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Abstract

Certain extensions of F-controlled self-mappings in metric spaces to the, as called in this
manuscript, Fr/r and modified *F; controlled self-mappings, which are parameterized by
two parameters, are addressed. Those parameters govern the properties of local expansivity,
asymptotic nonexpansivity, and contractivity properties of the generated sequences. Also,
further generalizations to parameterizations by two real sequences of parameters, which

are referred to as F () () -controlled self-mappings, are studied. The main formulated
Jlj=0""77j=0

results rely on the asymptotic contractivity and the asymptotic nonexpansivity in metric
spaces and some of their relevant properties. In particular, the properties of boundedness of
the sequences of distances, as well as those of boundedness of the elements of the sequences
themselves, are investigated under asymptotic contractivity or nonexpansivity related to
the various types of the above-mentioned F )-controlled self-mappings. Also, existence
and uniqueness results of fixed points are proved if the metric space is complete, and the
resulting Cauchyness properties of sequences and properties of the convergence of such
sequences to fixed points are also proved. Finally, two illustrative examples are described
if the F( )-controlled self-mappings are of a cyclic nature when defined using the union of
two nonempty closed subsets of the metric space, in the case that those sets intersect, and
also in the case when they are disjointed.

Keywords: F-controlled maps; cyclic mappings; F-contractions; fixed points; best proximity
points

MSC: 54E35; 47H10; 37C25

1. Introduction

The study of fixed points provides essential tools for establishing the existence and
uniqueness of solutions to complex problems. The study is relevant in geometry and
topology, such as in the analysis of isometric maps of convex sets, as well as in analysis in
the applied sciences, like economics, engineering, and computer science. In particular, this
is an important tool in the derivation of iterative computational schemes and in the study
of the location and analysis of equilibrium points of continuous-time and discrete-time
dynamic systems, as well as in the parallel investigation of the convergence of the solutions
to fixed points, provided that they are asymptotically stable equilibrium points. This is
also relevant in the study of existence, uniqueness, and boundedness of the solutions, in
particular, in the case of complex nonlinear differential systems with solutions that are
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difficult or impossible to find explicitly. A class of mappings of very relevant interest is that
of contractive mappings.

There are different types of contractions in the context of fixed-point theory. One
of them, of important interest in recent years, is the so-called F-contraction, which was
proposed by Wardowski in the now frequently used reference [1]. Such a contraction
type generalizes the Banach contraction principle. Generalizations, modifications, and
applications of F-contractions in several formal frameworks have been described [2-11], in
particular, in the fields of differential and difference equations and in fractional calculus . It
is demonstrated in [2] that a wider class of F-contractions might be introduced, which has
been referred to as sF-contraction. Such a contraction is proved to have a unique fixed point
in a complete metric space. A modified concept of F-Suzuki contraction is proved to be en-
dowed with very close results. A survey and discussion of results regarding F-contractions
is given in [3], where it is clearly visualized that F-contractions are generalizations of
strict contractions by defining the F-function as F(t) = logt, while its associated one-step
iteration-decrease in the F-function of distances is taken as T = log(K™1) > 0, where
K € (0, 1) is the contractive constant of the strict contraction under comparison. Several
alternative F-functions are proposed as well. On the other hand, the relation between
F-contraction and some of its modifications are discussed, as well as that of the Boyd-Wong
contraction and Matkowski contraction. Conditions for those classes of contractions to
possess a unique fixed point on a complete metric space are given. Also, some assumptions
are given which ensure that an F-contraction is a Boyd-Wong contraction or a Matkowski
contraction. The relations between Meir-Keeler contractions and F-contractions are dis-
cussed in [5]. It is shown that an F-contraction is a Meir—Keeler contraction, but a given
example in that article proves that the converse is not true. In [6], the focus is on the links
between F-contractions and Meir-Keeler contractions. It is proved that, for a nondecreasing
function F with a point of discontinuity on the right, there exists an F-contraction that is not
a Meir-Keeler contraction. In [7], the fixed points in ordered F-contractions are investigated.
In [8], the concept of modified F-contractions through an x-admissible pair of mappings is
proposed. Also, some common fixed-point results are proved in the framework of metric
spaces. On the other hand, in [9,10], further fixed point theorems of F-contractions in
complete metric spaces are proved. In [11], the iterated function systems composed of
F-contractions are investigated by extending some fixed-point results from the classical
Hutchinson-Barnsley theory of iterated function systems consisting of Banach contractions.

In this paper, eventual local deviations are allowed at certain iterations of the iterated
sequences of F-functions in metric spaces from their step-by-step contractive or nonexpan-
sive characteristics. Some conditions at infinity are introduced that might guarantee the
F-asymptotic contractive or asymptotic nonexpansive properties. For that purpose, two
separate parameters are introduced, one under the claim of governing the step-by-step
decrease in the F-function of distances and another one, of opposed sign to the above one,
claiming to govern its eventual local increase. As a result, the generated sequences can be
locally expansive while keeping F-asymptotic contractivity or nonexpansivity properties
under certain conditions. Further extensions are addressed for the concourse of iteration-
dependent sequences of such parameters to govern the F-asymptotic either contractivity or
nonexpansivity properties under modified conditions that modulate the relative influences
of those sequences. Existence and uniqueness of fixed-point results are also proved for
those various F-controlled maps if they are F-asymptotically contractive and the metric
space is complete, in which case the generated sequences of the controlled self-mappings
are proved to converge to such fixed points. Two illustrative examples are also discussed
in detail if the F-controlled self-mappings are cyclic and defined on the union of two
nonempty closed subsets of the metric space.
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The paper is organized as follows. Section 2 recalls the celebrated Wardowski F-
function. By convenience, its associated F-contraction is denoted and referred to as an
F: contraction, where T > 0 is the parameter that governs the one-step decrease in the
F-function of distances of sequences generated by a self-mapping T : X — X in a metric
space (X, d). As extensions of the above F-controlled maps, the so-called two-parameter
Frr and modified *Fr/;r controlled self-mappings T : X — X are introduced, as well
as their extensions to parameterizations by sequences instead of by parameters, that is,
F {T/{};.;O %, -controlled self-mappings. Some properties of boundedness of the associated

sequences of distances and properties of boundedness of the elements of the sequences
themselves are investigated under asymptotic contractivity /nonexpansivity of the various
above-mentioned F)-controlled self-mappings. Section 3 establishes some existence and
uniqueness results for fixed-point results if the metric space is complete, as well as Cauchy-
ness properties and results on the convergence of such sequences to the fixed points. Also,
two illustrative examples are given if the self-mappings are cyclic and defined on the union
of two nonempty closed subsets of the metric space in the cases that those sets intersect
and in the case when they are disjointed. Finally, our conclusions end the paper.

2. Boundedness and Convergence Properties of Self-Mappings That
Have F-Contractive Subsequences

The following notation is used:
Z,={z€Z :z2>0};Zyy =Z,U{0};Zy-=Z_U{0},;Z_={z€Z :2<0};
Ri={z€R :2>0}; Ropy =R U{0};Rp- =R_U{0};R-={z€R :z2<0};
Z, R and C are, respectively, the sets of integer, real and complex numbers;
n= {1/2/' t /n};
I; is the identity matrix of order d;

The symbol V stands for the logic disjunction “or”; the symbol A stands for the logic
conjunction “and”.

Fix(T) denotes the set of fixed points of a self-mapping T on X, where (X, d) is a
metric space.

We first borrow from [1] the following essential definition for its later use.

Definition 1. Let F : Ry — R be a function which satisfies the subsequent conditions:
(C1) It is strictly increasing.
(C2) 3 lim F(x) = —oo.
x—0+
(C3) For any sequence {x,}, , C Ry, Ji@oxn =0iff JingoF(xn) = —oo0.
(C4) lirz)1+xkF(x) = 0 for some real constant k € (0, 1).
x—

Then, F:Ry — R is said to be an F-function.

Definition 2. Let F : R; — R bean F-function, (X,d) be a metric spaceand T :X — X bea
self-mapping on X which satisfies:

(C5) [d(Tx,Ty) > 0] = [T+ F(d(Tx,Ty)) < F(d(x,y))] for some T € Ry and all x,y € X.
Then, T : X — X is said to be an Fy-contraction.

The following extension of Definition 2 is concerned with the eventual local devia-
tions at certain iterations of the iterated sequences of F-functions from their step-by-step
contractive or nonexpansive characteristics. For that purpose, an extra parameter 7/, which
can govern an eventual local growing of the F-function of distances at certain iterations,
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is introduced that coexists with the usual one 7, which governs its standard step-by-step
decrease in the F-function in the contraction case.

Definition 3. Let F : R; — R bean F-function, (X,d) be a metric spaceand T :X — X bea
self-mapping on X that satisfies the following recursive relation:

(C6) [d(T"x, T"y) > 0] = [F(d(Tnx, Ty)) < F(d <Tn_1x, Tn—ly)) +8(n)T — T] , where
{8(n)}, € {0,1} for some t/,t € Roy; Vx,y € X;Vn € Z,..
Then, T :X — X is said to be an Frr-controlled self-mapping.

Note that if d(T"x, T"(Tx)) = d(T"x, T(T"x)) = 0 for some finite n € Z,, then the
implication of the condition C6 does not apply, and x = Tx = T"x is the unique fixed point
of T.

Definition 3 applies, for instance, to the following concrete examples:

(a) If F(a) = Ina is Fyr-controlled with 7,7/ € R4, then lone has:
d(T"x, T'y) < 65(”)T’_Td(T”_1x , T”_ly); Vx,ye X,VneZ,.

(b) If F(a) = Ina + a is Fyr-controlled with 7, T/ € R, then one has:

d(Tnx , Tny) < ed(T"—lx,Tﬂ—ly)*d(TV’x,T"]/)ﬁL(S(H)T/de(Tnflx , Tnfly)l, Vx,y c X, VR Z+

The following result follows directly via recursion from the condition Cé:

Proposition 1. If T : X — X isan Fyr-controlled self-mapping, then:
[d(T"x, T"y) > 0] =

F(d(T"x, T")) < F(d(x,y)) +jil (6(j)t/ —7) = F(d(x,y)) + (}ilcsu)) T ] o

;Vx,ye X,Vn e Z

Remark 1. Note in Definition 2 that if T/ = T = 0, then the Fyy-controlled self-
mapping T :X — X is Fyo-nonexpansive, which satisfies F(d(Tx, Ty)) < F(d(x,y)) if
d(Tx,Ty) > 0, which via the constraint C1, implies that d(Tx,Ty) < d(x,y); Vx,y € X.
If 71 =0and T > 0 then the Fy-controlled self-mapping T : X — X is an Fy-contraction
since F(d(Tx, Ty)) < F(d(x,y)) —t; Vx,y € X, if d(Tx,Ty) > 0, which is also obviously
nonexpansive.

On the other hand, note from (1) that if §(n) =1, then 6(n)t/ — 1T =1/ — T, and if 5(n) =0,
then §(n)t! — T = —T. Thus, the major interest of the condition C5 arises when T/ > T since,
otherwise, the condition reduces to an F-contractive condition parameterized for each iteration
by min(t,t/) with initial step min(t, /) + F(d(Tx, Ty)) < F(d(x,y)).

The concepts of an Fr/-asymptotically nonexpansive and Fr-asymptotically con-
tractive self-mapping T : X — X are established as follows.

Definition 4. Let F: Ry — R bean F-function, (X,d) be a metric spaceand T : X — X bea
self-mapping on X. Then, T : X — X is said to be Fyc-asymptotically nonexpansive if:

limsup (F(d(T"x, T"y)) — F(d(x,y))) <0, Vx,y € X.

n—oo

F: Ry — R is said to be nonexpansive if F(d(T"x, T"y)) < F(d(x,y)); Vx,y € X, Vn € Z,..

https://doi.org/10.3390 /math14081398


https://doi.org/10.3390/math14081398

Mathematics 2026, 14, 1398

50f21

Note that if F : Ry — R is Fy/r-nonexpansive, then it is Fr;r-asymptotically nonexpan-
sive as well, but, in general, the converse is not true.

Definition 5. Let F : R; — R bean F-function, (X,d) be a metric spaceand T :X — X bea

self~-mapping on X which satisfies the condition C6 for all x,y & X subject to
711sz (nT— (}:;7:1 5(j))r/) = oo for some pair T/ € Roy , T € Ry with {6(n)};,_, €

{0, 1}. Then, T :X — X issaid to be Frc-asymptotically contractive.

Note that if for T, 7/ € R, it holds according to Definition 5 that:

. 0 osrs o (vn s _
Jim (e = (£L400)) ) = Jim (= (S1100)) (01/7)) = oo
And then lim ( j—10(7)/ n) < t/7/, which implies that local expansions are dominated
n—oo
by the global contraction. Valid conditions for the above constraint to hold, for instance,
are:
1100) < Inm; Ty 6(j) < Vi Xy 0() < Cnf with Ck(< 1) € Ry YL, 6(j) < C
with C € Ry; Y71 6(j) < (kt/7/)n+ o(n) with k(< 1) € Ry..
Note thatif T : X — X is Fr/r-asymptotically contractive, then li}m F(d(T"x, T"y)) =
n—oo
—oo; Vx,y € X.

Proposition 2. If (X, d) is a metric space and T : X — X is Fyr-asymptotically nonexpansive
(respectively, Frr asymptotically contractive), then it is asymptotically nonexpansive (respectively,
asymptotically reqular).

Proof. It follows directly from the conditions C1 and C3 that Jgngo sup(F(d(T"x, T"y))—
F(d(x,y))) < 0; Vx,y € X (Definition 4) implies that lim sup d(T"x, T"y) < d(x,y) and
that HJLHZOF(CKT”X’ T"y)) = —oo; Vx,y € X (Definition 5) implies that Jirigod(T”x, T"y) =0;
Vx,y € X from C3. [

An Fr-asymptotically nonexpansive or contractive self-mapping T : X — X verifies
the subsequent properties.

Lemma 1. Let F:R; — R bean F-function, (X,d) be a metric spaceand T :X — X bea
self-mapping on X that satisfies the condition C5. Then, the following propositions hold:

(1) If Fyr-asymptotically nonexpansive then:

lim sup (d(T"x, T"y) —d(x,y)) < 0; Vx,y € X.

n—oo

(1) A sufficient condition for T : X — X to be Fr,c-asymptotically nonexpansive is:

limsup(nt— (Y .6(7))t/) >0;Vx,y € X.
HOOP( ( =1 (1)) ) = y
(iii) If T:X — X is Fr-asymptotically contractive, then there exists lim d(T"x, T"y) = 0;
n—oo
Vx,y € X so that the self-mapping T : X — X is asymptotically regular.

(iv) A sufficient condition for T:X — X to be Fr-asymptotically contractive is that
lim (nr— ( =1 5(]'))1'/) = 4o0; Vx,y € X.

n—o00

Proof. Property (i) follows from:
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[F (lim supd(T"x, T”y)) = limsup F(d(T"x, T"y)) < F(d(x,y))} = [lim supd(T"x, T"y) < d(x,y)} ()

n—oo n—oo n—oo

; Vx,y € X, since the function F: Ry — R is uniformly continuous, and the use of the
condition C1 is:
Property (ii) follows from (1) since lim sup (m’ - ( j—10( ])) T/) > 0 leads to:

n—o00

limsup (F(d(T"x, T"y)) — F(d(x, y))) < lim sup ( ( }7:15(]'))1'/ — nT) <0 Vx,y € X.

n—oo n—o0

Property (iii) follows from:

Llingol—"(d(T”x, T"y)) = F(iqlingod(T”x, T”y)) = —oo} = [3 lim d(T"x, T"y) = o] 3)

n—o0

; Vx,y € X from the continuity of F : Ry — R and the conditions C2-C3.
Property (iv) follows from (1) and Property (iii) since:

lim F(d(T"x, T"y)) < F(d(x, y)) + lim sup ( ( ;-1:1(5(]'))1'/ - nT)

n—oo n—o00

< F(d(x, y)) + lim_ ( (27:15(]'))7/ - m) = F(d(x, y)) — 0 = —o0; Vx,y € X.

The cases of interest to address the concepts of Fr;; asymptotically nonexpansive
and contractive self-mappings are T:X — X if lim sup( 7:1 ) ])> = 400 under the
condition ©/ > T > 0 since if T/ < T, then the fonr?noglism can be reduced to replace
T — T — T/ and not to use 7/ as a separate second parameter. If Z}-";l d;j < +oo, then
T : X — X is asymptotically nonexpansive if T > 0. It is asymptotically contractive if
T > 0 since (2]9021 (Sj) T/ —nt — —c0 and F(d(T"x, T"y)) — —oo as n — oo, which leads
to d(T"x,T"y) — 0 as n — co. In summary, the following consequence follows from
Proposition 1 (Equation (1), Lemma 1 (ii), and Lemma 1 (iv).

Theorem 1. Let F: Ry — R bean F-function, (X,d) be a metric spaceand T :X — X bea

self-mapping which satisfies the condition C5. Then, the following properties hold:

@ If lzm < = 1(5(])> = +oo, then a sufficient condition for T:X — X tobe Fyr -
asymptotzcally nonexpansive is that:

/7T < lim inf( n/( }7:15(1')))

n—o0

with T > 0.
@) If lzm ( i 15(])) = +oo, then a sufficient condition for T:X — X to be Fyr-

asymptotlcally contractive is that there exists:

tim (n/(£16()) ) = +o0

n—o0

and

v/t < lim (n/(516())) < +o0

with T > 0.
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(iii) If 2}21 0j < +oo, then T:X — X is Frr-asymptotically nonexpansive irrespective
of t/if T >0 and asymptotically contractive irrespective of T/if T > 0.

Also, the following further result holds about boundedness.

Theorem 2. Let (X, d) be a metric space and let T : X — X be an Fy-controlled self-mapping
for some T, T/ € Roy such that the following condition holds:
(C7) sup " 6() )t —nt) <M

s (51160 )

Then, {d(T"x,T"y)},"_, is bounded for any given x,y € X.

Proof. The result is direct if T = 7/ = 0, since then F(d(T"x, Ty)) < F(d(x, y)) from (1),
which implies thatd(T"x , Ty) < d(x,y) fromC1;Vn € Zy,,Vx,y € Xsothat T: X — X is
Fop-nonexpansive.

Note from (1) that:

F(d(T"x, T")) < F(d(x,y)) + p(n) ((Z116(7) ) 77 = n7) (4)

with { u(n)}eo,_, C [0, 1] being such that y(n) = 1 if and only if d(T"x, T"y) > 0 and
u(n) = 0if and only if d(T"x, T"y) = 0. Assume that {d(T"x, T"y)},"_, is unbounded for
some x,y € X. Then, we can have:

Case a: there is a strictly increasing subsequence of distances {d(T"x, T"y)};>, C
{d(T"x, T"y)},", for some strictly increasing sequence {mi};-; C Zyi, such that
{d(T"x, T"y) } 2y — oo. Thus, from (1) and the condition C7, one gets:

F(d(T"x, T"y)) < F(d(x,y)) + p(m) ((5546()) 7/ = mer) < Fd(xp) + M )

for some finite M € R and, from the condition C1, that is, since {d(T"x, T"ky)};> , — oo
and since F is strictly increasing on its definition domain R, the following contradiction
holds:

oo = Jim F(d(T"x, T"y)) < F(d(x, y)) +lim sup(y(nk)((z;?ila(j))w - nkr)) <F@(x,y)) +M< +o00  (6)

k—o0

As a result, all subsequences {d(T"x,T"y)};, of any sequence of distances
{d(T"x, T"y)},"_, for any given x,y € X are bounded.

Case b: There is a finite m € Zy, iteration value of escape to a +oo value of the distance
d(T™x, T™y) for some x,y € X, then F(d(T™x, T™y)) = +oo so that F(d(T"/x, T"y)) =
+co; Vj € Zp, and then, since F is strictly increasing from the condition C1 of Defi-
nition 1, lim F(d(T"x, T"y)) = +co. As a result, the subsequence {d(Tix, Tly) }]oim of
{d(T"x, T"y) };_, consists of infinitely many infinity values, since d(T/x, T'y) = +oo for
all j > m, and a contradiction follows since then from Condition C7 we have:

oo = lim F(d(T"x, T")) < F(d(x,y)) + lim sup(y(n) (( 7:15(]'))T/ - m)) <Fd(x,y)+M<+0 ()

n—oo

As a result, any sequence of distances {d(T"x, T"y)},;_, cannot have an infinite escape
value at a finite iteration point for any given x,y € X that are bounded. [

The following result is a direct consequence of Theorem 2.

Corollary 1. In Theorem 2, assume that T : X — X is an Fyr-controlled self-mapping for T =0
and some T/ > 0. Then, {d(T"x, T"y)}; o < +o0; Vx,y € X.
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[d(T"x, T"y)

Remark 2. Note that T = 0and t/ > 0 (Corollary 1), and then the subsequent {d(T"x, T"y)};>,

of {d(T"x,T"y)}o, of Theorem 3 (ii) and its subsequent {d(Tj"kx, Tj""y) }kfo -
AT, Thy) Y fulfs:

F(d(T™+1x, T"+y)) < F(d(x, y)) + mT/ < 400; Vx,y € X

F(d(T”k+jkx, T”k+jky>> < F(d(T™x, T"y)) +at’ < F(d(x, y)) + (A +n1)tVx,y € X

for jx € [ng, ngs1) N Zoy, and one concludes that they are bounded, and then the whole se-
quence {d(T"x,T"y)};_o < +oo is bounded.

Now Definition 3 is modified to introduce the now so-called *F;-controlled
T : X — X mappings where each iteration is governed either by a non-positive parameter
T or by a non-negative parameter 7/.

Definition 6. Let F: Ry — R bean F-function, (X,d) be a metric spaceand T : X — X bea
self-mapping on X that satisfies the following recursive relation:
(C8)

>0] = [F(d(T“x, T"y)) < F(d(T"—lx, T”_ly)) +o(n)— (1 — 5(71))7} 8)

where {5(n)},_, € {0, 1} for some T/,T € Roy; Vx,y € X.
Then, T :X — X is said to be an *Frc-controlled self-mapping.

Definitions 4 and 5 extend directly for T : X — X being an *Fr-controlled self-
mapping which are *F,--asymptotically nonexpansive and *Fr/--asymptotically contractive.
The following result follows directly via recursion from the condition C8:

Proposition 3. If T : X — X is an *Fy-controlled self-mapping, then:

[d(T"x, T"y) > 0] = [F(d(T"x, T")) < F(d(x,)) + Tjy (6() 7 — (1= 8()7)

)
;Vx,y € X

It turns out that (9) is identical to (10) below if T/ = ©/ + T:
[d(T"x, T"y) > 0] = [P(dmx, T"y)) < F(d(x,y)) + Xy (5(7) 2 — r)}; Vr,y € X (10)

so that, directly, we have the following:

Assertion 1. T: X — X is an *Fp-controlled self-mapping, and then, conversly, it is also
an Friq -controlled self-mapping and c.

Theorem 3. Let (X, d) be a metric space and let T : X — X be an *Fyr-controlled self-mapping
for some T, T/ € Roy such that the condition C8 holds.

Then, the following properties hold:

(i) Forany n € Zy, there exist unique integers ny = ny(n) = Y1 0(j) € Zoy, ny =
nap(n) =n—mny=n—Yyi,0(j) € Zo,.

(ii) The sequence of distances {d(T"x, T"y)},_ is bounded, and Vx,y € X if the condi-
tion ny(n)/n < t/(T+7/) holds for any n(> ng) € Zy and some finite ny € Zoy,
provided that (t+1/) € Ry and (ni(n)/n) = (( -1 (S(j))/n) < t/(t+1/);
VneZy,orif T=1=0.
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(iii) Assume that there is a bounded subsequence of distances {d(T"kx,T"y)};>, C
{d(T"x, T"y) Yooy, with N = {m}p,(C Zoy) being strictly increasing with a fi-

nite ny and such that (€ Zyy) = sup (ngyq —ng) < +oo. Then, {d(T"x, T"y)};r_,
keZ
is bounded.

(i0) Iffor T >0, lim ¥, ((1-8())T —8(j)T7) = +oo lim (n = 8(j) ) (v -+ 1) =
+oo, and then T : X — X is asymptotically regular and *Fr,c-asymptotically contractive.

Proof. Property (i) follows directly from the condition C8.
Now, one also has from the condition C8 that:

F(d(T"x, T"y)) < F(d(T"x, T"y)) + (n1(n) — ng)tr — (na(n) — ng)t

< F(d(T™x, T")) + no(t — 1) + m1 ()& — na(n)t
< F(d(x,y)) + m1(n0) ! — na(10)T + 1o (T — 1) + 1 ()81 — na(n)T
< F(d(x,y)) + [ (1)1 — 2 (16) T + 1o (T — £1)] + 11 ()21 — o ()T
< M(d(x,y),n0) + n1(n)tr — na(n)t
< M(d(x,y),n9);Vx,y € X

where M(d(x,y),ng) = F(d(x,y)) + |n1(no)t’ — na(no)t + no(t — t7)| < 400, since ny is
finite, provided that 11 (n) < ny7/t/ = nt/t/ —ny(n)7/7/, and, equivalently, if ny (n) /n <
7/(T+ /). Since F : Rj — R is strictly increasing, it cannot be unbounded for any finite
real value n € Zj. in view of (9). Since d(x,y) is finite, then F(d(x,y)) is finite, then
F(d(T"x,T"y)) is finite, and then d(T"x, T"y) is finite; Yn € Zy,. Property (ii) has been
proved. To prove Property (iii), note that:

F(d(T"x, T')) = F(d(T"%x, T%)) < |(5end(i) ) £ = (1 = mea)7| < N(T+71) < +oo ¥,y € X,

Vn € (I’Zk, le+1] ﬂZ(H_,Vk €z,
since N is finite. Then, F(d(T"x, T"y)) is bounded if F(d(T"x, T"y)) is bounded and
d(T"x, T"y) is bounded; Vx,y € X, Vn € (ny, ny1] N Zyy. Otherwise, if d(T"x, T"y) is
infinity for some n € (g, ngyq) N Zpy, some k € Z, and some x,y € X, then
F(d(T™x, T™y)) is also infinity from the condition C2 for all m(> n) € Zy, which con-
tradicts the hypothesis that F(d(T"+1x, T"+1y)) is bounded. If d(T"x, T"y) — oo as

n — oo, a similar conclusion is attained. Since this property holds for all k € Z_, then
{d(T"x, T"y)},_, is bounded. Property (iii) has been proved.

Property (iv) follows by first noting from Equation (8) of the condition C8 that:

o(m)tr—(1—=46(n))t=—-14+0(n)(T+1/);Vn € Zy4.
Then, one has that:
n n
Lim ( nT — ]; s()(t+1) | = j;rgo];((l = 08(j))T = 3(j)T!) = +oo
And, from the conditions C7, C1 and C3, one has:
n—»o00 n—o00 /)

—co = lim F(d(T"x, T"y)) = lim F(d(T"x, T')) < F(d(x,y)) + lim ((£i10()) (x+77) = n7) = —00

; Vx,y € X implies that d(T"x, T"y) — 0 as n — o0; Vx,y € X, then T : X — X is asymp-
totically regular and *F,r-asymptotically contractive. [J
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Theorem 3 may be extended directly for F-controlled mappings that involve two

[e9)
bounded real sequences {T]} and { } - , rather than two constant real values, and

which are referred to as F {T]/}/ RETAN -controlled self-mappings.

Corollary 2. Assume that in Theorem 3, T and T/ are generalized to real sequences {T}oo_ C

1

o0
[Toin » Tmax) and {Tj’}j:l C [T Toax) With Tpin > 0, Toax = Tyins Ty = 0 and T >

T,,in SUCh that a;j = T; /T] [Amin = Tmin/ Thyjp » Omax = Tmax/ Tyax|; Vi € Z. The self-
mapping T: X — X 1s Frone {5} -asymptotically-contractive if:
17j=0""7"j=0

{2}1:1 (‘51' - ‘5;/‘”1‘)71}::1(C [0, +00)) — +00 (11)

Two sufficient conditions for the above condition to hold are as follows:
’ [e)
{27:1 (5]- - 5ja]-) }n:1(c [0, +00)) — +o0 (12)

{2 (8min = 8fthar) }_ (€ [0, +09)) = +o0 (13)

Remark 3. Note that {Z? 19; } — H-00 isanecessary condition for the self-mapping T : X — X
ne1

to be F{T] }] RPN -asymptotically contractive.

Corollary 3. The self-mapping T:X — X is F{T(}oo T -asymptotically-contractive
i -0

if {Z] 1((5 (5a>}:o:1(C [0, 400)) and (( 1 ]T//T)/(Z;‘Lléj)> — K for some
€ (0, 1).

Proof. From Corollary 2, the sufficiency-type condition 0 < {Z] ) ( 5 — ‘5;’5‘]') }oo 1 Lo
n=
implies that:
SRR DT e B (’l’]{/’rj>5]’< asn — oo,

lim sup} i 1(1’ /1-])5’ < +oo,

n—oo
lzm (Z] 19 )/lzmsup(z (7.'}/77)(5]’.) = 400
so that

~[1im (o (4/5)8) 1 (287)] = k(< D)
O

Corollary 4. The self-mapping T:X — X is F{T} REIRN -asymptotically contractive irre-

()
spective of the sequences {’fj}jzo [Tin » Tmax] C (0, +00), {Tj’}j:l C [T Thax) if

{ s (5 = 750m) }, (€ 0 +99), T < T and ((£1287)/(S207)) =
W( (O Tmm/ max))

Proof. From Corollary 2, the sufficiency-type condition {Z};l ((S'Tmin - S;T,Cm> }Oo )
n=

(C [0, 4+00)) = +oo implies that o0 < T, (Z] 1 (5]) > Tmax( 5') as n— oo,

j=1%j
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limsups| < +oo and 1 - lim [(r,;mz;;l ;)/(Tmin):;?:l 5]-)] = Wi(<1), then

~>oo]

i, [(Z] 1‘5]/)/( =1 5]')] W < Tin/ Ty < 1. 0

A weaker result than Corollary 2 that simply guarantees the Fy /e 52, -nonexpansivity
J7j=0
follows directly below.

Corollary 5. Assume that in Corollary 3, Tpin > 0, Tmax > Tin, T,;m > 0and T}, > Tmm such

that aj = T '/t Vj € Zy. The self-mapping Tis F {T,} T, -asymptotically nonexpansive if,
for some finite M € Ry, the following condition holds:

{27:1 (Jj — J;Qj)l'j};_ < M and lim sup (Z (Jj — (5]{aj)1'j — M) < 0.

n—oo
Two sufficient conditions for the above condition to hold are the following ones:

(1) { Y (5]~ - (s]’.aj) }nzl(c 0, +09)) < O limsup (27:1 ((5j - 5]’.aj) - M) < 0 for
some finite Q) € Ry;

) { Z]y‘lzl (5]'Tmin - 5]/'7'.7;111}() }nzl(c [0/ +°°)) <Y; liZZLS:éP (Z]y‘lzl (‘Sijin - 5]/‘Trlnsx) - T)
< 0 for some finite ¥ € Rp.
The following result is concerned with the boundedness of the sequences generated

by *Fyr, Frr and F I } RETh -controlled self-mappings T : X — X, provided that they

are asymptotically contractwe holds.

Theorem 4. Let (X, d) be a metric space. The following properties hold:

(1)) Let T:X — X bean xFy-controlled self-mapping for some T,T/ € Ry such that
the condition C8 holds. Thus, a sufficient condition for the sequence {T"x},’_, to be
bounded for any given x € X is that Y{iﬂioo(nr —2(146(1) (T+1/)) = +oo, that is,
that T : X — X be xFyr-asymptotically contractive.

(i) If T:X— Xis Fyr-asymptotically contractive, then the sequence {T"x})’_, is bounded
forany x € X.

@@i) T:X—>Xis F{T];}cfo {T_}c_,oo—asymptotically contractive, then the sequence {T"x};" . is

bounded for any x € X.

—>°o
Proof. Assume that {d(x, T"x)}+ ,_ is an unbounded sequence for some x € X.
Then, there is a strictly increasing subsequence {n;};>, C Zgi, thus ny — oo and

(nk+j/nk> — o0 as k,j — oo such thatd(x, T"+1x) > d(x, T"x) with klim d(x, Tx) =
—00
oo, lim  (d(x, T"ix)/d(x, T"x)) = oo and then  lim  (d(x,T"**ix)—

j—r00,k—r00 j—00,k—00
d(x, T"x)) = +oo0. Since F is strictly increasing, then:

limF(d(x, T"x)) = 4o0; lim (F(d(x, T"™*x))/F(d(x, T"x))) = +oo;

k—0c0 j—+00,k—s00
lim F(d(x, T”k+jx) — d(x, T”kx)) = 4o
j—00,k—00
By the triangle inequality of distances, one has that:
d(T™+ix, x) <d(T"x, x) +d(T"x, T"ix) =d(T"x, x) 4+d(T"x, T"(T"+ "))
nkfl

<d(T™x, x)+ l; d(Tix , Tt (T”kﬂ‘*”k“)x)

https:/ /doi.org/10.3390/math14081398


https://doi.org/10.3390/math14081398

Mathematics 2026, 14, 1398

12 of 21

Thus, since F : R, — R is strictly increasing, and since d(T"x , x) — co as k — oo,
then one has:

F(d(T"™+x, x)) — +oo, F(d(T™x, x)) — +oo, d(T"ix, x)/d(T"x, x) — oo,

d(T"ix, x)/d(T"+"x , x) — +oo, F(d(T"+ix, x))/F(d(T"x, x)) — +oo,
F(d(T"™+x, x))/F(d(T"+ "x, x)) — +ooask, j — o0

so that:
F(d(T"™ix, x)) < F(d(T™x, x) +d(T"x , T"(T"+i"x)))

< F(2max(d(T™x , x),d(T™x , T (T"+ "x))))
The above conditions lead to the following cases at infinity:
Case a: +oco = kl‘im F(d(T"™x, x)) < klim F(2d(T"x, x)) = +co. This implies that
,]— 0 —00
+oo «— d(T"+x, x)/ d(T"x, x) <2 as k,j — oo, a contradiction.

Caseb: +00o = lim F(d(T"ix, x)) < kl'z'm F(2d(T"x, T (T ™x))) = +oo.
,]—00

k,j—co—0c0

This implies that:

1k
oo = lim F(d(T™x, x)) < lim F(2d(x, T"+ "kx)) —klim (an‘rZ(Zé(i)) (T+T/)>
—00 i—1

k,j—o0—00

k,j—o0

so that
1< lim F(2d(x, T™ "x))/ lim F(d(x, T"+x))

k,j—o0 k,j—o0

~2tim (= (£300)) (7))t F(a(r, T7000)

1:1n k,j—o0
k
=0-2Ilim (nkT - (E (5(1’)) (T+ T/))/ lim F(d(x, T""ix))
k¢—o00 i=1 k,j—o0
<0.

Hence, we get a contradiction again. As a result, there is no subsequence
{d(x, T"x) }poo(— +00) C {d(x, T"x)};7_, for some strictly increasing sequence {1}, C
Zy. x € X so that no subsequence {T"x};2 , C {T"x};" ; is unbounded. As a result, all
the sequences {T"x},’_, are bounded for any given x € X if:

lzln (nt—2(X"10(1)) (T4 1)) = 400
n—o00

Property (i) has been proved. Properties [(ii)-(iii)] are proved by using similar arguments as
the above ones in view of Lemma 1 (iv) and, in view of Corollary 2, Equations (11)-(13). O

In the event that the F-controlled mapping is nonexpansive and it has a fixed point,
the boundedness of {T"x};’ , is bounded for any x € X and is also guaranteed. Note
the following.

Corollary 6. Assume that in Theorem 4 [(1)—(iii)] any of the three respective mentioned F-
controlled mappings T : X — X is nonexpansive and has a fixed point z(= Tz) € X. Then, the
sequence {T"x},_ is bounded for any given x € X.

Proof. For any x € X, one has:

F(d(x T"x)) < F(d(x ,z) +d(z, T"x)) = F(d(x ,z) +d(T"z, T"x)) < F(2max(d(x,z) , d(z, T"x)))

F( supd(xT"x) | < F|2max|d(x,z), supd(z, T"x)
nezZ, nezZ,
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Case a: F| supd(x T"x)| < F(2d(x,z)). Then,sup F(d(x T"x)) < F(2d(x,z)) then
nezZ neZy
supd(x T"x) < 2d(x,z) < 4oo. Then, {T"x}; _, is bounded for any x € X.

nezZ,

Case b: F( supd(x T"x) | < F(2d(z, T"x)). Then, sup F(d(x T"x)) < F(2d(x,z)), and
nezZ, neZ

supd(x T"x) < 2d(z, T"x) =2d(T"z, T"x) < 2(d(z,x) — My) < o0t

neZy

lim supd(x T"x) < 2lim supd(z, T"x) = 2lim supd(T"z, T"x) < Z(d(z,x) - lim inan) <2d(z,x) < 400
n—oo

n—o0

n—o0 n—o00

for some bounded real sequence {M, } ", C Ry is bounded for any x € X. OJ

The subsequent result is concerned with a modified Fr-asymptotic contraction where
there is an iteration-dependent weight of 7, which is not necessarily positive for all the
iterations. This arrangement allows the replacement of the two-parameter Fr/--asymptotic
contraction by a single weighted parameterized F;-asymptotic contraction.

Theorem 5. Let F: R, — R bean F-function, (X,d) be a metric spaceand T:X — X bea
self-mapping on X which satisfies:

(€5) [d(T"x, T") > 0] = [F(d(T"x, T"y)) < F(d(x,y)) + X (a(7)() = 81(j))]
forsome T € Ry, Vn € Z,, where 6(j), 6/(j) € {0, 1}; Vj € Z,,and {a(j)}}il C [0, a] for
some a € Ry. The following properties hold:

(i)  Assume that the limit exists klgg( ;7:1((1(]')(5(]') - (5/(]'))) = —o0.
Then, T : X — X is a modified asymptotic Fr-contraction forany T > 0,and T: X — X
is asymptotically regular.

(ii) (Assume that, for some strictly increasing sequence {ny}y.q C Z such that ny 1 —ny < #i;
for Yk € Z and some n € Z, there is a real sequence {zxnk}zozo C a1, ] for some real
constants wq and « with 0 < ay < a, and the following condition holds:

Yok (81(k) — a(k)6(k)) > anni;Vk € Zy

Then, T :X — X is a modified asymptotic Fr-contraction forany T > 0,and T:X — X is
asymptotically regular.

Proof. Property (i) follows from C3 since klszO( j—1(a(j)o(j) — (5/(]))) = —oo implies
that F(d(T"x, T"y)) — 0 as n — oo then d(T"x, T"y) — 0 as n — oo for any T > 0. Also,
the condition of the property (ii) implies that Y, * | (a(k)5(k) — 6/(k)) < —ay,n < —aqny,
so that:
lim supy_;* | (a(k)6(k) — 61(k)) < —aq lim ng = —o0
k—s00 k—o0

And so that the following limit exists:

lim Y, (a(k)o(k) — 61(k)) = lim supy* | (a(k)é(k) — 61(k)) = —oo

k—o0 k—o0

Thus, as in the property (i), one concludes that F(d(T"x, T"y)) — 0 as k — oo; so
ng — o0 and then d(T"x, T"y) — 0 as k — co. Now, take any integer n € (ny, ny,1) so
that if d(T"x, T"y) > 0, then one has:

F(d(T"x, T"y)) < F(d(x,y)) + Z: (a(j)o(j) —or(j)) T+ i 1 (a(j)o(j) = or(j))T
= J=ngt
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then,
F(d(T"x, T"y)) — anit < F(d(T"x, T"y)) —a(n —m)T < F(d(x,y)) + ) (a(j)8(j) — o1(j))T

so that

lim sup (F (d (T, ThTy)) — aiit) < F(d(x, y)) + lim (0% (a()3(j) — 81(j)) 7) = —o0

k—o00 k—o0 \J
;Vn € (ng, ngy)
so that there exists the limit liln F(d(T"x, T"y)) = —oo, and the property (ii) is proved
n—oo

under the same arguments as those used in the proof of the property (i). [

3. Fixed-Point Results and Examples

This section discusses the boundedness and Cauchyness of the generated sequences
of any initial point x € X for the various F-controlled self-mappings T : X — X that are
F-asymptotically contractive, and the existence and uniqueness of fixed points as well as
the convergence of the Cauchy sequences to them.

Theorem 6. Let (X, d) be a metric space and let T : X — X be an Fry-controlled self-mapping,
such that the following condition holds:

(C9)

tim (n/ (5j60)) ) = +oo
, T/ T < +00,T> 0,7/ >0

(14)

Then, T:X — X is Fyc-asymptotically contractive, it has a unique fixed point z(= Tz) € X,
and {T"x};>  is a Cauchy sequence; Vx € X. Furthermore, if (X,d) is complete
then {T"x}, o — z forany x € X.

Proof. First, note that for C9, Equation (14) implies that T : X — X is Fy/r-asymptotically
contractive from Theorem 1 (ii). It is now proven that T : X — X has, at most, one fixed
point. Assume that Fix(T) = {z1,z3}. Then,

nt — (i 5(1)) T/ < F(d(z1,22)) — F(d(T"21, T"22)) = F(d(z1,22)) — F(d(z1,22)) =0
=1

and, from C8, the subsequent contradiction holds:

0 < lim (m - ( ;.;15(]')) T/) < F(d(z1, 22)) — F(d(Tkzl, Tkzz>) = F(d(z1, 22)) — F(d(z1, 2)) = 0

n—oo

; Vk € Zy., so that z; = zp = z. Now, note from C3 and C8 that:

lim P(d(T”“x, T"x)) < F(d(x, Tx)) + lim (w(f 5(]')) nT) = o= lim d(:r”+1x, T"x) =0

n4—co = n—00

since C8 reads equivalently to 71lim (TlT - (Z7:1 5j) T/) = 400 and from Theorem 1 (ii),
nlz_}ngo (n/ (Z};l (5]-) 1'//1') = +o0if T > 0 for any finite 7/ > 0. Now,

d(T”“x, T”x) < d(T”“x, Tn+1z> +d(Tn+1Z’ Tnx> _ d(Tn+1x, Tn+1z) +d(T"z, T"x)
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d(z, T"x) =d(T" 1z, T"x) = d(T”“x, T"x) +d(T"x, T""z)

=d(T" x, T"x) +d(T"x, z)
=d(T(T"x), Tz) +d(z, T"x)

F(d(z, T”“x)) = F(d(T(T"x), Tz) +d(z, T"x)) < F(Zmax(d(z, T"“x),d(z, T”x))).

Foreachn € Z; and any x € X:

Case a: d(z, T"x) > max(d(z, T""'x)/2,d(z, T""x)) = d(z, T""'x). Then,
F(d(z, T"x)) > F(d(z, T""'x)) = F(d(T""'z, T""1x)) < F(d(z, T"x)) from the con-
tractive condition of the F-controlled map. Then, F(d(z, T""'x)) < F(d(z, T"x)) so
that d(z, T"*1x) < d(z, T"x) for sufficiently large n, and since the mapping is Fr/-
asymptotically contractive, one has that:

lim sup(d(z, T”“x) —d(z, T”x)) <0

n—o0

This contradicts the initial assumption for this case for sufficiently large n so that Case a is
unfeasible for sufficiently large n.

Case b: d(z, T""x) > max(d(z, T”*lx) /2,d(z, T"x)) = d(z, T"x). Then,
F(d(z, T""x)) —un, > F(d(T""'z, T""x)) = F(d(z, T""'x)) > F(d(z, T"x)) with
{un}y o(C [0, +00)) — +oo. This implies that d(z, T"x) < d(z, T""lx); Vn(>no) €
Zy+ and some ng € Zyy, and, for sufficiently large n, and since the mapping is Fr/¢-
asymptotically contractive so that {u,};" ,(C [0, +00)) — o0, the above inequality is
strict, thatis, d(z, T"x) < d(z, T""!x) and

lim sup(d(z , T'x) — d(z , T”Hx)> <0

n—o0

Asaresult, {T"x};’_,isbounded for any x € X. Also, F(d(T"z, T"x)) = F(d(z, T"x)) —
—oo as n — o0 and from C3, d(z, T"x) — 0 as n — oo, and since the metric is a con-
tinuous function, then {T"x};’ ,(C X) — z for any x € X. It has been proved that if
T : X — X has a fixed point then it is unique (equivalently, T : X — X has at most a fixed
point z ) and, furthermore, the sequence {T"x}”  is bounded for any x € X. Furthermore,
it is now proved by contradiction that {T"x};’ , — z; Vx € X. Assume that there exists
some x € X such that the limit ;115120 d(x, T"x) either does not exist or it is nonzero. Both

above cases are covered by the assumption that:

limsupd(x, T"x) >0

n—oo

and, by using C3, one gets:

—oo < limsup F(d(T"x , z)) = limsup F(d(T"x, T"z))

n—o0 n—o0

< F(d(x, 2)) = lim (n7— (T11(0(i) 7)) = —o0

n—oo

Hence, one reaches a contradiction. Then, for any x € X,

lim F(d(T"x, z)) =limsup F(d(T"x, z)) = —oc0

n—reo n—»00
d(T"x, z) - 0asn — o
from C3, and since the distance is a continuous function, then limd(T"x,z) =

n—oo
d( lim T"x , z) = 0so that {T"x};_, — z.

n—oo
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It remains to be proved that such a unique fixed point exists. One has from C3 that:

tim F(d(T"x, T'x) ) =F (d(x, Tx)) =~ lim_(n7— (T/4(6()) 7)) =~ (15)

n—oo

which implies that d(T"1x, T"x) as n — co. Also, one has:

d(:r”+1x, T”x)k(P(d(T"+1x, T”x)) — F(d(x, Tx))) = —d(T”“x, T”x)k(nT— (27:1(5(]')) T/)) — 0. (16)

and, for some real constant k € (0, 1) from C4, one has that:

lim d(T”“x, T"x)k lim F(d(T"“x, T”x)) — lim d(T”“x, T”x)kF(d(x, Tx))

n—oo n—oo n—,oo
0+0= —JL@d(T”Hx, T"x)k<m' - ( 1 (6() w)) = 0. (17)

so that Jingod(T”“x , T"x)k(n — ( 1 (0(7) T//T)) = 0. Thus, there exists some 1y =
no(x) € Z suchthatforany n(> ng) € Z;,d(T"x, T”x)k<n - ( 1 (6(7)) T//T)) <1,

1/k
equivalently, d(T"*!x, T"x) < 1/(71 - ():;7:1 (6(7)) T//T)) for any n(>ng) € Z;.
Then, for any n(> ng) € Z; and any m € Z, one gets:

a(rrmiie, ) < prta(ix, 1) < o (6 (- (S0 rr))) e )

where A; > & __ . The real sequence {A;}% _is bounded so that supA; <
= \/ (5= (Zh ) 7/7) ) a k0 P =

j=ng

A < 400 and lim supA, < 1 since nli_r}rzoo(n/( -1 5(]))) = +o0. Then, (18) implies that
n—o00
{T"x},"_, is a Cauchy sequence and, since (X,d) is complete, there exists a fixed point

z € X such that {T"x};7 ; —z. O

Remark 4. Note that one of the results of Theorem 8 is that if T : X — X is Frr-asymptotically
contractive, and {T"x};_ is bounded; Vx € X, if by using that, it has a fixed point. In
Theorem 4 (ii), the existence of a fixed point was not invoked to achieve such a boundedness result
through an alternative proof.

Note that F ;e {5} -controlled self-mappings T : X — X are Fy (-controlled
17 j=0 j=0

e}
self-mappings if {T]/ }j:O, {Tj}]to are constant sequences of respective values 7/ and T.
Therefore, the class of F {Tj/}]io {5 }ﬁo—controlled self-mappings T : X — X contains that of

Fr/ ¢-controlled self-mappings. Note also that *F, r-controlled self-mappings are Fr/4+, ¢-
controlled self-mappings (Assertion 1), while obviously Fy-controlled self-mappings with
T > 0 are standard F-mappings controlled by the parameter 7.

The following results are immediate from Theorem 8.

Corollary 7. Let (X, d) be a metric space and let T : X — X be an xFyr-controlled self-mapping
for such that (11) holds. Then, T : X — X is xFyr-asymptotically contractive with a unique fixed
point z € X and {T"x},"  is a Cauchy sequence; Vx € X. Furthermore, if (X,d) is complete,
then {T"x}, o — z forany x € X.

Corollary 8. Let (X,d) be a metric space and let T:X — X be an P{Tf/},io 2,

controlled self-mapping for such that the conditions of any of the Corollaries 2, 3 or 4
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holds. Then, T:X — X is Fgne {5} -asymptotically contractive with a unique fixed
i’j=0 j=0

point z € X, and {T"x}, _, is a Cauchy sequence; Vx € X. Furthermore, if (X,d) is
complete, then {T"x}7  — z forany x € X.

Example 1. Let (X,d) be a complete metric space, let A1 and Ay be two nonempty closed
subsets of X wthat intersect and let T : AU Ay — A1 U Ay be a cyclic self-mapping, that
is, satisfying T(A1) C Ay and T(Ay) C Ay, which is Fryc-asymptotically contractive,
that is, it satisfies the condition C6 for all (x,y) € Ay x Ay U Ay x Ay subject to the condi-
tion nlz_)ngo (nT - ( -1 5(]'))7/) = 4o for some T/ € Roy , T € Roy (Definition 5). Then, one
has for any n € Z that:

E(d(T"x, T')) < E(d(x,y)) + ( ;;15(]'))w — T V(x,y) € Ay x Ay U Ay X Ay

F(d(T"x, T™1x) ) < F(d(x, Tx)) + (T)18(7) ) 77 = 07 Vx € Ay U Ag.

From the above relations, it follows by taking limits as n — oo that F(d(T"x, T"y)) — —oo im-
plies that d(T"x, T"y) — 0;V(x,y) € A1 x AU Ay x Ayand F(d(T"x, T"x)) — —oc0
imply that d(T"x, T""x) — 0;Vx € Ay U Ap. Then, from Theorem 6, T : X — X is Fyjr-
asymptotically contractive, and it has a unique fixed point z(= Tz) € A1 N Ay, and {T"x};, 5 C
A1 U Ay is a Cauchy sequence; Vx € Ay U Ay. Again from Theorem 6, since T : A1 U Ay —
A1 U Ay is cyclic, then {Tznx}:’:() C Aj and {T2”+1x}:;0 C Ayif x € Ay are
Cauchy subsequences of {T"x}y_o. Similarly, {T?"x}°"  C Ay and {T*"*x}> = C
Ay if x € Ay are Cauchy subsequences of {T"x}," . Furthermore, if (X,d) is complete,
then (A1U Ay, d), and since Ay U Ay is closed, it is a complete metric space too, which
is a complete submetric space of (X,d). From Theorem 6, T:A1UAy; — AiUAy has a
unique fixed point z € Ay U Ay to which {T"x}, _, converges, Vx € Ay U Ap. Since
the subsequences {T?'x} , {T?*1x}*" =~ C {T%x} " are also Cauchy and conver-
gent; ¥x € Ay U Ay, and each one of them in one of the subsets has the same fixed point z as the
one from the whole sequence, and it follows that z € A; N Aj.

A simple example for the two relevant sets of this example is A1 = Ro; = R4 U {0}, Ay =
Ro— = R_ U {0}, whose intersection is 0. A direct extension is when the sets are the non-negative
and non-positive n-dimensional real orthants whose intersection is the n-vector of null components.

Example 2. Now, assume in Example 1 that Aj and A, are disjointed so that the distance

between them is D = dist(Ay, Ap) = infd(x,y) > 0, and assume also that at least one of
(x,y)eA1x Ay

the adjacent subsets Aj or Ajp in the cyclic disposal is boundedly compact with a unique best

proximity point to its adjacent subset, and that the Fr,c-asymptotically contraction condition of the

cyclic self-mapping T : A1 U Ay — Ay U Ay is modified as follows:

F(d(T"x, T"y) — D) < F(d(T’Hx, T’Hy) - D) +6(n) T — TV (x,y) € Al x Ay U Ay x Ay

which results in

F(d(T"x, T"y) — D) < F(d(x,y) — D) + ( 7:15(]'))T/ —n;V(x,y) € Ay x Ay U Ay x Ay,

F(d(T"x, T"*'x) = D) < F(d(x, Tx) = D) + (5}_,0(j) ) 7 — n7; ¥x € A1 U A5,

This is after using iteration to the initial distances. Since Jgngo (HT— ( 7:1 zS(j))Tl) =
+oo, one gets, by taking limits such as n — oo, that F(d(T"x, T"y) — D) — —co implies
that d(T"x , T"y) — D;V(x,y) € A1 x AU Ay X Ayand F(d(T"x, T""x) — D) — —o0
implies that d(T"x, T"x) — D;Vx € A1 U Ay. By taking any m € Zy.., it is also seen that:
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F(d(T"x, T""™y) — D) < F(d(x, T"y) — D) + ( ;.;15(]'))7/ —nt

F(d(T”x, T"+m+1x) - D) < P(d(x, Tm“x) - D) + ( 7:15(]'))T/ —nTVx € A1 U A,

which leads to the following extended results:
d(T"x, T"™y) — D; VY(x,y) € Ay x Ay U Ay X As;

d(T"x , T"+m+1x> — D; Vx € Ay U Ay asn — oo forany m € Zy, and also as n,m — co.

Assume, with no loss in generality, that A; is boundedly compact with a unique best proxim-
ity point zy to Ay [12-14], and then there is a subsequence {T*"x}”  C {T?"x} C

{T"x} g forany x € Ay and {ny}y C Zo that strictly increases with iup(nkﬂ —ny) <
>0

fi < oo such that {T?"x},” — z1 and, furthermore, D = d(z1,A,). And, since T is
single-valued, Tzy € Ay C Ay, with Ay being the best proximity set in Ap to A1, so
that D = d(z1,Tzy); otherwise, if Tzy ¢ Apo, then d(zq,Tz1) > D, which would contra-
dict d(T*"x, T>»**tlx) — D; Vx € A; U Ap. Note that, although Ay = {z1}, A; hasa
unique best proximity point, and it is not needed or assumed that Ayg = {Tz1}, that is, that Ap has
a unique best proximity point.

Now, take n € (ny. , ny11) N Zo+ and assume that for some x € Ay, lim sup d(T*"x, T?"x) >
k—o0

0, where clearly {T?"x},”  C {T?"x} " C Ay. Then, one has to take n = ny + j for some
integer 1 < j < ngyq — ny and since {TZHkx}Z":O — z1 and zy € Ay is the unique point
in Ay such that Tzy € Ap and d(z1,Tz1) = D, one has that lim supd (T*"x , T>"*1x) >

k—o0
D so that:
D < lim sup d(T*"x , T?*"*1x) = lim sup d<lim Ty, Tz("kﬂ)*lx)
k—o0 k—o0 k—c0
= lim sup d(Tznkx , Tz("k“)*lx) = lim sup d(lim T2y, Tz(”k“)“x)
k—o0 ' k—o0 k—roo ' (19)
= lim sup d(21 , Tz("k+])+1x> < limsup d(z1, T2"k+fx) + lim sup d<T2”k+ix , Tz("k+1)+1x>

k—o0 k—o0 k—o0
= d(zl , lim T2”k+fx> + lim sup d(T2”k+fx , TZ(”k+f)+1x);Vi €Zy,.
k—reo k— 00

Note that the last equality in the above set of Equation (19) is justified from its former
one as follows. Since T :A1U Ay — A1U Ay is an Fr-asymptotic contraction and the F-
function is strictly increasing, lz?a F (d(T”“x , T”x)) = —oo, and then there is some N €

n—oo

Z., such that for n(> N) € Zy, d(T""x, T"x) < d(T"x, T" 'x) if T"x # T" 'x. Then,
the Fr-asymptotic contraction T : A1 U Ay — A1 U Ay is also an asymptotic weak contraction
on Ay U Ay, andthen it is asymptotically continuous everywhere in its definition domain. Thus,

if 2(ng+j)+1> N,and since klim T?+ix = z1, we can interchange the limit and the distance
—00

operators as follows:

lim sup d(21 , T2”k+ix) = lim sup d(TZ”k+izl , TZ”k“x) = lim d(TZ"k+izl , TZ”k+ix) = d(TZ”k+le ,klim T2”k+"x>.
—00

k—o0 k—s00 k—oc0
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Since {ny};y C Zoy is strictly increasing, we can take i — oo in the above expression to yield:

D< lim d(z, T"+ix)+ lim d(T2”k+ix, TZ(”k+j)+1x)

k—o0 , i—o0 k—c0,i—00

<dl(zy, lim T¥%ix)+ lim d(TZ”k+ix, Tz(”k+j)+1x)

k—ro00 i—o0 k—o0,i—00
=d(z, lim T¥+ix)+ lim d(TZ”ka , T2(nk+j)+1x)
k—so00 i—00 k—s00,i—s00
=d(z1,z1)+ lim d<T2”k+ix , Tz(nkﬂ)ﬂx)
k—00,i—00

=d(z1, z1) + lim d( lim T?"k+ix, TZ("k+j)+1x>

k—o00,i—00 \k—ro00,i—r00
(z1, z1) + d<zl , T( lim Tz(”kﬂ')x))
k—00,i—00

(Z1,21)+d(21, TZl):0+D:D

d
d

since {T2”k+fx};°:0 C Ay and {d(TZ”k+fx , TZ(”k+f)+1x> }kfo C Ay if x € Ay, and hence, a
contradiction of: -
D < lim sup d(TZ”kx , TZ”Hx)

k—o0
if
lim sup d (TZ”kx , Tz”x) >0
k—o0
and then

lim sup d (TZ”kx , Tz”x) =0

k—00

for n € (ny, ngyq), which leads to:

lim d(TZ”x, Tz(”+m)x) =0, lim d(TZ"x, Tz(’”m)ﬂx) =D
n—oo n—o0
: {Tznx}:lo —z1, {TZ”Hx}ZO:O — Tzy; Vx € Ay, m € Zyy, and it turns out as well
that {Tz”x}zozo — Tz, {TZ”Hx}ZO:O —z1; Vx € A,. Note that Tz, € Ay, and it
is not required that Ay = {Tz1} . These results also make evident that the composed map-
ping T?: Ay — Ay and T?: Ay — Ay have, respectively, unique fixed points zq € A and Tzy.
A simple example for the two relevant sets of this example is when Aq and Aj are the subsets
of the non-negative and non-positive real n-dimensional sets of all absolute components being larger
than or equal to d > 0. Then, the sets are disjointed and the Euclidean distance between them is
D=d>0.

It can be pointed out that discrete models of dynamic systems, as well as the resulting
ones from the discretization of their continuous-time counterparts, are relevant in several
fields of science and engineering, as, for instance, in switched parameterizations of certain
processes [15] or in some biological models [16,17]. Such models often include the presence
of delays and nonlinearities while they need to keep basic properties, like well-posedness,
stability, existence, and characterization of their solutions. In this context, the formalism of
F-contractions might be a useful and promising tool as an alternative to other techniques
like the Lyapunov theory or classical analysis methodologies of the solutions, as has already
been discussed in some of the existing background literature. Note that such a formalism
may allow the direct investigation of the existence and uniqueness of solutions, as well
as the monitored evaluation of the rate of convergence of the solution trajectories to the
equilibrium points. See, for instance [18,19]. On the other hand, it can also be pointed
out that a survey of results on F-contractions is developed in [20], while an adaptation of

https://doi.org/10.3390 /math14081398


https://doi.org/10.3390/math14081398

Mathematics 2026, 14, 1398 20 of 21

such contractions to probabilistic Menger spaces with new ad hoc proved results has been
reported in [21].

4. Conclusions and Some Future Work

Some extensions of Wardowski F-controlled self-mappings T : X — X, which are
referred to as Fr/r and modified *Frr controlled self-mappings, are proposed and in-
vestigated in metric spaces, as well as some extensions to F-controlled self-mappings
parameterized by two sequences of parameters. The main formulated results rely on
asymptotic contractivity and asymptotic nonexpansivity in metric spaces and some of
their relevant properties. In particular, the properties of boundedness of the sequences of
distances, as well as those of boundedness of the elements of the sequences themselves,
are investigated under asymptotic contractivity or nonexpansivity properties related to
the various above-mentioned F( )-controlled self-mappings. Also, existence and unique-
ness fixed-point results are obtained if the metric space is complete, as well as results of
Cauchyness properties and properties of convergence of such sequences to the fixed points.
Finally, two illustrative examples are described if the F-controlled self-mappings are cyclic
on the union of two nonempty closed subsets of the metric space in the case that those sets
intersect, and in the case when they are disjointed.

Future work, under the basis of the above formal analysis, could focus on the study
of the stability and stabilization via F-contractions of discrete, eventually delayed, and
nonlinear dynamic systems in the presence of switching actions of their parameterizations
through time . Also, and alternatively, switching actions could take place on the working
operation states by combining the introduction of F-contractions of their state norms with
Perov-type techniques of analysis of contractions for non-scalar discrete dynamic systems.
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