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Abstract

Sparse regularization methods play an important role in inverse problems for extracting key
features of underlying parameters and have attracted increasing attention in meteorological
data assimilation. However, when the condition number of the background error covariance
matrix is extremely large (e.g., 1012), the instability of the inverse problem makes accurate
reconstruction difficult. To address this issue, a gradient operator is incorporated into
the sparse regularization term of the cost function, and a Kalman filter (KF) algorithm is
developed within a majorization–minimization (MM) framework to solve the resulting
optimization problem. The problem is reformulated as a weighted least-squares problem
via the MM strategy and further decomposed into two subproblems in the null space and
its oblique complementary space through oblique projection, which are then solved using
the KF method. This approach avoids the use of an adjoint model typically required in four-
dimensional variational data assimilation (4D-Var). In addition, a modified f-slope strategy
with a constrained search interval is introduced to adaptively select the regularization
parameter during computation. Numerical experiments on the initial condition inversion
of the Convection–Diffusion equation demonstrate that the proposed method achieves
more accurate reconstruction of key features than the l1-norm regularized 4D-Var method,
particularly in capturing sharp gradients and sparse structures. The adaptive regularization
strategy automatically balances sparsity and smoothness without manual tuning. The
inversion errors remain low even when the condition number ranges from 108 to 1014,
with relative MSE and MAE below 0.01 and relative bias below 0.005, indicating improved
robustness and reconstruction accuracy under severely ill-conditioned settings.

Keywords: inverse problem; Kalman filter; l1 regularization; adaptive; data assimilation

MSC: 65K10; 65F22; 62M20

1. Introduction
The regularized least squares method is extensively applied in statistical modeling,

signal processing, machine learning, and data assimilation [1–4]. It is especially important
to explore the inversion of initial conditions using four-dimensional variational data assim-
ilation (4D-Var) and the Kalman filter (KF) with sparse regularization techniques [5–7].

According to the literature [5], the application of the sparse regularized least squares
method (generalized Lasso) in 4D-Var can be expressed as the following optimiza-
tion problem.
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m̂ = argmin
m∈Rp

1
2
∥Am− b∥2

R−1 +
1
2
∥m−mb∥2

B−1 + λ∥Lm∥1, (1)

where m denotes the initial conditions or parameters to be retrieved; mb ∈ Rp×1 denotes
the background information. A = [A1; A2; . . . ; ANh ], and Ak consists of the observation op-
eratorH ∈ Rr×p and the linear evolution operatorM0,k ∈ Rp×p, i.e., Ak = HM0,k ∈ Rr×p.
b = [b1; b2; . . . ; bNh ] contains Nh observation information bk ∈ Rr×1 which is obtained by
interval sampling; subscript k denotes the observation time tk. R = diag(R1, . . . , RNh) is
a block-diagonal matrix containing Nh observation error covariance matrices Rk ∈ Rr×r.
B ∈ Rp×p denotes the background error covariance matrix. If its condition number be-
comes excessively large, the stability of the resulting analysis may be adversely affected [5].
λ∥Lm∥1 is a sparsity-promoting regularization term that encourages most components of
Lm to vanish, where L ∈ Rq×p is referred to as the regularization operator and λ > 0 as
the regularization parameter. Note that the choice of L is critical to problem (1). When L
is taken as the unit operator, the objective reduces to seeking a sparse solution for m. In
practice, many state variables are not inherently sparse in their original representations.
Instead, they often exhibit sparsity or approximate sparsity under the action of certain
transformation operators. Therefore, operators capable of promoting sparse representations
will be considered in this work, such as wavelet basis [5] and the derivative operators [8,9].
In particular, the Laplace test reported in [10] suggests that selecting L as a first-order
derivative operator yields improved reconstruction performance.

Algorithms for solving the generalized Lasso problem have been extensively devel-
oped, ranging from iterative thresholding algorithms (ISTA), coordinate descent methods,
and path algorithms [11–13] to more advanced strategies such as variable-splitting tech-
niques (e.g., the positive–negative split) [5,8], and the majorization–minimization (MM)
schemes [14,15]. Furthermore, well-established software packages, including scikit-learn
and glmnet, offer efficient implementations of these methods, which greatly facilitate the
practical use and wider adoption of l1 regularization. In [5], Ebtehaj et al. adopted a vari-
able splitting strategy to handle the l1 regularization term and introduced the Fourier and
wavelet basis as the regularization operator. These operators simplify the computational
procedure while improving the representation of discontinuous features in the solution. As
a result, this approach provides important support for further studies of generalized Lasso
in data assimilation. Nevertheless, the minimization of the objective function (1) in 4D-Var
requires gradient information, which is typically computed using the tangent linear and
adjoint model and cannot directly and effectively handle non-square gradient operators.
For complex numerical systems, the construction of adjoint models is often challenging
and costly to maintain, and may also suffer from theoretical limitations, thereby limiting
computational efficiency and practical applicability.

The classical KF method is derived under the assumption of Gaussian statistics and
is fundamentally rooted in least-squares estimation theory. Since its introduction, it has
matured into a rigorous and widely adopted framework for addressing a broad spectrum of
estimation problems. By systematically assimilating model predictions with observational
data, KF produces updated state estimates accompanied by a quantitative assessment of
their uncertainty via the analysis error covariance matrix. The KF can be used as an effective
alternative derivative-free optimization algorithm to solve the 4D-Var problem. Unlike the
4D-Var method, it avoids adjoint construction and supports derivative-free optimization,
which is well-suited to sequential data assimilation. Its core principles and associated
algorithms can be extended to nonlinear systems through ensemble sampling strategies.
Consequently, these ensemble-based extensions have been widely applied in geosciences,
engineering control, and biomedicine [16–19], emerging as an important framework for
derivative-free optimization [20–26]. Ensemble Kalman inversion (EKI) and its variants
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incorporate prior information through the initial ensemble or via regularization [21,27,28],
iteratively updating the ensemble based on the observation model to approximate the
maximum a posteriori (MAP) estimate. However, when an l1-norm term is included
in the objective functional, the standard KF framework cannot be applied directly. A
common approach is to replace the l1 term with a suitable surrogate function [28,29]. For
instance, Cao et al. employed the MM strategy to construct a surrogate representation of
the Huber-norm based on Young’s inequality [7,14]. The specific construction method is
as follows:

∥m∥1 =
p

∑
i=1
|mi| ≤

p

∑
i=1

(
|mi|2

2|m̂i|
+
|m̂i|

2

)
=

1
2
∥C−

1
2

m m∥2
2 +

1
2

p

∑
i=1
|m̂i|, (2)

where m̂i represents the i component of the optimal analysis value m̂ of the last iteration,
and the weight operator Cm = diag(|m̂1|, |m̂2|, . . . , |m̂p|). This method provides a new idea
for the application and solution of sparse regularization in KF data assimilation.

Since the constant term does not affect the location of the minimizer, Chartrand et al.
demonstrated that it can be omitted in their algorithm [30]. Motivated by this observation,
we incorporate the MM technique into problem (1) to facilitate sparse regularization,
thereby reformulating the original problem in the KF framework.

m̂(j)
k = argmin

m∈Rp

1
2
∥Akm− bk∥2

R−1
k

+
λ

2
∥Lm∥2

W−1
j

+
1
2
∥m−mk−1∥2

P−1
k−1

= argmin
m∈Rp

1
2
∥Hkm− yk∥2

2 +
λ

2

∥∥∥L̃m
∥∥∥2

2︸ ︷︷ ︸
Jo(m)

+
1
2
∥m−mk−1∥2

P−1
k−1︸ ︷︷ ︸

Jb(m)

.
(3)

In the objective function (3), Jb(m) denotes the prior (background) regularization term,
where Pk−1 denotes the background error covariance matrix. When k = 1, we set m0 = mb

and P0 = B. Jo(m) represents the likelihood term associated with the observational

information, where Hk = R−
1
2

k Ak, yk = R−
1
2

k bk, L̃ = W−
1
2

j L and j denotes the iteration
index. In this study, the regularization operator is chosen as the first-order difference
operator L ∈ R(p−1)×p [8,9], which is introduced to mitigate the adverse effects caused
by the ill-conditioning of the system matrix. The weight matrix Wj ∈ R(p−1)×(p−1) is
constructed adaptively based on the absolute value of the optimal analysis m̂k obtained at
iteration j− 1, which guarantees the positive definiteness of the weight matrix. Namely,
Wj = diag(|(Lm̂(j−1)

k )1|, |(Lm̂(j−1)
k )2|, . . . , |(Lm̂(j−1)

k )p−1|). Furthermore, components of
Lm with magnitude less than 10−3 are regarded as sparse in the present work.

In this work, we propose an Adaptive Iterative Kalman Filter Inversion (AIKFI)
method that addresses the degradation of inversion quality caused by large condition
numbers of the background error covariance matrix that arise when applying generalized
Lasso within a 4D-Var framework. The primary contributions are threefold. First, by
incorporating the MM strategy, we develop an iterative sparse-regularized Kalman filter
that achieves l1-norm sparsity. Second, to address the computational issues arising from
the rank deficiency of the first-order difference operator, we employ an oblique projection
technique [10,31,32]. This decomposes the generalized weighted least-squares problem into
subproblems in the null space and its oblique complement, which are then solved using the
KF method. Third, we propose an adaptive regularization parameter selection scheme by
the flattest slope (f-slope) method [33], wherein the search interval is dynamically adjusted
to enhance its efficiency and robustness. The proposed approach differs fundamentally
from existing MM-based Kalman methods, which are typically restricted to full-space
formulations and cannot handle the rank deficiency of the gradient matrix. It also contrasts
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sharply with EKI, which is limited to l2-norm regularization and thus ill-suited for problems
demanding sparse representations. Furthermore, while regularized ensemble Kalman filters
can be adapted to promote sparsity, such extensions generally require auxiliary constraints
or additional tuning steps that increase algorithmic complexity. The present work is focused
on advancing the deterministic KF formulation itself, leaving ensemble-based adaptations
for future investigation.

The specific structure of this paper is as follows. Section 2 introduces the construction
process of the Adaptive iterative Kalman filter inversion algorithm, including a brief
explanation of how to perform oblique projection decomposition of state variables in
Section 2.1, the derivation of the iterative Kalman inversion algorithm in Section 2.2, and
the adaptive selection of regularization parameters via the improved f-slope method in
Section 2.3, along with the corresponding pseudocode. Additionally, Section 2.4 introduces
a convergence analysis of the MM scheme within the KF framework. Section 3 aims to
provide a preliminary validation of the sparsity-promoting capability of the proposed
algorithm using real precipitation data. Section 4 aims to further demonstrate the feasibility
and adaptability of the proposed algorithm through the inversion of the initial conditions
for the advection–diffusion equation. Sections 4.1 and 4.2 describe the numerical solution
framework, parameter settings, and choice of evaluation metrics, while Section 4.3 presents
the experimental results. Finally, Section 5 concludes the paper and discusses directions for
future research.

2. Adaptive Iterative Kalman Filter Inversion Framework
The key to solving the optimization problem (3) lies in the treatment of the regulariza-

tion operator. When L̃ is square, the problem can be solved directly via matrix inversion.
In the present work, the operator L̃ is rectangular, which gives rise to two challenges.
First, conventional optimization approaches, such as variable splitting, cannot be applied
directly [5]. Second, the regularization term is a semi-norm. The state variable m con-
tains components lying both in the null space of L̃ and its complement, which prevents
the regularization term from effectively constraining the null space components under
the Tikhonov framework. Hence, it is necessary to decompose m appropriately. Such a
separation not only facilitates the effective selection of regularization parameters but also
provides a foundation for the subsequent construction of feasible solutions.

2.1. Oblique Projection Decomposition of State Variables

In the process of solving problem (3), L̃ is row full rank but not column full rank,
and thus possesses a nontrivial null space N (L̃). Under the standard Euclidean inner
product,N (L̃) and its orthogonal complementN (L̃)⊥ are orthogonal. However, a standard
orthogonal decomposition along N (L̃)⊥ obstructs the decoupling of the observation term
∥Hkm− yk∥2

2 [32]. In this case, an oblique projection operator is introduced to enable
decomposition along skew complement spaces.

First, the definition of null space N (L̃) is

F = N (L̃) =
{

x ∈ Rp
∣∣∣L̃x = 0

}
.

Then, the weighted inner product induced by Hk is introduced, expressed as ⟨Hkx, Hky⟩ =
xTHk

THky, through which the weighted oblique complement of N (L̃) is defined as

E = N (L̃)⊥Hk =
{

y ∈ Rp
∣∣∣xTHk

THky = 0, ∀x ∈ N
(

L̃
)}

.
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The above two subspaces satisfy E⊕ F = Rp,E∩ F = {0}. If we take L̃† ∈ Rp×(p−1)

to represent the Moore Penrose pseudoinverse [34] of L̃, we can further construct the
oblique pseudoinverse L̃†

Hk
=
(

I−ω(Hkω)†Hk

)
L̃† ∈ Rp×(p−1) [10], where ω ∈ Rp is

the right singular vector citehan corresponding to the zero singular values of L̃ after SVD
decomposition [10,32].

Based on the above construction, the oblique projection operator onto E along F is
defined by PE,F = L̃†

Hk
L̃ ∈ Rp×p, and then the complementary projection operator is given

by PF,E = I − PE,F. Given the above operators, we can write the solution m ∈ Rp to
problem (3) as

m = mE + mF, mE ∈ E, mF ∈ F, (4)

where mE = PE,Fm, mF = PF,Em. Compared to orthogonal projection, the advantage
of this decomposition is that it ensures the orthogonality of the observed operator Hk

mapping under weighted inner product, i.e., HkmE ⊥ HkmF. Consequently, Jo(m) can be
decomposed as follows:

Jo(m) = Jo(mE) + Jo(mF)

=
1
2
∥HkmE − yk∥2

2 +
λ

2

∥∥∥L̃mE

∥∥∥2

2
+

1
2
∥HkmF − yk∥2

2.
(5)

Then, by introducing the pseudoinverse P†
E,F of PE,F, the relation PE,Fm = mE can be

equivalently written as m = P†
E,FmE. Substituting this expression into Jb(m) in Equation (3)

yields Jb(mE) =
1
2∥P†

E,FmE −mk−1∥2
P−1

k−1
. This reformulates problem (3) in Rp with respect

to m as a least-squares problem in the subspace E with respect to mE, whose solution can
be obtained by solving the following recursive scheme.

(mE)k = (mE)k−1 + εk−1,

yk = Hk(mE)k + ek,

0 = L̃(mE)k + ej, k = 1, 2, ..., Nh,

(6)

where (mE)k−1 = PE,Fmk−1 denotes the prior information of mE, εk−1∼N (0, Ck−1),
Ck−1 = PE,FPk−1PT

E,F ∈ Rp×p denotes the prior error covariance satisfied by mE,
ek ∼ N (0, Ir×r), and ej ∼ N (0, λ−1I(p−1)×(p−1)).

Proceeding analogously, we set m = P†
F,EmF and substitute it into Jb(m), thus obtain-

ing a null space optimization problem in terms of mF.{
(mF)k = (mF)k−1 + ϵk−1,

yk = Hk(mF)k + ek, k = 1, 2, ..., Nh,
(7)

where (mF)k−1 = PF,Emk−1 denotes the prior information of mF, ϵk−1 ∼ N (0, Dk−1), and
Dk−1 = PF,EPk−1PT

F,E ∈ Rp×p denotes the prior error covariance satisfied by mF.
The above decomposition reformulates the optimization problem in Rp into two

subspace problems. This approach effectively solves the computational difficulties caused
by non-square gradient operators and encourages us to continue with Kalman filtering for
the solution.

2.2. Iterative Kalman Inversion Framework

Although the two subproblems have been formulated, further details must be con-
sidered to facilitate numerical implementation. In subproblem (6), the construction of the
weight operator Wj depends entirely on the update of m̄ = Lm. In this section, we consider
obtaining the solution expression of m̄ directly through problem (6).
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According to the definition of the pseudoinverse, L̃m = L̃mE [10], the oblique com-
plement subproblem (6) can be reformulated as the determination of m̄ = LmE ∈ R(p−1),
which yields the following expression.

m̄k = m̄k−1 + ε̄k−1,

yk = H̄km̄k + ek,

0 = m̄k + ēj, k = 1, 2, . . . , Nh,

(8)

where m̄k−1 = Lmk−1 denotes the prior information of m̄, ε̄k−1∼N (0, C̄k−1), C̄k−1 =

LPk−1LT ∈ R(p−1)×(p−1) denotes the prior error covariance satisfied by m̄, H̄k =

HkL̃†
Hk

W−
1
2

j ∈ Rl×(p−1), and ēj ∼ N (0, λ−1Wj).
Furthermore, the two subproblems are solved synchronously according to the defi-

nition in Section 2.1, with their prior information provided by the full space Rp. In this
context, the prior mean and the associated error covariance of m in Rp are denoted by ma

k−1
and Pa

k−1, respectively. This formulation not only enables the iterative Kalman filtering
schemes for subproblems (7) and (8) to be presented separately, but also ensures a strong
coupling between them.

Specifically, for the subproblem defined on the oblique complement space E, the prior
information is provided by (8). Based on the linear relationship between m̄ and the prior
information in Rp, the corresponding forecast step can be expressed as follows:

m̄ f
k = Lma

k−1,

C̄ f
k = LPa

k−1LT ,
(9)

where m̄ f
k and C̄ f

k denote the forecast mean and the forecast error covariance of m̄ in
E, respectively. When k = Nh, the weight operator is updated using the forecast mean
as Wj+1 = diag(|(m̄ f

Nh
)1|, |(m̄

f
Nh
)2|, . . . , |(m̄ f

Nh
)p−1|), which constitutes the key step in

applying the MM strategy within the KF framework to achieve iterative regularization.
Once the forecast information of the state variable m̄ is obtained as in Equation (9),

the observational information in (8) can be incorporated by constructing the augmented

observation equation zk = F̄km̄ f
k + ekj, where zk =

[
yT

k , 0T]T , F̄k =
[
H̄T

k , IT
(p−1)×(p−1)

]T
,

ekj =
[
eT

k , ēT
j

]T
, hereby enabling the update of the forecast state. The explicit formulation

of the observation update step is given below.

m̄a
k = m̄ f

k + K1

(
zk − F̄km̄ f

k

)
,

C̄a
k = (I1 −K1F̄k)C̄

f
k ,

(10)

where m̄a
k and C̄a

k denote the analysis mean and the analysis error covariance of m̄, respec-
tively. I1 ∈ R(p−1)×(p−1) is the identity matrix and K1 denotes the Kalman gain matrix
associated with the iterative process in E,

K1 = C̄ f
k F̄T

k

(
F̄kC̄ f

k F̄T
k + Σ

)−1
. (11)

In this formulation, Σ =

[
Ir×r 0

0 λ−1Wj

]
denotes the covariance matrix of the error term ekj

and serves as the pivotal mechanism through which sparse regularization is incorporated
into the KF framework.
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Subsequently, following the same treatment and incorporating the information in Rp,
the forecast step for the nullspace problem (7) in F can be formulated as follows:

(mF)
f
k = PF,Ema

k−1,

D f
k = PF,EPa

k−1P
T
F,E,

(12)

where (mF)
f
k and D f

k denote the forecast mean and the forecast error covariance of
mF, respectively.

In contrast to the observation update procedure in the oblique complement space E,
the state variable in F is updated directly from the forecast information according to the
observation equation yk = Hkmk

F + ek without invoking additional regularization. The
corresponding update formulas are given by

(mF)
a
k = (mF)

f
k + K2

(
yk −Hk(mF)

f
k

)
,

Da
k = (I2 −K2Hk)D

f
k ,

(13)

where (mF)
a
k and Da

k represent the analysis mean and the analysis error covariance of mF,
respectively. I2 ∈ Rp×p is the identity matrix and the Kalman gain matrix associated with

the iterative process in F is defined as K2 = D f
k HT

k

(
HkD f

k HT
k + Ir×r

)−1
.

Based on the above Kalman filtering procedures, the analysis means and analysis
error covariances for the two subproblems can be obtained separately. According to the
decomposition provided in Equation (4), m̄a

k and (mF)
a
k are subsequently combined to

construct the prior mean in Rp for the next computational step. Considering that the
elements in the two subspaces are not statistically independent, the prior error covariance
at the next step involves Da

k and C̄a
k, as well as their cross-covariance terms. The specific

update formulation is given as follows:

ma
k = L̃†

Hk
W−

1
2

j m̄a
k + (mF)

a
k, (14)

Pa
k = (L̃†

Hk
W−

1
2

j )C̄a
k(L̃

†
Hk

W−
1
2

j )T + Da
k + PE,FPa

k−1P
T
F,E + PF,EPa

k−1P
T
E,F. (15)

Finally, by repeatedly evaluating Equations (9)–(15), Σ is updated iteratively, driving m̄ to
progressively approximate the sparsity pattern associated with l1 regularization. It should
be emphasized that the regularization parameter λ embedded in Σ plays a crucial role
in regulating the sparsity level, and its selection has a significant impact on the overall
regularization performance.

2.3. Adaptive Regularization Parameter Selection

When applying the KF method for iterative sparse inversion, the selection of the
regularization parameter λ determines the sparsity of the solution m̄ in the oblique com-
plement space E, and also influences the overall inversion quality of the solution m in Rp.
Since the initial conditions of the inversion problem are different and the solution tends to
stabilize in the later stages of iteration, a fixed λ is often insufficient to accommodate the
evolving regularization requirements. Therefore, an adaptive parameter selection strategy
is necessary.
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The traditional L-curve method determines the regularization parameter λ by balanc-
ing the residual norm and the solution norm, but the identification of the inflection point is
often sensitive to the geometry of the curve, which limits the stability of curvature-based
selection [35]. To address this limitation, the f-slope method provides a relatively stable
strategy for selecting the regularization parameter. Specifically, it constructs the curve of the
solution norm with respect to the regularization parameter and selects λ corresponding to the
minimum slope of the curve. The reliability of this approach has been well validated [33].

Similar to the L-curve method, the f-slope method can also generate a candidate range
for λ based on the singular value spectrum of the matrix H̄k. Nevertheless, by setting the
upper bound of the interval according to the maximum singular value, this approach tends
to produce overly sparse regularization, which may degrade the inversion quality of the
solution m in this paper (see Section 4.3 for details) . Inspired by the w-GCV method, the
introduction of an interval constraint can effectively reduce the parameter search range and
significantly improve selection efficiency. Accordingly, in this work, an interval constrained
strategy is adopted to enhance the algorithm.

To effectively incorporate the iterative Kalman filter inversion framework with adap-
tive regularization parameter selection, the initial range of regularization parameters is
first defined as [λmin, λmax]. Then, at iteration j, the optimal λk is determined based on the
current observation yk and the model operator H̄k, following the slope function definition
employed in the f-slope method:

H(λ) =
N

∑
i=1

γ2
i

σ4
i λ2

(σ2
i + λ2)3

, (16)

where σi is the singular value of matrix Ĥk, which is obtained by SVD: Ĥk =
N
∑

i=1
σiuivT

i ,

γi = uT
i yk/σi is projection coefficient, and Ĥk = H̄kW

1
2
j = HkL̃†

Hk
. Simultaneously, once

λk is determined at each iteration, the upper bound of the search interval is updated to
this value. The specific update is given by [λmin, λ

(j)
max] = [λmin, λk]. In addition, to

prevent over sparsity and ensure effective sparsity, the upper limit of the search interval
λ
(j)
max = min (λk, µσmax) is set in combination with σi when updating λk, where 0 < µ < 1

while the lower limit λmin = max (λmin, σmin). Finally, each iteration is updated with
λ
(j+1)
max = λ

(j)
max, until the maximum number of iterations stops.

Based on the above improvements, the regularization parameters can be adaptively se-
lected within the iterative Kalman filter framework. In addition, the iterative regularization
process requires a well-defined convergence criterion [36]. According to Kalman filtering
theory, the asymptotic decay of the gain matrix causes the analysis increment to approach
zero. Therefore, in this work, the l2-norm (root mean square error) of the difference between
the analysis and the forecast of the state variable m̄ is adopted as the stopping criterion for
the algorithm, that is ∥∥∥m̄a

k − m̄ f
k

∥∥∥
2
< η, (17)

where η is the preset threshold.
The procedure for initial condition inversion using the Adaptive iterative Kalman

filter inversion method is summarized in Algorithm 1 and Figure 1.

https://doi.org/10.3390/math14091483

https://doi.org/10.3390/math14091483


Mathematics 2026, 14, 1483 9 of 25

Algorithm 1 Adaptive iterative Kalman filter inversion (AIKFI).

Input: H = [H1, H2, . . . , Hn]T , y = [y1, y2, . . . , yn]T , L, m0 = mb, P0 = B, λ
(0)
max = λmax,

λmin, µ, η
1: for j = 1 : iter do
2: mj = mj−1

Wj = diag(|(Lmj)1|, . . . , |(Lmj)p−1|)
3: Pj = Pj−1

4: ma
0 = mj, Pa

0 = Pj; λ0 = λ
(j)
max

5: for k = 1 : Nh do

6: Oblique projection: ma
k−1, Pa

k−1


Formula (9)−−−−−−→ m̄ f

k , C̄ f
k

Formula (12)−−−−−−−→ (mF)
f
k , D f

k
7: λk = G(HkL̃†

Hk
, yk, λmin, λk−1, µ), see Algorithm 2

∑ =

[
Ir×r 0

0 λ−1
k Wj

]
Formula (11)−−−−−−−→ Formula (10)

8: Observation update:

m̄ f
k , C̄ f

k
Formula (10)−−−−−−−→ m̄a

k, C̄a
k

(mF)
f
k , D f

k
Formula (13)−−−−−−−→ (mF)

a
k, Da

k
9: Combined analysis value and error covariance:

m̄a
k, (mF)

a
k

Formula (14)−−−−−−−→ ma
k

C̄a
k, Da

k
Formula (15)−−−−−−−→ Pa

k

10: while
∥∥∥m̄a

k − m̄ f
k

∥∥∥
2
< η do

11: Break
12: end while
13: end for
14: mj = ma

Nh
, Pj = Pa

Nh
; λ

(j)
max = λNh

15: end for
Output: Optimal analysis value mj, regularization parameter λ

(j)
max

Figure 1. The schematic diagram of the AIKFI algorithm.
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Algorithm 2 Adaptive selection of regularization parameters λ∗ = G(H, y, λmin, λmax, µ).

Input: H, y, λmin, λmax, µ

1: SVD: H = UΣVT =
N
∑

i=1
σiuivT

i , γi = uT
i y/σi

λmax = min (λmax, µσmax); λmin = max (λmin, σmin)
I = [λmin, λmax]

2: for λ∗ ∈ I do
3: H(λ∗) = ∑N

i=1 γ2
i

σ4
i λ2
∗

(σ2
i +λ2∗)3

4: end for
5: Select the smallest λ∗ in H(λ): λ∗ = argmin

λ∗∈I
H(λ∗)

Output: regularization parameter λ∗

2.4. Convergence Analysis of the MM Scheme Within the KF Framework

With the algorithmic framework established in the previous discussion, we next
present a rigorous derivation concerning its monotonicity and convergence.

Let m̄(j) be the best estimate at iteration j. Since the constant term does not affect
the minimizer [30], the l1-norm can be replaced by the weighted l2-norm as its surrogate
function by MM method:

f (m̄|m̄(j)) =
1
2
∥m̄∥2

W−1
j+1

, (18)

where the weight matrix Wj+1 = diag(|m̄(j)
1 |, . . . , |m̄(j)

q |). It is worth noting that W needs to
avoid situations where the element is zero, which will be explained below Equation (22).

The corresponding surrogate function satisfies:

f (m̄|m̄(j)) + C(j) ≥ ∥m̄∥1, f (m̄(j)|m̄(j)) + C(j) = ∥m̄(j)∥1, (19)

where C(j) = 1
2∥m̄(j)∥1 is a constant. The surrogate function is an upper bound of the

original objective and coincides with it at the current iteration. Figure 2 illustrates the
construction principle of the surrogate function.

Figure 2. The technical roadmap for constructing the l1-norm surrogate function using the l2-norm.

At each iteration, the next estimate m̄(j+1) is obtained by minimizing the surrogate
function, hence:

https://doi.org/10.3390/math14091483
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f (m̄(j+1)|m̄(j)) + C(j) ≤ f (m̄(j)|m̄(j)) + C(j). (20)

Combining this with the upper bound property gives:

∥m̄(j+1)∥1 ≤ f (m̄(j+1)|m̄(j)) + C(j) ≤ ∥m̄(j)∥1. (21)

Thus the sequence {∥m̄(j)∥1} is monotonically decreasing and bounded below, hence
convergent. The numerical experiment in Section 3.2 verifies the monotonicity.

The above analysis focuses on the l1 penalty term and its alternatives. The objec-
tive function form of the minimization Equation (8) in each iteration of the proposed
algorithm is:

Jo(m̄) =
1
2
∥H̄km̄− yk∥

2
2 +

λ

2
∥m̄∥2

W−1
j+1

, (22)

In the context of iterative sparse regularization, the initial guess is chosen as a non-zero
vector, which guarantees that all diagonal entries of Wj+1 remain strictly positive during
the iterations. So we can define the surrogate function in KF framework as

g(m̄|m̄(j)) = Jo|k=Nh
(m̄). (23)

where Nh is the last observation time for obtaining the best analysis value in each iteration.
Since the objective function Jo(m̄) is convex and the surrogate function g(m̄|m̄(j)) sat-

isfies the majorization conditions defined in Equation (19), the sequence {m̄(j)} generated
by the proposed MM scheme is guaranteed to converge to the global minimizer m̄(∗) of
g(m̄|m̄(j)) [14]:

g(m̄(∗)|m̄(j)) ≤ · · · ≤ g(m̄(j+1)|m̄(j)) ≤ g(m̄(j)|m̄(j)). (24)

Moreover, g(m̄|m̄(j)) itself is monotonically decreasing and bounded below.
In summary, the iteratively weighted l2 regularization problem (3) converges to the

global optimum of the original l1 regularization problem (1), with the objective function
monotonically decreasing to the minimum.

3. Preliminary Verification of Algorithm Based on Real Rainfall Data
To evaluate the efficacy of the iterative sparse regularization algorithm, this section

first presents a preliminary validation using true rainfall data that exhibit discontinuous
characteristics in the gradient domain.

3.1. Rainfall Data and Parameter Settings

Rainfall fields are characterized by sharp gradients and inherent discontinuities in
their first-order derivatives. The proposed AIKFI method, which incorporates l1-norm
sparse regularization, is therefore particularly well-suited for reconstructing such structures.
In this study, the NEXRAD reflectivity snapshot acquired at the TRMM GV site (HSTN)
in Houston, Texas, on 13 November 1998 (00:02:00 UTC) (https://www.ncei.noaa.gov/
nexradinv/chooseday.jsp?id=KHGX&Submit=Submit, accessed on 21 April 2026) is taken
as the high-resolution ground-truth state, denoted as m.

Once an initial guess is established, it must be corrected by incorporating obser-
vational information. The observation operator corresponds to a downscaling operator,
denoted as A ∈ Rr×p with r ≪ p, which serves as a linear approximation of the sen-
sor’s resolution-degrading process. To facilitate a mathematically tractable formulation, the
downscaling operator is assumed to be translation-invariant and is factorized as the product
of a smoothing operator C ∈ Rp×p and a down-sampling operator D ∈ Rr×p, i.e., A = DC.
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Specifically, the smoothing operator C is implemented as a uniform averaging kernel
of size sc × sc:

KC =
1
s2

c


1 1 · · · 1
1 1 · · · 1
...

...
. . .

...
1 1 · · · 1


sc×sc

. (25)

The down-sampling operator D extracts one sample every sc points from the smoothed
field. For illustrative purposes, consider a simple case with sc = 2. The transpose of the
down-sampling operator, DT , acts as an up-sampling operator that maps a coarse 3× 3 field
back to a fine 5× 5 grid by inserting zeros at the interleaved positions, as sketched below:

1 1 1
1 1 1
1 1 1

 DT
−→
←−
D


1 0 1 0 1
0 0 0 0 0
1 0 1 0 1
0 0 0 0 0
1 0 1 0 1

. (26)

For computational feasibility and clarity of presentation, the analysis is conducted on
a 40× 40 subdomain capturing a representative extreme precipitation event. In the Kalman
filter implementation, all two-dimensional fields are flattened into one-dimensional vectors,
and the corresponding matrix representations of the operators are constructed according to
the two-dimensional convolution kernels defined above.

In the experiments concerning the extreme precipitation region, down-sampling fac-
tors of sc = 4 and sc = 8 are employed, producing low-resolution observations at spatial
scales of 4× 4 km and 8× 8 km, respectively. The low-resolution observation b is generated
by substituting m into the observation equation b = Am+ eb, where eb ∼ N (0, R) denotes
the observation noise with covariance R = σ2

r I and σr = 0.08.
This section is solely concerned with investigating the feasibility of the proposed

algorithm for the intended application. To this end, the structural fidelity of the precipitation
field is quantitatively assessed using the Structural Similarity Index (SSIM):

SSIM =
(2µtµa + C1)(2σta + C2)

(µ2
t + µ2

a + C1)(σ
2
t + σ2

a + C2)
. (27)

where, µt and µa denote the mean values of the ground-truth and analysis fields, respec-
tively; σ2

t and σ2
a represent their respective variances; and σta is the covariance between

the two fields. The constants are defined as C1 = (K1L)2 and C2 = (K2L)2, where L is
the dynamic range of the data (max(m)−min(m)), K1 = 0.01, and K2 = 0.03. The SSIM
quantifies the fidelity with which the reconstructed field preserves the spatial structure,
texture, edges, and patterns present in the ground-truth field [37]. Its value ranges from −1
to 1, with values closer to 1 indicating higher structural similarity. Consequently, a larger
SSIM value corresponds to superior reconstruction performance.

3.2. Preliminary Validation Test Results

The primary objective of this experiment is to validate the effectiveness of the iter-
ative l2 regularization scheme. To this end, a comparative analysis is first conducted be-
tween the proposed iterative sparse regularization approach and an unregularized Kalman
filter implementation. The comparison examines both the visual quality of the recon-
structed fields and the corresponding SSIM error metrics for the corrections at 4× 4 km and
8× 8 km observations. The results obtained from this analysis substantiate the efficacy
of the iterative l2 regularization method. Subsequently, the sparsity-promoting behavior
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of the iterative algorithm and its monotonic convergence stability are demonstrated by
tracking the evolution of the number of sparse components, quantified by (Lm)i, and the
l1-norm |Lm|1 throughout the iterative process.

Notably, precipitation fields inherently contain sharp discontinuities (e.g., a gradient
drop from 40 to 0), resulting in a naturally sparse first-order difference field. Given the
two-orders-of-magnitude dynamic range of the reflectivity gradients, variations below
10−2 are regarded as numerically sparse throughout this experiment.

As shown in Table 1, for the region characterized by concentrated extreme rainfall, the
SSIM values exhibit consistent improvement for both the 4× 4 km and 8× 8 km observational
resolutions. This demonstrates that the iterative l2 regularization scheme effectively promotes
sparsity, thereby enabling better preservation of sharp precipitation boundaries and extreme
peak intensities. As a result, the reconstructed high-resolution rainfall field displays enhanced
structural consistency with the spatial patterns of the ground-truth field.

Figure 3 provides a more intuitive visual comparison of the reconstruction perfor-
mance with and without sparse regularization. It is evident that the incorporation of
iterative sparse regularization yields substantially improved fidelity in the spatial localiza-
tion of extreme precipitation events. Notably, this enhancement is not confined solely to the
accurate delineation of high-intensity rainfall cores; the reconstruction of light-precipitation
regions also benefits markedly. This is due to the regularized approach effectively suppress-
ing spurious noise, thereby better preserving the true spatial structure of both weak and
strong rainfall. The resulting maps exhibit sharper boundaries, reduced false dispersion,
and a more faithful representation of the continuous precipitation field.

Table 1. SSIM comparison of Kalman filter correction results under low-resolution observations of
4 × 4 km and 8 × 8 km.

Observations Versus True Iterative Sparse Regularization Without Sparse Regularization

4 × 4 km 8 × 8 km 4 × 4 km 8 × 8 km 4 × 4 km 8 × 8 km

SSIM 0.7667 0.5458 0.9077 0.8953 0.8494 0.8438

Figure 3. Cont.
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Figure 3. Reconstruction effect in extreme rainfall area. (a) True rainfall reflectivity. (b,c) 4× 4 km
and 8× 8 km observations. (d,e) Correction results without sparse regularization. (f,g) Correction
results with sparse regularization.

Throughout the optimization process, the number of gradient components (Lm)i

that are driven toward sparsity increases progressively. As illustrated in Figure 4a, as
the iteration index j advances, the count of components satisfying (Lm)i < 10−2 rises
from an initial value of 60 to approximately 620. This trend clearly demonstrates that the
iterative l2 regularization scheme effectively promotes sparsity. Furthermore, Figure 4b
reveals that the l1-norm of the gradient information ∥Lm∥1 decreases monotonically with
successive iterations and eventually stabilizes. This behavior confirms that the iterative l2
regularization approach ensures convergence of the regularization term.

0 10 20 30 40 50j

200

300

400

500

600

Number of sparse components (Lm)
i

(a)

0 10 20 30 40 50

155

160

165

170

||Lm||
1

j

(b)

Figure 4. Evolution of the Sparsity of Gradient Information Lm During the Correction of 4× 4 km
Observations Using the Iterative Sparse Regularization Kalman Filter. (a) Variation in the number
of sparse components (Lm)i < 10−2 of the gradient information throughout the correction process.
(b) Variation in the l1-norm ∥Lm∥1 of the gradient information throughout the correction process.

4. Comparative Experiment Based on the Convection–Diffusion Equation
To further verify the reliability and effectiveness of the proposed algorithm and

facilitate comparison with existing methods, the initial conditions reported in [5] are
adopted, while the convection–diffusion equation serves as the numerical model.

https://doi.org/10.3390/math14091483

https://doi.org/10.3390/math14091483


Mathematics 2026, 14, 1483 15 of 25

4.1. Convection–Diffusion Equation

The one-dimensional convection–diffusion equation can be regarded as a linear Burg-
ers equation with a constant advection velocity. The initial value problem for the state
variable m(x, t) is given by:

∂m(x, t)
∂t

+ υ
∂m(x, t)

∂x
= Υ

∂2m(x, t)
∂x2 , (x, t) ∈ [0, L]× [0, T],

m(0, t) = m(L, t), t ∈ [0, T],

mx(0, t) = mx(L, t), t ∈ [0, T],

m(x, 0) = ϕ(x), x ∈ [0, L],

(28a)

(28b)

(28c)

(28d)

where υ denotes the convection velocity and Υ denotes the diffusion coefficient. In this
paper, we set L = 4π, T = 1, υ = 2 and Υ = 0.2. ϕ(x) is the initial condition; two
representative types are considered in this study. The first type is the Flat Top Hat (FTH)
condition with

ϕ(x) := ϕFTH(x) =

1, x ∈ [0, β1) ∪ (β2, L],

2, x ∈ [β1, β2],
(29)

and the second type is the Windowed Sine (WS) condition with

ϕ(x) := ϕWS(x) =


1, x ∈ [0, β1) ∪ (β2, L],

1− 1
2 sin

(
2π

x− β1

β2 − β1

)
, x ∈ [β1, β2].

(30)

To facilitate the subsequent numerical experiments, the problem is solved using a
numerical discretization. The spatial domain is first discretized into p equidistant nodes, de-
noted by xs = s∆x, s = 0, 1, . . . , p− 1, where p = 1024 and the spatial step size is ∆x = L

p . In
Equations (29) and (30), the parameters are set as β1 = 180∆x and β2 = 300∆x. The solution
vector at the discrete points is defined as m(t) = [m(x0, t), m(x1, t), . . . , m(xp−1, t)]T . The
periodic boundary conditions are given by m(x−1, t) ≡ m(xp−1, t) and m(x0, t) ≡ m(xp, t).
Using the central difference scheme, Equation (28) can then be transformed into the follow-
ing initial-value problem of ordinary differential equations.

dm
dt

= Dm,

m(0) = [ϕ(x1), ϕ(x2), . . . , ϕ(xp−1)]
T .

(31a)

(31b)

At this point, the solution to Equation (31) can be expressed as:

m(t) =M0,tm(0) = FeΛtF−1m(0), t ∈ [0, T], (32)

whereM0,t ∈ Rp×p denotes the linear evolution operator, which can be expressed via the
eigenvalue decomposition of the matrix D as D = FΛF−1. Here, Λ = diag(Λ0, Λ1, . . . , Λp−1)

is a diagonal matrix whose diagonal entries are the eigenvalues Λs of D, given by
Λs = − 4Υ

∆x2 sin2 (πs
p ) + i υ

∆x sin ( 2πs
p ) for s = 0, 1, . . . , p− 1, where i is the imaginary unit.

F ∈ Cp×p is the discrete Fourier transform matrix with entries Fk,j = e
−2πikj

p , satisfying
F−1 = 1

p FH , the superscript H denoting the conjugate transpose.

https://doi.org/10.3390/math14091483

https://doi.org/10.3390/math14091483


Mathematics 2026, 14, 1483 16 of 25

4.2. Parameter Settings and Evaluation Metrics Selection

Once the accurate initial conditions are given as described in Equations (29) and (30),
the state variable m(t) will provide correct forecast results in time under the forward
prediction model (32). In practical applications, the initial conditions are usually difficult
to obtain due to some factors such as estimation uncertainty or measurement inaccuracy.
In such cases, it becomes necessary to correct the initial conditions using observational
data. The initial guess to be corrected in this paper is ϕg(x) = ϕ(x) + ε, where ε follows a
Gaussian distribution N (0, B), and ϕ(x) is set to either ϕ(x) or ϕ(x + θ) + ϑ (with θ = 10,
ϑ = −0.2 in this study). The background error covariance is uniformly expressed as
B = σ2

b CB ∈ Rp×p, where σb = 0.1,

CB = CB1 = I, CB = CB2 =


ρ(0) ρ(1) · · · ρ(p)

ρ(1) ρ(0)
. . .

...
...

. . . . . . ρ(1)
ρ(p) · · · ρ(1) ρ(0)

. (33)

Specifically, CB1 corresponds to a white noise model with a small condition number, indicat-
ing that the state variables are uncorrelated across spatial grid points. In contrast, CB2 rep-
resents a colored noise model with a larger condition number, reflecting that the state vari-
ables exhibit spatial correlations. Its structure function is given by ρ(τ) ∝ e−α|τ|(1 + α|τ|),
where τ denotes the spatiotemporal lag and α is a parameter controlling the decay rate of
correlation. The characteristic correlation length of the model is therefore α−1.

In this section, six types of initial guesses are set and grouped into three categories for
the grouping experiment as follows:

ϕ1
g = ϕFTH(x) + ε1, ϕ2

g = ϕWS(x) + ε1, (34a)

ϕ3
g = ϕFTH(x + θ) + ϑ + ε1, ϕ4

g = ϕWS(x + θ) + ϑ + ε1, (34b)

ϕ5
g = ϕFTH(x) + ε2, ϕ6

g = ϕWS(x) + ε2, (34c)

where ε1 ∼ N (0, σ2
b CB1), ε2 ∼ N (0, σ2

b CB2). The initial guesses in Equation (34a) corre-
spond to a background error covariance matrix with a small condition number. Those in
Equation (34b) represent a large deviation between the background and true values, while
those in Equation (34c) correspond to a background error covariance matrix with a large
condition number.

At this stage, the initial guess of the model must be corrected using actual observational
data. Accordingly, the assimilation time window is uniformly divided into Nt + 1 time
instants tn = n∆t, n = 0, 1, 2, . . . , Nt, with the number of time steps set to Nt = 500
and the time step size is ∆t = T

Nt
. Observations are taken at equally spaced intervals

tk = t0 + (k− 1)∆h, k = 1, 2, . . . , Nh, where ∆h = 125∆t and the number of observations
is Nh = 5. The observation operator H ∈ Rr×p, with r = p

4 = 256, is defined to map
information from the high-dimensional state space to the low-dimensional observation
space. Its explicit form is

H =
1
4


1, 1, 1, 1, 0, 0, 0, 0, · · · 0, 0, 0, 0
0, 0, 0, 0, 1, 1, 1, 1, · · · 0, 0, 0, 0

. . .
...

...
...

0, 0, 0, 0, 0, 0, 0, 0, · · · 1, 1, 1, 1

. (35)

The observation data bk are obtained from the observation equation bk = Hmk + ek, where
ek ∼ N (0, R) denotes the observation noise with standard deviation σr = 0.08. That is, the
error covariance at all observation times is set to R = σ2

r I ∈ Rr×r.
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Three error metrics are employed in this study: the relative mean squared error (MSEr),
the relative mean absolute error (MAEr), and the relative bias (BIASr).

MSEr =
∥∥mt

0 −ma
0
∥∥

2/
∥∥mt

0
∥∥

2,

MAEr =
∥∥mt

0 −ma
0
∥∥

1/
∥∥mt

0
∥∥

1,

BIASr = |E
(
mt

0 −ma
0
)
|/|E(mt

0)|,
(36)

where mt
0 denotes the true initial value, ma

0 is the analysis, and E(·) represents the expected
value. In fact, both MAEr and MSEr are average errors. MSEr is more sensitive to outliers
and thus generally larger than MAEr, while BIASr measures the degree to which the
analysis deviates from the truth.

4.3. Experimental Results

In this subsection, a comparison is first made between AIKFI and l1-norm R4D-Var,
which illustrates the feasibility of the algorithm. Meanwhile, the process of adaptive
selection of the regularization parameter is carried out to display its active role during two
types of initial conditions. Then, the adaptability of the AIKFI algorithm was investigated
using colored-noise models with different correlation lengths. This analysis highlights the
advantages of the KF framework in simultaneously improving the analysis state estimate
and providing the corresponding analysis error covariance. In addition, the influence of
the regularization parameter on the algorithm’s ability to correct the evolution from the
initial state was further investigated.

The AIKFI algorithm aims to achieve l1 sparsity of m̄ iteratively by adaptively ad-
justing the regularization parameter, thereby reconstructing the initial condition m(0) via
Equation (14a). To validate the effectiveness of the proposed algorithm, several typical initial
guesses are selected for correction, with the preset threshold uniformly set to η = 10−3.

4.3.1. Small Condition Number of the Background Error Covariance Matrix

First, the initial guesses ϕ1
g and ϕ2

g are adopted to verify the feasibility of the algorithm
under the setting of a background error covariance matrix with a small condition number.
The details of these initial guesses are illustrated in Figure 5a,d, and the corresponding
correction results are compared with those obtained by 4D-Var. It is found that both the
AIKFI and the l1-norm R4D-Var [5] can effectively retrieve key features. The three error
metrics (MSEr, MAEr, and BIASr) of the inversion results are presented in Table 2. For WS-
type initial guesses, the AIKFI algorithm yields slightly better results than l1-norm R4D-Var
across all error metrics. For FTH-type initial guesses, the MAEr of AIKFI is slightly higher
than that of l1-norm R4D-Var, but it still achieves an accuracy on the order of O(10−2). This
behavior arises because, unlike l1 regularization, l2 regularization compresses the state
variable m̄ toward zero without forcing exact sparsity, producing a smoothing effect when
inverting initial guesses with discontinuous features such as FTH.

Table 2. Comparison of the inversion results obtained by the AIKFI and l1-norm R4D-Var algorithms
for the initial guesses ϕ1

g and ϕ2
g in terms of MSEr, MAEr, and BIASr.

MSEr MAEr BIASr

AIKFI R4D-Var AIKFI R4D-Var AIKFI R4D-Var

FTH 0.0174 0.0185 0.0104 0.0091 0.0014 0.0038
WS 0.0241 0.0288 0.0161 0.0215 0.0016 0.0037
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Figure 5. Different types of initial guesses. (a,d) correspond to ϕ1
g and ϕ2

g. (b,e) correspond to ϕ3
g and

ϕ4
g. (c,f) show enlarged views of ϕ3

g and ϕ4
g over the interval x ∈ [150∆x, 350∆x]. The horizontal axis

represents the spatial node index s in all subfigures, and the vertical axis denotes the corresponding
solution ϕ(xs), s = 0, 1, . . . , 1023.

4.3.2. Large Deviation of the Background from the True State

The above procedure demonstrates the feasibility of the AIKFI algorithm in inverting
initial conditions. To further investigate the adaptive capacity of the algorithm, the initial
guesses ϕ3

g and ϕ4
g are selected for experimentation, as shown in Figure 5b,e. In practical

applications, insufficient or incomplete information of the initial conditions may readily
lead to such types of initial guesses. Nevertheless, the developed algorithm is still capable
of effectively retrieving the key features, with the inversion results presented in Figure 6a,b.
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(a) The analysis value of ϕ3
g
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(b) The analysis value of ϕ4
g

Figure 6. Correction results of the initial guesses ϕ3
g and ϕ4

g via the AIKFI algorithm.

During the correction process of initial guesses such as ϕ3
g and ϕ4

g, the adaptive selec-
tion scheme for the regularization parameter employed by the AIKFI algorithm plays a
crucial role. In this set of experiments, for the FTH-type initial guess, the initial selection
interval of the regularization parameter is set to [5, 100] with µ = 0.1. As shown in Figure 7a,
the regularization parameter gradually decreases from 70 to 5 as the iteration proceeds,
and remains close to 5 for computational times t(j)

k ≥ 10.
In the experiment for the WS-type initial guess, the initial selection interval is set to

[1, 50] with µ = 0.03 while the regularization parameter gradually decreases from 21 to 2
and stabilizes around 2 for t(j)

k ≥ 20, as depicted in Figure 7b. These results indicate that
the proposed adaptive algorithm automatically reduces the regularization parameter as the
sparsity of the iterative solution increases, thereby demonstrating its adaptability under
different initial conditions.

https://doi.org/10.3390/math14091483

https://doi.org/10.3390/math14091483


Mathematics 2026, 14, 1483 19 of 25

(a) (b)
Figure 7. Adaptive regularization parameter selection during the correction process using the
AIKFI algorithm. (a) Regularization parameter selection for the correction of ϕ3

g. (b) Regularization
parameter selection for the correction of ϕ4

g. The horizontal axis denotes the computation time, whose

relationship with the iteration index j and the observation time k is given by t(j)
k = k(j− 1) + k. The

small image in the upper right corner of the figure represents an enlarged display of the shaded area.

4.3.3. Large Condition Number of the Background Error Covariance Matrix

Next, under the background error covariance matrix with a large condition number,
the initial guesses are taken as ϕ5

g and ϕ6
g. For the correction experiment with ϕ5

g, the
correlation length in the structure function of the background error covariance matrix is set
to α−1 = 25, resulting in a condition number of 107 for the matrix. The initial interval for
the regularization parameter is chosen to be [20, 100] with µ = 0.5. For the correction experi-
ment with ϕ6

g, the correlation length is set to α−1 = 50, corresponding to a condition number
of 108, and the initial interval for the regularization parameter is [1, 50] with µ = 0.03. The
details of these two initial guesses are illustrated in Figure 8a and 8d, respectively.

Figure 8 illustrates the iterative optimization process of this group of experiments.
It can be observed that the initial guess deviates significantly from the true value and
exhibits large uncertainty. After the iterative optimization via the AIKFI algorithm, not
only are the key features effectively inverted, but the uncertainty of the state variables is
also remarkably reduced, which preliminarily validates the numerical stability of the AIKFI
algorithm under the background error covariance matrix with a large condition number.

Figure 9 further presents the sparsification effect in the gradient space corresponding
to the initial guess correction results in Figure 8. It can be seen that the initial guesses
ϕ5

g and ϕ6
g have no sparsity in the gradient space, and they gradually become sparse in

the gradient space after the iterative optimization by the AIKFI algorithm, indicating that
the corrected initial guess becomes gradually smooth, which is consistent with the results
shown in Figure 8.

Notably, the sparsification effect is already evident at the first iteration (j = 1) and is
progressively reinforced thereafter. This behavior stems from the adaptive reweighting
matrix W and distinguishes the proposed method from standard l2 regularization, as it
effectively promotes an l1-like sparsity in the gradient domain.

These results indicate that the proposed algorithm remains effective for large condi-
tion numbers of the background error covariance matrix, demonstrating its adaptabil-
ity beyond the small-condition-number case. To further investigate the relationship
between the inversion results and the condition number of the background error co-
variance matrix, the colored noise model B = σ2

b CB2 is adopted as the background
error covariance matrix, with a relatively wide range of applicable correlation lengths,
α−1 ∈ {1, 5, 25, 50, 100, 500, 1000, 3000}, corresponding to the condition number of the
background error covariance matrices ranging from 102 to 1014.
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Figure 8. Iterative assimilation performance and uncertainty evolution during the correction process
using the AIKFI algorithm. (a,d) show the initial guesses ϕ5

g and ϕ6
g together with their uncertainties,

where the correlation lengths in the structure function of the background error covariance matrix
are set to α−1 = 25 and α−1 = 50, respectively. (b,e) present the assimilation results and their
uncertainties after 1st iteration of the AIKFI algorithm for ϕ5

g and ϕ6
g. (c,f) display the final results, i.e.,

the assimilation results and their uncertainties after the 3rd iteration.
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Figure 9. Sparsity evolution in the gradient information during the iterative correction process using
the AIKFI algorithm. (a) Sparsity evolution for the correction of the initial guess ϕ5

g in Figure 8a.
(b) Sparsity evolution for the correction of the initial guess ϕ6

g in Figure 8d. The j denotes the iteration
index. The horizontal axis represents point s = 1, 2, . . . , 1023, while the vertical axis denotes the
corresponding gradient information of the initial guess m̄ = Lm ∈ R1023.

The above range of condition numbers for the background error covariance matrix,
as shown in Figure 10 for both FTH-type and WS-type initial guesses, are shown. Unlike
l1-norm R4D-Var, where all three types of errors gradually increase with the condition
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number, AIKFI algorithm shows a gradual decrease in error. Specifically, the MAEr and
MSEr of the results corrected by the AIKFI algorithm are both below 0.035 and decrease
further as the condition number increases. BIASr shows a stable trend as the condition
number increases, and always remains below 0.005.

In the colored noise model, this phenomenon arises because a higher condition number
of the background error covariance matrix corresponds to a larger correlation length α−1,
which leads to stronger correlations among the elements in the matrix. It should be clarified
that this coupling between the condition number and correlation length not only causes
the initial guess to become smoother but also makes it gradually deviate from the true
state—this characteristic is intuitively reflected in Figure 8d. Therefore, the error trend
reported in Figure 10 reflects not only the effect of ill-conditioning itself but also the change
in the smoothness of the initial guess structure. Nevertheless, the algorithm proposed in this
paper demonstrates stronger robustness to ill-conditioned phenomena and thus remains
unaffected by the ill-conditioned matrix within the selected condition number range.

It can thus be concluded that the proposed algorithm remains effective for background
error covariance matrices with condition numbers ranging from 102 to 1014. Moreover,
according to the correction experiments for the initial guesses ϕ3

g and ϕ4
g, the regulariza-

tion parameters play a crucial role in the adaptability of an algorithm under different
initial conditions.

0 5

X

0
5Y

MSE
r

MAE
r

BIAS
r

Figure 10. Variation in MSEr, MAEr, and BIASr with respect to the condition number of the back-
ground error covariance matrix. Error bars denote the error variance at each point. (a,b) show the
errors of the corrected FTH- and WS-type initial guesses obtained using the AIKFI algorithm, respec-
tively. (c,d) present the corresponding errors obtained using the l1-norm R4D-Var algorithm, which
uses cross-validation to select regularization parameters [5]. The initial guess is ϕg(x) = ϕ(x) + ε

same to (34c); the correlation length in the structure function of the background error covariance
matrix varies within α−1 ∈ {1, 5, 25, 50, 100, 500, 1000, 3000}, corresponding to condition numbers
ranging from 102 to 1014.

Therefore, to further verify the crucial role of the adaptive regularization parameter
selection scheme in improving inversion quality, two sets of experiments were conducted.
In the first set, the initial guess ϕ5

g, which is shown in Figure 8a, was corrected using
the AIKFI algorithm with a fixed regularization parameter λ = 10, and the results were
compared with those shown in Figure 8c, where the regularization parameter was selected
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adaptively. Regardless of whether adaptive regularization was employed, the AIKFI
algorithm was able to correct the initial condition evolution up to T = 3, which significantly
exceeds the assimilation window [0, 1], as illustrated in Figure 11b,c. This observation
indicates that the adaptive algorithm proposed in this paper can gradually reduce the
degree of regularization required by the problem during the iterative process, even when
the upper bound of the regularization parameter is very large.

In the second set of experiments, the initial guess ϕ6
g, which corresponds to the case

shown in Figure 8d, was corrected using the AIKFI algorithm in which the regularization
parameter was selected adaptively by the f-slope algorithm without interval restrictions,
and the results were compared with those presented in Figure 8f. As shown in Figure 11e,f,
the f-slope algorithm without interval restrictions fails to achieve the performance of the
interval-restricted f-slope algorithm, which is proposed in this study. Specifically, the key
features of the state cannot be effectively recovered, which consequently prevents the
algorithm from producing accurate temporal evolution. These results demonstrate that the
adaptive scheme adopted in this study improves the adaptability of the AIKFI algorithm,
thereby enhancing the overall inversion quality.

Figure 11. Error in the spatial evolution between the assimilation results and the true states. The
dotted line in the figure represents the end of the assimilation window where T = 1. (a,d) show
the evolution of the true states for FTH-type and WS-type, respectively. (b,e) present the absolute
errors of the spatial evolution of the analyzed states corresponding to Figure 8c,f relative to the true
evolution. (c) depicts the absolute error of the evolution result for the corrected WS-type initial guess
in Figure 8a using a fixed regularization parameter in AIKFI, while (f) shows the corresponding error
for the corrected WS-type initial guess in Figure 8d obtained with the unconstrained f-slope method.

5. Discussion
In this work, we address the degradation of inversion quality caused by large condition

numbers of the background error covariance matrix when applying generalized Lasso in
4D-Var. To this end, we develop an Adaptive iterative Kalman filter inversion (AIKFI)
algorithm based on the majorization–minimization (MM) strategy. The method formulates
the generalized Lasso objective using a gradient operator, transforms it into a weighted
least-squares problem via the MM approach, and employs oblique projection to mitigate
computational issues arising from the rank deficiency of the gradient matrix. Finally, an
improved f-slope method is adopted to adaptively select the regularization parameter,
enabling robust inversion within the Kalman filtering framework.

A preliminary validation of the algorithm’s sparsity-promoting capability is first
conducted using real rainfall data to demonstrate its ability to capture gradient features. The
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feasibility and adaptability of the AIKFI algorithm are further evaluated through numerical
experiments on the initial-condition inversion of a one-dimensional convection–diffusion
equation. For the first set of initial guesses ϕ1

g and ϕ2
g, AIKFI is compared with the l1-norm

R4D-Var method, and both successfully recover the key features of the true state. For
the second set ϕ3

g and ϕ4
g, AIKFI still reconstructs the essential features despite limited

initial information, demonstrating the role of adaptive regularization. The third set ϕ5
g

and ϕ6
g further confirms the algorithm’s adaptability, as AIKFI effectively recovers key

features for background error covariance matrices with condition numbers ranging from
102 to 1014. In particular, when the condition number lies between 108 and 1014, the
reconstruction errors remain small, with MSEr and MAEr below 0.01 and BIASr below 0.005.
Additional experiments using a fixed regularization parameter and an unconstrained f-
slope method further demonstrate the effectiveness of the proposed adaptive regularization
scheme. It is worth noting that the lower bound of the search interval for the regularization
parameter is critical to the inversion performance and should be determined based on the
initial conditions.

The validity of the current algorithm was demonstrated through the retrieval of
the initial field of the linear convection–diffusion equation. However, when a nonlinear
forward prediction model is involved, the Ensemble Kalman filter can be considered to
replace the linear Kalman filter. In this case, whether the method of adaptive selection of
the regularization parameters is feasible still deserves further research, which will provide
a potential application value for the sparsity of weight parameters in the neural network
training process.
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