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Abstract: This paper builds on the notion of the so-called orthogonal derivative, where an
n-th order derivative is approximated by an integral involving an orthogonal polynomial
of degree n. This notion was reviewed in great detail in a paper by the author and
Koornwinder in 2012. Here, an approximation of the Weyl or Riemann—Liouville fractional
derivative is considered by replacing the n-th derivative by its approximation in the formula
for the fractional derivative. In the case of, for instance, Jacobi polynomials, an explicit
formula for the kernel of this approximate fractional derivative can be given. Next, we
consider the fractional derivative as a filter and compute the frequency response in the
continuous case for the Jacobi polynomials and in the discrete case for the Hahn polynomials.
The frequency response in this case is a confluent hypergeometric function. A different
approach is discussed, which starts with this explicit frequency response and then obtains
the approximate fractional derivative by taking the inverse Fourier transform.
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1. Introduction

As soon as differential calculus was invented by Newton and Leibniz, the question arose about the
meaning of a derivative of non-integer order. Many mathematicians have worked on the subject, and
many different definitions were proposed.

An excellent historical survey is given in the book [1]. In the encyclopedic work [2], most of the usual
definitions are given. The book [3] give a survey of a number of definitions of the fractional calculus.
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The book [4] distinguishes fractional derivatives of causal functions, as well as non-causal functions.
Last, but not least, [5] give a survey of the developments in the field from 1974.

Nowadays, fractional derivatives are much used in fractional differential equations, which are
very suitable for describing certain physical phenomena, better than when using ordinary derivatives.
For instance, a fractional PID (proportional, integrating and differentiating) controller can be made much
simpler and more robust than an ordinary PID controller. Some other areas of application of the fractional
derivatives are viscoelastic materials, hydrodynamics, rheology, diffusive transport, electrical networks,
control theory, electromagnetic theory, signal and image processing and probability. The definition of
fractional derivative may vary with the application, since in each case, one will look for the most suitable
definition.

Unlike the ordinary derivative, there is no simple geometric description of the fractional derivative.
However, see [6,7].

The most common definitions of fractional derivative, which we also use in this paper, are by taking
ordinary derivatives of a Riemann—Liouville or Weyl fractional integral. Even here, different choices can
be made, which give quite different results. For instance, with v > 0 and ¢ = n — v > 0, we can write:

dv av 1 e — = gk
T — — d o _—
Az~ dan T (1) / (x =y ey =e Z I'(k+1)

—o° k=0

and, thus, obtain a natural choice for the fractional derivative of e®, but we can also choose the definition:

dv v 1 x 1y > kv
x _ % _ dy =
dz* :U”F(,u)/o (z =) etdy ;F(k—u+1)

Here, the last identity follows from:

a ., dr 1 v u—1 k rk+1) ,_
= — — d = — v
" dz" T (p) /0 (r=y)" vy F(k:—erl)x

which looks like a natural choice for the fractional derivative of 2*. (note that replacement of the lower

bound of the last integral by —oo would give a divergent integral). Thus, one has to be careful with
just extrapolating a natural looking definition of a fractional derivative of some elementary functions.
Our definitions follow Miller and Ross [1].

In [8], we reviewed a formula for the so-called orthogonal derivative, which has a long history. This
derivative (of order n) can be computed as a limit of a certain integral. This is a generalization of the
usual notion of the n-th order derivative, and more importantly, when ignoring the limit, it can be used as
an approximation of the n-th order derivative. In the present paper, the orthogonal derivative will be used
in order to generalize the definitions of Riemann—Liouville and Weyl for the fractional derivative and to
approximate these fractional derivatives. In the case of the orthogonal derivative associated with the
Jacobi polynomials, the kernel of the resulting integral transform approximating the fractional derivative
can be computed explicitly. In the case of the Hahn polynomials, similar explicit results are obtained for
the approximation of the fractional difference.

In general, Fourier and Laplace transforms are important tools for finding solutions of fractional
orthogonal differential equations. Therefore, in our paper, we also consider the action of the various

operators in the frequency domain. We consider the fractional derivative as a filter with a so-called
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frequency response. Instead of a convolution, we then have multiplication of transfer functions. A
picture of the modulus of the frequency response gives very good insight into how well the approximating
operators behave.

The idea of combining an orthogonal derivative with a fractional integral in order to approximate
fractional derivatives is already discussed in [9,10]. However, explicit formulas, like ours are not given
in these papers. Furthermore, a discussion of the filter in the frequency domain is missing.

Let us now give a summary of the sections of this paper.

In Section 2, the definitions and basic properties of the Riemann-Liouville and Weyl fractional
integral and derivative are recalled. Furthermore, their Fourier transforms are mentioned.

In Section 3, the approximate Weyl and Riemann—Liouville fractional derivatives are defined by using
the approximate n-th order derivative coming from the orthogonal derivative.

In Section 4, we give explicit expressions in the case of the Jacobi polynomials. These simplify in the
case of Gegenbauer and Legendre polynomials.

In Section 5, we consider the frequency response of the approximate fractional derivative.
Explicit results in the continuous case are given for Jacobi polynomials and in the discrete case for
Hahn polynomials.

The general case suggests an alternative approach to obtain an approximate fractional derivative,
by starting with a frequency response, which approximates the frequency response of the fractional
derivative, and then taking the inverse Fourier transform.

This method is discussed in Section 6 for a frequency response given by a confluent hypergeometric
function, and in Section 7, there are two more examples involving elementary transfer functions.

We also studied the fractional orthogonal difference with application to a discrete filter. This will

appear in the next paper [11].

Remark 1.1. Forv € C, the power 2V will always be considered as a function of z in the complex plane
with cut (—o0,0), i€, 2¥ = €’"% with 2 # 0 and —7 < arg(z) < . On the cut, for x € (—iy,0),
we distinguish between (x + i0)” = lim,o(z + 1y)" = ™ (—x)" and (x —i0)" = lim,o(z — iy)" =
e~ "™ (—z)". Fory € (R)\{0}, the convention applies to (iy)", but sometimes, we write for clarity
(iy)" = (iy + 0)” = limgo(iy + x)".

2. The Riemann-Liouville and the Weyl Fractional Transforms

We define two versions of the fractional integral: the Riemann—Liouville and the Weyl transform.
In terms of these, we can define a fractional derivative.
Let © € C with Re(u) > 0. Let f be a function on (—o0,b), which is integrable on bounded

subintervals. Then, the Riemann—Liouville integral of order 1 is defined as:

R[] (2) = fOP () = ﬁ / " Fw) @ — gy ()
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A sufficient condition for the absolute convergence of this integral is f(—z) = O (x7"7°),
e > 0,z — oo. Similarly, for Re(y) > 0 and f, a locally-integrable function on (a, c0), such that
f(x) =0 (x7"°), e >0, v — oo, the Weyl integral of order y is defined as:

W f] (2) = £ / )y — ) dy

Clearly:
Rf (=) (=) = W [f] (z)

The Riemann-Liouville integral is often given for a function f on [0,b) in the form:

R[] (2) = fCP() := ﬁ / i) — gy (@ 0)

This can be obtained from (1) if we assume that f (z) = 0 for x < 0 (then, f is called a causal
function). For instance, if f (z) = 2* (z > 0)and f (z) =0 (x <0), then:

R7"[f](z) = %xa” (x>0, Re(a) > —1)
and
W=H[f] (x) = %xa” (x> 0,Re(a+ p) <0) (2)

When —1 < Re(a) < Re(—p) < 0, both formulas are valid. The quotients of Gamma functions are
related by:
['(—a—p)  sin(am) I'(a+1)
['(—a)  sin(a+p)nl(a+p+1)

Substitution in (2) gives:

sin (o)

W) = 5 (ot 1)

R[] ()

e d : .
For Re(v) < n, n a positive integer and D = e one can easily derive:

R"[f] (z) = D" [R""[f]] (2) 3)
W [f] () = (=1)" D" [W"" [f]] () 4)

For 0 < Re(v) < n, we define the fractional derivative by (3) and (4). These are certainly well
defined if all derivatives of f up to order n exist. The definition is independent of the choice n > Re(v).

Put W° = id = R". Under the assumption of sufficient differentiability and convergence, we have
WHWY = Wkt RER” = R*Y forall p,v € C and R = D", W™ = (—1)" D™.

Because we need the Fourier transform of (3) and (4), we use the following theorem proven in [2]
(Chapter 2 §7) for the Riemann—Liouville derivative, as well for the Weyl derivative.

Theorem 2.1. Let f and g be functions on R for which the Fourier transforms exist and are given by:

F w ’LUJ$f

“ 7 L.



Mathematics 2015, 3 277

v L

G(w) dx
If g = RY[f], then the following relation holds:
_GWw)
H(w) = m = (—iw)
If g=W"[f], then:
G
H(w) = Flo) (iw) S

H (w) will be called the frequency response, where we follow the terminology of filter theory.

3. The Fractional Weyl Transform for the Orthogonal Derivative

In [8] (Theorem 3.1), the following theorem is proved (see [8], Section 2.1, for generalities about
orthogonal polynomials):

Theorem 3.1. Let n be a positive integer. Let p,, be an orthogonal polynomial of degree n with respect
to the orthogonality measure . for which all moments exist. Let x € R. Let I be a closed interval
containing x, such that x + dsupp(u) C I for § > 0 small enough. Let f be a continuous function on I,
such that its derivatives of order 1,2, ....n at x exist (right or left derivatives if x is the boundary point
of I). In addition, if I is unbounded, assume that f is of at most polynomial growth on I. Then:

) (x) = 1im D[] (@) (©)
where: a1
D} (7)) = S [ 1@+ 66 (O dn(6) a

By the assumptions, the integral converges absolutely. h,, and k,, are defined by:

hy = /R P (€)% du (€)

and

o () = k2" 4 gu1 ()
with g, a polynomial of degree < n. We call the limit given by the right-hand side of (6) the orthogonal
derivative at x of order n. See Remark 3.3 for some weaker conditions.

Theorem 3.1 suggests the definition of the approximate fractional orthogonal derivative. We can apply
(6) in (4). This yields:

W) = o | [ 0= 0] = iy 7 ®
where:
W ] &) = (-1 Df (W2 [£]] &) = (1) W [D§ [£]) &) ©)

We call W™ [f] the approximate fractional orthogonal derivative. The existence of sufficiently

many derivatives of f is no longer required for the definition (9) to be valid if v > 0. However, for the
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definition of W" [f] and for the validity of the limit in (8), sufficient differentiability is still required.
The last equality in (9) follows from the fact that the operators W*"~" and Dj are convolution operators
(i.e., operators that commute with translations), and therefore, the integrals can be interchanged. Then,
it follows by substitution of (7):

Wi 1) = S o [ = = 0 () dute) =

C(—1)kL (n+1) 1 oo oo o

With y =z + d (s — u), it follows:

Wi = S [ s it - ta a0

Now, we consider three typical cases for the orthogonality interval:

- Finite orthogonality interval [—1, 1].
- Infinite orthogonality interval [0, c0).
- Infinite orthogonality interval (—oo, 00).

Finite orthogonality interval [—1, 1]:

The integral (10) can be split up into two integrals as:

Rl D LT[ s+ it == ta] ) s+
R D L s = dut

Interchanging the double integrals in both terms gives:

Wi [ (z) =

(—1)"k,T (n + 1)
h,I' (n —v) .
= h)?(:: _”Ij‘ 2 5 / f(z+ dy) {/1]% (u) (y — U)n_y_ld,u(u)} dy (11)

Infinite orthogonality interval [0, co):

Wi [f1 (x) =

5 [t in| [ =] dys

The outer integral in (10) is now from zero to co. Interchanging the double integral gives:

(h) rk(qf_n; / f(z+0y) UO K0 W‘”‘lpn(u)du(u)} dy  (12)

W If] ) = =
Infinite orthogonality interval (—oo, c0):

The outer integral in (10) is now from —oo to co. Interchanging the double integral gives:

(—-D)"k,T(n+1) 1

Wi 1)) = SEE DL sk | [ -0t ar a3

In (11), (12) and (13), the integrals inside the square brackets can be expected to be computable
analytically or numerically for concrete measures x and orthogonality polynomials p,,.
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Remark 3.2. We have derived these formulas for all values of v with Re(v) < n, but our main usage

of them will be for Re(v) > 0, where they are approximate fractional derivatives.

Remark 3.3. In this paper, we assume for simplicity that the orthogonal derivative is equal to the

ordinary derivative, i.e., that both sides of (6) are well defined and equal, which is certainly true under

the assumptions of Theorem 3.1. It should be noted that the definition of the orthogonal derivative is

valid for a wider class of functions than the ordinary derivative. Therefore, if the limit of the right-hand
side of (6) exists and ™ (x) does not exist, we still call the right-hand side of (6) the orthogonal

derivative. For example, the ordinary derivative does not exist for the function f (x) = |z| for x = 0,

but the orthogonal derivative for this function does exist. For less trivial examples, see [8] (Section 3.8).

Remark 3.4. Instead of the Weyl integral, we could have worked with the Riemann—Liouville integral.

For example, the following formulas can be obtained:

R [f(x) = 7Dy [ (x)  R7[f] (z) = lim B3" [£] (2)

510

For the orthogonality interval [—1, 1], it follows:

R @) = et D [t an [ [ i ) autw] e
’“”FT L sessn [ e @] ay

Fbrthecnvhogonahzyznnnval( ), it follows:
Ry ] () = Zfi 5 [ s | [T dut)]

All results in this paper could also have been equivalently formulated in terms of R;™.

4. The Fractional Weyl Transform for the Jacobi Derivative

In this section, we apply (11) to the Jacobi polynomials, where:

pn(z) = PF) (2)

n

dp(z) = w(z)de = (1 —2)* (1 +2)’de o> —1 p>—1
_2n+a+ﬁ+1r(n+a+1)F(n+6+1)
B F2n+a+B+2)

P (=2) = (<1)" P (2)

§?|;”

(14)
(15)
(16)

(17)

For the resulting transform, which we call the approximate fractional Jacobi derivative, we write

W™ = Wy 5. Before computing this transform, we observe the following proposition:

Proposition 4.1. For the approximate fractional Jacobi derivative, the following formula is valid:

Wyt s [f] () = Wyl oy [f] ()

Hence, by iteration, W' [f] (v) = W5t 5 [f] (%), where m is the smallest integer > v.
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Proof. From [8] (3.10), it follows that:

JL O (24 88) (1— )™ (1+ €)™ de
JLa-omea+erta

From (4), we obtain in a straightforward way:

= Djoi1pnlf(2)

D?,oa,,@ [f] (Z’) =

Wi e I1 ()

(=1)" Diop (W [f]] (x) =
(=1)" Dyl (W [f]) (@) =
(=" Diair g WA (@) = Wil . [f] (2)

]

280

Remark 4.2. For the Laguerre and Hermite derivatives, there are similar formulas. The formula for

the Hermite derivative has no parameters.

For the computation of W' 5, we substitute (14)—(17) in (11).

(—1)"T'(2n+a+ 5 +2) I'(n+1)
rtetbHl (n+a+ ) I'(n++ 1) (n—v)

WEr 1] () = 5 (@) + B(a)]

where: .
_ / f(x+6y) s () dy
1
— [t 50 () dy
1
with: ’
:/ PEA@W) (1 - (1+w) (y— ) du  —1<y<l
1
1
D= [ PO w 1w -0 1Sy <o

Note that W57 o [f] (x) is analyticin v for Re(v) < n. First, we assume that Re(v) < 0.

For the computation of .J;(y), the Rodrigues formula for Jacobi polynomials is used:

(@h) (1) = 1 d" _ L\t )"
B = e (1= w (L du (=) (1 )]

Substitution in (21) yields:

5 = G2 [ @ @] -

Repeated integration by parts (n times) gives:

(-1)"T(n—v)

Nly) = 2nn! T (—v)

/ 1wt (1t )™ (g - w) " du

-1

(18)

(19)

(20)

1)
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Substitution of the variable u = (1 + y)w — 1, using [12] (Theorem 2.2.1) and [13] (15.8.1) in the
third identity gives:

B (@) = (~1)" 22 (1 4 yyr+or Ll

n'(n—v+p8+1) 2

(n+B8+1)T(n—v) n+pB+1,—a-n 14y
n—v+p+1 7 2

_ (<) F'n+p+1)T'(n—v)

(1_y)n+aV(1+y)"+5—VF( v, —v+a+B+1 '1+y>

2n=vpIll'(n —v+ B8+ 1) n—v+p8+1 T2
(22)
where F' is the Gauss hypergeometric function.
Similarly the integral for J5(y) can be computed. The result is:
Ty () = (—1)" ontatf+1 r(n_y)F(n+a+1)F(n+5+1)F v+Ln+pB+1 2
2= (y+ 1)’ (=v)n!  T(@2n+a+B5+2) nt+a+B+2 y+1
(23)

Substitution of (22) and (23) in (19) and (20) and then (19) and (20) in (18) yields the following
theorem, initially proven for Re(r) < 0, but by analytic continuation in v valid for Re(v) < n.

Theorem 4.3. For the approximate fractional Jacobi derivative, the following formula is valid:

1 1 [ 1 v+1ln+p5+1 2
”/Vv" - - - oY) —_F ’ = |d
o,a,8 [f] (.I') F(—V) 51//1 f(ili'—i— y)(y+1)y+1 ( 27’l+0¢—|—5+2 7y+1) +

(=1)"T'(2n+a+ 5 +2) 1
2m—vretbH N (p+ a4+ 1) I'(n—v+5+1) 07

! —v2n—v+a+p+1 14y
Lo — g ()P R T Y ) ay (24
71f(:r y)(1-y) (1+y) nevif4l 5 |y 24

+

with f () = O (Re (z¥~"7°)) as x — oo and Re(v) < n.

Remark 4.4. Note that the right-hand side of (24) is continuous in v for Re(v) < n. Thus, we can
use (24) as a definition of Wy 5 [f] (x) for Re(v) = n. We can also relax the condition for f (x) as
x —ooto f(x) =0 (x7°), since the first integral on the right-hand side of (24) remains convergent
then.

From this formula, one can see once more the validity of Proposition 4.1. For v = 0,1,2,...,n,
the hypergeometric function in the first integral can be written as a Jacobi polynomial. The first term
vanishes, because of the Gamma function T (—v) = I'(—n). In the second term, the hypergeometric
function can be written as P\~ (—y). Using (17) and taking the limit for § | 0, there remains the
orthogonal derivative associated with the Jacobi polynomials:

'2n+a+p+2)I'(n+1)

D" [f](z) = ontotBHil (p +a+ DI (n+B+1

) lgﬁ)l 5% /_1 Fl@+6y) (1 — )™ (14 y)° PB) () dy

which is exactly (7) for the case of the Jacobi polynomials.
For the special case that &« — o — 1/2 and § — a — 1/2, the Jacobi polynomials become the

Gegenbauer polynomials. In that case, the hypergeometric functions in (24) can be expressed in terms
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of associated Legendre functions. For the hypergeometric function in the first term of (24) [13] (15.8.13
together with 14.3.7) gives:

;F v+1,n+a+ % 2 1y gn+a+1/2 (n+a+1) Q:ﬁ;xl—/gw(y)
(y+1)"*! m+20+1 y+1 ein(1/2=a+v) /T (1 + 1) < \/y27—1> 1/2—a—n+v

Q" (y) is the associated Legendre of the second kind. For the hypergeometric function in the second
term of (24) [13] (15.8.1 together with 14.3.1) gives:

P1/2—o<—n+1/

r -V, 2n — v+ 2104 : 1— Yy T (n Cvtad 1) 2n+a—u—1/2 n+a—1/2 (y) 1
TL-I/—}-O(—FE 2 2 ( 1_y2)n+a—u— /2

P/ (y) 1is the associated Legendre function of the first kind on the cut. Substitution gives for the
approximate fractional Gegenbauer derivative with Re(v) < n:

1/2—a—n+v
. ST (n+a+1)2nte-1/2 1 1 P/ (y)
WL If] () = (-1 Lt ] 3 [ gy

VT (W) 1/2—a—n+v
1/2—a—ntv

v eim(a=1/Dgntat 2T (n 4 o 4 1) sin (vr) 1 /00 Ie— dy) Oy (1)
51/

dy—

— (-1

dy

Wﬁ (\/y27_1)1/2—a—n+u
(25)
Further specialization to « = 1/2 gives the approximate fractional Legendre derivative with
Re (v) < n:
v _ n 1'(2n+2) P ()
Wila ) @) = (1) 5o Ty g 3 / et y2>mdy—

, Sin (v ) 2n—|—2 Q”"()

Remark 4.5. For the approximate fractional Gegenbauer derivative followmg the Riemann—Liouville
definition, it can be shown that with Re(v) < n:

1/2—a—n+v
9nta=1/2T (n 4 a4+ 1) 1 (2o ()

1
v,n _ n+a—1/2
Ré,a [f] (:U)G - ﬁ 57 /_1 f(:L‘ + 6y) < 1/2—a—n+v dy—

)
1/2—a—n+v (y)

U 1/2)gn+a+1/21 (n+ a+ 1)sin (vn) / @+ 6y) Qn+a—1/2 d
/T o Y e y

—(=1)
y?—1

Remark 4.6. In the same way as we did in the Jacobi case, one can calculate the approximate fractional
Laguerre derivative. Then, we start with (12). It follows:

1
W‘;g[f](x)L:F(n—V—l—a—l—l)

1 o0
5 / [z +0y)y" " e "M (—v;n—v+a+ 1;y)dy
0

where M is the confluent hypergeometric function and f(x) = O (Re(z""""%)) as = — oo with
Re(v) < n.
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5. The Frequency Response for the Approximate Fractional Orthogonal Derivative

In Theorem 2.1, we gave the Fourier transform of the fractional derivative. It is possible to extend
that theorem to the approximate fractional orthogonal derivative.

As in Theorem 2.1, let F' (w) and G (w) be the Fourier transforms of f and g, respectively. From (7),
with f absolutely integrable on R and ¢ = D} [f], we immediately derive for the frequency response

Hj (w):

Hy @) = 3 = 5 [ (@ (o 26)

The exponential can be expanded as a power series. Because of the orthogonality property, it follows:

LTI /R ()€ ﬂdu () @7

We arrive at the following theorem:

Theorem 5.1. Let F'(w) and G (w) be the Fourier transforms of the function f and the function
g =W [f], respectively. Then (recall the convention after (5)):

kn ! n/. \v—n —iw
H (@) = 35 (17 )™ [ (@) e du () =
B k,n! . > zw§£
=S ) [ e €S T ©) 8)

=0

Proof. Combine (26) and (27) with (9) and Theorem 2.1, and the result follows immediately. []

Since fR Pn (€) e7%dy (€) is explicitly known for the classical orthogonal polynomials, we get
explicit formulas for the frequency response in these cases. Furthermore, for the case of discrete Hahn
polynomials, it is possible to compute the transfer function. We now treat two examples. First, we
compute the frequency response in the case of the Jacobi polynomials. Then, we compute the frequency

response in the case of the discrete Hahn polynomials.

5.1. The Frequency Response for the Jacobi Polynomials

For the Jacobi polynomials, the following integral is known [13] (18.17.16):

1
/ (1—2)* (14 z)° PP (2)e™de =

1

_ (“/;‘6 T B(nta+1,n+ B+ 1) Mn+a+1,2n4a+ 6+ 2; —2iy)

Using (15) and (16) and substitution of y = —w? yields for (27) after some calculation:

HY (W) = (iw)’ e™™° M (n +a+1,2n + a + 8 + 2; 2iws) (29)
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Using [13] (13.7.2) for w — oo, there remains:

v—n—min(a,)

|H§ (w)| ~ const - w

Hence, since v < n:
lim |HY (w)] =0

w—00

For the Gegenbauer polynomials, let o« — o — % and 5 — o — % Then:

. 1
HY (w) = (iw)” e” ™M (n +a+ Y 2n 4+ 2a + 1; iné) (30)

The confluent hypergeometric function can be transformed into a Bessel function.  [13]
(13.6.9) gives:

1 = (2
M(y+§,2u+1;2i2> =T (1+0)e" (—) J. (2)

z

Substitution in (29) gives:

HY () = (i)' T (n+a+1) (%) Toso (06)

The Bessel function can be written as a summation [13] (10.2.2). After substitution, there remains:

, = (—=1)F <w5>
HY (w) = (iw (n+a+1) —
§ (W)= ()T kZOF k+n+a+1)k'

The right-hand side is real, except for the factor (iw)”. The variable n is equal to the next integer
greater then v. For a certain value of v with n — 1 < v < n, the summation is independent of v. For the

modulus of the transfer function, we obtain:

HY ()] = 0T (n+a+1) f (-1 Wi\ (31)
w)|=wTn+a —
o T (k+n+at+1)k!\ 2
« is a free parameter. For a = %, we get the frequency response of the approximate fractional

Legendre derivative. Then, (31) becomes:

F(2n+2) 1
2”F(n+1)( )"

|H5 (w)| = [ (w0)]

where j,, is a spherical Bessel function [13] (10.49.2). Special cases of j,, are:

: L.
Jo(z) = _sinz
j1(2) = = (sinz — zcos z)

z

J2 (2) = % ((3—2%)sinz — 3z cos z)

J3(z) = % ((15 — 62%) sinz — (15 — 2°) zcos z)

The above formulas remain valid for v = n, where we get the transfer functions as in [8] (Section 5).
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Remark 5.2. In [11], we apply this theory to a fractional differentiating filter.
Remark 5.3. From Theorem 5.1, we get:
—= [ W @) e = 1 @) F @
V2r
with HY (w) explicitly and quickly computable in special cases, for instance the Jacobi case. Thus, if:

1 1 -
Hl/ — _ hl/ wwxd
@) = o=g [ M@

for some function h, then after the inverse Fourier transform, there remains the convolution integral:

Wi ) @) = = [ @b b () dy

If we compare, in the case of a finite orthogonality, this last formula with (11), then we can read off h
from (11). In particular, in the Jacobi case, we can read off h from (24). This gives:

.
m 1 1/+1,n+ﬁ—|—1 . 2
P(-v)ov+t (1+y)”+1F( 2n+a+p+2 1+y vt
V2rl (2n +a+ (4 2)
5 (y) = 2nm—v+atBHiD (n o+ 1) (n— v+ f+ 1) ov+!

—v2n—v+a+f+1 1+y
n—v+p+1 T2

\0 y<—1
(32)

Its Fourier transform HY (w) is given by (29).

—-1l<y<l1
(1+y)"™ 1=y F )

5.2. The Frequency Response for the Hahn Polynomials

We start with formula (27) for the approximate fractional orthogonal derivative and apply this formula

for the discrete case with weights w (x) on points z € {0, 1, ..., N}. This gives:

H @) = P20 (21" (1) D ()0 () e

When applying the summation to the discrete Hahn polynomials, we get:

N
S=> pu()w(x)e ™™ = ZQn (z; 0, B, N)w () e~ (33)

=0
For the Hahn polynomials, we use [14] (9.5.10):

. C(D)"BHD, o ((atn 1), B+,
@i BNl =70 V“”( ! (N—n—ua) )

n

where:
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and get:
(1" (B4 1), N~ g (@404 1), (Brn+ Dy,
— n 10wx n T 34
S (—N), xzzoe v x! (N —n—2x)! 34
To compute this sum, we use partial summation. The general formula for partial summation is:
N N-1
(VG gG) =FN)g(N)=f(=1)g0)=>_ () (Vg (G+1)
j=0 Jj=0
In particular, if f(N) = f(—1) =0, then:
N N-1
> (VHGgG) == FG) (Ve (G +1)
j=0 j=0
Applying this formula n times and remarking that f (N —n) = f (—1) = 0 gives:
N N—n
(VA" G gG)= 0" ) f6) (V)" (G +n)
=0 =0
Applying this formula to (34) gives:
Z Vn —idw(z+n) ) (a tnt 1)30 (6 +n+ 1)N—n—m
In = x! (N —n—ux)!
The iterated differences of the exponential are known. This gives:
(Bt D (iso 37 N~ i (@411, B0+ Dy g
— n ow _ q 10wx T —
S (—N), (e ) xzzoe x! (N —n—2z)!
_(B+1), (5 1" (et nt+1), (B+n+1)y_, (=N +n), ()"
(=N),, s (=B=N), (N=n) !
_ BBt Dy nN g oz—i—n—i— )y (=N +n), (e7)"
SINGED =S CERR) e
1 SNT —N 1 ,
_ (ﬁ + )N (1 . efz&u) F tn,a+n+ ;efz&u (35)
N! -3 —N

Then, for the frequency response, there remains:

HY (@) = oy <z‘w>“”M<l—€"“”>"F( St ) G36)

N —68—N
For the Hahn polynomials, Tables 18.19.1 and 18.19.2 in [13] give:

k—n—(—l)” 2n+a+B+1) (nta+pB+1), N!
N B+1), (n+a+pf+1)y, n

Substitution in (36) gives:

, s (=) (N4 B+ 1T (2n+a+3+2) ~N+na+n+1 g
Hj (W) = (iw) 5 TntB+)I(N+ntatht) —B8—N a
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Remark 5.4. From the summation (33) together with (35), one can derive the integral formula when
letting N — oo. For this purpose, we apply [13] (Table 18.19, (15.8.7) and (18.20.5)) to (35). With
0 = —1, this gives:

N —n,n+a+pf+1,—x (+1), B+ DN s se
§ 3By i1 e =
g a+1,-N zl (N —x)!

+1), 2n+a+p+2 o\ —N +n, 1 :
(B )n( n Q 5 )N—n (1 - ezw) F +n Oé+n+ ’1_ ezw
N! 2n+a+pF+2

1
The summation can also be done over the set x € N {0,1,..., N}. The N + 1 points then lie in the
interval [0, 1]. This gives:

(—n,n+oa+ﬁ—|—1,—Nx ) (@4 1), (5+1>N(1—x) oz
Z 3[h i1 e =

2=0,1/N,..1 at+1,-N (Nx)! (N — Nx)! -

(ﬁ+Dn@n+a%ﬂ$+%Nw(1_JWNYP, —N%ﬂua+n+l;1_awN
N! 2n+a+ G +2

This formula can be written as:

NGERIINGES VI 3F2(—n,n+a+ﬁ+1,—Nw.><04+1)Nz(5+1>w<m>6m_

a+p+1 _ ' — '
N 2=0,1/N,..1 a+l,=-N (Nz)! (N — Nz)!
Fa+DT(B+1)(B+1),2n+a+B+2)y, A
- NrntatB+1 N (N (1 —e“™))

—N+na+n+1 _N(ei“/N—l)
nm+a+pB+2 7 —-N

Taking the limit for N — oo and using [13] (5.11.12) gives formally:

1 _ 1 )
/F< mntatf+ x| 2% (1 —2)’ erde =
0

a+1
Fla+H)T'(n+p8+1), . ., .
= - M +1;2n+a+ 2;
T2ntat it (—iw) m+a+1;2n+a+ 0+ 2;iw)

This is the same formula as (29) after some transformation.

Remark 5.5. In [15], the authors compute the fractional derivative using the Fourier transform. They
also design a fractional digital filter. They demonstrate the filter performance by using a block signal as
the input. In our opinion, this demonstration is less convincing, because by absence of an integrating
factor, the high frequencies are not suppressed and because the plots are not given as log-log plots. One
should compare with our approach in [11] (Section 6) where we give a log-log plot of the modulus of the

Jfrequency response.
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6. Deriving a Formula for a Fractional Derivative Starting with a Suitable Frequency Response

For the second expression in (28) of the frequency response of the approximate fractional orthogonal
derivative, we see that:

HY (w) = (iw +0)” (1 + O (dw)) = 5i (i0w + 0)” (1 + O (6w))

as 0w | 0. Conversely, if we have some explicit function HY (w) behaving like (iw)” (1 + O (dw)) as
dw | 0, of which the inverse Fourier transform & (x) exists and is explicitly known, then the convolution
product of f with h gives a formula for an approximate fractional derivative. The next derivation
demonstrates this method.

Set

F OJ ZUJCCf

“ 7L

When taking the inverse Fourier transform of (5), it follows for the Weyl derivative:

WY [f] (x T (w4 0)" F (w) dw 37)

Now, we look for a function with the following property:

15161 Hy (iw+0) = (iw + 0)

Substitution in (37) with W [f](z) = léifg W¢ [f] (z) yields (care should be taken with the

interchanging of the limit and the integral):

Wy 1 f] (x e HY (iw +0) F (w) dw

=7l

Suppose Hj can be written as a Fourier transform:
1 1 o
0" /27

Then, for the approximate Weyl derivative, the convolution integral follows:

Hy (iw+0) = Ry (y) e dy

1 1 [~
W@ = <=5 [ W) =y 39
Taking the limit for ¢ | 0 yields:
dv . I R
ol @) = Im W (@) = o=l [ 1) @ b) (39)

Originally, the author started his work on the fractional derivative with the special case
H (w) = w?J, (w). Taking the inverse Fourier transform, he derived the formula for the fractional
Gegenbauer derivative (25) with two free parameters. No use was made of the orthogonality property of

the Gegenbauer polynomials.
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Because the Bessel function is a special case of the confluent hypergeometric function, the next
extension arises when using the inverse Fourier transform of the function H (w) = w’ M (a, c; ikw).
Then, there are three free parameters. By (30), the approximate fractional Jacobi derivative will arise.
A possible next extension is the use of the generalized confluent hypergeometric function. The frequency
response can be written as H (w) =w?™! 4F4 [(a), (b) ; ikw]. There are 2A+1 free parameters. Possibly,
extensions could involve the Meijer GG-function and the Fox H-function. See [16].

The main properties of the function H(w) are that its inverse Fourier transform exists and
HY (w) = (iw+0)" (14 O (éw)) as dw | 0.

As an example of the method, we derive the formula for the fractional derivative using the inverse
Fourier transform of the confluent hypergeometric function H (w) = (iw + 0)*"*M(a; ¢;iw). For this
transform, it can be derived (see Appendix A):

F~ [(iw + 0)"" M (a, ¢;iw)] (y) =
x 1<y,

V21T (e) b Casb 1—bc—b
asb (| _ )t R ’ 1 O<y<l,
] Tra-a-v1g? U7V l—a—bte Y Y (40)

\/ﬁ>(1—y)_bF<b’cc_a;L> y < 0.

N 1—y

\

with conditions for the parameters: 0 < b < min (a,c — a). Application of (39) with v = b — 1 gives:

dv 1 1 /° 1 v+l,c—a 1
E— =1 - - - -  F ) - _

—0o0

[ (c) Y c—a—v—1 —v,c—v—1
+F(a)F(c—a—y)5_V/0y (1-y) F( C—a—v ,1—y)f(ac—5y)dy>
(41)

Because the fractional derivative should be calculated, we set v > 0. This gives b > 1. In (41), there

are two free parameters, namely a and c. For the conditions, we find: 0 < v < min (a,c —a) — 1.
L—y

Replacing in both integrals y by and 6 by 20 gives:

d” 1 1 [ 1 v+1lc—a 2
— ] Bl - F ' L Z
! @) g%(FGwWKA (144" < c ’1+y>f@+&0@+

EETET e |, A G ( A iﬂ) £+ 3y) dy)

1 c—a—v

(42)

Fora =n+a+1and ¢ = 2n+ o+ [+ 2, this formula is exactly the formula of the fractional Jacobi
derivative (4.13) by taking the limit for o — 0.

Remark 6.1. For the first method, we use consecutive (9) and (11), which lead to (24) and to (29).
As a side result of this first method, we get (29) as the Fourier transform of (32),; see Remark 5.2. The

resulting inverse Fourier transform coincides after appropriate substitutions with (40).
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Remark 6.2. In the second method, no use is made of the orthogonality property. Therefore, for
extending this method with, for example, the generalized confluent hypergeometric function, one cannot
see directly what functions should be used with the first method to obtain the same result. Then, there

remains the question if, in that case, there are some orthogonal polynomials (maybe yet unknown) that

fulfill the first method.

Remark 6.3. One of the properties of the orthogonal derivative is that for high frequencies, the modulus

of the frequency response tends to zero. Our example satisfies this condition.
Remark 6.4. From (42), the next theorem follows, which is proven in Appendix B.

Theorem 6.5. [etk+v <a<c—vand0 < k <v <a-+ 1. Then:

1 /°° k 1 v+1l,c—a 2
Y g I ;— | dy+
F(=v) i 7 14y ( c 1+y>

r (C> ' k a—v—1 c—a—v—1 —v,c—Vv-— 1 . 1— Y o
T ], T F( v vT)d‘y—O

7. The Fractional Derivative Arising from Some Particular Functions

+

In this section, a demonstration is given of the second method for derivation of a formula of the
fractional derivative based on some special functions. Both examples use an inverse Fourier transform
in order to calculate a formula for the fractional derivative. The results can be used as definitions of a
two-sided fractional derivative.

Example 1:
Consider the function:
HY (W) = (iw + 0)”e~l! v>—1 a>0
Clearly, if a | 0, then H (w) — (iw + 0)”. We calculate the inverse Fourier transform:

1 > ,
hY (y) = E/ (iw + 0) e~ alle=y gy, —

ei?TV/Q ()

) e—iTru/2 oo ]
We WeT Wy, + / We Wl ., —
0

- V21 Jo V2T
:r(y+1)e”/2[ 1 B 1 }
V2or (y +ia)"t (y —ia)"™

Hence, with:
1 o 4
F(z)= — w) e“dw
@ === 1)

av 1 o

we obtain:

_ — 3 : v, —alw| ,—iwy _
drv f (JZ) \/% Llll_r)% . F (W) (u,u + 0) € e dw
F'v+1) ., /OO [ 1 1
= ———lim - v +y)d 43
271 a—0 e (y . ia)qul (y +ia)l/+1 f( y) Yy ( )



Mathematics 2015, 3 291

Care should be taken when a | 0. For —oo < y < 0, there is a cut, so we have to use a well-chosen
contour to calculate the integral. In that case, there remains:

v ]- > . vV —iw _F(V—f-l) 1
R == [P0y e o= LD | f )
Here, C' is the contour with:
C={y—i0] —co<y<—r}U{zeCl| lz|=r}u{y+i0| —r>y>—o0}

This formula is well known in the literature. See, for example, [4,17,18]. If v < 0, then there are no
convergence problems.
After application of [13] (15.4.9), there remains:

& Tw+2) . 1 [ 1 vi2 p2 1 g2
f(x)= ( )hm / y"+2F< 2 §2 2;—; flx+y)dy (44)
o 2

dxv T a—0 gv—1

The quadratic argument in the hypergeometric function suggests a connection with the pseudo Jacobi

polynomials. They are orthogonal with the orthogonality property [14] (9.9.2).

/Pm(x;O,N)Pn(x;O,N)(1+x2)_N_1dx:O ntm, nm=01,.,N

—00

[14] (9.9.2) gives:

oM 2m—2N —1 1—3i
Pzn(a:;O,N):(—2i)2”(—N)2n(2n—2N—1)2nF( ™ ”N : 2”)

With [13] (15.8.18 and 15.8.7), there remains:

1" —n.—n—1
Pzn(IE;O,?n):—( )F< " ln 2;—$2>

2n+1

and with [13] (15.4.7), there remains with a scaling factor a:

Py (2:0,2n) = _EDT (4 a1 — ) =

2(2n+1)
1 2 2\ 2n+1 1 1
T 90n+ 1)ia - 45
2(2n+1)ia (e +7) ((az —ia)™" (r o+ z'a)QnH) )
Substituting v = 2n in (43) gives:
> r'2n+2) . 1 * P (y;0,2n)
denf (33') = T a0 a4n+1 /—‘OO (1 _'_ y2>2n+1 f ($ "‘ &y) dZ

Thus, we arrive at a special case of (13) associated with the pseudo Jacobi polynomials.
When substituting z = ﬂ in the integral (44), the hypergeometric function can be written as an
associated Legendre function of the second kind. This gives:

(x) = f(x+iaz)dz

dv e—(u+1/2)7ria /oo g+1 (Z)
dzv 7r oo (V22 = 1)’”“1
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Example 2:

Consider the function:
HY (w) = (iw + 0)7e "/

The inverse Fourier transform is known [19] (121(23) (note the factor v/27):
W (y)=e /"D, (y)  Re(v)>-1

Here, D, (y) is a parabolic cylinder function [20] (8.2(2)). With the known method, one can derive
for the fractional derivative:

1 o
f () = lim = / e ID, (y) f (x — by) dy (46)
(46) can also be computed when (13) will be applied to the Hermite polynomials. It follows:

- g [ | o
ws r)=————— ) —w) """ H, (u)e “du| d
0 [f]( ) \/%F(n—l/)ts” 7oof( y) 7oo<y ) ( ) Y
For the integral between the square brackets, we use the Rodrigues formula. It follows:
Y 2 Y d"™ 2
I= / (y —w)" "' H, (u) e ™ du = (—1)”/ (y — u)”’”’ld— [e’” ] du
o —o um
Repeated partial integration n times gives:

I=(-1)" % /y (y — u)f”*le’UQdu = (-1)" Meﬂﬂ /OOO Ve gy,

—00

This integral is well known [19] (1.313(13)):
/ wr e gy = 27T (—v) eV’ /2D, (—y\@)
0

Substitution gives:

W) ) = =2 / Z 2D, (—yv2) f (x +dy) dy

Y

V2

W5 [f] ()

Replacing y by — and 0 by 5/2 gives:

_ 11
N V27 Y

This result is the same as (44) when taking the limit. When v is an integer n, we obtain:

D, (y) = 272 /4 (i)
(v) € 7

/ T eVRD, () f (@ - 5y) dy (47)

Substitution in (47) gives:

" 2721 [, y
— = im — —y=/2 - —
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o
Replacing y by yv/2 and § by —~, there arises the formula for the Hermite derivative:

V2
dn

1 .. 1 [
Tl @) = S lim s [ R 0) 0 ) dy
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A. Appendix: The Inverse Fourier Transform of the Function F'(w) = (iw + 0)* "' M(a, c; iw)

In this section, we prove:

F= [(iw + 0)" "M (a, ¢;iw)] (y) =

(

0 1<y

I'(c) _b . 1—bc—b
_J) V2 1 =y)TF 71— 0<y<l1
= T‘-F(CL)F(l—a—b—l-C)y (1-y) c+1—a—>b Y Y

V2 1 b,c—a.L
kru—mu—wf< ’ )

c 1—y
with conditions for the parameters: a,b,c € Rand 0 < b < min (a,c —a).

y <0

The inverse Fourier transform of the function M (a, ¢;iw)] (y) is given by:

I =F"[(iw+0)""M(a,ciw)] (y) = \/% /Z(zw +0)""'M(a, ¢; iw)e " “Ydw =
grb-1)/2 poo L o—im(b-1)/2 oo

- — W' M (a, c;iw)e ydw—l—ﬁ i

If a,c € R, then |M(a;c;iz)| < C |z[™™**=9 [20] (6.13(2)). The conditions on the parameters

for absolute convergence of the above integrals are 0 < b < min (a,c — a), so the inverse Fourier

WM (a, ¢; —iw)e™Ydw

transform exists. We can rewrite the last integral as:

6i7r(b71)/2 0 . ) efiﬂ'(bfl)/2 00 ) )
I =———1lim WM (a, ¢;iw)e“EF ) dy + lim WM (a, ¢; —iw)e "W dy

V2 el0 Jo vV 27 el Jo
The integrals are known [20] (6.10(5)). It follows:

/ T (b) ) e”(b_l)/zF a,b i N T (b) ) e_”(b_l)/QF a,b  —i
= 1m X - 1m 3 -
V21 e (iy + )’ c ety V271 0 (e —iy)? c e—iy

Taking the limit gives:

I:_Z,F(b) 1 P a,b; 1. +2'F(b) 1 F a,b; 1.
V27 (y —i0) c y—1u0 V27 (y +140) c y+i0

Because there is a cut, we distinguish three possibilities.
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I. For y > 1, there remains:

II. For 0 < y < 1, there remains:

I 1 a,b 1 I 1 a,b 1
[=im—= sl | — it ———F ,—
V21 (y +140) c y+i0 V27 (y —i0) c y—10
We use [20] (2.10(4)). This formula gives:

b F'c)'(c—a—-10) 1 1
F(a, ;z)z (C)_C(LC a ) F(a,a—i—l—ca—l—b—l—l—c;l——)—i—

c T'(c—a)T (c—b) 2z z
()T (a+b—c)(1—z)ab c-—al—-a 1
* [ (a)T (b) ze-e F<c—|—1—a—b’1 z)

Application gives:

I IT@l(atb—0) ., L S e A
i rwre (i) F<c+1_a_b’1 y)

c—a—b
T(b)lF(C)F(CH'b_C)yca(l_ 1 ) F( c—a,l—a '1—y>

T Vamy T T@r) c+l—a—b

After a little computation, it follows:

B ' (c) —a—b c—a,l—a
I_@r(a)r(1—a—b+c)(1_y) F<c+1—a—b’1_y>

Application of [13] (15.8.1) gives at last:

I (c) B o l—be—b
I =2 a7 (1 — F ;1 —
7TF(a)F(l—a—b—i—c)y (1-y) ctl—a—b’ Y

III. For y < 0, there remains:

ST 1 [e_iﬂb_emb}F<a,b;l>_ V2r 1)bF(a,b;l>

V2 (—y) ¢ 'y) TA=b)(~y ¢y
Application of [13] (15.8.1) gives:

B V2r 1 b,c—a.L
]_F(l—b)(l—y)bF< )

Gathering the results completes the proof.
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B. Appendix: Proof of Theorem 6.5
In this section, we prove:

1 e 1 vr+1l,c—a 2
I (k) = e F ’ ;—— | dy+
(k) F(—V)/l J (1+y)"+1 ( c 1+y> Y

I'(c) ! a—v—1 c—a—v—1 —v,ce—v—1 1—y
T O F( ey T2 )dy_o

with conditions for the parameters: a,c € Rand k+v <a<c—vand0<k<v<a+1.

To prove this formula, we apply [13] (15.8.1) on the hypergeometric function in the second integral
and get:

1 /°° & 1 ( 2 )
y——"gl |\ v+ 1c—ac dy+
F(-v).i 7 Q+y"™ l+y

+2car(a)rr(8_a_y) /11 (_y)k(l‘y)cw1F(C—a71—a;c—a—u1;y> dy =0

I(k) =

J gives:

and the second integral with 2z =

Transformation of the first integral with z = =
Y

I(k)——l /1 2-z\' IF(v+1c— a6 2) de+
_2VF(—V) ; . z ,C— a;c;2)dz

LD [ gy e | i
+2”F(a)F(c—a—y)/0(1_2Z)z F(c—al—ac—a—vz)dz=0
We write: )
T = Iy 4 (9 (1) I,=0 (48)

v (—v) 2?I' (o) ' (¢ —a —v)
To compute the first integral, we use:

1
/:calF (a+1,b;c;x) = —xF (a,b; ¢; x)

a

Partial integration gives:

Lro—2\"
]1:/ ( > PAF(v+1l,c—a;cz2)dz =
0 z

1 L2k fLr2—2\"
S [(2 - z)k 2 FE (v, c— as ¢ z)} + — / ( Z) 2"72F (v,c —a;c; 2) dz
0 0

1% 14 z
For k < v, the first term converges. There remains:

1 2%k [r/2—=\""
]1:—F(1/,c—a;c;1)+—/ ( Z) 2"72F (v,c—a;c; 2) dz
v 0

v z

After doing k£ — 1 times partial integration, there remains:
k—1

o Ll =m
— k+1— m)

F(V—k+1) —k—1
v Flv—k+1c—a;c
Fo / (v —k+Le—ace)

F(v—m,c—a;c;1)+

M

S

+ 2T (k4 1) —————
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The remaining integral is known [19] (399(5)):

L'(p)T (o)

T(p+ )3F2(045,0% p+o;1)

1
/ Y (1 —y) " Fa,Biyy)dy =
0

with conditions: p > 0, ¢ >0, v+ 0 —a — [ > 0. Application gives:

k—1 )
mEZOQmT—)F (V —m,Cc— a;c; ].) +
I'(v—k)
k _ L _
+2P(k+l)—r(,/+1)F<c a,v—Fk;cl)
- m)
2m—F _ a1l 4
E The1—m) (v—m,c—a;cl) (49)

o

m—
with conditions: 1 4+ a > v — k > 0. For the quotient of the Gamma functions, it follows:

['(v—m) _ F'm—k) T@Il(1-v)
F'k+1-—m) Fm+1—-v)T(K)T(1—k)

Substitution in (49) gives:

I, = I(=v) ZQm%F(y—m,c—a;c; 1)

C T@D (=) ~T(m—KI(m—v+a)l (m+1)2"
Il__F(a)F(—k)n;) T(m+1—)D(m+c—v) ml

_ Mo (=) Ta=v) o i 1 e

— F(a)F(l—u)F(c—u)3F2( k717 71 ) 72) (50)

The integral /5 is known [19] (20.2(6)):

/1 D1 —2) (1= z2) 7 F(a, ;7 2) do =
0

:F(’Y>F(p)r(7+p_a_6) (1_2)—0
C(v+p—a)T(y+p—p)

z
3y (P;Ua’Y+P—04—5;74'0—01;’74',0—5;;)

with conditions: v >0, p >0, y+p—a— >0 and |arg (1 — z)| < 7. Application gives:

1
122/ (1—22)" 29" F(c—a,1—a;c—a—v;z)dz =
0

:F(c—a—y)F(a—u)

T(1—v)T(c—v) (—D)*3F (1, ~k,a — v;1 — v,c — 1;2) (51)
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with conditions: ¢ — a — v > 0, a — v > 0. After substitution of (50) and (51) in (48), there remains at

last:

c) ['(a—v)
a) T (1-=v)T(c—v)

sFy (=k,1,a—v;1—v,c—v;2)+

3By (1, —k,a—v;1 —v,c—1v;2) =0

This completes the proof.
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