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Abstract

We consider Riemann soliton vector fields and Ricci bi-conformal vector fields on the
oscillator group. We prove that the oscillator group admits Riemann solitons. Subse-
quently, we provide a complete classification of all Ricci bi-conformal vector fields admit-
ted by the oscillator group and identify those that belong to specific categories, namely
gradient-type vector fields, Killing vector fields, and Ricci collineation using the partial
differential equations.

Keywords: oscillator group; Riemann solitons; partial differential equations; conformal
vector fields

MSC: 53C21; 53C44

1. Introduction

Let (M", g) be a pseudo-Riemannian manifold. A Riemann flow on (M", ¢) with the
Riemann curvature tensor R was introduced by Udriste [1,2] as

261 = 2R (3(1)),

where G = % ¢ ® g and for two (0, 2)-tensors w and 6, the product © is defined by

(w®0)(Uy, Uy, U, Uy) = w(Uy, Uy)b(Up, Uz) + w (U, Uz)0(Uy, Uy)

—w(Uy, Uz)0(Uy, Uy) — w(Up, Uy )8 (Uy, Uz),

for all vector fields Uy, Uy, U3, Uy. Manifold (M", g) is said to be a Riemann soliton [3] and
denoted by (M", g, 1, V) if

2R+ugeg+8®Lyg =0, 1)

for some vector field V and constant y#, where Ly denotes the Lie derivative along V. The
Riemann soliton is called expanding, shrinking, or steady depending on whether y is
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positive, negative, or zero, respectively. If for some smooth function f we have V = gradf,
then the Riemann soliton is called a gradient Riemann soliton, and (1) becomes

2R+ pug®g+2¢0 V2f =0,

A Riemann soliton is referred to as an almost-Riemann soliton if the parameter y is taken
to be a smooth function. Moreover, the Riemann soliton represents a fixed point of the
associated Riemann flow.

Riemann solitons have been extensively studied by researchers across various geomet-
ric structures, including almost-co-Kédhler manifolds [4], within the framework of contact
geometry [5,6], and on para-Sasakian manifolds [7].

A vector field X defined on a pseudo-Riemannian manifold (M", g) is termed a
conformal vector field [8,9] if it satisfies the condition Lxg = 2ig for some smooth scalar
function . In the special case when ¥ = 0, the vector field X reduces to a Killing vector
field. In recent years, several extensions of the concept of conformal vector fields have
attracted considerable attention.

One such generalization is the notion of a generalized Kerr-Schild vector field, charac-
terized by the relations

ﬁXg:(Xg-f'ﬁl@l, [:Xl:’)/l,

where «, 8, and 7y are smooth functions, and [ is a null 1-form. When a = 0, this framework
reduces to the classical Kerr-Schild vector field structure [10]. These vector fields have
found important applications in constructing exact solutions to the vacuum Einstein field
equations and have also been investigated theoretically.

Furthermore, a symmetric (0,2)-tensor h on (M", g) is said to be a square root of
the metric g if it satisfies the identity hikh;‘ = gij. Another meaningful extension is the
bi-conformal vector field [11], which is defined through the pair of conditions

Lxg =oag+ Bh, Lxh = ah+ Bg,

where « and f are smooth scalar functions and & denotes a symmetric square root of the
metric tensor g. Building upon this concept, De et al. [12] introduced the class of Ricci
bi-conformal vector fields. A vector field Y is called a Ricci bi-conformal vector field [12] if
the following conditions are satisfied:

Lyg =uwag+ BS, LyS =aS+ Bg, 2)

for some smooth functions & and B, where S denotes the Ricci tensor corresponding to the
metric g. For further developments and related studies, see [13-17].

In this work, we provide a comprehensive classification of all Riemann solitons and
Ricci bi-conformal vector fields defined on the oscillator group and determine which
among them are of gradient soliton type. Furthermore, we demonstrate that every Ricci
bi-conformal vector field on the oscillator group is simultaneously a Killing vector field as
well as a Ricci collineation.

2. Preliminaries
The oscillator group G, is defined by R x C x R with the action [18]

1 , ,
(x,z,y).(u,w,v) = (x+u+ EIm(Ze’)‘yw),z + e”\yw,y +0),
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which is a connected, simply connected Lie group with Lie algebra g, =< {U,V,X,Y} >
having nonzero brackets

V,X]=U, [Y,V]=AX, [V, X]=-AV,

where A > 0 is a constant. It is endowed with left-invariant Lorentzian metrics § = {, )4
with —1 < a < 1. It has non-zero scalar products on g of the element U, V, X, Y given by

(UU)a=(Y,Y)a=a, (UY)=(V,V)e=(X,X)a=1

If a = 0and A = 1, then g is also right-invariant [19]. If a # 0 then g is not bi-invariant. The
oscillator group can be considered a subgroup GL(4,R) of the form

Gy = {M,(u,v,x,y) € GL(4,R)|u,v,x,y € R},

where
M) (u,v,x,y) = exp(ul)exp(vV)exp(xX)exp(yY).

In coordinate system (u,v, x,y), at a neighborhood of an arbitrary point, the oscillator
metric is given by

¢ = adu? + 2axdudov + 2dudy + (1 4 ax?)dv* + 2xdvdy + dx* + ady?, 3)

where a is a constant [20]. The oscillator group is named after Streater [21] because its Lie
algebra is related to the harmonic oscillator problem. This group has very useful properties
in both geometry and mathematical physics. The following topics of oscillator geometry
are explored: Ricci solitons [22], Yang—Baxter [23], Ricci collineations [24], Einstein—Yang—
Mills [25], geodesic orbit space [26], homogeneous structures [27], adjoint orbits [18],
spherical analysis [28], and spectra of compact quotients [29].

Let V be the Levi-Civita connection of the metric g. The curvature tensor R of g is
then determined by

R(V,W) =Vyw —[Vv,Vwl,

and the Ricci tensor S of g is described by S(V, W) = tr(Z — R(V,Z)W). Let the partial
differential equations

d d d d
dj=5—, Op==—, 03=——, 84:8—.
Y

Then, the non-zero components of V in the term of partial differential equations are given by

1 1 1
Valaz = —Euag,, Valag, = —Eaxal + Eaaz,
1 1
Vazaz = —axag, Va283 = 5(1 - ax2)81 + Eﬂxaz,
1 1 1
Vaza4 = —583, V3384 = —Exal + Eaz,

and the only non-zero components of the Riemannian curvature tensor associated with (3)
are given as follows:

1 1 3 1 1
Rizgp = 74, Razps = Zﬂ2x2 —2%  Rua=4  Riu=-0
1 1 1 1
Rayzy = T Rozas = — 7% Ryz1a = i Rizps = Zla2x. (4)
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The Ricci tensor of the oscillator metric is determined by

%az %azx 0 %a
1.2, 1 2 1
g | 27°x sa(ax® —1) O1 >ax 5)
0 0 —5a 0
1a Tax 0 :
with respect to the basis {01, 02,03,04}.
We consider an arbitrary vector field Y = Y'9; on the oscillator group, where

Y =Yi(u,v, x,y), i =1,2,3,4 are smooth functions. We obtain

(Lyg)1 = 2ad1Y" +2ax91Y? + 20, Y4,

(Lyg)12 = axd, Yt 4+ adr Y +01Y? + ax?91Y? + axd, Y2 +aY? 4 %01 Y* + 9,4,
(Lyg)13 = ad3Y" + axd3Y? + 9, Y° + 95Y*,

(Lyg)1a = 1Y 4 a0y Y + x91Y? + axd,Y? + ad Y+ + 94Y4,

(Lyg)2 = 2axd,Y! +29,Y% 4 2ax29,Y? 4 2axY® + 2x0, Y4,

(Lyg)2s = axd3Yt +93Y? + ax?93Y? + 9, Y2 + x93Y?, 6)
(Lyg)ou = Y+ axd, Y + x9,Y% 4+ 04Y? + ax?04Y? + Y2 + a0, Y* + x94 Y4,
(Lyg)ss = 203Y,

(Lyg)sa = d3Y" 4+ x03Y% +0,Y° + ad3Y?,

(Lyg)as = 204Y! +2x3,Y? 4 229, Y4,

where (Lyg);j = (Lyg)(0;,9;) for i = 1,2,3,4. The Lie derivative of the Ricci tensor S
along Y is given by

(ﬁyS)ll = a(81Y4 + axale + a61Y1>,
LyS)1p = 101 82Y4 + x81Y4 + ax82Y2 + ax281Y2 — 81Y2 + 082Y1 + ﬂx81Y1 + ay? ,
2

(ﬁyS)lg = %a (a3Y4 — 81Y3 + axa3Y2 + aang),

(LyS)s = % (91341/4 +01Y* + a2x9,Y? + axd Y2 + a?04Y! + “alYl),
(LyS) =a (x82Y4 +ax?0,Y? — 9,Y? + axd, Y + axY3>, @)

(£y5)23 = %a (x83Y4 - BQYB + ux283Y2 - 83Y2 + axag,Yl),

(LyS)p = % (ax84Y4 + 9, Y% 4 a%x%04Y? — 004 Y? + axd, Y2 + a?x9, Y + ad Y + aY3),
(LyS)s3 = —adsY>,
(LyS)3s = 1831/4 — 1[134)(3 + 1ax83Y2 + 1aa3y1,
2 2 2 2
(LyS)aq = 95Y* + ax0,Y? + ad,Y?,

where (ﬁyS)U = (/ij)(a,», 8]) fori = 1, 2, 3, 4.

3. Riemann Solitons on the Oscillator Group

In this section, we investigate the existence of Riemann solitons on the oscillator group.
From (1), we have

2R(Uy, Up, U, Uy) = —2pu[g(Uy, Uy)g(Up, Uz) — g(Uy, Uz)g(Uy, Uy)]
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—[g(Uy, Uy) Ly g(Up, Us) + g(Ua, Us) Lyg(Uy, Uy)]  (8)
+[g(Uy, Us) Lyg(Up, Uy) + g(Ua, Uy) Ly g(Uy, Us)],

for any vector fields Uy, Up, U3z, Uy.
By substituting 9; instead of U;, we examine all possible cases. For example, if we
substitute U; = d1, Uy = 9y, Uz = 91, Uy = 95 in the above formula, then we have

2R1212 = —21(8%, — g11822) — 2812(Lv )12 + g11(Lve) 22 + §22(Lvg)11-

Therefore, by using (8), the oscillator group is a Riemann soliton with potential vector field
V if and only if

2R1p12 = —2p(8%, — §11822) — 2812(Lv )12 + g1 (Lv )2 + 822 (Lvg) 11,

2R1313 = 21811833 + 811(Lvg)33 + 833 (Lvg) 11,

2R1a14 = —2p4(83s — g118a4) — 2814(Lvg)1a + 811(Lvg)as + gaa(Lv g1,

2Rp40 = —2p(g12824 — §14822) — §12(Lv )24 — §24(Lv )12 + 14(Lv )22 + §22(Lv )14,
2Ro323 = 21822833 + 822 (Lv )33 + 833 (Lv g)22,

2Ry314 = —814(Lvg)13 + g11(Lvg)34,

2Rq334 = —2pg14833 — 814(Lv )33 — 833(Lv )14,

2Ry334 = —21g33844 — 844(Lv )33 — 833(Lvg)aa,

2Rp334 = —2g24833 — 824(Lv )33 — 833(Lvg)2s,

2Rops = —214(g54 — §22844) — 2824(Lv8) 24 + 822 (Lv &) as + §aa(Lvg)22,

2Rq323 = 21812833 + §12(Lv8)33 + 833(Lvg)12,

2R1213 = —g12(Lv8)13 + 811 (Lvg)23,

2R13 = —g22(Lvg)13 + 812(Lvg) 23,

2Ry324 = —814(Lvg)23 + 812(LvE)34,

2R1204 = —2p(g14812 — §11824) — §14(Lvg)12 — 812(Lvg)1a + 811 (Lvg)2a + g2a(Lv g1,
2R1434 = —814(Lv )34 + ga4(Lv&)13-

Applying the components of the metric (3) and Riemann curvature tensor (4) in the above
equations, we have

%az = 2ua —2ax(Lvg)12 +a(Lyvg)xn + (1+ax?)(Lyg)n, )

%az =2ua+a(Lyg)s + (Lvg)i1, (10)

0= —2u(1—a*) = 2(Lvg)ia + a(Lvg)as + a(Lyvg)n, (11)

30 = 20— ax(Lyg)as — *(Lyg) + (Lyg)n + (1 +0x%)(Lygh, 12)

%azxZ - %a =2u(1+ax?) + (14 ax?)(Lyg)3s + (Lvg)a, (13)
*%ﬂ = —(Lvghs +a(Lvg)ss, (14)

— 30 = 2= (Lvg)m — (Lvg), )

—% = —2ua—a(Lyg)s — (Lvg)u, (16)

—%ax = —2ux —x(Lyg)3s — (Lvg)24, 17)
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1
5= —2u(x* —a(l+ax?)) — 2x(Lvg)os + (14 ax*) (Lvg)as + a(Lvg)2, (18)
1
Eazx = 2uax +ax(Lyg)s + (Lvg)12, 19)
0=—ax(Lyg)13+a(Lyg)s, (20)
0=—(1+ax*)(Lvg)is +ax(Lvg)z, (21)
0=—(Lvg)xs +ax(Lyg)ss, (22)
0=—(Lvg)1z —ax(Lyg)1a +a(Lvg)2 +x(Lvg)11, (23)
0=—(Lvg)ss+a(Lyg)s. (24)

Consider the above set of equations. From Equations (20) and (21), it can be concluded
that (Lyg)13 = a(Lyg) = 0. Equation (22) gives a>(Lyg)3s = 0. Applying it in
Equation (14), we deduce a = 0. Thus, (Lyg)23 = 0. Equation (9) implies that (Lyg)11 =0
and Equation (11) leads to (Lyg)1a = —p. Equation (23) yields (L£yg)12 = 0. Using
Equation (16), one gets (Lyg)as = 3. From Equations (17) and (18), we get (Ly§)as = —px
and (Lyg)33 = —p. On the other hand, from Equations (12) and (13), we have (Lyg)» = —p.
Equation (24) leads to (Lyg)ss = 0. Now, using (6), we have the following system
of equations:

V=0, (25)
" V2 +x0VE+a9,VA =0, (26)
V3403Vt =0, (27)
1V 4+ x01 V2 + 9,V = —p, (28)
20,V% 4 2x0,V* = —p, (29)
03V +0,V3 + x33V* =0, (30)
0V +x0 V2 + 0,V + V3 4 x9,V* = —ux, (31)
203V3 = —y, (32)
93V +x93V2 +0,V3 =0, (33)
20,V 4 2x0,V? = % (34)

We solve the above equations to determine whether the oscillator with the metric g admits
a Riemann soliton. Equation (25) yields V* = K4(v, x,y) for some smooth function Kj.
Substituting this into Equations (26)—-(28), and then integrating with respect to 1, we have

VZ = Ky(v,x,y) — udKy, V= Kz(v,x,y) — udsKy, (35)

Vi = Ki(v,x,y) — pu — xKo + xudr Ky — udyKo, (36)

for some smooth functions Kj, K, and Ks. Using (32) we get d3K3 — u8§3K4 = —% u. Since

this is a polynomial with respect to u, it follows that 93,Ks = 0 and 93K3 = — % . Therefore,
1

K3 = Sk Ks5(v,y), Ky=Kg(v,y)x+Ky(v,y) (37)

for some smooth functions Ks, K¢, and K7. Substituting (35) and (37) into Equation (29)
gives 0Ky — 1u(92,Kex + 03,K7) + x(02Kex + 02K7) = —%‘u. As this is a polynomial in u,
we arrive at 8%2K6 = 8%2K7 = 0and 9K, + x(92Kex + 02K7) = —%y. Thus,

K¢ = Ks(y)v + Ko(y), K7 = Kio(y)v+Kn(y), (38)
Ko = — 20— (Ks()0 -+ K1) — (Kuo(¥)o + Knu(®)x +Kial) ()
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for some smooth functions Kg, - - - , Kqp. Substituting (35)-(39) into (30), we deduce
—(Kgv + Kg)x — (Ky9v + Kq1) + 93K15 — 2uKg 4+ 9,K5 = 0,
which is a polynomial with respect to 1. Hence, we find Kg = 0, and
—(Ksv + Kg)x — (Ky9v + K1) + 93Ky2 + 92K5 = 0.

Applying (34), we conclude that

1
94Ky — u(Kg'x + Kjov + Ki}) = 7,
which implies Ky = K}[; = K{} = 0 and 9,K; = 9,K;. Therefore,

1
Ky = T Ki3(v,x), Ko =Dbiy+by, Kjo=bsy+bsy, K3 =bsy+bs,

(40)

(41)

for some smooth function Kj3 and some constants by, - - - ,bs. Using Equation (33), we

deduce that

1
d3Kq3 + E}HJ + (bl]/—l— b2)x2 + ((b3]/ + b4)0 + b5y + b6)x — Kqp +04K5 + u(b3y + by — 2171) =0

which is a polynomial with respect to 1. Hence, we find b3 = 0, by = 2b;, and
93Ki3 + %;w + (b1y + by)x* + (2b1o + bsy + bg)x — Kyp + 94Ks = 0.
Also, Equation (31) leads to
d2K13 — %ﬂx +04K12 + K5 — (b1y + bp)u = —px
which is a polynomial with respect to u. Hence, we find by = by = 0, and

1
02Kq3 — X+ 04K + K5 = —px.

(42)

(43)

By differentiating (40) with respect to v, we have 93,K5 = 0. Thus, K5 = K14(y)v + Ki5(y)
for some smooth functions K14 and Kj5. Also, by differentiating (40) with respect to x, we

have 8§3K12 = 0. Thus, K12 = Ky4(y)x + K17(y) for some smooth functions K; and Kyy.

Equation (40) becomes
—bsy — be + Ky6 + Ki4 = 0.

By differentiating (42) and (43) with respect to y, we obtain
bsx — Kjgx — Kj7 + Kiyo + K{5 = 0, K{gx + K{; + Kj,0 + Kj5 =0,
which imply that K, = bs, K}, = 0, K{5 + K, = 0, and K5 — K|, = 0. Therefore,

Ks = byv + by + by cosy + b1y siny,
Kip = (bsy + bg — by)x + byp + byg cosy — bygsiny,

(44)

(45)
(46)

for some constants by, - - - , byp. Substituting (45) and (46) in (42) and (43) gives b5 = 0 and

1 1 1
Ki3 = —Eyvx — §b7x2 + bipx — ibﬂ)z —byv + by3
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for some constant by3. Therefore,
V= —pu+ Ly + Lbsx® — 1by0? — bgv + b1z — (b11 cosy — bygsiny)x,
V2 = —%yv — byx + b1y + byy cosy — bypsiny, (47)

V3 = —1ux + b+ by + bigcosy + byy siny,
V4 = bg.

Theorem 1. An oscillator group with metric (3) is a steady, shrinking, expanding Riemann soliton,
and potential vector field V satisfies (47).

Now, suppose that V = V& for some smooth function k with respect to the metric g.
Then, for a = 0, we have

Vh = (x2alh — xdoh + d4h)d1 + (d2h — x91h)0; + d3hd3 + d1h0,.

Therefore,
X291h — xdoh + 9;4h = V1, 9yh — xd1h = V2, 93h = V3, 91h = V4, (48)
and
o1h = bg, (49)
doh = bgx — %;w — byx + b1p + by1 cosy — bipsiny, (50)
dsh = —%yx + byv + by + big cosy + byp siny, (51)
O0sh = —pu + iy — %b7x2 — %b7v2 — bgv + b1z + (—%]w + byp)x. (52)

Condition 92,1 = 92,h leads to u = 0. Equation 03;h = 93, implies that bs = 2b;. Relation
8%4h = aﬁzh yields by = bg = byg = by; = 0. Also, 8§4h = aﬁ3h implies that by, = 0. Hence,

1
all’l =0, azh =0, 83h =0, 84]1 = Zy + b13,

and by integrating with respect to the variables, the potential function is h = %yz +bisy+k
for some constant k.

Corollary 1. A Riemann soliton on an oscillator group with metric (3) is a steady gradient Riemann
soliton with potential function h = %yz + ay + b for some constants a, b.

4. Ricci Bi-Conformal Vector Fields on the Oscillator Group

In this section, we investigate the presence of Ricci bi-conformal vector fields on the
oscillator group. By inserting (3), (5), (6), and (7) in (2), we get

2001 Y + 2ax91Y? + 20, Y* = an + %az,ﬁ, (53)
axd1Y' + a0, Y + 91 Y2 + ax?91Y? + axd, Y2 + aY? + x9, Y + 9, Y* = axa + %uzxﬁ, (54)
ad3Y" 4+ axd; Y2 + 9, Y3 + 93Y* =0, (55)
Y + a0, Y! + x01Y? + axds Y% 4+ a0 YA + 9, Y = a + %aﬁ, (56)
2ax0, Y +20,Y? + 2ax29,Y? + 2axY® + 2x9, Y4 = (1 + ax®)a + %a(axz —1)B, (57)
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axd3Y! 4+ 93Y% + ax?93Y?2 + 9,Y3 + x95Y* =0, (58)
aﬂuwmw+wg%mﬂ+mmW+W+@%+wﬂ%mﬁémﬁ (59)
283Y3::a——%aﬁ, (60)
Y + x93Y% +9,Y3 +a03Y* =0, (61)
284Y1%—2x84Y2—%2a84Y4::aa-+-%ﬁ, (62)
a(%Y5+mﬁﬂ&+a%Yg::%fa+aﬁ (63)
%a (82Y4 +x91 Y 4+ ax0, Y% + ax?91 Y% — 91Y% 4+ ad, Y + axo, Y + aYs) = %azxoc + axp, (64)
%a(83Y4——81Y3—%ax83Y2—%a83Y1)::0, (65)
% <a84Y4 + 1Y 4+ a?x0,Y? + axo Y2 + %o, Y + a81Y1> = %atx + B, (66)
a (x82Y4 +ax?9,Y? — 9,Y? + axd,Y! + axY3) = %a(uxz —Da+ (1+ax?)B, (67)
%@%%-@W+M%ﬂA@ﬂMWMﬂQ:a (68)
and
aM%W+%%+ﬁﬁ@W—wﬂhmmﬂkm%mw+wﬂhmﬁ):%m+wa (69)
—adzY® = —%aa + B, (70)
%83Y4——%aa4Y34—%axa3Y24—%aa3Yl::0, (71)
9sY* + axd,Y? + a0, Y!' = %a—kaﬁ, (72)

Equation (65) yields a = 0 or 93Y* —01Y3 4 axd3Y? +4ad3Y! =0.Ifa = 0, Equation (70)
gives B = 0. Equations (63)—(72) lead to the following:

1Yt =0, Yt =093yt =0, %W:%m

Hence, &« = a(y) and
Yt = /zxdy +ay,

for some constant a;. From (54) and (57), we infer 9;Y? = 0 and 9,Y? = %tx. Therefore,

Y? = %D&U + F(x,y)

for some smooth function F. Using Equations (55) and (60), we get 9;Y® = 0 and
Y3 = %tX. Therefore,

1
Y? = P +G(v,y),

for some smooth function G. Equation (56) yields d;Y! = %0(. Then,

Yl = %txu +H(v,x,y),
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for some smooth function H. Applying Equation (58), it follows that d3F + d>G = 0. Then
03,F =0and G = —93Fv + G;(y) for some smooth function G;. Thus,

F=F(y)x+k(y),
G=—F(y)v+Gi(y)

for some smooth functions F; and F,. Therefore, Y2 and Y3 become

1
Y? = EDC?) + F(y)x + E(y),

1
Y = sax— R (y)o+Gi(y).
Equation (62) leads to
o (y)u + 94H + xa’ (y)v + 2x°F{ (y) + 2xF5(y) = 0.

Since the final equation is not a polynomial in the variables u and v, it follows that &/ (y) = 0,
which implies that « must be a constant function. Also, d4H + 2x2F|(y) + 2xF}(y) = 0,
which implies that

H = —2xF (y) — 2xF(y) + Hi (v, x),

for some smooth function H;. Equation (59) leads to
1
AH + F(y)x+ E(y) + 50x — Fi(y)o+ Gi(y) = 0. (73)

Differentiating the last equation concerning v, we conclude that 95, H; — F; (y) = 0. There-
fore, 95,H; = Fy(y) = ay for some constants a5. Thus,

1
Hy = Eazvz + Hy(x)v + Hz(x),

for some smooth functions Hy and H3. Using Equation (61), we get
—3xa; — 2F(y) + Hy(x)v + Hj(x) + Gi(y) =0, (74)

a polynomial with respect to v, then Hj(x) = 0. Thus, Hy(x) = a3 for some constant a3.
Equation (73) yields « = 0 and Gy (y) = —a3 — F(y). Equation (74) leads to

3 ' )
H; = Eazx2 +agx +as, F(y) = agsinv2y + ay cos v2y + ‘a

Gi(y) = —a3 — ag V2 cos \ny + azV/2sin ﬁy

for some constants a4, as, ag, and ay. Therefore,

Y! = —2a5x% — 2x (116 sin v/2y + a7 cos ﬁy) + 130 + azv + 2a,x% + as,
Y2 = apx + ag sin v2y + a7 cos V2y + Jas,

Y3 = —ay0 — a3 — ag\V/2 cos /2y + ay\/2sin /2y,

Y4 =g5.

(75)
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Now, we assume that a # 0. Using (60) and (70), we infer (a®> —4)8 = 0. Also,
Equations (53) and (63) give (a —4)B = 0. Then, p = 0. By definition of g, it follows
thata — % # 0. From Equations (62) and (72), we obtain the partial differential equations

@w:%m 2 (Y' +xY?) =0. (76)
Also, Equations (55) and (65) yield
012 =0,  93(aY' +axY? +Y*) =ay? (77)

Differentiating (60) with respect to u and using (77), it follows that & = 0. Using
Equations (58) and (68), we arrive at

93Y2 +3,Y3 =0. (78)
Using (53) and comparing Equations (54) and (64), we conclude that
2 1 1 2 yhy L 3
1Y = S o (aY" +axY=4+Y?*) = mex—aY . (79)

By taking the derivative from (53) and (79) with respect to v and u, respectively, we get
dox = 0. Applying (56) and (72), one gets

01 (Y +xY2 4 ay?t) = %zx. (80)
Also, from (66) and (72), we have

aﬂ}d—%sz%—%Y4)::%a. (81)

Therefore, Equations (79)—(81) imply that
4 1_1
81Y =0, a1Y = 506(1 - x). (82)

Differentiating (76) and (80) with respect to # and y, respectively, we obtain d;« = 0. From
Equations (57) and (67), we arrive at

@W:%m B (aY! +Y4) = —aY®, (83)
By differentiating Equations (77) and (79) with respect to v and x, we obtain the relation
X030 = a.
Similarly, differentiating (77) and (80) with respect to u and x, respectively, yields
dzx = au.

Thus, xan = « implies that & = 0. Inserting (76) and (83) in (69), we find 9,Y% =0, and (76)
becomes 9,Y! = 0. Substituting (77) in (71), we deduce

9,Y3=0.
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Also, substituting (77) in (61), we get
dY* = 0.
By virtue of 9;Y! = 9,Y! = 0, we obtain
Y! = A(v, x)
for some smooth function A. Using 0 Y2 =9,Y?2 = 9,Y? =0, we provide
Y? = B(x)

for some smooth function B. Since the partial differential equations 9; Y3 =93Y% =9,Y3 =0,
we get
Y? = C(v)

for some smooth function C. Since the partial differential equations 9; Y4 =034 =09,Y* =0,
we can write
Y* = D(v)

for some smooth function D. From (78), we have B'(x) + C'(v) = 0. Then,
B(x) =c1x+ ¢,

C(v) = —c1v+c3

for some constants c1,c; and c3. Now, Equation (77) gives d3A + xc; = 0, and
then A(v,x) = —Llcix® + E(v) for some smooth function E. Equation (79) yields
D'(v) = —aE'(v) —aC(v). Using Equations (59) and (69), we have D’(v) = 0 and
C = —E/(v). Therefore, D(v) = ¢4 and E(v) = 4c10? — cv + ¢5 for some constants ¢
and c¢5. We prove thata = f = 0 and

Y= —lcix? + 1

2010% — cpv + c5,

Y2 = cyx + oy, (84)
Y3 = —civ+4c3,

Y4 =¢y.

Theorem 2. The oscillator group (M", ) has some Ricci bi-conformal vector fields Y = Y'9; if
and only ifa = B = 0and

@) YL, ,Y*admit (75) fora = 0.
i) Y, -, Y*admit (84) for a # 0.

Now, suppose that Y = V f for some smooth function f with respect to the metric g.
Then, for a = 0, we have

Vf = (x?01f — x3of +04f)d1 + (02f — x01f)d2 + 9393 + 01 f04.

From Theorem 2, the Ricci bi-conformal vector field Y with respect to g is a gradient vector
field V£ if and only if

of =m, (85)
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02f = ayx + axx + ag sin v/2y + ay cos v2y + %a4, (86)

03f = —ayv — a3 — ag\V/2cos V2y + az\/2sin V2, (87)
1

0yf = —ayx® — 2ax? —2x (a6 sin v2y + az cos ﬁy) + Eazvz (88)

1
+a30 4 2a3x% + a5 + x(a1x + axx + ag sin V2y + a7 cos V2 + §a4).

From the equation a1 + ap = 0302f = 0203f = —ay, we get ay = —2ap. Also,
from the equation a6\/2 cos ﬁy — ay/2sin ﬁy = 0402f = 0204f = apv + a3, we obtain
ay = a3 = ag = ay = 0 and a; = 0. Using the equation 0 = d403f = d39d4f = %a4, we get
as = 0. Hence, with direct integration, we obtain

f = asy + as.
Now, if a # 0, then
1
Vf = [0 = 4 a)dif + (x — a?x)daf — uf |91 + (af — x01f)22
+03f0d3 + [—alf + aa4f]a4.

a2 —1

From Theorem 2, the Ricci bi-conformal vector field Y with respect to g on the oscillator
group is a gradient vector field noted as V£ if and only if & # 1, and

1 1
o [(azxz —x% +a)of + (x—azx)azf—azlf} = —Eclxz—i— Eclvz—czv—l-%,
of —xd1f = cix+cy,
o3f = —civ+cs,
1
m[—a]f + aa4f] - C4,

or equivalently
1 1
o1f =a <2c1x2 + cox + Eclvz — U+ C5> —cy(a® = 1),

1 1
oof =c1x+cp +ax <01x2 + cpx — Eclxz + Eclvz — U+ C5) —c4(a® —1)x,

03f = —c1v+c3,
1 5 1 2
osf = FC1% 4+ cox + 5€10° — €20 + cs.
From the equation a(c1x + ¢p) = 9301 f = 9193f = 0, we get
c1=cy=0.
Also, from the equation acs — c4(a? — 1) = 930, f = 9,03f = 0, we obtain
acs = cy(a® —1).

Therefore,

alf =0, azf =0, a3f = C3, a4f = C5.
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Thus, with direct integration, we get
f = c3x 4+ c5y + cq.

Corollary 2. Any Ricci bi-conformal vector field Y concerning the metric g on the oscillator group
is a gradient vector field with the potential function f = by +c for a = 0 and f = bx + cy + d for
a # 0, where b, ¢, and d are constants.

Remark 1. As a consequence of Theorem 2, we deduce that every Ricci bi-conformal vector field
defined on the oscillator group is necessarily a Killing vector field. This indicates strong geometric
rigidity, as the only conformal transformations compatible with the Ricci tensor are isometries.

Remark 2. A vector field Y on an n-dimensional pseudo-Riemannian manifold (M", g) is called a
Ricci collineation vector field if LyS = 0. From Theorem 2, any Ricci bi-conformal vector field on
the oscillator group is a Ricci collineation vector field. This highlights the close relationship between
these symmetries in this geometric structure.

5. Conclusions

We have shown that the oscillator group admits Riemann solitons and we classified
all of them. We also fully classified its Ricci bi-conformal vector fields. These are always
gradient fields with linear potentials and are simultaneously Killing vector fields and Ricci
collineations, indicating significant geometric rigidity.
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