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Abstract

This article examines the integrability of the combined KdV-mKdV equation, which pro-
vides an effective framework for modeling coherent structures in turbulent flows. We
generate the explicit Darboux solutions for the combined KdV-mKdV equation using
Wronskians. These results are further generalized to the K-th order and supplemented as
the logarithmic derivative of the K-th order Wronskian that provides us with the multi-
soliton solutions. We generate the exact explicit solution for one-, two-, and three-solitons.
Graphical depictions of the soliton formations’ interactions, dynamical characteristics, and
temporal evolution are used to support these conclusions. Furthermore, we generate the
multi-wave and periodic cross-kink wave solutions by employing bilinear formulism. The
graphical representations of these nonlinear excitations highlight their extensive dynamical
activity and structural complexity.

Keywords: Wronskian; Darboux transformation; exact soliton solution; multi-wave
solution; periodic cross-kink wave solution

MSC: 35Q51

1. Introduction
The majority of real-world systems behave nonlinearly and change dynamically

throughout time. Since time is always changing, effectively modeling such systems is
extremely difficult and frequently requires the use of mathematical formulations stated as
nonlinear partial differential equations (NLPDEs). Integral nonlinear partial differential
equations have surfaced in a number of theoretical physics and applied mathematics do-
mains [1,2]. NLPDEs are important mathematical tools for fully representing a variety of
natural phenomena and mechanisms. Numerous engineering disciplines and applied sci-
ences, including plasma physics, mathematical biology, biophysics, optical fibers, solid-state
physics, fluid dynamics, nonlinear optics, and population dynamics, use NLPDEs [3–5].
NLPDEs offer a useful framework for simulating the intricate dynamics of neutrally buoy-
ant plumes in curved absorbent media in fluid mechanics [6]. A notable class of solutions
to such equations is given by solitons, which are self-reinforcing, localized wave structures
that arise from a subtle balance between nonlinearity and dispersion. Solitons have been
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the subject of ongoing research since John Scott Russell discovered them in 1834. Their
mathematical foundation was solidified in the 1960s through exact analytical solutions of
fundamental equations like the Korteweg–de Vries (KdV) and nonlinear Schrödinger (NLS)
equations. As a result of these advancements, the KdV-mKdV equation, which covers a
wide range of nonlinear excitations and offers a solid foundation for examining integrable
structures, is one example of a generalized and integrated model that has gained attention.

The KdV equation, one of the oldest and most well-known soliton models, has long
served as a foundation for simulating shallow-water wave propagation and examining
their geometric characteristics [7]. In addition to its importance in fluid mechanics, this
equation serves as an integrable model for studying electron-plasma interactions in hollow
cylindrical geometries [8]. The emergence of NLPDEs in the large context of interaction
theory emphasizes the necessity of efficient integrable techniques for obtaining exact
solutions that disclose crucial geometric and physical characteristics of nonlinear systems.
In Bose–Einstein condensate research, different kinds of solitons, including bright, dark,
vortex, and gap solitons, have been found to be important characteristics of matter-wave
excitations [9–12].

Soliton solutions are an essential part of the theoretical foundation for optical commu-
nications in real-world applications, demonstrating the concrete usefulness of nonlinear
phenomena. Mathematicians and physicists are increasingly interested in developing effi-
cient methods for solving nonlinear partial differential equations (NLPDEs) [13]. The most
widely employed methods include the Bäcklund transformation [14], the inverse scattering
transform [15] and the Darboux transformation [16–19], each playing a distinctive role
in the development of integrable systems theory. Together, these methods highlight the
breadth of analytical tools available and the ongoing progress in tackling complex nonlinear
problems, thereby enhancing our understanding of nonlinear wave dynamics and their
applications in optical communications.

In this study, we focus on constructing multi-soliton solutions of the combined
Korteweg–de Vries and modified Korteweg–de Vries (KdV-mKdV) equation [20]. The
combined KdV-mKdV model provides an effective framework for analyzing water phe-
nomena, offering valuable insights into the characterization and prediction of diverse wave
behaviors [21]. Its general form is given by: [22]

mt + mxxx − 6mmx + 6am2mx = 0. (1)

Here, m = m|(x, t) is a potential function. a is a real constant parameter that controls
the strength of the cubic nonlinear term. In particular, when a = 0, Equation (1) reduces
to the classical KdV equation, while for nonzero a the equation represents the combined
KdV-mKdV model. The combined KdV-mKdV soliton system describes the evolution
of long-wavelength waves encompassing both large and small amplitudes, providing an
effective framework for modeling coherent structures in turbulent flows. Among soliton
equations, the combined KdV-mKdV equation has been used to simulate thermal pulses,
acoustic waves, and bound-particle wave propagation [21,23].

In this study, we use the Darboux transformation (DT) to generate multi-soliton
solutions for the combined KdV-mKdV equation. The DT is widely recognized as the
most powerful technique in the theory of integrable systems [24–26], providing exact
solutions that capture both algebraic and geometric features. Its physical significance has
been demonstrated through numerous applications in the literature, including solving
electrodynamical problems [27], modeling quantum cavity phenomena, and identifying
persistent solutions with the algebraic structure of graphene [28]. Furthermore, the DT
has been instrumental in generating quasi-determinant solutions [29] and related Toda
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systems [30]. Notably, the generation of multi-soliton solutions for dispersionless integrable
systems remains a topic of significant interest.

The DT, as systematically developed in the theory of integrable systems by [24] and
further elaborated by [25], provides an algebraic framework for generating new solutions
from known seed solutions while preserving the associated Lax pair structure. Compared
with the inverse scattering transform, the generalized DT offers a direct and constructive
algebraic procedure for generating higher-order solutions and lends itself naturally to
determinant formulas and potential noncommutative extensions; however, unlike spectral
methods, it does not provide global scattering data.

Although the multi-soliton solutions of the combined KdV-mKdV have been pre-
viously obtained via the inverse scattering transform and Hirota’s bilinear method (see,
e.g., refs. [14,15,22,23]), those approaches primarily focus on spectral analysis or bilinear
representations. In contrast, the Darboux transformation provides an algebraic and iterative
mechanism for generating higher-order solutions from seed configurations. A systematic
K-fold Darboux transformation expressed explicitly in Wronskian determinant form for
the combined KdV-mKdV has not been presented in the existing literature. The present
work fills this gap by constructing a generalized Darboux framework that yields a compact
determinant expression for multi-soliton solutions and facilitates further generalizations.

This paper is organized into five sections. Following the Introduction, Section 2
utilizes the equivalent linear representation of the function m to construct multi-fold
Darboux system solutions. Section 3 formulate the K-fold Darboux transformation in
terms of Wronskian determinants. In Section 4, multi-soliton solutions are derived by
considering the trivial case m = 0, accompanied by graphical illustrations that highlight
their dynamical features. Section 5 is devoted to the derivation of multi-wave and periodic
cross-kink solutions, together with their visual representations and analysis of their physical
significance. The concluding remarks are presented in Section 6.

2. Lax Representation and the Darboux Solutions
This section presents the zero-curvature condition for system (1) together with its Lax

representation, derived from a scalar Lax pair. A gauge transformation is then applied to
shift the field variable into the off-diagonal form. Subsequently, the one-fold, two-fold, and
three-fold Darboux solutions associated with the field variables are constructed from seed
solutions by applying the Darboux transformation [24] to an arbitrary function. Finally,
the method is extended to obtain the N-fold Darboux solutions, expressed in determinant
form [31].

2.1. Lax Pair

The combined KdV-mKdV Equation (1) emerges as the compatibility requirement of
linear system: [32,33]

χx = Uχ, (2)

χt = Vχ, (3)

where U and V are:

U =

(
ιλ ιq
ιm −ιλ

)
, (4)

V = −4ιλ3

(
1 0
0 −1

)
− 4ιλ2

(
0 q
m 0

)
+ 2λ

(
mq −ιqx

ιmx −rq

)
+

(
qmx − mqx ιqxx + 2ιmq2

ιmxx + 2ιmm2 −qmx − mqx

)
. (5)
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In this case, q = am − 1. We choose the convenient option a = 1 because the analysis
focuses on the combined KdV–mKdV equation.

2.2. Gauge Transformation and Zero-Curvature Representation

Consider the matrix: G = 1√
2

(
−ι −ι

−1 1

)
, which transforms the original Lax pair

(U, V) given in Equations (4) and (5) into a new pair according to Ũ = GUG−1,
Ṽ = GVG−1. The new Lax pair (Ũ, Ṽ) has the following form:

Ũ =

(
ιm − ι

2 −λ − 1
2

λ − 1
2 −ιm + ι

2

)
, (6)

Ṽ =

(
a b
c d

)
, (7)

where:
a = ιmxx + 2ιm3 + ιm − 3ιm2 − 4ιλ2m + 2ιλ2, (8)

b = 4λ3 + 2ιλm2 − 2ιλm + ιmmx − ιmx + 2λ2 − 2λmx + m − m2, (9)

c = −4λ3 − 2ιλm2 + 2ιλm − ιmmx + ιmx + 2λ2 − 2λmx + m3 + m + 2m2, (10)

d = 4ιλ2m − ιmxx − 2ιm3 + 3ιm2 − 2ιλ2 − ιm − mmx, (11)

with the linear system:
χx = Ũχ, χt = Ṽχ. (12)

2.3. Darboux Solutions

To construct the Darboux solutions for the field variable m, let m[1] denote the new
solution of the combined KdV–mKdV Equation (1), and let χ[1] be the corresponding linear
system’s solution. The components of the column vector χ = (X/Y), when subjected to
the conventional Darboux transformation, yield:

X → X[1] = λY − λ1(
Y1

X1
)X, (13)

Y → Y[1] = λX − λ1(
X1

Y1
)Y. (14)

The linear system (12), when subjected to the Darboux transformation given by (13) and (14),
is transformed into the given form:

X′[1] = (ιm[1]− ι

2
)X[1]− (λ +

1
2
)Y[1], (15)

Furthermore, applying relation (12) yields:

X′[1] = λY′ − λ1(
Y1

X1
)′X − λ1

Y1

X1
X′, (16)

by combining Equations (15) and (16) and performing simplification, the 1-fold Darboux
transformation is obtained in the form:

m[1] = 1 − m +
λ1

ι
(

Y1

X1
− X1

Y1
), (17)
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This expression can equivalently be written as follows:

m[1] = 1 − m − ι
d

dx
ln

X1

Y1
. (18)

In the above expression, the field variable m links the previous solutions of the combined
KdV–mKdV Equation (1) to the new ones via a particular solution of the linear system (12).

3. Generalized Darboux Solutions in Terms of Wronskians
In this section, the Darboux transformation is generalized using the Wronskian frame-

work. Specifically, the iterated Darboux solutions are represented by the Kth-order Wron-
skian built from the eigenfunction components [24,25].

3.1. First-Fold Darboux Solution

With the following setups:

X(1)
i = λiXi, Y(1)

i = λiYi. (19)

The following is the expression for the one-fold Darboux transformation for the χ compo-
nent and the field variable m[1]:

X[1] =
L1(X1, Y1, X0, Y0)[2]

W1(X1, Y1)[1]
, (20)

Y[1] =
L2(X1, Y1, X0, Y0)[2]

W2(X1, Y1)[1]
, (21)

m[1] = 1 − m − ι
d

dx
ln(

L1(X1, Y1)[1]
L2(X1, Y1)[1]

), (22)

where L1 and L2 are Wronskians defined as follows:

L1(X1, Y1, X0, Y0)[2] =

∣∣∣∣∣ X1 X0

Y(1)
1 Y(1)

0

∣∣∣∣∣, (23)

L2(X1, Y1, X0, Y0)[2] =

∣∣∣∣∣ Y1 Y0

X(1)
1 X(1)

0

∣∣∣∣∣, (24)

L1(X1, Y1)[1] = X1, (25)

L2(X1, Y1)[1] = Y1. (26)

3.2. Two-Fold Darboux Solution

The following is a representation of the two-fold Darboux transformation for the
X component:

X[2] = λ0Y0[1]− λ1(
Y1[1]
X1[1]

)X0[1], (27)

or

X[2] = Y(1)
0 [1]− (

Y(1)
1 [1]

X(1)
1 [1]

)X0[1], (28)

now in the form of Wronskian, it can be expressed as follows:

X[2] =
L1(Xs, Ys, X0, Y0)[3]

L1(Xs, Ys)[2]
, (29)
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For the Y component, we have:

Y[2] = λ0X0[1]− λ1(
X1[1]
Y1[1]

)Y0[1], (30)

which can also be represented as:

Y[2] = X(1)
0 [1]− (

X(1)
1 [1]

Y(1)
1 [1]

)Y0[1], (31)

or

Y[2] =
L2(Xs, Ys, X0, Y0)[3]

L2(Xs, Ys)[2]
, (32)

where s = 1, 2. The following new answer to Equation (1) is now produced by the second
iteration on (18).

m[2] = m − ι
d

dx
ln(

L1(Xs, Ys)[2]
L2(Xs, Ys)[2]

), (33)

the Wronskian is defined as follows:

L1(Xs, Ys, X0, Y0)[3] =

∣∣∣∣∣∣∣
Y2 Y1 Y0

X(1)
2 X(1)

1 X(1)
0

Y(2)
2 Y(2)

1 Y(2)
0

∣∣∣∣∣∣∣, (34)

L2(Xs, Ys, X0, Y0)[3] =

∣∣∣∣∣∣∣
X2 X1 X0

Y(1)
2 Y(1)

1 Y(1)
0

X(2)
2 X(2)

1 X(2)
0

∣∣∣∣∣∣∣, (35)

L1(Xs, Ys)[2] =

∣∣∣∣∣ X2 X1

Y(1)
2 Y(1)

1

∣∣∣∣∣, (36)

L2(Xs, Ys)[2] =

∣∣∣∣∣ Y2 Y1

X(1)
2 X(1)

1

∣∣∣∣∣. (37)

3.3. Three-Fold Darboux Solution

The three-fold Darboux transformation on X, Y components and field variable can be
written as follows:

X[3] =
L1(Xs, Ys, X0, Y0)[4]

L1(Xs, Ys)[3]
, (38)

Y[3] =
L2(Xs, Ys, X0, Y0)[4]

L2(Xs, Ys)[3]
, (39)

where s = 1, 2, 3. The next solution to Equation (1) is now provided by the third iteration
on (18).

m[3] = −m + 1 − ι
d

dx
ln(

L1(Xs, Ys)[3]
L2(Xs, Ys)[3]

), (40)

where the Wronskians are:

L1(Xs, Ys, X0, Y0)[4] =

∣∣∣∣∣∣∣∣∣∣
Y3 Y2 Y1 Y0

X(1)
3 X(1)

2 X(1)
1 X(1)

0

Y(2)
3 Y(2)

2 Y(2)
1 Y(2)

0

X(3)
3 X(3)

2 X(3)
1 X(3)

0

∣∣∣∣∣∣∣∣∣∣
, (41)
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L2(Xs, Ys, X0, Y0)[4] =

∣∣∣∣∣∣∣∣∣∣
X3 X2 X1 X0

Y(1)
3 Y(1)

2 Y(1)
1 Y(1)

0

X(2)
3 X(2)

2 X(2)
1 X(2)

0

Y(3)
3 Y(3)

2 Y(3)
1 Y(3)

0

∣∣∣∣∣∣∣∣∣∣
, (42)

L1(Xk, Yk)[3] =

∣∣∣∣∣∣∣
X3 X2 X1

Y(1)
3 Y(1)

2 Y(1)
1

X(2)
3 X(2)

2 X(2)
1

∣∣∣∣∣∣∣, (43)

L2(Xs, Ys)[3] =

∣∣∣∣∣∣∣
Y3 Y2 Y1

X(1)
3 X(1)

2 X(1)
1

Y(2)
3 y(2)2 Y(2)

1

∣∣∣∣∣∣∣. (44)

3.4. K-Fold Darboux Transformation

In a similar manner, we apply K times the Darboux transformation to the solution m and
the X, Y components of the combined KdV-mKdV system to generate multi-soliton solutions.

Theorem 1. The K-th form of (1) can be generalized to all possible Darboux solutions in terms of
Wronskian as follows.

For odd values of K:

m[K] = −m + 1 − ι
d

dx
ln(

L1(Xs, Ys)[K]
L2(Xs, Ys)[K]

). (45)

For even values of K:

m[K] = m − ι
d

dx
ln(

L1(Xs, Ys)[K]
L2(Xs, Ys)[K]

). (46)

In this context, the initial or seed solution, denoted by m, is considered trivial. This basic choice
serves as a foundation for generating all possible nontrivial solutions to Equation (1).

Proof. The following is an expression for the K fold Darboux transformation on X and
Y component.

X[K] =
L1(Xs, Ys, X0, Y0)[K + 1]

L1(Xs, Ys)[K]
, (47)

Y[K] =
L2(Xs, Ys, X0, Y0)[K + 1]

L2(Xs, Ys)[K]
. (48)

For s = 1, 2, ..., K, the Lax pair at λ = λs has unique solutions Xs and Ys.
For odd values of K, Wronskians L1 and L2 are as follows:

L1(Xs, Ys, X0, Y0)[K + 1] =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

XK X(K−1) ... X1 X0
...

Y(K−1)
K Y(K−1)

K−1 ... Y(K−1)
1 Y(K−1)

0
...

X(K)
K X(K)

K−1 ... X(K)
1 X(K)

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (49)
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L2(Xs, Ys, X0, Y0)[K + 1] =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

YK Y(K−1) ... Y1 Y0
...

X(K−1)
K X(K−1)

K−1 ... X(K−1)
1 X(K−1)

0
...

Y(K)
K Y(K)

K−1 ... Y(K)
1 Y(K)

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (50)

For even values of K, wronskians L1 and L2 are as follows:

L1(Xs, Ys, X0, Y0)[K + 1] =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

YK Y(K−1) ... Y1 Y0
...

X(K−1)
K X(K−1)

K−1 ... X(K−1)
1 X(K−1)

0
...

Y(N)
K Y(K)

K−1 ... Y(K)
1 Y(K)

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (51)

L2(Xs, Ys, X0, Y0)[K + 1] =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

XK X(K−1) ... X1 X0
...

Y(K−1)
K Y(K−1)

K−1 ... Y(K−1)
1 Y(K−1)

0
...

X(K)
K X(K)

K−1 ... X(K)
1 X(K)

0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (52)

4. Exact Soliton Solutions
Using the corresponding Darboux transformations, the exact solutions to Equation (1)

in the background of zero seed solutions are derived as 1-soliton and 2-soliton solutions for
the field variable m in this section.

4.1. One-Soliton Solution

Starting from the simplest trivial solution of system (1), m = 0, we apply a one-fold
Darboux transformation to obtain the first-order solution:

m[1] = 1 − ιλ1
d

dx
ln

X1

Y1
, (53)

the corresponding eigen functions X1 and Y1 are determined from the linear system (12) at
λ = λ1 = ιk1, and are given by

X1 = cosh(k1x − 4k3
1t) + ι sinh(k1x − 4k3

1t), Y1 = cosh(k1x − 4k3
1t)− ι sinh(k1x − 4k3

1t), (54)

substituting these expressions into the Equation (53) yields the transformed solution.

m[1] = 1 + 2k1Sech[2(20k3
1 + k1x)]. (55)

which represents a non-singular, localized single-soliton. The following figures show the
one-soliton solution in contour, two-dimensional, and three-dimensional views.

4.2. Two-Soliton Solution

With the seed solution m = 0, the second iteration m[2] can now be represented
as follows:

m[2] = −ι
d

dx
ln(

L1(Xs, Ys)[2]
L2(Xs, Ys)[2]

), (56)
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we can calculate the value for X1, Y1, X2 and Y2 from the linear system (12) at λ = λ1 = ιk1

and λ = λ2 = ιk2 respectively as below:

X1 = cosh(k1x − 4k3
1t) + ι sinh(k1x − 4k3

1t), Y1 = cosh(k1x − 4k3
1t)− ι sinh(k1x − 4k3

1t), (57)

X2 = cosh(k2x − 4k3
2t) + ι sinh(k2x − 4k3

2t), Y2 = cosh(k2x − 4k3
2t)− ι sinh(kx − 4k3

2t), (58)

so Equation (56) can be written as, which shows the two-soliton solution:

m[2] = 2
k1 sinh(k1x − 4k3

1t) cosh(k2x − 4k3
2t) + k2 sinh(k2x − 4k3

2t) cosh(k1x − 4k3
1t)

cosh2(k1x − 4k3
1t) + cosh2(k2x − 4k3

2t) + 2 sinh(k1x − 4k3
1t) sinh(k2x − 4k3

2t)
. (59)

The following graphics illustrate the two-soliton solution in two-dimensional, three-
dimensional, and contour representations.

4.3. Three-Soliton Solution

For the trivial initial solution m = 0, the three-fold Darboux transformation (40)
reduces to the following form:

m[3] = 1 − ι
d

dx
ln(

L1(Xs, Ys)[3]
L2(Xs, Ys)[3]

), (60)

the value of X3, Y3 can be determined from system (12) by evaluating it at λ = λ3 as follows:

X3 = cosh(k3x − 4k3
3t) + ι sinh(k3x − 4k3

3t), Y3 = cosh(k3x − 4k3
3t)− ι sinh(k3x − 4k3

3t), (61)

substituting these values into Equation {(60) and performing simplification, we have:

m[3](x, t) = 1 − i
d

dx
ln

H(x, t)
I(x, t)

, (62)

where:
χ1 = k1x − 4k3

1t, χ2 = k2x − 4k3
2t, χ3 = k3x − 4k3

3t, (63)

and H(x, t) and I(x, t) are given as follows:

H(x, t) = cosh2(χ1) + cosh2(χ2) + cosh2(χ3) +
(k1 − k2)

2

(k1 + k2)2 cosh2(χ1 + χ2)

+
(k1 − k3)

2

(k1 + k3)2 cosh2(χ1 + χ3) +
(k2 − k3)

2

(k2 + k3)2 cosh2(χ2 + χ3)

+
(k1 − k2)

2(k1 − k3)
2(k2 − k3)

2

(k1 + k2)2(k1 + k3)2(k2 + k3)2 cosh2(χ1 + χ2 + χ3),

(64)

I(x, t) = sinh2(χ1) + sinh2(χ2) + sinh2(χ3) +
(k1 − k2)

2

(k1 + k2)2 sinh2(χ1 + χ2)

+
(k1 − k3)

2

(k1 + k3)2 sinh2(χ1 + χ3) +
(k2 − k3)

2

(k2 + k3)2 sinh2(χ2 + χ3)

+
(k1 − k2)

2(k1 − k3)
2(k2 − k3)

2

(k1 + k2)2(k1 + k3)2(k2 + k3)2 sinh2(χ1 + χ2 + χ3),

(65)

The explicit three-soliton solution for m corresponding to the combined KdV–mKdV equa-
tion is presented, along with the interactions between these solitons as illustrated below.
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The one-soliton solution is shown in Figure 1, where the solitary wave’s amplitude,
velocity, and localization are all controlled by the parameter k1. Figure 2 depicts the two-
soliton solution, highlighting their nonlinear interaction as defined by parameters k1 and
k2. Figure 3, which depicts the solitons prior to, during, and following contact, highlights
the elastic character of this interaction: aside from a phase shift, they briefly overlap
before reemerging with their original forms and velocities. The three-soliton solution with
parameters k1, k2, and k3 is shown in Figures 4 and 5, which demonstrate the resilience
and the distinctive soliton trait of form preservation by displaying more intricate but still
elastic interactions.

-10 -5 5 10
x

0.2

0.4

0.6

0.8
mHxL

(a) (b) (c)

Figure 1. For k1 = 0.4 (a) 3-D profile of one-soliton solution. (b) 2-D profile of one-soliton solution.
(c) Contour representation of one-soliton solution.

(a) (b)

Figure 2. For k1 = 0.4, k2 = 0.64. (a) 3-D perspective of a two-soliton. (b) Contour representation of
the two-soliton solution.
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mHxL

(a) (b) (c)
Figure 3. (a) 2-D profile of two-soliton before interaction (t <0). (b) 2-D profile of a two-soliton
during interaction (t = 0). (c) 2-D profile of a two-soliton after interaction (t >0).

(a) (b)

Figure 4. For k1 = 0.4, k2 = 0.64, k3 = 0.35. (a) 3-D perspective of a three-soliton. (b) Contour
representation of the three-soliton solution.
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(a) (b) (c)

Figure 5. (a) 2-D profile of three-soliton before interaction (t <0). (b) 2-D profile of three-soliton
during interaction (t = 0). (c) 2-D profile of three-soliton after interaction (t >0).
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5. Multi-Wave and Periodic Cross-Kink Solutions
In this section, we present multi-wave and periodic cross-kink solutions. In order

to derive these solution classes, the corresponding ordinary differential equation and its
bilinear form must be created. To achieve the ordinary form of Equation (1), we employ the
following ansatz into that equation [34].

m(x, t) = M(ξ), ξ = x − ct, (66)

where M is a scaling parameter and c denotes the wave velocity. By applying the traveling
wave transformation given in Equation (66) to Equation (1), we arrive at the following
reduced equation.

M′′ − cM − 3M2 + 2aM3 = 0. (67)

The bilinear form [35] is constructed via the following transformation, implying the com-
putation of different kinds of its solitary wave solutions:

M = 2(log f )ξ , (68)

substituting Equation (68) into Equation (67) yields the corresponding bilinear form:

16a f 3
ξ − 2c f 2 fξ + 4 f 3

ξ + 2 f 2 fξξξ − 6 fξξ( f fξ)− 12( f fξ)
2 = 0. (69)

5.1. Multi-Wave Solution

In this section, the multi-wave solution is constructed [36], which combines trigono-
metric and hyperbolic functions, allowing the representation of both solitary and periodic
wave structures in a unified form. To obtain these solutions, the following transformations
are employed [37]:

f = k0 cosh(a1ξ + a2) + k1 cos(a3ξ + a4) + k2 cosh(a5ξ + a6), (70)

where ki (i = 0, 1, 2) and ai (1 ≤ i ≤ 6) are real parameters. Inserting f into Equa-
tion (69) and collecting all the terms involving cos2(a4 + a3ξ) sinh(a6 + a5ξ), cosh2(a2 +

a1ξ) sinh(a6 + a5ξ), cosh(a2 + a1ξ) cosh(a6 + a5ξ) sinh(a6 + a5ξ), etc, we obtain a system
of equations that yields the following parameter values:

a1 =
i
√

c√
2

, a3 =

√
c√
2

, a4 = a4, k2 = 0, k1 = k1, (71)

substituting these constants values in Equation (70), we get:

f = k1 cos
(

a4 +
√

c ξ√
2

)
+ k0 cosh

(
a2 +

i
√

c ξ√
2

)
, (72)

By inserting Equation (72) into Equation (68) and simplifying it, we obtain the expression
as follows:

M =

√
2c
(
− k1 sin

(
a4 +

√
c
2 ξ
)
+ ik0 sinh

(
a2 + i

√
c
2 ξ
))

k1 cos
(

a4 +
√

c
2 ξ
)
+ k0 cosh

(
a2 + i

√
c
2 ξ
) (73)

By inserting Equation (73) into Equation (66), we get the multi-wave solution of Equation (1):

m =

√
2c
(
− k1 sin

(
a4 +

√
c
2 (x − ct)

)
+ ik0 sinh

(
a2 + i

√
c
2 (x − ct)

))
k1 cos

(
a4 +

√
c
2 (x − ct)

)
+ k0 cosh

(
a2 + i

√
c
2 (x − ct)

) . (74)
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5.2. Periodic Cross-Kink Wave Solution

In this section, we investigate the periodic cross-kink wave solution of the combined
KdV-mKdV equation. This class of solutions is characterized by the interplay of hyperbolic,
trigonometric, and exponential functions, supplemented with arbitrary coefficients that
provide additional flexibility in shaping the wave profiles. To derive these solutions, we
employ the transformation given below [36].

f = e−ζ1 + ζ1eζ1 + ζ2 cos(ζ2) + ζ3 cosh(ζ3) + d7,

ζ1 = d1ξ + d2, ζ2 = d3ξ + d4, ζ3 = d5ξ + d6,
(75)

where di (1 ≤ i ≤ 7) and ζi (i = 1, 2, 3) denote real parameters. By substituting the expression of
f into Equation (69) and collecting all powers of e−d2−d1ξ ξ sinh2(d6 + d5ξ), ed2+d1ξ ξ sinh2(d6 +

d5ξ), ed2+d1ξ ξ2 sinh2(d6 + d5ξ), ed2+d1ξ ξ3 sinh2(d6 + d5ξ), cos(d4 + d3ξ) sinh2(d6 + d5ξ),
e−3d2−3d1ξ , e−2d2−2d1ξ , ξ3 sinh3(d6 + d5ξ), ξ2 sinh3(d6 + d5ξ), ξ sinh3(d6 + d5ξ), sinh3(d6 + d5ξ),
ξ3 sin(d4 + d3ξ) sinh2(d6 + d5ξ), and ξ2 sin(d4 + d3ξ) sinh2(d6 + d5ξ), etc., we obtain a set
of algebraic equations that determine the values of the corresponding coefficients:

d1 = 0, d2 = d2, d3 = − i
√

c√
3

, d4 = d4, d5 = 0. (76)

Using the values of unknown constants into Equation (75), we get the following form:

f = d7 + e−d2 + d2ed2 +

(
d4 −

i
√

c ξ√
3

)
cos
(

d4 −
i
√

c ξ√
3

)
+ d6 cosh(d6) + d7, (77)

By inserting Equation (77) into Equation (68), we get:

M = −
2 i

√
c

(
cos
(

d4 −
i
√

c ξ√
3

)
−
(

d4 −
i
√

c ξ√
3

)
sin
(

d4 −
i
√

c ξ√
3

))
√

3

(
d7 + e−d2 + d2ed2 +

(
d4 −

i
√

c ξ√
3

)
cos
(

d4 −
i
√

c ξ√
3

)
+ d6 cosh(d6)

) , (78)

By inserting Equation (78) into Equation (66), we obtain the periodic cross-kink wave
solution associated with Equation (1):

m = −
2 i

√
c

(
cos
(

d4 −
i
√

c (−ct + x)√
3

)
−
(

d4 −
i
√

c (−ct + x)√
3

)
sin
(

d4 −
i
√

c (−ct + x)√
3

))
√

3

(
d7 + e−d2 + d2ed2 +

(
d4 −

i
√

c (−ct + x)√
3

)
cos
(

d4 −
i
√

c (−ct + x)√
3

)
+ d6 cosh(d6)

) . (79)

Figures 6 and 7 show the multi-wave and periodic cross-kink wave solutions. Unlike
classical soliton solutions, these multi-wave and cross-kink structures arise from mixed
hyperbolic-trigonometric forms in the bilinear representation, leading to more complex
wave interactions. The modeling of intricate physical processes like energy localization
and nonlinear wave interactions is greatly aided by these kinds of solutions. Such solutions
are important for understanding wave propagation, pattern formation, and nonlinear
excitations in systems like optical fibers, plasmas, and spin chains.
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(a) 3-D (b) 2-D (c) Contour

Figure 6. Represents the 3-D, 2-D and contour plot of Equation (74) for c = 0.9, k1 = 0.6, a4 = 0.4,
a2 = 0.8, and k0 = 0.7.

(a) 3-D (b) 2-D (c) Contour

Figure 7. Represents the 3-D, 2-D and contour plot of Equation (79) for c = 0.9, d4 = −0.6, d6 = 0.5,
d2 = 0.3, and d7 = 0.2.

6. Conclusions
One of the paper’s key findings is the computational realization of the K-fold Darboux

transformation for the combined KdV-mKdV model into Wronskians, which enables the
development of multi-soliton solutions inside the Darboux framework. Figures 1–5 provide
exact solutions for one-, two-, and three-soliton profiles that highlight the practical and
computational aspects of our approach. In addition, multi-wave and periodic cross-kink
solutions to the combined KdV-mKdV model are generated, along with graphical rep-
resentations for various parameter values. Our long-term goal is to build an algebraic
Bäcklund transformation with a quadrilateral structure using the Darboux transformation.
The formation of multi-soliton solutions in unique expressions with a collection of solitary
wave solutions provides an alternative algebraic construction of the combined KdV-mKdV
problem. The Darboux solutions described here provide a future impetus to examine
the non-commutative analog of the combined KdV-mKdV model extension, as well as its
quasideterminant solutions, which will be discussed in another paper. This extension may
recover the results reported here in the commutative limit while also providing a broader
grasp of the combined KdV-mKdV model’s integrability and advanced applications.
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