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1. Introduction

Differential equations of fractional order have recently been proven to be valuable tools in the
modeling of many physical phenomena [1-3]. There has also been a significant theoretical development
in fractional differential equations in recent years; see the monographs of Abbas et al. [4],
Kilbas et al. [5], Miller and Ross [6], Podlubny [7] and Samko et al. [8].

The basic theory for initial value problems for fractional differential equations involving the
Riemann-Liouville and Liouville—Caputo differential operator was discussed by Diethelm [9].
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Recently, fractional functional differential equations, fractional differential inclusions and
impulsive fractional differential equations with different conditions were studied, for example, by
Aghajani et al. [10], Ahmad and Nieto [11], Benchohra et al. [12], Chalishajar and Karthikeyan [13,14],
Henderson and Ouahab [15,16], Ouahab [17,18] and in the references therein.

In this paper, we study the existence of solutions of the following implicit fractional differential
equation with initial condition:

‘Dy(t) = f(ty@), D)), teJ
(1
y(0) = Yo

where J = [0,b], 0 <a < land f:J xR xR — Ris a continuous function.
This problem is motivated by the importance of implicit ordinary differential equations of the form:

ft,z(t),2'(@),..., 2" V() = 0. )

under various initial and boundary conditions. Implicit equations have been considered by many
authors [19-26]. Furthermore, our intention is to extend the results to implicit differential equations
of fractional order.

Very recently, some existence results for an implicit fractional differential equation on compact
intervals were investigated [27-29].

Our goal in this work is to give some existence and uniqueness results for implicit fractional
differential equations.

2. Fractional Calculus

According to the Riemann-Liouville approach to fractional calculus, the notation of the fractional
integral of order a (v > 0) is a natural consequence of the well-known formula (usually attributed to
Cauchy) that reduces the calculation of the n—fold primitive of a function f to a single integral of the
convolution type. The Cauchy formula reads:

() = —— )!/O(t—s)"_lf(s)ds,t>0 neN.

(n—1
Definition 1. The fractional integral of order o > 0 of a function [ € L'(a,b) is defined by:
t (t _ S)Oé—l
1% f(t) = —_— d
a+f< ) /(; F(Oé) f(S) S,

where I is the classical gamma function. When a = 0, we write I*f(t) = f(t) * ¢a(t), where ¢, (t) =
%forlﬁ > 0,04(t) = 0fort < 0and ¢, — 0 as a — 0%, where § is the Dirac delta function. For
consistency, I° = Id (Identity operator), i.e., I'f(t) = f(t). Furthermore, by I*f(0"), we mean the
limit (if it exists) of 1° f(t) for t — 0%, this limit may be infinite.

After the notion of the fractional integral, that of the fractional derivative of order o («v > 0) becomes

a natural requirement, and one is attempted to substitute o with —« in the above formulas. However,
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this generalization needs some care in order to guarantee the convergence of the integral and to preserve
the well-known properties of the ordinary derivative of integer order. Denoting by D", with n € N, the
operator of the derivative of order n, we first note that:

D" =1d, I"D"#1d, ne€N,

i.e., D™ is the left inverse (and not the right inverse) to the corresponding integral operator /™. We can

easily prove that:
n—1
tk
nyn _ _ &) oty
D) = £ = 3 SO0 >0,
k=0

As a consequence, we expect that D is defined as the left inverse to /. For the fractional derivative of

order o > 0 with integer n, such that n — 1 < a < n, we have:

Definition 2. For a function f given on interval |a, b], the Riemann—Liouville fractional-order derivative
of order « of f is defined by:

D) = s () [ s

provided the right-hand side is defined.

Defining for consistency, D° = I° = Id, then we easily recognize that:

DI*=1d, «a>0, 3)
and
F(y+1) . _
DY = T e S0y > 1, > 0, 4
T(v+1-a) 7 @)

Of course, Properties (3) and (4) are a natural generalization of those known when the order is a positive
integer.

Note the remarkable fact that the fractional derivative D®f is not zero for the constant function
f(t) =1,if a & N. In fact, Equation (4) with -y = 0 illustrates that:

pri=—1" aso0 t>o0 5)
r'l—a)’ ’

It is clear that D*1 = 0, for o € N, due to the poles of the gamma function at the points 0, —1, -2, .. ..

We now observe an alternative definition of fractional derivative, introduced by Caputo [30,31] in
the late 1960s and adopted by Caputo and Mainardi [32] in the framework of the theory of linear
viscoelasticity (see a review in [2]).

Definition 3. Let f € AC"([a,b]). The Liouville—Caputo fractional-order derivative of f is defined by:

(DN ==y / (t = s)" =1 f")(s)ds.
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This definition is of course more restrictive than the Riemann—Liouville definition, in that it requires
the absolute integrability of the derivative of order n. Whenever we use the operator “D®, we (tacitly)
assume that this condition is met. We easily recognize that in general:

Df(t) = D" f(t) # 1" D" f(t) := “D*f(t), (6)

unless the function f(¢), along with its first n — 1 derivatives, vanishes at t = 0. In fact, assuming that
the passage of the n—derivative under the integral is legitimate, we recognize that, forn — 1 < a < n

and ¢ > 0,
k—a

D) = D0+ Y. e

and therefore, recalling the fractional derivative of the power Function (4):

F® (M), (7)

n—1
( AN 0+)> = “Df(t). (8)

k=0

The alternative definition, that is Definition 3, for the fractional derivative thus incorporates the initial
values of the function and of lower order. The subtraction of the Taylor polynomial of degree n — 1
att = 07 from f(¢) means a sort of regularization of the fractional derivative. In particular, according
to this definition, the relevant property for which the fractional derivative of a constant is still zero is
satisfied, i.e.,

‘Dl=0, a>0. )

At the end of this section, we present some properties of a special function. Denote £, g the generalized
Mittag—Leffler special function defined by:

;F (ka+ )

Also,

a—pB A
Eop(z) = L/A < ax

21 Jy A¥— 2z

where Y is a contour, which starts and ends at —oo and encircles the disc |\| < |z|$ counterclockwise.
Lemma 1. [9] Let « > 0, n = [a] and X € R. The solution of the initial value problem:

‘Dy(t) = Ay(t)+q(t)
(10)
yM(0) = g k=0,1,...,n—1,

where q € C[0,b] is a given function, can be expressed in the form:

Zykw + (1)
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with:
I§q(t) if A=0
y(t) =
/\fo (t —s)ug(s)ds  if A#0,

where uy(t) = IFeo(t), k=0,1,...,n — Land e,(t) :== E,(\t%).
Remark 1. In the case 0 < o < 1, we can rewrite the solution of Problem (10) in the form:
t
y(t) = y(0)Eq(At) + a/ q(t — 5)s* LB (As*)ds
0

Lemma 2. Let v : [0,b] — [0, 00) be a real function, and w is a nonnegative, locally-integrable function
on [0, b]. Assume that there are constants a > 0 and 0 < < 1, such that:

v(t) <w(t)+ a/ot v(s) ds,

then there exists a constant K = K (3), such that:

v(t) < w(t

foreveryt € [0,b].

Proof. From Gronwall’s lemma for singular kernels, whose proof can be found in Lemma 7.1.1 on page
188 of [33], we know that:

v(t) < w(t) + C/o Ey_g(c(t — s))w(s)ds

where ¢ € R is a constant dependent on 3. Now, E}_4(s) is bounded for s € [0, 5] and for s — ¢~:

E_y(c(t — ) ~ m

where a > 0 is a constant. This implies that:

v(t) < w(t

with constant K = K(§). O

Lemma 3. Let (X, d) be a non-empty complete metric space with a contraction mapping T : X — X.
Then, T admits a unique fixed-point x* in X (i.e., T'(z*) = z*).

Lemma 4. If K is a convex subset of a topological vector space V' and T’ is a continuous mapping of K
into itself, so that T'(K) is contained in a compact subset of K, then T has a fixed point.

Lemma 5. Consider a sequence of real-valued continuous functions { f,, }nen defined on a closed and
bounded interval [0,0]. If this sequence is uniformly bounded and equicontinuous, then there exists a

subsequence ( f,, ) that converges uniformly.
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For further readings and details on fractional calculus, we refer to the books and papers by
Kilbas et al. [5], Podlubny [7] and Samko et al. [8].

3. Existence and Uniqueness

In this section, we prove some existence results and describe the structure of the solution set. We first
note that if y € C[0, b] is an absolutely continuous function on [0, b] satisfying Equation (1), then:

1 ! a—1 c o
o / (t — )7 f(s,y(s). “Dy(s))ds.

y(t) = yo +
Theorem 1. Assume that there exist K1, Ko > 0, such that:
£(t2,9) — F(6.2.9)| < Knlw — 7] + oy — ], for eachz, 7,5 € R
If K 4 Ky < 1, then there exists unique y € C(J,R), which satisfy Equation (1).

Proof. Consider N : C(J,R) — C(J,R) defined by:

N(iz@)=f <t,y0 + ﬁ /Ot(t — 5)* 7 12(s)ds, z(t)> , teld

Let 21, 2o € C(J,R), then:

Ky t a-l — 2o(8)|ds z — 2z
IN(21(t)) = N(22(t)] < F((%)/0(75—8) |21(s) — 22(s)|ds + Ka[z1(t) — 2a(t)]

Kqt¢
< ( 1 )||z1—zQ||oo+K2|zl<t>—z2<t>|

I(a)

Hence: e
IN(21) = N(22)|loo < <ﬁ + Kg) |21 — 22]|0, foreach zq, 20 € C'(J,R).
From the Banach fixed point theorem, Lemma 3, there exists a unique z € C(J, R), such that z = N(z).
Therefore:
1 t
2(t)=f (t,yo + —/ (t — s)o‘_lz(s)ds,z(t)> , ted

I'(a) Jo

Set

I ot
m/o (t —8)* " z(s)ds.

This implies that *D*y(t) = z(t), and hence:

y(t) = yo +

‘D%(t) = f(t,y(t),” D*y(t)), foreveryt e J.

]

The goal of the second result of this section is to apply the Schauder fixed point theorem, Lemma 4.

For the study of this problem, we present some auxiliary lemmas.
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Lemma 6. Let e, € (0,1) and L : C*(J,R) — C(J,R) be an operator defined by:
L(z)=€°D% + €z
Then, L is a linear, continuous and invertible operator.

Proof. It is clear that £ is a linear operator. For every z € C*(J, R), we have:
ebfoHrl
[(a)

Hence, £ is continuous. Now, we show that if £(z) = 0, then z = 0, that is £ is injective. Indeed, let
z € C(J,R), such that L(z) = 0, then:

1£(2)||oo < < + 6'> (12[loe + [|12]loc)  for every z € C*(J,R).

€°D2(t)+ €2(t) =0, t € J = 2z(0) = 0.

From Lemma 1, we have: z = 0.
Let h € C(J,R); we consider the fractional Cauchy problem:

‘D% + %/z = @, 2(0) = h(0).

Again from Lemma 1, we obtain that:

ez(t) = eh(0)E, (—%’t“) + a/ot(t —5)* B (—%(t — s)a) h(s)ds.

This implies that £ is bijective, and from the Banach isomorphism theorem, £~! is a continuous

operator. [
Lemma 7. Let F : C'(J,R) — C(J,R) be an operator defined by:
F(z)=€D%%+€(yo+ 1°f(.,2,°D%z)).

We note
1

[L(2)](t) == yo + m/o (t—s)*1z(s)ds, te.J

Assume:
(H,) there exist My, M3 > 0, My € (0,1), such that:

F(t,2,9)| < Mila| + Maly| + My, for eachz,y, € R, t € J.
Then, F' is continuous and compact.

Proof. The proof will be given in three steps.

Step 1: ' is continuous.
Let (z,)nen C C1(J,R) be a sequence, such that (2, )ney — 2 € CH(J, R).
Then:
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/ot@ = 5)* 7 (2a(s) — 2(s))ds| < ﬁHzn 2|00
Thus:
2 = Ll € Fpgylion =l 0. n v 0
Furthermore:
ﬂﬂV—ﬁ“@u@—z@»% < - e
and hence:
£~ Ll < gl =l = 01— o
where: . .
E(Z) = cDaZ<t) = m/(; (t - S)iaZI(S), teJ
Hence:
/ba _

—|—6||L(zn) — L(2)|loo — 0, as n — o0,

Step 2: F' sends bounded sets in C'(J, R) into bounded sets in C(J, R).
Foreacht € J and z € B(0,), we have:

[P < gammr+ ¢ (lnol + Jo sy (= )7 (s, (5), (E2)(5))lds )

sfrv+emwﬁﬁw—Wﬂmuﬂ+%mmm+mm)
< ;(1’2 ar—i—e\yoH— fo (A;["(’;b - +M1T+M5) ds.
Then:
ebt—r €'b* Morbt—
F o X ————+¢€ M Ms ).
1P < popm s + ol + s (s + Mir+ M0 )

Step 3: F' maps bounded sets into equicontinuous sets.
Lett,,t, € J, such that ¢, < ¢, and z € B(0,r); we have:

(Pt = (F)(0)] < il =o)ds+ 7 (t2 =)™ = (0 =) )
ey o (12 = )7t = (1 = )" )5, 2(5), (L2)(5))lds

ey ot = 9" (o,3(6), (L))l

o— a)(tZ )ﬂl‘}' (a+1)(t1(ta ! tl )+

a+1)(t2 tl) +p(27a)(t1(t2 - 1a))

VAN

I(
I(
where:

M2Tb1—o¢

I'2—a)
Then, the right-hand side tends to zero as to — t; — 0. By the Arzeld-Ascoli theorem, Lemma 5, we

l:er—i- —|—M3

conclude that F' : C*(J,R) — C(J,R) is a compact continuous operator. []
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Now, we present a result without Lipschitz condition.

Theorem 2. Suppose that there is a constant M > 0, such that for each X € [0,1) and z € C'(J,R)
with ||z||1 = M, we have:

(Hy) €eD24€2z # Ne D2+ € (yo+ I° f(t, 2(t), “D2))]. Then, the implicit Problem (1) has at least
one solution. Moreover, if 0 < My < 1, then Fix(L™'F) is compact.

Proof. From Lemmas 6 and 7, the operators £, F' : C'(J,R) — C(J,R) are linear, continuous,
invertible and continuous and compact, respectively. Hence, L7'F : C1(J,R) — C*(J,R) is a compact

continuous operator. Set:
U={zcC'(JR): ||z|l, < M}.

Assume that there exists A € [0, 1) and z € U, such that
2= MTF(2) = L(2) = \F(2).

Hence:
€°DY2(t) + €2(t) = Ne °D2 + €' (yo + I*f (¢, 2(t), “D"2)],

which contradicts with (H;). As a consequence of the nonlinear alternative of Leray—Schauder, we
deduce that £7'F has a fixed point 2z in U, which is a solution to Problem (1). Now, we show that
Fiz(L7'F) is compact. Let z € Fiz(L™'F), then:

2= (LT'F)(2) = z=yo + I°f(-, 2(-),°D%2) and “D*z = f(-, 2(-),“D"2).

Thus,
M3b> 1 t .
) < t— ) (Ms|¢D” M d
O] < Il + Fa s + g [, (¢ = 9" ORI D"(5)] + M =(s)) s
and:
DR (t) L (M= ()] + M)
z 1_ M2 1% 3
Let:
p(t) = sup |z(7)]
T€[0,t]
Thus:
t
wut) < Cl—l—CQ/(t—s)o‘l,u(s)ds.
0
where: Mabe Mo Mob®
= " 3 n 3 Mo
=l e Tar Do = )
and:

My My M,y

O = Nt =) T T(a)




Mathematics 2015, 3 407

By Lemma 2, there exists K3 > 0, such that:
[2]lec < K.
Therefore,

Izl = LT (F =)L
17N (E2) oo

IN

Additionally, since [|z]|s < Kj:

1
= ||CDCYZ||OO < Y (M1K3+M3)

2

and:

I, 2(), L(2) e < b* (MQ(M1K3+M3)

MKy + M.
T(a+1) 1— M, TR 3)

This implies that there exists /K4 > 0, such that:

2]l < Ka.

Therefore, Fiz(L'F) is bounded. Hence, L1 F(Fiz(L'F)) is compact. Now, since L7 F is a
continuous operator, the set Flix(L ' F') is a closed set. It is clear that

Fiz(L7'F) C LYF(Fiz(L~1F)),

and thus, we conclude that Fiz(L'F) is compact. [

By the approximation method, we present the existence of the solution for Problem (1):

Theorem 3. Assume that:
(Hs) for each € > 0, there exists 6 > 0 and k = k(¢), with:

lim, o +k(e) =0
such that, if |ty — ta| <9, |v — %| <6, |y — y| < k(e), then we have:
[t 2, y) — (L2, 2, 9)| < Kk(e).
If the approximation sequence (z,)nen defined by:

Zo(t) = Yo, t e J,

() = f (t,yo + ﬁ /Ot(t —5)* 2, _1(s)ds, zn_l(t)) , teJ nelN

is bounded, then there exist at least one solution of Problem (1).
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Proof. Since (z,),en is bounded, we only need to show that (z,),en is equicontinuous. We show this
fact by induction. We consider n = 1; let ¢1,t2 € J. Then, by (H3) we have, for ¢ > 0; we consider

r > 0, such that k(r) < e there exists 6 > 0, such that for |t§ — 3| < n,|t1 —ta] < 71, n <

. § Ol(atl) ol'(atl)
HHH(Z’%LHWD’MWU+WM)

), we have:

|21(t1) — 21(t2)| =

ty (5}
P(1w0 ”a+1wm%> f(sz Wa+1ﬂm%)w'
k

« o . ol (a+1 oMa+1
We suppose that [t¢ — ¢S] < n, |t — t2| < 1, 7 < min <%> 2(1(+|y0|))7 2M((1+|y3‘)> for each p < n. Let

p=n+1:
vea(t) = s = |1 (o s [ 0= 9 s (1)
~f (t2,yo + ﬁ /0 ® s — s)alzn(s)ds,zn(tg)) ‘

Set:

1 -
m/o(t—s) zn(8)ds.

Without loss of generality, we can assume that t; > ¢5:

F.(t) =

R =Rl < gt ([ =9 = -9 ass [ o)

(0%
M

—(t5 — t§
F(a+1)(2 1)7

where M = || 2| -
By (H3), we have:

vt = svnat) = |7 (o s [ 0= s e
g (tQ, o + ﬁ /O %ty — )72, (5)ds. zn(tg)) ‘

< k(r) <e

Hence, by the Arzeld-Ascoli theorem, Lemma 5, we conclude that (z,),cn is relatively compact in
C(J,R). Then, there exists a subsequence { z,,, }, which converges to some limit z. Since f is continuous,

2= it s [ a0 a0s)).

Example 1. Consider the Cauchy problem:

this implies that:

Dy(t) = ft,y) +h(*Dy(D)), t € J:=[0,0], y(0) =y €R, (11)
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where f : J X R — R, h : R — R are continuous functions. Assume that there exist K, Ky > 0,
such that:
|[f(t,z) — f(t, )| < Ki|Z — |, forall, z,x € Randt € J;

\h(y) — h(y)| < K|y — vy, forall, g,y € R.

If % + Ky < 1, then, from Theorem 1, Problem (11) has a unique solution.
For instance, take J = [0,1] and o = 5 with f(t,y) =t + § cosy and h(“D*y(t)) = 5 sin(“Dy(t)),
t € Jandy € R. Then, Problem (11) becomes:

1 1
‘D%(t) =t + G cosy +3 sin(*D(t)), t € J, y(0) =y € R, (12)

It is clear that the functions f and h in Problem (12) are continuous and.:

£(65) = f(6 ) < Sl =l WD) — hD ()] < 5I"D5(0) = D*y(0)],

forall, y,y e R, t e J.

We have: K 11 .
1
Ky =-+- == 1
o T 3T T
This implies that Problem (12) has a unique solution.
[

4. Conclusions

We have proven an existence result for implicit fractional differential equations. In the future, we will

extend the results to other fractional derivatives and boundary value problems.
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