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Abstract

This study develops a risk-informed pricing framework for maintenance contracts in
the trucking industry. We apply a comprehensive methodology combining statistical
segmentation, cost analysis, and Value at Risk (VaR) modeling to a dataset of nearly
2000 contracts. Contracts were grouped by duration and truck usage, and distributions
were fitted to estimate costs and compute risk premiums. Two pricing models are proposed:
a traditional VaR-based approach and an adaptive model that incorporates distribution
tail heaviness. Results show that the adaptive model resolves the counterintuitive decline
in prices at higher risk levels and yields more stable, flexible premiums. These findings
underscore the importance of tail-risk metrics in contract pricing to better capture cost
uncertainty. The approach supports more accurate risk management and sustainable
pricing strategies for maintenance services.

Keywords: pricing strategies; maintenance contracts; value at risk; risk analysis; trucking
industry; industrial mathematics

MSC: 91G70

1. Introduction

It is common practice for individuals to enroll in warranty or service agreements with
a view to safeguard their possessions. This trend is also evident in the automotive industry,
where purchasing a vehicle mandates signing an insurance policy, with certain brands
offering additional subscription options for maintenance contracts [1].

Ensuring adequate maintenance of trucks is pivotal to guaranteeing their safety, perfor-
mance, and reliability. Given the strenuous working conditions they endure—encompassing
long distances, heavy loads, and diverse weather and road conditions—maintaining trucks
in optimal operational condition is imperative. Maintenance contracts have received signif-
icant attention due to increased profits for the service providers and reduction in risk for
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owners through expert services provided by the service providers. To make maintenance
contracts more effective, there is a need to develop mathematical models and understand
future costs that could be built into the contract price [2,3].

A maintenance contract is a legal agreement between a service provider and a client that
covers the costs of both preventive and corrective maintenance services over a specified period.
The client pays a fixed upfront fee in exchange for the service provider’s commitment to provide
maintenance services during the contract period. Maintenance contracts play a crucial role in
ensuring the reliability, safety, and long-term performance of industrial assets, particularly in
sectors such as transportation and logistics. In the trucking industry, vehicles operate under
demanding conditions, including long distances, heavy loads, and varying environmental
factors, making maintenance both essential and costly. As a result, many companies rely on
maintenance contracts to transfer operational risk and ensure predictable service costs. Given
the unpredictable nature of maintenance costs, determining the appropriate break-even price
for such a contract is a significant challenge [4,5]. From a pricing perspective, maintenance
contracts share similarities with non-life insurance products, where premiums must reflect both
expected costs and underlying uncertainty. Early studies in this area have emphasized the
importance of stochastic modeling and cost variability, particularly in high-value assets such as
aircraft engines [6]. More recent contributions have extended these approaches by incorporating
uncertainty in repair processes, operational conditions, and contract structures [7], as well as
learning effects, optimized maintenance policies, and information asymmetry [8]. Furthermore,
data-driven approaches have gained increasing attention, enabling more accurate pricing by
leveraging historical contract data and predictive analytics [3].

Recent literature [9] has emphasized the importance of data-driven and risk-based
approaches for pricing maintenance contracts, highlighting their strong analogy with
insurance products where premiums should reflect the underlying risk exposure to mitigate
adverse selection.

A key challenge in this context is the incorporation of risk into pricing decisions.
Among the various risk measures available, Value at Risk (VaR) has become one of the
most widely used due to its simplicity and interpretability [10,11]. However, despite its
widespread adoption, VaR has well-documented limitations, particularly its inability to
adequately capture extreme tail events and the severity of losses beyond the selected confi-
dence level [12]. These limitations are especially relevant in maintenance cost modeling,
where rare but high-impact events may significantly affect profitability.

Alternatives like Expected Shortfall enhance foundational risk measures by accounting
for tail loss severity, providing coherence via subadditivity and positive homogeneity to
aid risk aggregation and utility maximization in fat-tailed scenarios [13]. Developments
such as modified Expected Shortfall for market robustness and the Wang transform [14]
for tunable tail sensitivity offer nuanced tail risk tools, validated through backtesting [15].
Despite this, Value at Risk, with its simple quantile-based approach for benchmarking
losses, remains useful in pricing maintenance contracts for trucking fleets, supporting
efficient cost forecasting and compliance under usage limits.

The primary objective of this work is to develop a risk-informed pricing framework for
maintenance contracts that addresses some of those limitations. Using a dataset of nearly
2000 contracts, covering either new and used trucks, we first construct statistically homoge-
neous cost groups based on contract characteristics. We then apply a VaR-based pricing model
and identify a key limitation: the failure of premiums to increase monotonically with higher
confidence levels. To overcome this issue, we propose an adaptive pricing model that explicitly
incorporates the tail behavior of the cost distribution through a quantitative metric. This ap-
proach provides a flexible framework that adjusts pricing formulas according to the underlying
distributional properties, leading to more consistent and robust premium structures.
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This may be of the utmost importance to transport companies, fleet managers, leas-
ing companies or insurers seeking to forecast the associated costs of automotive/heavy
trucks maintenance.

In the following sections an overview of the dataset is presented, followed by the
results from applying a pricing strategy based on the Value at Risk. In Section 4, a new
mathematical model to overcome the problems arising from the VaR strategy is defined
leading to the conclusions presented at the end of this paper.

2. Cost Analysis

In maintenance contracts, the prices set by the service-providing company strive to be
competitive in the current market while also aligning with the company’s vision regarding
potential costs during the contract period. Therefore, it is essential to consider the entire history of
previous contracts to establish a value that encompasses all known costs. The costs of a contract
typically include preventive and corrective maintenance services, spare parts and corresponding
labor hours. For confidentiality reasons, the costs are presented in monetary units (M.U.).

These contracts can be linked to automobile insurance, as the process is quite similar.
In non-life insurance, particularly in automobile insurance, policyholders are typically
categorized into risk groups, with all members of the same group paying the same premium
designated as an “a priori” premium, which is later updated based on their costs during
the first year of the contract [16]. This methodology was adapted for the work presented
here, creating risk groups, later referred to as cost groups, based on the historical costs of
contracts, with the difference being that the established premiums are not updated.

This section conducts an analysis of the costs of 1901 maintenance contracts, related to
new and used long-distance trucks, insured by a Portuguese-based industrial group. These
trucks are divided into two ranges, D-range and T-range, which are considered differently
by the company that owns the contracts, regarding the different characteristics and prices
of each range. This initial cost analysis aims to create groups of contracts whose costs are
significantly different from each other. All statistical tests performed in this section were
conducted using a significance level of 0.05.

2.1. Average Annual Cost

The duration of a maintenance contract plays a crucial role in determining its cost.
Generally, longer contracts are expected to incur higher costs for the company compared
to shorter ones. This is due to the wear and tear that occurs over time, resulting in more
frequent and expensive repairs over the contract period.

In aiming to create heterogeneous cost groups, the initial step involves comparing costs
across various contracts. However, this set of contracts exhibits a wide range of durations.
Consequently, total cost may not be the most appropriate metric for comparing contract
costs. This is because contracts with vastly different durations would naturally incur
significantly different costs, making it challenging to establish meaningful cost comparisons.

To address this issue, the average annual cost variable was considered. This variable
is obtained by dividing the total cost by the total duration of the contract. This approach al-
lows for the comparison of costs between any two contracts, irrespective of their durations.

2.2. Grouping Similar Cost Contracts

Now, with the possibility of comparing costs significantly between the various con-
tracts, it becomes necessary to divide them into groups. For this purpose, the duration
variable was initially considered, and as a first approach, the contracts were divided into
duration intervals with a range of 1 year, where, for example, the interval [2, 3] includes
all contracts with a duration of 2 years or more but less than 3 years. Figure 1 shows the
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boxplots for the average annual cost for each duration interval. Note that the last interval,
[6,8], has a range of 2 years, this is because the contracts of 6 and 7 years were grouped
into the same group, since the sample size for these groups were very small.
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Figure 1. Boxplots for the mean annual cost per duration interval.

Observing Figure 1, it is noted that contracts with short durations exhibit very high
values of average annual costs that tend to decrease until contracts of 3 years, where they
begin to increase again. This phenomenon partially contradicts what would be expected
from the expected behavior of contract costs, as for longer-duration contracts, a greater
number of repairs would normally be expected, especially in the later years, which would
lead to higher costs. However, this does not happen in contracts with durations up to
3 years. It is also important to note that not all intervals are of the same size, and therefore,
an extreme value in a small set influences that set more than in a larger set; however, it
seems necessary to investigate the characteristics of these groups more thoroughly.

After a joint analysis with the maintenance contract specialist, the importance of truck
usage was mentioned, i.e., if the truck is new or used at the time of contract signing, in
contract costs. Comparing, for example, two 1-year contracts between a new and a used
truck, it is natural that the cost behavior is not similar, especially due to the difference in
wear between the trucks, which influences the number of times the vehicle goes to the
workshop. Thus, it was concluded that a second division of contracts was necessary, this
time also considering the usage of trucks.

Before making this division, it is important to understand if, within the intervals, there are
indeed significant differences in costs between new and used trucks. The analysis began by
examining the distribution of new and used trucks within each interval, as shown in Figure 2.

It is observed that as the duration of the contracts increases, the percentage of used
trucks decreases, even becoming null from contracts of 5 years, demonstrating that the
company has little interest in entering long-term contracts with used vehicles. In contrast,
new trucks exhibit an opposite behavior, being less frequent in contracts of short duration
and predominant in contracts of longer durations. This distribution is already an indication
that this division is necessary because, as seen in Figure 1, there is a decreasing behavior of
costs up to contracts of 3 years, where used trucks predominate, and an increasing behavior
after these contracts, where new trucks predominate.

In this situation, the influence that the use of trucks has on contract costs can only be
evaluated in the intervals referring to durations of less than 5 years because they are the
only ones that have trucks from both usage categories.

Figure 3 presents the boxplots of the average annual costs within the duration intervals,
between new and used trucks, and also represents the number of elements in each category.
It is noted that in all intervals, the costs associated with used trucks are generally higher
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when compared to new trucks, indicating once again that there are differences in costs
between these two usage categories. Regarding the number of elements, it is observed that
the intervals [3,4[ and [4, 5[ are the ones that concentrate a higher number of contracts. On
the other hand, the interval [0, 1] is the one with the lowest number of contracts, particularly

containing only 5 contracts of new trucks.
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Used
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Figure 2. Distribution of trucks by usage.
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Figure 3. Comparison of average annual costs between new and used trucks, by interval.
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To understand with a certain degree of certainty if there are indeed significant dif-
ferences between the two categories within each interval, it was considered to initially
apply the t-test for independent samples. This test requires the data to satisfy the normality
condition, so the Shapiro-Wilk test [17] was applied to the data represented in Figure 4.
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Figure 4. Histograms of the average annual cost for new and used trucks.

In all cases, the null hypothesis of the test was rejected, indicating that the data do
not come from a normal distribution and therefore it is not advisable to apply the ¢-test
for independent samples. As an alternative, the Mann-Whitney U test [18] was then
used, which has the same purpose as the parametric test but does not assume normality
assumptions. For each interval, the test indicated that there are significant differences in
costs between new and used trucks, confirming that a second division taking into account
truck usage is necessary.

2.3. New Trucks

As shown in Figure 2, new trucks are present in all duration intervals, albeit with
different expressions. After this second division, it becomes important to look at the size
of the resulting groups in order to compare possible disparities. It was concluded that
the group [0, 1], due to having only 5 elements, did not have sufficient representation to
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continue in the analysis, and for that reason, it was excluded. Also, when dividing into
the T and D ranges, it was found that the D range in new vehicles is not represented in
all groups, and when it is, it is considerably low. Therefore, only the T range trucks were
considered for the new trucks.

After all the changes, it remains to analyze the behavior of the new trucks in the T
range. As depicted in Figure 5, these trucks appear to follow an increasing trend as the
contract duration increases, which aligns with the initial expectation for cost behavior.

*
10,000 |
+ 8000 . :
8 : *
= S
S 6000 3
c [ |
c
© ¢ ‘
S 40001 N
>
= . :
2000 i‘ L
O_

[L.2[ [2.30 [3.40 [450 I[56[ [68[
Duration interval

Figure 5. Boxplots for new trucks.

It becomes essential to understand if there are significant differences between the
identified groups and, if so, in which groups these differences occur. For this purpose, the
non-parametric Kruskal-Wallis test [19] was considered as a replacement for the ANOVA
test, as its normality assumptions are not met. The test resulted in a p-value < 0.001,
allowing us to conclude with reasonable significance that there are differences in costs
between the different groups. Subsequently, to identify in which groups those differences
occur, two appropriate post hoc tests were applied, the Dunn test [20] and the Dwass-Steel-
Critchlow-Fligner test [21]. The results of these tests are represented in Figure 6.

Dunn's Test DSCF Test

—

o Non significant
m

&

)

[} ©
©

[2,3[ [3.,4[ [4,5] [5,6] [6,8] [1,2[ [2,3[ [3,4] [4,5[ [5.6[ [6,8]

Figure 6. Post Hoc results for new trucks.

As observed, all tests returned the same result, indicating that there are no signif-
icant differences in costs between the groups [1,2[ and [2,3[ and between the groups
[5,6] and [6, 8[. Therefore, these groups were merged, resulting in 4 final groups for the new
trucks in the T range: [1, 3] (88 contracts); [3,4[ (482 contracts); [4, 5[ (400 contracts); and
[5,8[ (207 contracts).
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2.4. Used Trucks

Similarly to what was done for the new trucks, it is essential to examine the distribution
of contracts across different groups for used trucks. It was considered that all groups had
acceptable sizes for further analysis, so none was excluded. Again, as with new trucks, the
groups are also separated according to the D and T ranges. It was observed that most of
the used trucks belong to the T range, while a residual quantity is associated with the D
range. In fact, the latter range is not represented in three out of the five groups, and in the
other two, its presence is significantly lower than that of the T range. Therefore, for the
same reason presented for new trucks, it was decided to exclude trucks from the D range
from the set of used trucks as well.

Following that, the analysis of the average annual costs was then carried out, only for
the used trucks of the T range. As can be seen in Figure 7, there does not appear to be a
clear trend in costs, suggesting that, in reality, these trucks have a more complex behavior
than the new trucks.

14,000 .
12,000 . s

10,000 1

8000

6000

4000 L
2000 | L i L L

0_

Mean annual cost

[0,1[ (1.2 [2.3[ 3,4] 14,5
Duration interval

Figure 7. Boxplots for used trucks.

To understand if there are significant differences in costs among the various groups,
the Kruskal-Wallis test was applied again, replacing the ANOVA test, resulting in a p-value
of 4.47 x 1073, indicating that there are relevant differences between the groups.

Next, the two post hoc tests, the Dunn test and the Dwass—Steel-Critchlow—Fligner
test, were applied again to understand between which groups the previously detected
differences exist. The results are shown in Figure 8.

Dunn's Test DSCF Test

Significant
Non significant

01 [L,20  [230 (340  [45] 01  [L2[ [230 (34  [45]

230 2 [01

(3,41

14,50

Figure 8. Post Hoc results for used trucks.

The results of both tests were consistent, indicating that there are significant differences
only between the groups [1, 2[ and [3, 4[. However, these results complicate the formation
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of distinct groups. For example, the tests did not point to significant differences between
the groups [1, 2[ and [2, 3[, nor between the groups [2, 3[ and [3, 4[. This suggests that,
according to transitivity, both pairs of groups could be combined, resulting in the interval
[1, 4[. However, this fusion would place the intervals [1, 2[ and [3, 4[ in the same group, and
as observed, these groups present significant differences. Thus, the obtained results reveal
the intrinsic complexity in the behavior of costs of used trucks, highlighting the difficulty in
forming heterogeneous groups based on the analyzed variables. Faced with this scenario, a
deeper reflection on the feasibility of including used trucks in the analysis in question was
necessary. Considering the lack of clarity in distinguishing the groups and the uncertainty
regarding the representativeness of the results, the decision was made to set aside the
used trucks from the scope of the current analysis. Instead, the focus was exclusively
directed towards new trucks, where cost behavior patterns seem to be clearer and more
distinct. This strategic choice was based on the search for more robust and conclusive
results, thus avoiding premature conclusions or misconceptions. Moreover, postponing the
analysis of used trucks may represent an opportunity for future more in-depth studies, in
which more appropriate methodologies may be employed or other relevant variables could
be considered.

3. VaR-Based Pricing Model

Establishing contract prices is a fundamental task for any company, and this is espe-
cially true in the context of maintenance contracts, where setting appropriate premiums
plays a crucial role in financial and strategic management. The premiums were calculated
based on the previously calculated costs of the contracts, reflecting not only the direct costs
associated with maintenance but also the underlying risks involved.

In this section, the methodology was based on the working paper [16], particularly
the formula for calculating the premium for each group, which is based on the VaR (Value
at Risk) risk measure [22,23]. This approach allows for a more precise and comprehensive
assessment of the financial risks associated with each contract, taking into account factors
such as the probability of adverse events occurring and the magnitude of potential losses.

3.1. Value at Risk

A risk measure associated with a random variable X, which in this context represents a
loss, can be defined as a functional that maps a real number to X. The commonly used risk
measure in practice is the VaR at a certain confidence level, typically denoted by p, where
0 < p < 1. VaR represents the maximum potential loss that will not be exceeded with
probability p. In other words, it is the threshold value x where the cumulative distribution
function F(x) intersects the p level. VaR is also referred to as the quantile risk measure [23].

Formally, for a random variable X, the VaR at confidence level p is defined as

VaR,(X) = inf{x, Fx(x) > p} = Fx'(p)

where Fy 1is the inverse function of the cumulative distribution function. Typically, this
chosen confidence level is arbitrary. In practice, it can be high, like 99.95%, for the entire
company, or much lower, like 95%, for a single unit or risk class within the company [24]. In
this work, confidence levels between 95% and 99.9% were considered. To calculate VaR, one
must first make an assumption regarding the behavior of the variable under consideration,
primarily to estimate its distribution. In this study, the parametric approach was employed;
however there exist other methods for this purpose [16]. The parametric approach assumes
a specific form for the underlying distribution of the data and estimates the parameters of
that distribution using available data. It offers a simpler methodology and requires fewer
historical data points when compared to, for example, the non-parametric method.
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3.2. Cost Curve Fitting

With the four cost groups, [1,3], [3,4], [4,5[, and [5, 8|, defined, the next step is to
estimate the distribution of the average annual costs for each group to understand the
cost behavior and also to calculate the VaR. For this purpose, probability distributions
available in the Scipy library for Python 3.12.7 were used [25]. Specifically, for each group,
106 probability distributions were fitted using the maximum likelihood method, and the
distribution with the lowest sum of squared residuals was selected as the best fit. The
p-values obtained from the Kolmogorov-Smirnov (KS) test for each group, are presented in
the respective figure legend, supporting the selected distributions.

Figures 9-12 illustrate the fitting of a theoretical distribution curve to the data of
average annual costs for each group. Once the distribution is chosen, the VaR for each group
is calculated using the scipy.stats.rv_ continuous.ppf function, which corresponds to
the inverse of the cumulative distribution function. For this calculation of VaR, a confidence
level of p = 95% was chosen as an example.

Group [1,3[ : Mean annual cost with best fitting distribution

0.00101 | PDF (loglaplace)
KS p-value = 0.5990
Data
0.0008 ---- VaR 95% = 3005.21
> 0.0006
Fa
‘@
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o
0.0004
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0.0000
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Figure 9. Fitting for group [1, 3.

Group [3,4[ : Mean annual cost with best fitting distribution

1
i PDF (skewnorm)
0.0005 - | " KS p-value = 0.1514
| Data
! ---- VaR95% = 3703.57
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1
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i
20.00031 !
0n 1
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Figure 10. Fitting for group [3, 4[.
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Group [4,5[ : Mean annual cost with best fitting distribution

1
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---- VaR 95% = 4863.08
0.0004 1 !
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2°0.0003 |
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Figure 11. Fitting for group [4, 5][.

Group [5,8[ : Mean annual cost with best fitting distribution
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Figure 12. Fitting for group [5, 8].

In this example, it can be observed that for the groups [1,3[, [3,4[, and [4,5], the
fitted distribution exhibits right skewness, while for the [5, 8 group, this skewness is less
pronounced. Concerning the VaR values, a growing trend is observed, indicating that the
VaR increases as the group intervals progress.

Table 1 summarizes the descriptive statistics of the average annual costs for each of
the four cost groups.

Table 1. Descriptive statistics of average annual costs (M.U.) per group.

Group Mean Median Std Skewness Kurtosis
[1, 3] 1104 937 826 1.95 7.63
[3, 4] 1804 1623 1013 1.31 5.68
[4, 5] 2733 2533 1119 091 3.99
[5, 8] 3749 3653 1108 0.62 4.49
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3.3. Final Price Formula

In [16], it is suggested that a risk measure should be considered in the premium
calculation, specifically that the loading, i.e., the surcharge added to the average costs, be
proportional to this risk measure. In particular, the formula considered is

Pi =G+ (1-p)VaRy(G)) )

Here, P; represents the premium for group i, G; denotes the mean of group i, p is the
confidence level, and VaR,(G;) represents the Value at Risk for group i at the confidence
level p. The above formula is used in this work to establish the annual premium for each
cost group.

3.4. Risk Assessment and Final Prices

To account for the risk associated with the prices established for each group, 200 sim-
ulations were conducted using a cross-validation procedure where the group data were
randomly divided into training sets comprising 80% and test sets comprising 20%. The
contract data in the training set were fitted to theoretical distributions, from which the
corresponding Value at Risk was calculated. Additionally, the mean and standard deviation
of the costs of each group were also computed. Using the mean and VaR, the formula in (1)
was then applied to each group to determine the annual premiums. Subsequently, for each
contract in the test set, the premium corresponding to its group was applied, and it was
verified whether the total contract premiums given by the model covered the actual costs
of the test set. The percentage of simulations where these costs were not covered defines
the risk of this model; for example, if in 5 of the 200 simulations performed, the costs were
not covered, the risk would be 2.5%. The calculation of VaR employed confidence levels of
95%, 99%, 99.5%, and 99.9%, with simulations conducted once for each confidence level.

In Table 2, the annual premiums are presented, derived from the average premiums
across the 200 simulations, along with the associated risk at varying confidence levels.

Table 2. Mean (std) annual premiums for each group and associated risk.

Group Annual Premium (M.U.)
[1, 3] 1207 (188) 1141 (114) 1123 (100) 1100 (83)
[3, 4] 1991 (378) 1853 (360) 1831 (348) 1811 (320)
[4, 5[ 2975 (70) 2794 (62) 2766 (58) 2740 (49)
[5, 8] 4022 (405) 3814 (380) 3783 (372) 3754 (350)
Risk 0.5% 28% 39% 50.5%
p 95% 99% 99.5% 99.9%

In this table, it is evident that cost groups with longer durations tend to exhibit higher
premiums, which aligns with expectations, as previously observed, these are associated
with higher costs. Regarding risk, a considerable difference is observed across various
confidence levels. Notably, at the 95% confidence level, the risk is quite low at 0.5%, while
at 99%, the risk increases to 28%. One possible explanation for this phenomenon is related
to the premiums, which are higher for a 95% confidence level and gradually decrease up to
99.9% confidence level.

However, this decrease in prices with an increase in the confidence level does
not align with expectations, as with an increase in the confidence level of the VaR, a
higher percentage of losses is considered, with their value being higher. Therefore, it
would be expected that with the increase in the VaR confidence level, the annual pre-
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mium would also be higher. For the same cost group, considering two confidence levels
0 < p1 < p2 <1, by Formula (1), the difference between the premiums would be given by
(1—=p2)VaR,, — (1 — p1)VaRp,. As mentioned earlier, it is expected that this difference be
positive, resulting in the following expression:

VaRy, > aVaR,, )

where ¢ = % > 1. This expression essentially indicates that to satisfy the equation,
the value of the VaR associated with the higher confidence level must be greater than a
proportion of the VaR at the lower confidence level. In this context, the increase in VaR is
intrinsically linked to the behavior of the theoretical distribution considered, particularly
its tail. Therefore, the “weight” of the distribution’s tail defines, in this situation, whether
Equation (2) is satisfied. In this way, it is understood that the fitted theoretical distributions
are not “heavy” enough to apply the approach presented in (1).

4. Adapted Model for the Pricing Challenge

As seen so far, an increase in the confidence level of VaR does not result in an increase
in the contract price. Therefore, there is a need to consider a new approach to the contract

price formula. By definition, if p» > p1, one always expects that VaR,, > VaR,,, which

(1-p1)
(1-p2)”
which in this case can be seen as a percentage of VaRy, . The problem can be formulated as

means that the satisfaction of the previous condition depends solely on the factor

follows: When increasing the confidence level from pq to p2, how much does VaRy, need to
increase relative to VaR, ? In fact, this problem can be answered by substituting the values
of p1 and p,. Substituting the values of confidence levels 95%, 99%, 99.5%, and 99.9%, one
obtains the following three transitions:

VaRgg > 5VaRos
VaRgg5 > 2VaRgg
VaRggg9 > 5VaRgg 5

These values indicate that, for example, when transitioning from 99.5% to 99.9%, the
VaR needs to increase by more than five times.

Since VaR is a measure of risk associated with the tail of the distribution, a natural ques-
tion arises: how heavy does the tail of the distribution need to be to satisfy these conditions?

Hence, arises the need to quantify the tail of the distribution.

4.1. Quantify the “Fat-Tailedness” of the Distribution

In [26], a metric is introduced for comparing the “fat-tailedness” of distributions. The
metric is defined as follows:

Let X3, ..., X, be independent and identically distributed (i.i.d.) random variables
with finite mean, i.e., E(X) < 4o0. Let S, = X1 + X + ... + X, be a partial sum. Define
M(n) = E(|Sy — E(S,)|) as the expected mean absolute deviation from the mean for n
summands. The “rate” of convergence for n additional summands starting with ny is
defined as follows:

log(n) — log(no)
tog (312

Kngn € [0,1], where 0 represents maximally thin-tailed (Gaussian) distributions and

Kngn = 2 —

)

1 represents maximally fat-tailed distributions.
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Using this metric allows for the quantification of heavy-tailed distributions that meet
the aforementioned condition, thereby establishing a significant lower threshold for this
pricing formula.

4.2. Finding a Distribution That Satisfy the Condition

The primary objective in this section is to define a lower bound on the x metric that
satisfies Equation (2). Consequently, any distribution with a metric value exceeding this
bound will also satisfy the equation.

To achieve this, Equation (2) was rewritten as follows:

VaR,,

1—

T > )
1-p> VaRPl

One way to establish a lower bound is to transform (4) into an equality. Thus, the
aim is to identify a theoretical distribution that satisfies this equality across the three
aforementioned transitions.

For this purpose, two distributions known to have heavy tails were considered: the
Pareto distribution and the t-student distribution.

The Pareto distribution, Par(x,, «), has two parameters: a scale parameter x,,, and a
shape parameter «, also known as the tail index. xy, is fixed at 1, and several levels of « are
considered. & cannot be less than or equal to 1 because in such cases, the mean is not finite.

The t-student distribution, #(v), has only one parameter, v, which controls the amount
of probability mass in the tails. For v = 1, the Cauchy distribution is obtained, which has
very “fat” tails and does not have a finite mean. As v — oo, it approaches the standard
normal distribution, which has very “thin” tails. Thus, v greater than 1 is considered.

The values of the quotient of the left-hand side of Equation (4) for each transition are
depicted in Figure 13 for the two distributions with parameters 1.01 and 1.001.

Quotient per transition and distribution
- \
1.00 \ 4 *
0.99
g /

—@— Pareto 1.01
t-student 1.01

Pareto 1.001
—@— tstudent 1.001

Quotient

95-99 99--99.5 99.5-99.9
Transition

Figure 13. Quotient per transition and distribution.

It is observed that the Pareto distribution with parameter 1.001 is the one that comes
closest to 1, and therefore, most closely approaches the desired equality. Thus, one may
calculate the metric for this distribution and propose a lower bound on the x scale. To
calculate the metric %, for the distribution, the values nyp = 1 and n = 2 are utilized
following [26] original idea. x; will be used as an abbreviation. The result for the Pareto
distribution with parameters Par(1,1.001) was x; ~ 0.773.

Thus, the following scheme can be considered:

The spectrum in Figure 14 indicates that if the adjusted theoretical distribution has a «
greater than 0.773, Formula (1) may be applied, as condition (4) will be satisfied.
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| x 1-v |
0 0.773 1

Figure 14. Spectrum of « for pricing formulas (first iteration).

4.3. A Proposal for Small Values of x

The problem that arises now is what to do when the value of x; < 0.773. To address
this, the situation where the variation in VaR is insignificant was first considered. In this
scenario, it is proposed that the loading factor remains constant. If the increase in VaR is
very small, indicating low risk, the increase in price should also be minimal, achieved by
maintaining a constant factor.

The variation in VaR across different confidence levels can be constrained between the
lowest level, 95%, and the highest, 99.9%, by the following equation:

VaRggg = cVaRgs ¢ > 1 (5)

To define a significance threshold, a value for the constant c can be established. After
choosing the value of ¢, the graph of this constant ¢ as a function of the usual confidence
level can be considered.

Thus, the slope of the line connecting the points (95,1) and (99.9,¢c) can be calculated,
and this slope is considered as the factor multiplying the VaR.

The selection of the value of c is subjective and depends on individual risk perception.
In this study, the value of 1.33, representing a 33% increase, was chosen, but this may be
easily adapted to other situations. Therefore, the slope is approximately 0.0673 (Figure 15),
resulting in the corresponding price formula:

P, = G +0.0673VaR,, (6)

A 33% increase between 95% and 99.9% translates to an average increase of 10% across
the four confidence levels. To find a metric representing this type of variation, the Pareto
distribution is reconsidered.

60

50 4

40 1

v 30 Q
é'X
©
204
10 4
m = 0.0673
0 T T T T
95 96 97 98 99 100

Confidence Level

Figure 15. Slope lines between the 95 and 99.9 confidence levels.
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The goal is to find the parameter « of this distribution from which there is an average
increase, between the three transitions, equal to or less than 10%. The Pareto distribution is
chosen due to its easily computable quantile function:

1
VaR, =F '(p) = ————— 7)
g (1—pt/e
This problem can be translated into the following inequality:
F71(0.99)  F~1(0.995) F~1(0.999)
F1(095) " F1(0.99) T Fi(0995) ° =93 ®)
Simplifying this equation yields:
2 x5/« 4 ol/e <33 9)

Given the difficulty in calculating a analytically, the problem can be transformed into
finding the zero of a function, after which the Newton-Raphson method can be applied.
The solution obtained is & ~ 13.752.

This result indicates that &« ~ 13.752 is the smallest value of the Pareto distribution
parameter for which the average transition is insignificant. Any value of « between 0 and
13.752 will result in significant VaR variations. Therefore, the metric for the distribution
Par(1,13.752) can be considered as an upper limit for having insignificant increases in
the tail.

The metric for this distribution is x; ~ 0.265, thus the scheme presented in Figure 14
becomes the one presented in Figure 16.

K

L 0.0673 | -
0 0265 0.773 1

Figure 16. Spectrum of « for pricing formulas (second iteration).

4.4. A Heuristic for Intermediate Values of

Finally, the problem arises of understanding what to apply when the value of x; falls
between 0.265 and 0.773.

Based on the previous observations, distributions with a metric less than or equal
to 0.265 are expected to have average increases less than or equal to 10% of the VaR. In
other words, for p; > py, it follows that VaR,, < 1.1VaR,,. Therefore, distributions with a
metric greater than 0.265 must satisfy, on average, VaR,, > 1.1VaR,,.

The goal is to find a function f(p) such that the average transition is at least 1.1 and
also “close” to 1 — p, to avoid exorbitant prices. It should be noted that these requirements
do not uniquely determine the function f(p), but rather define a class of admissible
functions. In this context, the approach followed here is heuristic: the objective is not
to identify an optimal specification, but to select a function that simultaneously satisfies
the imposed constraints in a stable and tractable manner. Several candidate functions
were explored during this process. However, it was observed that many of them either
failed to consistently satisfy the required growth condition across all transitions or deviated
excessively from the reference function 1 — p, leading to undesirable pricing behavior. The
function adopted below was selected because it provides a satisfactory balance between
these two competing objectives:

fpy=PVLTP (10)

25
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For the transition p; > p» it holds

P2 10/1—p2
VﬂRpl > E 10 q V”sz (11)

For the three transitions, it holds that

VaRgg > 1.1VaRos
VﬂR99.5 > 1.1VaR99
VaRggg > 1.2VaRgg 5

which, on average, leads to VaR,, > 1.1VaR,,.

The closeness between the proposed function and 1 — p was measured in the space
of bounded functions B([0.95,1]) using the supremum norm. The resulting maximum
deviation is approximately 0.022, which is small in the context of the interval under analysis
and ensures that the proposed function remains close to 1 — p without leading to inflated
pricing. For sake of brevity, the details of the calculation are omitted. We emphasize that the
proposed specification is not unique, and alternative functions satisfying the same criteria
could also be considered. The function in Equation (10) should therefore be interpreted as
one representative element within a broader admissible family. Its selection is justified by
its ability to satisfy the required growth condition while remaining sufficiently close to the
baseline behavior, without introducing excessive pricing distortions.

Observing Figure 17, it is noted that Equation (10) is relatively close to the function
1 — p in the interval from 0.95 to 0.999 as intended.

Graphs of functions

0.05

0.04

0.03 1

0.02 1

0.01+

0.00 -

0.95 0.96 0.97 0.98 0.99 1.00
Figure 17. Plot of f(p) and 1 — p.

This way, the final obtained scheme is presented in Figure 18.

K
p R/1-p
 0.0673 | Pl A
0 0265 0.773 1

Figure 18. Spectrum of « for pricing formulas (final iteration).
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4.5. Application to the Dataset

With the complete spectrum, there are premium calculation formulas for all possible
scenarios, allowing this approach to be applied to the dataset provided by the company.
Following a similar procedure to that in Section 3.4, a new pricing scheme was achieved,
and its results are summarized in Table 3.

Table 3. Mean (std) annual premiums for each group and associated risk.

Group Annual Premium (M.U.)
[1, 3[ 1166 (72) 1229 (87) 1268 (100) 1403 (161)
[3, 4] 1908 (278) 1975 (297) 2002 (305) 2059 (325)
[4, 5] 3024 (35) 3117 (45) 3156 (49) 3246 (61)
[5, 8] 4001 (300) 4088 (315) 4130 (322) 4244 (346)
Risk 14.5% 4.5% 3.5% 0.5%
p 95% 99% 99.5% 99.9%

It is noted that, similar to the previous model, premiums are higher for cost groups
with longer durations; however, they now increase with the confidence level, thereby
contributing to risk reduction. These data indicate that the proposed model performed
well for these dataset, allowing for more flexibility regarding the weight of the tail of the
adjusted theoretical distribution.

5. Conclusions

In conclusion, this study delved into the risk analysis of maintenance contracts, initially
focusing on cost analysis. Through statistical tools, significant segmentation of contracts
into heterogeneous cost groups was achieved. Subsequently, a pricing model based on the
Value at Risk (VaR) measure was applied, with theoretical distributions fitted to the defined
cost groups. However, it was observed that this model yielded unsatisfactory results,
particularly as prices decreased with increasing VaR confidence levels. To address this, a
second model was proposed, introducing a metric to gauge the “weight” of distribution
tails, offering greater flexibility in pricing formula selection. This second model, essentially
a spectrum based on this metric, defined three pricing formulas according to the tail weight
of the cost data distributions. Remarkably, this model effectively resolved the issues of
the previous model and demonstrated good adaptability to the given problem. The data
from the used trucks subset were discarded due to the lack of clear statistical separation
of cost groups and missing features. As a result, the generalizability of the proposed
model remains limited to new vehicles. Future work should address this limitation by
incorporating additional explanatory variables or alternative modeling approaches. From a
practical perspective, the proposed adaptive pricing framework provides decision-makers
with a flexible tool to align premiums with risk exposure, ensuring consistent pricing
behavior across confidence levels and data distributions, thereby supporting more informed
and robust maintenance contract management strategies.
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