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1. Introduction, Definitions and Preliminaries

Several interesting generalizations of the familiar Euler-Gamma function I'(z), Euler-Beta function

B(a, (), the Gauss hypergeometric functions 5 /7 and the generalized hypergeometric functions ,. F; with
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r numerator and s denominator were studied and investigated by various authors (see, for example, [1-7]
and the references cited in each of these papers). For example, for an appropriately-bounded sequence
{K¢}een, of arbitrary (real or complex) numbers, Srivastava et al. [8] (p. 243, Equation (2.1)) recently

considered the function:

fe'e) Y4
Zﬁg% (2| < R; 0 < R < 005 ko :=1)
= b
O ({Keteeny; 2) == (1)
My 2¢ exp(z) {1 +0 (%)] (R(z) — o0; My > 0; w € C)

for some suitable constants 9, and w depending essentially on the sequence {r;}sen,. In terms of
the function © ({}sen,; 2) defined by Equation (1), in a joint paper with Srivastava and Chopra [8],
we introduced far-reaching generalizations of the extended Gamma function, extended Beta function and
the extended Gauss hypergeometric function by:

F}g{m}eeNO)(2> _ /Ooo tz—l s} ({I%}KENO; —t — Z%) dt 2)
(R(2) > 0; R(p) 2 0)

1
%({"‘f}éeNo)(a,ﬁ;p) = / ot (1-— t ({Iig}geNm - t)) dt 3)
0 _

(min{R(a), R(B)} > 0; R(p) 2 0)

and:

{I’ve}eeNo)(b +n,c—b;p) 2"

B(b,c—b) n! @

(2] < 15 §R() R(b) > 0; R(p) 2 0)

respectively, provided that the defining integrals in the definitions (Equations (2)—(4)) exist.

S({ﬁe}zeNO breiz) =

For various special choices of the sequence { k,}¢cn,, the definition in Equations (2)—(4) would reduce
to (known or new) extensions of the Gamma, Beta and hypergeometric functions. In particular, if we

set:

oy = % (£ € No) 5)

the definition (Equations (2)—(4)) immediately reduces to the extended Gamma function ng ’U)(z),

the extended Beta function B(?)(a, B;p) and the extended hypergeometric function Fp(p ’U)(a, b;c; z)
introduced by Ozergin et al. [7]:

F}(f”")(z) = /0 (AR 21 <p; o;—t — g) dt (6)

>> dt (7

(min{R(z), R(p), R(o)} > 0; R(p) 2 0)
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and:
Z?’L

1 o0
(,O’) . e [ (,O’) — 0 —_
B0t ) = oy 2l BTt me = b ®

(2] < 1; min{R(p), R(o)} > 0; R(c) > R(b) > 0; R(p) = 0)
respectively. Furthermore, for the sequence:
ke =1 )

the definition (Equations (2)—(4)) reduces immediately to the generalized gammafunction, extended
betafunction and extended Gauss hypergeometric function studied earlier by Chaudhry and Zubair [3]
(p- 9, Equation (1.66)), Chaudhry et al. [1] and Chaudhry et al. [2]:

Iy(z) == /Ootz_lexp< t——) dt (R(p) >0; z€ C) (10)
0
1
Bleyin = [ e ew (s ) a0 >0 (an
and:
B - B(b+n, c— b;p)ﬁ
F, (a, b; ¢; 2) —nz B(b, c— 1) o (12)

(p =0, [z] <1;R(c)>R(b) >0)

respectively. For p = 0 or (alternatively) for:
ke =0 (ﬁ eN )

the definitions (Equations (2)—(4)) would reduce immediately to classical Gamma, Beta and Gauss
hypergeometric functions (see, for details, [9,10]), respectively.

The one-parameter Mittag—Leffler function:

n

ZFMH (@€ C, R(a) >0, 2€C) (13)

n=0
and its two-parameter extension, nowadays called the Mittag—Leffler function:

7’L

=y —— Tt (@B EC R@) >0, R(B)>0) (14)

n=0
were introduced and studied by Mittag—Leffler [11,12], Wiman [13,14], Agarwal [15], Humbert [16] and

Humbert and Agarwal [17].
In 1971, Prabhakar [18] introduced the three-parameter generalization of Equation (14) as:

n

o - (Vn 2 .
- ZO mm (e, B, v € C; R(a) >0, R(B) > 0) (15)

n—=

called usually the Prabhakar function. Further, various authors studied and investigated generalized
Mittag—Leffler functions (see, for details, [19-25]). Motivated essentially by the demonstrated potential
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for applications of these extended hypergeometric functions, we extend the generalized Mittag—Leffler
function (Equation (15)) by means of the extended Beta function %HW}ZENo)(x, y; p) defined by
Equation (3) and investigate certain basic properties, including differentiation formulas and the integral
property, Laplace transform, Euler-Beta transform and Mellin transform with their several special
cases and relationships with generalized hypergeometric function ,F, and H-function. Further,
certain relations between the extended generalized Mittag—Leffler function and the Riemann—Liouville
fractional integrals and derivatives are investigated. Some interesting special cases of our main results

are also considered.

2. A Class of Extended Mittag—Leffler Functions

In terms of the extended Beta function EB({“Z}ZENo)(x, y; p) defined by Equation (3), we propose
a different extension of the generalized Mittag—Leffler function by replacing:
() _ Bl 1=y) B0y 01— y:p)
(1)n B(y,1-7) B(y,1-7)
in Equation (15) as follows:

n

E({m}eeNO; 7) (2:p) = f: %({HZ}ZGNO)(’Y +n,1—7;p) z

16
2 2 B(y, 1) T(an+ 5) (10
(z, 8, v € C; R(a) >0, R(B) >0, R(y) >1; p=0)
Remark 1. The special case of Equation (16) when we set the sequence k;, = % (¢ € Ny), yields
another form of the extended generalized Mittag—Leffler function:
o) — BP(y+n, 1—y5p) 2"
B9 ) = 3 2 ) (17)

— B(v, 1 —7) I'(an + B)
(2, 8,7 €C; R(p) >0, R(o) >0, R(er) >0, R(B) >0, R(y) > 1;p=0)

Again, the sequence k, = 1 (¢ € N) yields the known definition of Ozarslan and Yilmaz [26]
(withc=1):

. ~=By+n, 1-y;p) 2"
EZ”B(Z’M_; By, 1-v) TIlan+p) 1o

0
(z, B,7€C; R(a) >0, R(B) >0, R(y) >1; p>0)

For p = 0 or (alternatively) for x, = 0 (¢ € N), this immediately reduces to Prabhakar’s definition
(Equation (15)).

Remark 2. The special case for « = = 1 in Equations (16)—(18) can be expressed in terms of the

extended confluent hypergeometric functions as:

E({RZ}ZGN()? V) (zp) _ (I)({W}ZENO)(,}/. 1: Z)

1,1 P

EX (zp) = @P9)(y;1;2)
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and:
Eli(zp) = @,(75 15 2)

Keleengs ’7)(

3. Basic Properties of E({ 5 P)

In this section, we obtain certain basic properties, including the differentiation formula and the integral
property of the extended generalized Mittag—Leffler function in Equation (16).

Theorem 1. The following differentiation formula for the extended generalized Mittag—Leffler function
in Equation (16) holds true:

. ; . : d K ;
L) gy gl ™) ) 4 @ZaESﬁi}fENO ) (zip) (19)

(o, B, v € C; R(a) >0, R(B) >0, R(p) > 0)
In particular, we have:
d
Egg(z) = 5E3,5+1(Z) + O‘Z'%Ecz,ﬂﬂ(z) (20)

Proof. Using the definition (Equation (16)) in right-hand side of Equation (19), we have:

K X d K 3
BEij:ﬁj_}lZENo’ ’Y) (27 p) + O[Z—E({ Z}ZEN(): ’Y) (27 p)

dz P+
= BE D) i) + azd Z Bl 77, Yf 71> —1i2) T(an —Z:ﬁ )
- o e+ W}ME)@T T T Eay
_ BEif;i}leeNo; D (zp) + i %({””Z}ZGN;)((J + n,vl) 75 p) (?&Zf gf)f)”

— E({”Z}ZGNO 7) (Z’p)

The relation Equation (20) follows from Equation (19) when p = 0 or for k, = 0 (¢ € N). [

Theorem 2. The following derivative formulas for the extended generalized Mittag—Leffler function in
Equation (16) are satisfied:

() [Esr e s =B G0 ) - m) >0 mem
(21)

where o, B, v, w € C; R(«r) > 0, R(B) > 0; R(p) >0

In particular, we have:

(%) [25_1E2’ﬁ(wza)} = B-m- 1Egﬁ o (wz%) (22)
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Proof. Using Equation (16) and employing term-wise differentiation m times on the left-hand side of
Equation (21) under the summation sign, which is possible in accordance with the uniform convergence

of the series in Equation (16), we get:

<%) |:Zﬁ_1Eo(t:{;Z}l€N07 ’Y) (wza’ p):|

= plsdeeto) (v 41— q5p) W dN" | anis
:; B(y, 1 —~7 T(an + B) (E) [
_ i i) (y 4, 1—y;p) Tlan+p) , zomtsim
- B(v,1-7) F(Om-l—ﬁ—m)w C(an + B)

3
Il
o

o {reteeng: v a
2 lEC(YﬂiyffNO ) (w=:p)

The special cases of Equation (21) when p = 0 or for K, = 0 (¢ € N) are easily seen to yield
Equation (22). [

Corollary 1. The following integral property for the extended generalized Mittag—Leffler function in
Equation (16) holds true:

/ o1 L) (g ) e = 27 L) (20 ) 23)
0
where o, B, v, w € C; R(ar) > 0, R(B) > 0; R(p) > 0.
In particular, we have:
/ tPED p(wit®)dt = 2P B 5 (wz®) (24)
0
4. Integral Transforms of Ei g hectoi 7) (z;p)

In this section, we obtain the Laplace transform, Mellin transform representations and the Euler-Beta

transform, alternatively called the Erdélyi—Kober fractional integral for the extended generalized

Mittag—Leffler function F 5{5 thieti) (z;p), in Equation (16) as follows.

4.1. Laplace Transform

The Laplace transform (see, e.g., [27]) of the function f(z) is defined, as usual, by:

[e.9]

L{f(2)} = / e f(2) dz 25)

0

Theorem 3. The following Laplace transform representation for the extended generalized Mittag—Leffler

function in Equation (16) holds true:

K 5 1 K
L{Zﬂ—lEo(jﬂe}eeNo’“/) (22%p)} = 5 Sz(){ e}eeng ) (1’% 1. £> 26)

Sa

(R(p) > 0; R(s) > 0, R(«) > 0, R(B) > 0, R(y) > 0)
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Proof. Using the definition (Equation (25)) of the Laplace transform, we find from Equation (16):

L{zﬁ 1E({w}eeNo ’Y)( ’p} _/ A1 ,SZE({W}L/ENO )(xzo‘;p)dz

o0

I
S—

e i% o)y 4m 1= ip) amem
— B(y, 1 —7) I'(an + )

n

I
Mg

0
B {HZ}ZGNO) (fy +n,1—7; p / Om+ﬁ+1e—szdz
. B(y, 1—7) (an + B) /

Bdieo)(y 4, 1-;p) 2" T(an+p)
B(y,1-7) Clan +p)  sont?

3
I

I
1)

ii {ﬁg}eeNO) f}/—|—n 1—'7, p) (ﬁ)n
3B —~ /77 1_7) Sa
. i {ne}éeNo)(Iy—{—n, L—7;p) (s%)n

Now, using the definition (Equation (12)) to express the involved sum as an extended hypergeometric
function, we are led to the desired result. [

Remark 3. The special case of Equation (26) when p = 0 or for k, = 0 (¢ € N) is seen to yield the
known Laplace transform of the generalized Mittag—Leffler function (see [18] (p. 8, Equation (2.5)); see
also [23] (p. 37, Equation (2.19))):

B—1_—sz Y o1 _ o
/0 2PeT B 5(22)dz = - (1 _sa>

4.2. Mellin Transform

The Mellin transform [27] of a suitably-integrable function f(¢) with index s is defined, as usual, by:

MAf(T):7— s}:= / 1 f(r) dr (27)
0
whenever the improper integral in Equation (27) exists.

Theorem 4. The following Mellin transform representation for the extended generalized Mittag—Leffler
function in Equation (16) holds true:

(L,1), (v +s,1);
u+%gywﬂx4 (28)

2¥2

({re}eeny)
({redeengs ), . Y (s)I'(1 =~ +s)
e R 0 (=

(R(s) >0 and R(1—~+s)>0)
({re}eeny) (s)

where I s) is the specialized case in Equation (2) for p = 0.
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Proof. Using the definition (Equation (27)) of the Mellin transform, we find from Equation (16):

M {Ec(y,{;Z}ZGNM)(Z;p) tp— 8} = / ps_lEc(y,{ge}ZeNm)(Z;p)dp
0
00 ©° %({w}eeNo)w +n,1—7;p) o
s—1 ) )
=/ »p dp  (29)
/0 (; B(v,1=7) T'(an+ B)

Upon interchanging the order of integration and summation in Equation (29), which can easily be

justified by uniform convergence under the constraints stated with Equation (28), we get:

{re}eeny; v) -
E( 0 :p) =
ML ) p o sfm gt nz_:oranw

/ ps—1%<{/€z}Z€N0) ('7 + n, 1— Y p)dp (30)
0

Using the easily-derivable result as in Section 4 of Srivastava et al. [8] (p. 251, Theorem 5):

[e.9]

/ peiss(tekeeno) (2 4y ) dp = Fg{”‘*}“’%)(s) Bz +s,y+s)  (R(s)>0) (31)
0
we obtain:
({NZ}ZENO) 00
({rekeenoi ), I (s) B 2"
M{Eaﬂ (Z>p)'p_>5 - B(’}/,l—"}/) ;B(7+n+871 7—*—5)1—\(0[”_'_5)

B FS{W}KGNO)(S)FO 4 s)
I —7)

L(y+s+n) 2"

['(14+2s+n)I'(B+ an) 32)

WE

Il
o

n

Using the definition of the Wright generalized hypergeometric function ,V,(2) (see, e.g., [28,29]) in
Equation (32), we get the desired representation Equation (28). [

Corollary 2. The following Mellin transform representation is expressed in terms of generalized

hypergeometric functions in Equation (28) as follows:

{re}
M {E({M}IZGNMV)(Z.p)} _ F[() ¢ zeNo)(S)B<,y+8’ 1—~+s)
" ’ B(y, 1 —7)
L,y+s; 2

(33)

2F1+a

1+ 2s, Ao B); o

where « € N and A(«; f3) is an array of o parameters g, %, cee %

Remark 4. The Wright generalized hypergeometric function ,¥,(2) (see, e.g., [28,29]) is expressible in
terms of Fox H-function Hgf(}”(z) (see, e.g., [30-32]) as follows (see, e.g., [32] (p. 25, Equation (1.140))
and [31] (p. 11, Equation (1.7.8)):

(a17A1)>"' 7(aP7AP);
P (blvBl)a"' a(leBq)

1—ay, Ay, ,(1—a, A
= H,7. |- 1= a, ), (1= ap A4,) (34)
(0,1), (1 =by,By),---, (1 —bq,Bq)
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Now, applying the relationship Equation (34) to Equation (28), we can deduce an interesting
representation for the extended Mittag—Leffler function in Equation (16) asserted by Corollary 3 below.
We state here the resulting representation without proof.

Corollary 3. The following Mellin transform representations is expressed in terms of Fox H-functions

in Equation (28) as follows:

({re}eery)
({HZ}ZEN()? 'Y) ] I, (s)f‘(l — v+ 3)
™ {E“’ﬁ (Z’p)} C()LA—7)

1,2 . (071)7(1_7_371)
o3 [ (0.1, 0,1, (=25, 1), (1 B,0) )

4.3. Euler-Beta Transform

The Euler-Beta transform [27], alternatively called the Erdélyi—Kober fractional integral of the
function f(z), is defined, as usual, by:

B{f(2);a,b} = / Y1 =2 f(2)dz (36)

Theorem 5. The following Euler-Beta transform or Erdélyi—Kober fractional integral representation for
the extended generalized Mittag—Leffler function in Equation (16) holds true:

B {Eﬁfﬁ} (@2 p) : B, b} — I(b) Eﬁf;ﬁfew ") (2:p) 37)

(R(p) > 0; R(b) >0, R(ex) > 0, R(B) >0, R(~y) > 0)

Proof. Using the definition (Equation (36)) of the Euler-Beta transform, we find from Equation (16):

. 1 K .
B{El Ny = [0 o B s
0

1 0 %({W}ZENO)(,}/ +n 1 _ ,y . p) xnzan
= [ A=) ’ : 38
/0 S (; B(v,1-7) T(an + B) ¥

Upon interchanging the order of integration and summation in Equation (38), which can easily be

justified by uniform convergence under the constraint state with Equation (37), we get:

B {E(g’{ge}lel\!()? ) (z2%p) : B, b}

e ({H(Z}ZENO)<,Y+TL 1—7;p) o 1 Sran_ -
) Z o [ )
5B i o) Tlant 9T
o B(v,1—7) I'(an+ B) T(an + 5+ b)
o] ;B {M}ZGNO)(,Y + n, 1— v p) xn
nzo B(y,1-7) I'(an + B8 +0b)

Using the definition (Equation (16)), we get the desired representation Equation (37). [
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Corollary 4. In a similar manner, we obtain:

' a—1 g1 ({reYeengs ) o ({re}eeng: )
/ FT(=2) T Eop (2(1=2)%p)dz =T (@) Ey 5y (3p) (39)
0

In general, we have:

/t et (e =P S0 ) (40— e p)de = T(a) (@ — )P B0 ) (y(p — )2 ) 40)

Ke}teengs ’Y)

5. Fractional Calculus Operators of E(g 3 (z5p)

In this section, we derive certain interesting properties of the extended generalized Mittag—Leffler
function EC(Y{; thieroi7) (z;p) in Equation (16) associated with right-sided Riemann-Liouville fractional
integral operator I/, and the right-sided Riemann-Liouville fractional derivative operator D/, which

are defined as (see, e.g., [33,34]):

(L) (z) = F(lm / m C f(f))l_udt (1 € C, R(p) > 0) (41)
and: P
Do) @) = (4) (7)) (e C RG> 0= RG] +1) @)

where [z] means the greatest integer not exceeding real .

A generalization of Riemann-Liouville fractional derivative operator D/ in Equation (42) by
introducing a right-sided Riemann-Liouville fractional derivative operator D" of order 0 < p < 1
and type 0 < v < 1 with respect to x by Hilfer (see, e.g., [35]) is as follows:

D) () = (10700 ) (K5 90) () (e © RG> 0n= R +1) @

The generalization Equation (43) yields the classical Riemann—Liouville fractional derivative operator

D!, when v = 0.

Theorem 6. Leta € R, = [0,00), «, 8, v, p, w € C and R(«) > 0, R(B) > 0, R(p) > 0. Then, for
x > a, the relation holds:

(12 = Bt - arin)| ) @

= (z — a)Ptrt Eo(éf;i}/fENo; ") (w(z —a)*;p) (44)

(o2 |6 - 0t 57 ote = ain)] ) @

pont plleadeenain) (o ova. (45)

= (.CE - CL) a,B—pu
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and

(2 |6 - 0t £ ote - ain)] ) @
= (z —a) 1 E({W}ZENO; ") (w(z —a)*;p) (46)

a,B—p

Proof. By virtue of the formulas (Equations (41) and (16)), the term-by-term fractional integration and
the application of the relation [34]:

« -1 _ F(ﬁ)
(12,0t = ) 1) () = 7

—x_aa+6—1 o o
(04+ﬁ)( ) ( ,6€C, R )>0,9‘f(,8)>0) (47)

yield for x > a:
(wt — oyt B ) (g - a)%pn) (x)

IS Brdee) (y £, 1=y p)a (¢ — a)>n -
) <]a+ [Z B(y,1-7) ant | |

n=0

= (= a7 B e — 0y @)

Next, by Equations (42) and (16), we find that:
(el - @t Bt - i) ()
- (%)n (1;:“[(15 —a)P ! Eﬁ{ﬂ} et - a)“;p)]) ()
~ (1) [e- o Bl Vete - ari)] “9)

Applying Equation (21), we are led to the desired result Equation (45).
Finally, by Equations (43) and (16), we have:

(ot =0 BT e - )] ) (@)
0o %({nz}zeNo) (7 +n,1— o ) W (t _ a)oerﬁfl
nzzo B(y,1-7) T(an + B) (@)

{w}tzeNo)(,y +n, 1—7:p) wn
—~ B(v, 1-7) I'(an + B)

(Di:;”
> x5l
> ® (D [(t = a)*™ 7 1) (z)  (50)

n

Using the known relation of Srivastava and Tomovski [36] (p. 203, Equation (2.18)):

(D! [t =) (2) = T Gy (z—a) ! (> 0<pu<; 0SS R(N) >0) (5D

(A—n)

in Equation (50), we are led to the desired result Equation (46). []
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Remark 4. The special cases of the results presented here when p = 0 or for k, = 0 (¢ € N) would

reduce to the corresponding well-known results for the generalized Mittag—Leffler function (see, for
details, [18] and [23]).
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