016, 4, 45 10 of 28

Moreover, applying (66) and taking into account | cos(nmxyq) — cos nmxy| < nmh, we derive:

7\"‘k)2

Ly < & ( Z 1127'[2]’12> i L

< Y (1—e MR <k (29)

n=1

IN

For II we have, with ng; = N(0,1),

j+1 BW f,x) i Il e ’
E/ / atax dx{it - E/t] kzo/xk n ki dxdt

=1
j+1 k+1 _ 1 1
kh/ & O/ dxdt = gk =h

]

Similarly, we can estimate I11. Together, these estimates complete the proof of Theorem 3. [

3. Fourier Spectral Method

In this section, we will consider a Fourier spectral method for solving the deterministic
space-fractional partial differential equation:

oi(t, x)

5 + (=A)*a(t,x) = f(t,x), 0<t<T,0<x<1 (30)
a(t,0) =a(t,1) =0, 0<t<T (31)
1(0,x) = up(x), 0<x<1 (32)

where £(t, x) = W) jg defined by (6) and f € L2((0,T) x (0,1)).
Denote A = —A with D(A) = H}(0,1) N H2(0,1). Forany s > 0 and v € H3(0,1), we have
Ao =Y, )\;?(v, ej)e;. It is obvious that:

0 1/2
[0l = [l4/20] = (L Ai(e,e)?) ", Vo € Hy(0,1),r >0
j=1

Further, we denote Ey(t) = e 1A% 1/2 < « < 1. Then, the solution of (30)-(32) can be written as
the following operator form:

(1) = Ealt)ito + [ Ealt=5)f(6)ds, (0) = o @)

The spectral method of (30)-(32) consists of finding #;(t) € Sy, such that:

aﬁ](t,x) o 02W(t, x)

o + (—A) u](tx) P’W’ O0<t<T, 0<x<1 (34)
ay(t,0) = a;(t,1) = 0<t<T (35)
](O,X) = P]ug( ), 0<x<1 (36)

where P; : H — S is defined by (12).
Similarly, the solution of (34)—(36) has the form of:

(1) = Ea(Po + [ Ealt = )P1f(5)ds, (0) = Prug @)
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Theorem 4. Assume that 1i and ilj are the solutions of (33) and (37), respectively. Let 0 < r < 1/2, and

assume that ug € Hy(0,1). Then, there exists a positive constant C, such that:

- N 1 b 1/2
() = 89l < Clao Pyl + € ooty () IF0I7ds)

In particular, we have, with r = 0,

1

A /
() = (0] < Clhuo =Pl +C iz () 1F@IPas)

(38)

(39)

To prove Theorem 4, we need the following smoothing property for the solution operator E, ().

Lemma 5. 1. Let s > 0. We have:
|ASEq(8)]| < Ct e ™, t>0, withl/2<a<1

for some constants C and & which depend on s and «.
2. Let Py : H — Sy be defined by (12), then:

IEa(t)(I—P))|| < e ™tffo], t >0, with1/2<a<1

(40)

(41)

Proof. Note that A is a positive definite operator with eigenvalues 0 <A; <Ay < A3 < .... Forany

function g(-), we have:

g(A)|[ = sup [g(A)|
A>A;>0

Hence, with 6 = %7\{",

IAEa(t)|| = [|AEa(t/2)Ea(t/2)]| < [|A°Ea(t/2)[[[Eax(t/2)]]

o s/« s/
= sup (?\567%)‘“) - sup (3*57‘“) = sup (7(27\¢ ) <£> ’ OC)e*éAix
ASA ASA ASA, N ez \2

< C(t/z)fs/ocefﬁt < ths/ocefét
which is (40). To show (41), we note that:

1/2
< e Malfo]

[Ea()(I=Ppoll = ( 32 e (0,2)

j=I+1
The proof of Lemma 5 is complete. [

Proof of Theorem 4. Subtracting (37) from (33), we get:

t
A(t) — () = Ea () (1o — Pyito) +/0 Eo(t —$)(f(s) = Pyf(s)) ds = I +1I
For I, we have, with 0 <r < 1/2,

[y = |Ec(t)(uo — P]”0)|r = ”A%Etx(t)(uO - PI”O)”

o0 1/2
—2pA —EA%
= ( ). e ’7\;’(”0,6]')2> < e Mt fug — Prugl,
j=J+1

For II, by virtue of Lemma 5, for some y € (0,1), we get:

(42)
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|}y = !/OtEch—s)(f( )= Pif(s)) ds| =
H /OtA%E“(l —y)(t—=s)E(y(t—s))(I - P))f dSH

t r A
<C [ (t=s) de ) f(s)) s
0

w(t—s)(I-P))f dsH

where ko = 8(1 —y) + A Y.
By the Cauchy-Schwarz inequality:

|y < (/ooo ((t—s)’ﬁe*K(tfs))zds)l/z' (/Ot Hf(S)szS)l/z

Note that 7 < a and Aj11 = (J + 1)?7 imply:

ds < <C <C <C
s/ - K}x—r/oc - K}x—r/(x - (7\}X+1)1—r/oc - (I+1)2‘x(17r/£x)

/oo 672'(“5 fooo 577/0‘6725 ds 1 1 1
0

Thus: . , ”
7 2
11l < €yt () V6P )

Together, these estimates complete the proof of Theorem 4. [

Combining Theorem 2 with Theorem 4, we obtain:

Theorem 6. Let u and iy be the solutions of (17)-(19) and (34)—(36), respectively. Assume that ug € H.
We have:

]E/ / u(t,x) — (%)) dxdt < C(K\=2% + 125 ) + Cllug — Pyug) 2

1

11 1,
W(k Yo vk thY), for1/2<a<1

+C

Proof. Note that:
IE/ / u(t,x) —u]tx))zdxdt

<2E// a(t,x)) dxdt+2E// tx))? dxdt

=21+ 211
For I, due to Theorem 2, we derive:
20c—3

[<C(k'" 2 +nPk 2

For II, we have:

II_IE/ (01t < Cllug — Pyuo|* +C (77 I+1 / / 1 ()12 dsdt
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Note that f(s) = i5(s) — (—A)*7(s), and hence, by virtue of Theorem 3, we take:

B[ [ WfeIas < B [ [ )~ (~a)as)|ds
< CE /OT /OT /01 (ﬁ‘Z‘(s,x) + |(—A)°‘ﬁ(s,x)|2) dxdsdt
N

_1 _ 11 1, —
SC];)(k ) < c(t R kY

Together, these estimates complete the proof of Theorem 6. [

4. Numerical Simulations

In this section, we will present the computational issues for solving the following stochastic
space-fractional parabolic partial differential equations by using the spectral method developed in the
previous section, with 1/2 < & <1,

%Jre(—A)“u(t,x) :f(u(t,x))Jr%, 0<x<l 0<t<T 43)
u(t,0) = u(t1) =0, 0<t<T (44)
u(0,x) =up(x), 0<x<1 (45)

where (—A)* is the fractional Laplacian defined by using the eigenvalues and eigenfunctions of the
Laplacian operator —A subject to some boundary conditions. Here, f : R — R is a smooth function,
and e > 0 denotes the diffusion coefficient. In our numerical example, we will use the discrete sine
transform MATLAB functions dst and idst. We also include the nonlinear term f, although the error
estimates in the previous sections are only proven for f = 0. In our future work, we will consider the
error estimates for solving the nonlinear stochastic space-fractional partial differential equations with
multiplicative noise by using the spectral method.

Let xg < x1 < --- < x; = 1 be a space partition of [0, 1] and Ax = & be the space step size. Let
0=ty <t <--- <ty =T be the time partition of [0, T] and At = k the time step size. The space-time

. PW(LY) . . . . . . W (tx) .
noise —;5”~ is approximated by using piecewise constant function —;5"~, where:

BZW(t, x) nn,]'

HOX  /AtAx b1 SES X S XS (46)
A 274
For convenience, we will denote G(t,x) = ag\/tié();,x) below.

Equations (43)—(45) can then be approximated by the following, with 1/2 < « <1,

oii(t, x)

o e(=a) it x) = f(a(tx)) + G(t,x), 0<x<1,0<t<T (47)

a(t,0) =n0(t,1) =0, 0<t<T (48)

2(0,x) = up(x), 0<x<1 (49)

Denote A = —% with D(A) = H}(0,1) N H2(0,1). Then, A has eigenvalues A; and
eigenfunctions e; where:

A =%, e =sin(jnx), j€ Z"

That is:
Ae]' = 7\j€j, ] S Z+
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Equations (47)—(49) can further be written as the following abstract form: find 4(t) € H}(0,1) N
H?(0,1), such that:

) | An(t) = F(a() + G, 0 < t<T (50)
2(0) = up (51)

Let S;_q :=span{ey, es,...,ej_1}. The spectral method for solving (47)-(49) is to find uj_1(t) €
Sj_1,such that, with0 <t <T,

d/\ — A
WTl(t) + Aj_qity_1(t) = Pr_1f(uj—1(t)) + Pj_1G(¢) (52)
B0 = B 3)

where P;_1 : H — S;_1 is the orthogonal projection operator defined by:

J-1
P]_lv = Z ﬁjej/ ?7] = (U, 6])
j=1

where Aj_; = Pj_1A: Sj_; — Sj_1 and (-, -) denotes the inner product in H = L?(0,1). We remark
that we use S5;_1 (not Sy), since we will apply the MATLAB functions dst and idst in our numerical
algorithms below.

The semi-implicit Euler method for solving (47)-(49) is to find uj_1, ~ 1j_1(ts), such that:

Uj—1n41 — Uy, R X R
! n+At L + Ajalj—1n1 = P]—lf(u]—l,n) +P]_1G(tn) (54)
f-10 = Pt (55)
Let:
-1
1n = Y @inej € Sy (56)
j=1

It is easy to see that the Fourier coefficients # im satisfy, withj =1,2,...,] -1,

Tipir = (1+AtA) (a]-,n + Atfi(dj_10) + AtG]-,n) (57)
iijo = (Pr_1uo,¢;) (58)
where:
]7

P16 (tn) ZG;ne €Sp-1, Proaf(ityn) Zf;

Here, i, Gj, f](ﬁ ;1) denote the Fourier coefficients of #1;_1 ,, G(t,) and f(#j_1,,), respectively.

We may use the following steps to describe how to solve (47)—(49) numerically by using the
spectral method:

Step 1: Given initial value #1y(x) and f, we get the approximation u;_1,9(x) = Pj_jup = ug and

Pr1f(fj-10) = f(fio(x)).



Mathematics 2016, 4, 45

Step 2: Find the Fourier coefficients i and f](ﬁ 7-1,0) by:

i1 up(x1)
/] -1 Uup(Xxo
=) (L) ast bez)
1,0 uo(xy)
foluyo) fluo(x1))
uro -1 Uup(Xxo
fl(‘]) :(\fz)il(é) . dst f( ( ))
fi(uro) fluo(xy))
and:
C:50,0 @(fof x1)
G0 N\ G(tg, x2)
G]—l,O G(to, x]_l)
C:;(fo/ x1)
G(tg, x2) . .
Here, . = W(1,:), and W is generated by:
G(to, xj-1)
W = L «randn(N,] —1)
VAtAX ’
Step 3: Find the Fourier coefficients i1,j=12,...,] by:
i1,
ilp
= GG./EE
11
where ./ denotes the element-wise division and:
uo(x1)
(| ) Ly
GG = (V2) (5) dst E + AH(V2) (5) dst
Mo(x])
(?(fo, x1)
G(to, Xz)

15 of 28

(59)

f(uo(x1))
f(uo(x2))

Fluo(x)))
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with )\]‘ = 7(j,
1+ At+A2

14 At A3
EE = _

14+ At*AF
Step 4: Find the Fourier coefficients ;5,j = 1,2,...,] — 1 by:

ﬁj,z = (1 + At/\j)_l (ﬁj,l + Atf]'(ﬁ]_1,1) + Até]',l)

where: _
ICEPY) f(a-11(x1))
ay_ -1 ar_11(x
faity-14) _ (ﬁ)—l(%) det f(ay 1',1( 2))
_]E]—l (1/[]_1,1) f(ﬁ]—l,l (x]—l))
and: _ R
G1a (E(ﬁlxl)
Ga1 I\ G(t,x2)
: = (V2) (§> dst )
Gr-11 G(ty, xj-1)
@<t11x1>
G(t1, x2) R N
Here, ] = W(2,:), and W is defined in (59).
C(tl,x]_l)
Step 5: Find ﬁ],z(xk),k = 1,2, .. .,] —1 by
fy_12(x1) i
iy-1,2(x2) I\ . ,
dy-12(x7-1) 12

Step 6: Repeating Steps 3-5, we obtain all 11j_1 ,(x), k =1,2,...,] — 1.

Let us now introduce the MATLAB functions to solve our problem. Let 1y denote the initial value
vector, thatis ug = [ug(x1), ug(x2),...,uo(xj—1)]. Let u denote the approximate solution vector at time
T,thatis u = [u(xy, T),u(x2,T),...,u(xj—1,T)]. We may use the following MATLAB function to get
the approximate solution u at T for any function f. Here, we choose f(u) = u — u5.

Let x = [x1,X2,...,Xx]_1],epsilon = 1,kappa = 1. We can obtain the approximate solution u at

time T at the different x, k = 1,2,...,] — 1 by the following MATLAB function.

function [u]l=spde_oned_Gal(u0,x,T,N,kappa,Wl,J, epsilon)
dt=T/N; Dt=kappa*dt; % kappa for the different time steps

N=T/Dt;
lambda= pix*[1:(J-1)]’; M= epsilon*lambda.~2; EE=1./(1+Dt*M);
for n=1:N

u0_hat=(sqrt(2)*J/2)~(-1)*dst (u0);

f_u0 = u0-u0.-3; % f(u) = u-u~3
f_u0_hat=(sqrt(2)*J/2)~(-1)*dst(f_u0);

W=W1(kappa*(n-1)+1,:); W=W’; % kappa for the different tim steps
G_hat=(sqrt(2)*J/2)~(-1)*dst (W) ;



Mathematics 2016, 4, 45 17 of 28

ul_hat=(uO_hat + Dt*f_uO_hat + Dt*G_hat) .*EE;
ul=(sqrt(2)*J/2)*idst (ul_hat);

ul=uil;

end

u=ul;

where W1 denotes the Brownian sheet generated by:

1
W1l = ———xrandn(N,] -1
VAL % Ax ( J )

Example 1. Consider, with0 < x <1, 0 <t < T, [12,14],

a”gt’ ) 4 e(—A)u(t x) = Flu(t,x)) +h(t,x) + % (60)
u(t,0) =u(t,1) =0 (61)
u(0,x) = up(x) (62)

where e = 1, f(u) = —bu,b = 0.5 and ug(x) = 10x?(1 — x)? and:
h(t,x) = 10(1+b)x*(1 — x)2%e' — 10(2 — 12x + 12x?)e!

Allen, Novosel and Zhang [12] and Du and Zhang [14] provide the numerical approximation of
E(u(t, x)) and E(u(t, x)?) with & = 1 at time t = 1 and x = 0.5 by using the finite element method and
the finite difference method. In Table 1, we obtain similar approximation values as in their papers for
different pair (At, Ax) by using the spectral method. In our experiment, for each pair (At, Ax), 1000
runs are performed. In Table 1, u(1,0.5) denotes the approximation of u(t, x) att = 1 and x = 0.5. The
computational results converge as At and Ax approach zero.

Table 1. The approximation of Eu(1,0.5) and E(u(1,0.5))>.

Ax At Eu(1,05) E(u(1,0.5))>2

1/4 1/4 1.6108 2.6386
1/4 1/8 1.7003 2.9883
1/4 1/16 1.9051 3.6534
1/4 1/32 1.9051 3.6534
1/8 1/4 1.4838 2.5923
1/8 1/8 1.6574 2.7709
1/8 1/16 1.7323 2.7585
1/8 1/32 1.6676 2.8153
1/16  1/4 1.4681 2.3333
1/16 1/8 1.6097 2.6420
1/16 1/16 1.6110 2.5681
1/16 1/32 1.6133 2.8737
1/32  1/4 1.3605 24143
1/32  1/8 1.6099 2.6095
1/32 1/16 1.6839 2.7930
1/32 1/32 1.7061 2.8747

In Figure 1, we plot a piecewise constant approximation of the noise G(t, x) with | = 2* and
N=20on0<t<land0<x<1.

In Figure 2, we plot an approximation sample path of u(t,x) with ] =2*and N =2°on0 <t <1
and 0 < x <1.
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Piecewise constant approximation for the noise $ \hat{G}(t, x)$ with J=2%4, N=2"6

\hat{G}
o

(4
Lt

e ‘,4!’«\\ 2

Figure 1. Piecewise constant approximation of the noise G(t, x) with | = 24 and N = 2°.

6

An approximate sample path of u(t, x) at T=1 with J=2*, N=2

Figure 2. An approximation sample path of u(t, x) with ] = 2* and N = 2°.

In Figure 3, we consider the convergence rate against the different time steps. Choose the fixed
] = 64; we then consider the different time steps. The reference solution is obtained by using the time
step Atref = T/Nref with Nref = 10%. Let kappa = [20, 50,100, 150, 200, 250, 300]; we will consider
the approximate solutions with the different time steps At; = Atref x kappa(i),i =1,2,...,7.

A plot of the error at T=1 against log2 (A t)
T T T T T
= 'erence line of slope 1/2

. . . . . . .
-8.5 -8 -7.5 -7 -6.5 -6 -5.5 -5
log2(At)

log2(error)
ll) o

|
IS

!
X
©

Figure 3. A plot of the error at T = 1 against log2(At).

In our experiment, for saving the computation time, we will consider the error estimates ||y (t,) —
u(tn)|l12(0, 1y at time t,,. We hope to observe the same convergence order as in Theorem 6.

To do this, we consider M = 100 simulations. For each simulation w,;,,m = 1,2,..., M, we
compute fy(t,) ~ i(t,) at time t, = 1 by using the different time steps. We then compute the
following L2 norm of the error at f,, = 1 for the simulations w,,, m = 1,2,..., M,

e(At;, wm) = e(At, Wy, ty) = |[AN(tn, Wm) — uref(ifn,wm)H2

where the reference (or “true ”) solution uref(t,, w;,) is approximated by the time step Atref =
T/Nref. We then average e(At;, wy,) with respect to w,, to obtain the following approximation of
[N (tn)) — uref(t) || 12 (o, 1) With respect to the different time step At;,

1 M 1/2 M 1/2
s@an) = (37 X eaton) = (37 L Nt wn) — uref(ty,wp)|?)
m=1 m=1

Since the convergence rate with respect to the time step is O(At'/2), i.e.,
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S(At) ~ At?

this implies that:
log(S(At;)) =~ 1/2log(Aty),i=1,2,...,7

In Figure 3, we plot the points (log(Ati), log(S(Ati))),i =1,2,...,7, and we see that the points
are parallel to the reference line, which has the slope 1/2, as we expected in our theoretical results.
In Table 2, we list the error S(At;) against the different time steps At;.

Table 2. The L? norm error at T = 1 against At.

At; 2x107% 5x107% 1x1072 15x1072 2x1072 25x107%2 3x1072
L%-error  0.2775 0.5355 0.7116 0.9249 1.0306 1.1159 1.1742

In Figure 4, we plot the L? error S(At) against the different ] where the L2 errors are approximated
by using M = 100 simulations. We indeed observe the convergence with respect to the different J.

A plot of the error at T=1 against the different J
0.3 T T T

0.28}

0.26}

error

0.24}

0.22}

0.21

0.18
0

Figure 4. A plot of the error at T = 1 against the J.

5. Conclusions

In this work, we present a Fourier spectral method for solving space-fractional partial differential
equations. The space-time white noise is approximated by using piecewise constant functions. For the
linear problem, we obtain the exact error estimates in the Ly-norm and find the relations between the
convergence order and the fractional power «, 1/2 < o« < 1. For the nonlinear problem, we introduce
the numerical algorithm and the MATLAB code for solving it based on the discrete sine transform and
inverse discrete sine transform MATLAB functions dst.m and idst.m. The MATLAB code in this paper
can be easily modified to solve other nonlinear stochastic fractional partial differential equations with
Dirichlet boundary conditions.
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Appendix A

In this Appendix, we shall provide the proof of Theorem 2. To do this, we need the
following lemmas.

Lemma 7. Let 1 < 3 < 2. We have:

Y e kP < ck1 B (63)
n=1
o 1 _ ,—nPk
Yl <o (64)
n=1 n
o —nPk B
Yy i <CkE (65)
n=1 nb-
Y (1—e k2 <Ck B (66)
n=1
o0 —nPky2 261
n=1 n
j—2

e P lit) < Ck I B forj>2 (68)
l:O

Proof. For (63), we have, with the variable change Pk = yﬁ ,

Ze‘”ﬁknB < C/ e PhyB gy = C/k% e v" (k‘lyﬁ)k_% dy
1 ;

n=1

< C/oo e*yﬁkflféyf5 dy<Ck '"®
0

Similarly we can show (64)—(67). For (68), noting that 1 + x < e*, x > 0, we derive:

i —nP(t; (ti—ti41) 7nf5k + (efnﬁk)Z ... < efnﬁk(l + efnf’k + .. )

—nPk 1 _ 1 B\ —1 -1,-B
<e 1_67nﬁk—enﬁk_1§C(n k)™ <Ck 'n

The proof of the Lemma 7 is now complete. [J

We also need the following isometry property for space-time white noise W (s, y); see, e.g., [1].

B [* [ ey =E [ [ £y dsiy

Similarly, we have the following isometry property for the approximated space-time white noise
W(s,y); see [12].

Lemma 8. We have:

Lemma 9. We have: —_— ) T 41
E‘/O /Of(s,y)dW(s,y)‘ :E/O /sz(s,y)dsdy

Proof. We have, by (7), Lemma 8 and the Cauchy-Schwarz inequality,
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E‘//fsydwsy‘ _E‘//f asa dd‘

N=1J-1 .t rx; "H Y dW (1, 2) 2
_E‘ Z /!1/x+1 Sy ] fxl dyds‘

j=0 i=0 kh
N 1] 1 ortia pai 1 b1 [Xipa 2
/ / (E/ f(s,y) dyds) dW(r,z)’
] () i=0 7t Xi tj Xi
1] 1 Xi Xit
=E Z /Hl/ ! ” /]+1 1f(s ) dyds) dzdr
j=0 i=0 k
—1/-1 byl vl ] b1 [Xiga 5
<E Z Z/ / [E/ / f (S,y)dyds} dzdr
j=0 i=0 "t i i i
1] 1

j+1 X;+12 2
/ / fo(s,y)dyds = E//f (s,y) dyds

O

21 of 28

Proof of Theorem 2. By (20) and (24), noting that (a + b + ¢)? < 2(a® + b*> 4 ¢?), Va,b,c € R, we take:

/ / ) —a(t, x))dedt

:IE/O /0 /0/0 Ga(t—s,x,y)dW(S,y)—/t/lGq(t—s,x,y)dW(s,y)]zdxdt
<3E[j2_01/t;l+1/01 // Gu(t—s,x,y)dW(s,y) — / /G —5,X,Y) dW(sy)}

ol R 2
+ / /GLt ti—s,x,y)dW(s,y) //G —5,x,Y dW(s,y)]

//G —5,%,y)dW(s,y) — //G t—sxy)dW(sy)}}dxdt
=3(I+ 1+ III)

We first estimate I1. Using the approximation of the space-time white noise (6), we have, taking

also account (7),

II_JEZ/’“/ //c —s,2,y) dW(s, 1)
/ /G —5,X,Y dW(s,y)] dxdt

1 ] t i
—]EZ /jH/ /l+1 /XH vz )dW(r,Z)
t

1=0i=0
] 1] 1t X; t X; 2
/M/ e —s,x, y) M/ " W(r,z) dyds} dxdt
1 0i=0"* X ki Jy
11 ] 1] Lot i
_EZ /, / / / (G“(tj—r,x,Z)
1=0 i=0 I

tra X1+1 2
kh/ / altj—s,x, )dyds) dW(r,z)] dxdt

It ] v X o1l fXia
—-E / " / / / i /
Z y (. oy

1=0i=0
2
(G[x(t]- —1,%,2) = Gu(tj —s, x,y)) dyds) dW(r,z)] dxdt
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By the isometry property and the Cauchy-Schwarz inequality, we get:

tis1 ty1 o fXis b1 X
nE LR G
Z b o S Ju kb

2
<Go¢(tv —1,x,2z) — Ga(t- —s, x,y)) dyds) dzdrdxdt

Z /]+1/1] /l‘m/xm 1 /fm/xm
t 0 1—0 i= 0 t t

2
(G“(t]- —7,Xx,2) — ch(tj —s, x,y)) dydsdzdrdxdt

Further, we have:

= Z /tm] 1)- 1/t1+1 /x,ﬂ 1 /tm /xm
t

i 1=0i=0

« 2
2: (M ey (2) — e N Dey (y)) " dyds dzdrdt

/t/+1] 1)- 1/f1+1 /x1+1 1 /t1+1 /xHrl

/0 1=0i=0

2
Z Y t( e (z)feh‘fsen(y)) dyds dzdrdt

t/+1] 1] 1 orh pxicn 10 rha pXien
<y ML e

j=0 1=0i=0

2 e 2N (ey(2) — en(y)) 22 dyds dzdrdt

] 1] 1 4 X t X
tit1 I+1 i+1 ] 1+1 i+1
£ A w3 A YA

ti o 1=0i=0

E e N2 (y) (M — M) dyds dzdrdt

=2IL +2IL

Note that I1,, since €2 (y) < 1 and ZI 01 f Y+l dx = 1, is estimated as follows:

/tl+1 /x1+1 1 /tl+1 /x1+1
t

Ze 2N (AT — M) dyds dzdrdt

]
112<Z/]+1

L 1=0i=0

/;+1] /tm 1 /fl+1 i o2 ( & _e?\;‘i‘s)zdsdrdt
] n=

/1+1J /t1+1 1 / 2 e At (T _ ,37\3‘5)2515} drdt
tj

/;+1] /tm 1 /fl+1 i o2 ( xr _ekﬁs)zds} drdt
tj

= 1121 + Iy

22 of 28
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For 11,1, we have:

-
Ihy = 2 / " /”“1 / Ze*”“ 0 (1— e 0) ag] ara
1=0

tj
N-1 tj+1 -1 fi41 1 r IAX a2
< _ - n(t'_r) 1— _)\nk
_];)/tj E)/tz k{/tz,ge i ( e )ds}drdt
N=T ot 2l o 17l & « ar\ 2
< / / - / e MG (1 — o= AK)  ds| drdt
Jg.t, ,;).tl k{t, ,;_1 ( ) }
= Nif /tj+1 /tj i o 2N (=) (1 - e*)‘ffk)zdr dt
j=0 7t Y0 =1
We will show that:
N—1 ¢t {0
y / " / Y e (1 —ﬂ?«"k)zdrdt < Ckl= s (69)
j=0 b 0 =1

Assume (69) holds at the moment; we then have:
I < Ckl_ﬁ

We now show (69). Note that 1 —e ™ < Cxforx >0and1—e¢ * <1 for x > 0; we obtain:
Z //+1/ Z e~ AR (tj=T) ( e—?\,‘;‘k)zdrdt
tj
N—-1 .t t 4 o w2
_ Z //+1 /] 1 E 6727\7, (tjfr) (1 _ e*)\n k) d?’dt
i tj 0 n=1
/f“ / Z —2A8(t —r)( —?\Z‘k)zdr dt
ti-1 =

<c / " / ! )y e AN (A2 dr it
N-1 : . 00

+ ) / " /t ’ Y e P 12 dr gy
j=0 "1 j

j-1n=1

+

N—-1 ¢, oo —2A%k —2A oo —2A%k
j+1 e n e o j+1 1—e n
<cy | g—zm (AZK) dt+Z/ TR
j=0 77 n=1 Vl
i1 & &1 — e 2Ak

IN

N-1 ¢
cy /t | 2
j=0 % n=1

?\"‘k dt+2/ let

Applying (63) and (64), we get:

N-1 t; o 2
y /]+1 /’ Y e MO (1 M) drar < okl
j=0 71 0 w=1

which is (69).
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For 11, we have:

] t ty ©©
Iy = Z tir1 / +1 1 +1 Ze 2AK t(e7\,, — M ) ds} dr dt

3
Il
—_

y
/t1+1 i e 2NN (tj—s ( — 577‘5‘(5*”)>2ds] drdt
!

H
'\ \ \ \
3
N\
ey

n=1
;+1] 1 typ X (t;—s) A%k 2
S /l % Ze s ( —e ) ds} drdt
] n=1
N-1 ;+1] 1 +1 2 N sk 2
< ; : /l T /t; n;e (tj—s ( —e ) ds} drdt

Il H
T~ \
I i
\.
e ~~
\
E
\
N
/N
[
|
>
=~
N—
0
%)
W
—

and hence, by (69), we derive:
Iy < Ck'~ 2=

For I1;, we have:

] 1] 1 t X 1 £ Xi
IIl_Z/t/H /+1/+1 /+1/+1

j 1=0i=0

Z el (e (2) — en (y))Zezx,g*r dyds dzdrdt

j+1 ]1] 1 Xig1 1 [fXiv1
S LRL

Y e 2 (eq(2) — en (y))%zwr dy dzdrdt

N 1

-N
(N,

n=1
Nzl rtiq ot J=b exin 1 pxi
L ARV
j=0 tj tj—l i=0 7 Xi Xi
Y. et (e (2) — en (y))Zezx;',‘r dy dzdrdt
n=1

24 of 28

Noting that e, (z) = v/2sin(nmnz), | sinx —siny| < |x — y| and | sin x — siny| < 2, we have:

N-1 tiv1 fHj- 1I Xigr 1 X &
L = Z /t /0 / /x Z N2 (nmh) e T dy dzdrdt

n=1

Xi Xit o
/1+1/ Z/ +1 1/ 126 AKX t/8327‘"rdydzdrdt

ti-1i=0

<CZ//H//1ie’2)‘ 6= (nrh) drdtJrCZ//H/ ie*”‘ 5=1) drdt
1n=

bj- 1
tin 2 e 2Nk e 2N

:Cg/t- A

igﬁaﬁ+czlliif
=1 AR

n=1

2 =1 ot 201 — e 2ArK
(nmth)?dt +C ;/ ZTdt

n=1
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and applying (65) and (64), we finally get:
I < C(kl—* 2k )

Now, we consider I. We have,
_ENzl/t‘th/Ol{/Ot/OlGo‘ —s,x,y)dW(s,y) — / / Gu sxy)dW(sy)rdxdt
<2E 2 /M/ / / «(t—s,x,y) — (tj—s,x,y))dW(s,y)rdxdt
+2E Z /t-jﬂ/o [/t/o Ga(t—s,x,y)dW(s,y)rdxdt
<2E Z /H'l / / / «(t—s,xy)— (tj—s,x,y))rdydsdxdt

‘ 2
+2E E /;+1/ [/ / Ga(t—s,x,y)} dyds dxdt
]':0 tj 0 f]' 0

= 211 + 20

For I;, we have, by using isometry equality and noting that (e, e,) = dum,n,m =1,2,..

I = Z /]+1/ / / —AX(t—s) _efAZ‘(trS))en(x)en(y))zdydsdxdt
_ Z //“/f Z (efxg‘(tfs) _e*?\ﬁ‘(fjfs))zdsdt
=0 tj (U
/H—l/ 26—27\“(1‘ s ( - rolc(tf_t)>2dsdt

*7

N_1 “2AF(t—t) _ 2Nt
-y [y . (1-e500)
=07t n=1 2N
N=1 ., 00 ,—2AX(t—t)) _ —2A%t N « 2
_ //+1 Z e . e oA (t-1) (e_}‘" (t—t) _ 1) At
=07t  n=1
_ /tf“ 5 Lﬂt’( AR () 1)2dt
j=0 "t n=1 2N

Applying (64) and noting that 1 — et <1land1—e Mk <1, we get:

o)

— 20X

b1

N-1
11_

(1 - e_}"?k)Z dt

i

tiy1

e M) dt < Ck! 2 (70)
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Moreover, for I, by (64) and noting that (ey, ey) = Sum,n,m =1,2,..., we take:

N-1 1 ot gl @ N 5
L = Z /t‘Hl/O /t /0 {Ze_}‘" (t_s)en(x)en(y)} dydsdxdt
j=0 "% i n=1

N=1 ;g ot © N N-1 i & ,1_ —2AF(t=t)
= 2 /]+ / 2 e 2 (E=8) dedp — 2 /]+ 2 (e—) dt
j=0 “%j j n=1 j=0 "% n=1 n
N-1 t: 1 e8] 1 _ 72)\,01‘]( [o 0] 1 _ 72)\3’(
I A Y ki PO et
j=0 oon=1 2A3 n=1 2\

Finally, we consider II1.
N-1 tj+1 1 t] 1 ~
HI=EY) / / [/ / (G(x(tj—s,x,y)—G“(t—s,x,y)) dW(s,y)
=0t o LJo Jo
t ol R 2
+/ / Gu(t—s,x,Y) dW(s,y)] dxdt
t Jo

SZ]Etgl/;Hl /01 [/Otj /Ol(ch(tj—S,X,y)—Goc(t—s,x,y))dW(S,y)r

N=1 rtiq 1o gt g1 . 2
+2E Z/ / [// Goc(t—s,x,y)dW(s,y)} dxdt
]:O t]' 0 t]' 0
=211 + 2111,

Now, I11;, due to the isometry property and the estimates for Ij, gives:

N-1 tj+1 1 t] -1 2
1L = 2/ / / / (Gul(tj—s,x,y) — Gua(t —s,x,y))" dydsdxdt
=0y JoJoJo
< Ckl= 2=

Further, I11,, again by isometry property and the estimates for I, implies:

N-1 'f]'+1 1 t -1 5
1L = Z/ / / / (Gu(t — s, x,y))? dsdydaxdt
j:O Jt; 0 t/' 0

]

< Ckl=2a

Together, these estimates complete the proof of Theorem 2. [
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