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Abstract

This paper addresses the stability and stabilization problems of rolling mill main drive
systems with time delay. The complete stability problem with respect to the delay parameter
is investigated for linearized systems with and without control. The systems are first
formulated in the characteristic function form, and the corresponding complete stability
problem is introduced. By employing the frequency-sweeping approach, the complete
stability properties are systematically analyzed. As a result, several analytical properties
related to the local asymptotic behavior of critical imaginary roots are derived. Finally,
numerical examples demonstrate that the whole stability set with respect to delay can be
accurately determined.

Keywords: complete stability problem; stabilization; rolling mill main drive systems;
frequency-sweeping approach; time-delay

MSC: 93C95; 93D20

1. Introduction

Rolling mill vibration models have evolved from simple linear representations to
complex nonlinear dynamical systems [1-3]. By incorporating key features such as time
delay [4], nonlinear stiffness [5,6], and nonlinear damping, based on the structure and
loading characteristics of the actual equipment, the nonlinear torsional vibration model
can be established, revealing more vibration mechanism and phenomena. In practical
operation, frictional vibrations are commonly observed and have a significant impact on
system stability. For rolling mill main drive systems with time delay, the characteristic
function plays a central role in stability analysis.

In view of system instability, various control strategies have been proposed to stabilize
the system and achieve desired dynamic performance. For example, reference [7] employed
state feedback control to stabilize unstable equilibria and periodic orbits in a congestion
control model. In [8], a polynomial-based state feedback controller was designed for
internet congestion systems. In addition, a nonlinear controller was developed in [9] for
rolling mill main drive systems with time delay.

Existing studies on such systems typically focus on a stability interval of the form

T€[0,7), 1)
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where T > 0 is referred to as the delay margin [10].

The delay margin is a key concept in stability analysis (see, e.g., [11-13]) and has
also been widely used in stabilization problems (see, e.g., [14-16]). If T can be accurately
computed, then the equilibrium is locally asymptotically stable for all T € [0, T).

However, it has been shown in [17,18] that time-delay systems may admit multiple
stability intervals, which may or may not include zero. In such cases, the delay margin
becomes inherently conservative, and a more general framework is required.

In general, a time-delay system is asymptotically stable if

TE[T, U - U(T,T),0=5; <7 < - - < T, < Tg, ()

or
TE(T, M)V - U(T,%),0< 1, < <+ < T, < Tg, (3)

where 7 is referred to as the generalized delay margin [19].

For rolling mill main drive systems, multiple stability T intervals may arise. In such
situations, the concept of delay margin is no longer sufficient, indicating that further
investigation is necessary.

This paper studies the complete stability and stabilization problems of rolling mill main
drive systems with time delay. By applying the frequency-sweeping approach proposed
in [20,21], the stability of the system can be analyzed along the whole semi-infinite T axis.
No specific constraints are imposed on the delayed systems. Numerical examples are
provided to illustrate the effectiveness of the proposed approach. The results show that
the whole stability set can be accurately detected. In particular, it is revealed that multiple
stability T intervals may exist for such systems.

Beyond stability analysis, the proposed framework also provides a systematic tool
for controller parameter design. In particular, it enables the explicit characterization of
admissible ranges of controller gains that guarantee stability. This allows one to evaluate
how controller parameters influence the stability structure, including the enlargement
of stability regions and the possible emergence of multiple stability intervals or delay-
independent stability. Such results offer useful a priori guidance for controller tuning in
practical implementations.

The main contributions of this paper are summarized as follows:

(1) The frequency-sweeping approach is firstly introduced into the stability analysis
of rolling mill main drive systems, providing a systematic framework to address
complete stability and stabilization problems over the whole delay domain.

(2) Itis shown that the stability with respect to T may exhibit a non-monotonic structure,
where multiple stability intervals can arise and stability may be regained after certain
critical delays.

(3) The controller parameter can be characterized. In particular, the controller parameter
is shown to significantly influence the stability structure, enabling the enlargement of
stability regions.

The remainder of this paper is organized as follows. Section 2 introduces the necessary
preliminaries and prerequisites. Section 3 develops the main results on complete stability
and stabilization problems. Section 4 presents illustrative examples for validation. Finally,
Section 5 concludes the paper.

The following notation is used throughout this paper. Let R and R denote the sets of
real numbers and positive real numbers, respectively, and let C denote the set of complex
numbers. The open left and right half-planes of C are denoted by C_ and C, respectively,
while Cy represents the imaginary axis. The unit circle is denoted by dD. The set of
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nonnegative integers is denoted by N. For any A € C, Re(A) and Im(A) denote its real and
imaginary parts, respectively. Finally, e represents an arbitrarily small positive scalar.

2. Preliminaries and Prerequisites

This section introduces some preliminaries and prerequisites for the stability analysis
of the rolling mill main drive system and presents the corresponding mathematical models
with time delay in both uncontrolled and controlled cases.

2.1. Mathematical Model of the Rolling Mill Main Drive Delay System

Consider the mathematical model of a rolling mill main drive time-delay system [4],
which is described by the following differential equation:

0+70+c0+n0*+p6°=po(t—1), (4)

where 0 denotes the angular displacement and T > 0 is the time delay. The parameters
/ / . _ bi+p x _ c—aPr2+3Prad3 A
¢, ¢, n, B, and p’ are real constants, defined as { = T ¢ = T , 11 = =386,

_RVER _ . ) .
w, R = yly—lyz, where R is the reduction ratio, and

,B’ _ /51;7’3’ p/ _ ? with p =
Y1, y2 denote the inlet and outlet strip thicknesses, respectively. Here, E is the Young’s
modulus, B is the strip width, 7, is the roll radius, c is the damping coefficient, b; is the
stiffness coefficient, P is the rolling force, and ] is the rotational inertia of the roll.

In addition, the parameters « and B originate from the stick-slip friction model.
Specifically, a represents the linear velocity-dependent friction coefficient, while 8 denotes
the cubic nonlinear friction coefficient. These terms characterize the velocity-dependent
friction behavior between the roll and the strip and play an essential role in the nonlinear
vibration characteristics of the system.

The model captures the combined effects of structural stiffness, damping, nonlinear
friction, and delayed tension feedback in the rolling mill main drive system. The detailed
derivation of this model can be found in [4].

For analytical convenience, we introduce the state variables x; = 6, x, = 9, and define
the parametersw; = ¢, a0 =17, a3 = B/, a4 = {, a5 = p’.

Then, the system (4) can be transformed into the following state-space form:

{ X1(t) = xa(t), (5)

() = —a1xa(t) — apx3(t) — a3 (£) — agxy () + asx1 (¢ — 7).

Linearizing system (5) at the zero equilibrium point Ey = (0,0)T, the quadratic and
cubic terms vanish, yielding

(6)

{ #1(1) = x0(t),

Xo(t) = —ayxp(t) — auxy (t) + asxy (t — 7).

Eliminating x;(t) leads to the equivalent second-order delay differential equation:
F +axy +agx; —asxq(t—1) =0. ?)

Substituting x1(t) = e into (7) yields the characteristic function:

fAT) =q0(A) + 1 (A)e™, 8)

where go(A) = A2 + a1\ + ag and g1 (1) = —as.
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2.2. Design of Nonlinear State Feedback Controller

To stabilize the system (5), a nonlinear state feedback controller [9] is designed
as follows:

u(t) = —kyxy(t) — kax3 (t) — ksxj(t), 9)

where k1, ky, k3 are positive feedback gain parameters.

Remark 1. The controller (9) is designed such that the control input vanishes at the equilibrium
of system (4), thereby preserving the equilibrium point. This property allows the system dynamics
to be modified without shifting the equilibrium, and has been widely adopted in the literature (see,
e.g., [7-9]). This choice also leads to a simple controller structure, which facilitates analytical
tractability in the subsequent stability analysis.

With the introduction of the state feedback controller, the rolling mill main drive
system (5) can be rewritten in state-space form as:
21(t) = x2(t) — kyxy (#) — koxi (t) — kax(t)
. p 3 (10)
Xo(t) = —arxp(t) — a3 () — agxy(t) — aaxq () +asxy (t— 1)

Linearizing the controlled system (10) at the zero equilibrium point Ey leads to the
following characteristic function:

qo()\) = Az + (DC1 + kl))\ + a4 + Délkl

q1(A) = —as i

FAT) = g0(A) +q1(A)e” ™, {

2.3. Complete Stability Analysis

For time-delay systems, the equilibrium point Ey is locally asymptotically stable if and
only if all characteristic roots of the characteristic equation f(A, 7) = 0 lie in the open left
half-plane C_ (see [22]). Therefore, the stability problem can be equivalently transformed
into the analysis of the distribution of characteristic roots.

For the rolling mill main drive time-delay systems (5) and (10) mentioned above,
the objective of complete stability analysis is to analytically determine all the stability T
intervals by investigating the distribution of characteristic root for f(A, ) = 0.

By convention, let NU(7) € N denote the number of characteristic roots located in
the right half-plane C, as a function of 7. Clearly, the system is stable if and only if
NU(t) = 0. Hence, the complete stability problem reduces to calculating all the whole
stability 7 intervals satisfying NU(t) = 0.

We now recall some related notations. As the delay parameter T increases, NU(T) can
change only when the characteristic equation has purely imaginary roots A = jw (w € R).
Such delay values are called critical delays. A pair (A, T) satisfying f(A, T) = 0, consisting
of a critical imaginary root A € Cy and its corresponding critical delay T € Ry U0, is called
a critical pair.

Furthermore, according to the definition in [20], let ANU, (7, ) denote the variation in
the number of unstable roots induced by the asymptotic behavior of a critical imaginary root
A as T increases from T, y — € to T, x + €. The asymptotic behavior of a critical imaginary root
refers to the variation of the critical imaginary root as T increases near the corresponding
critical delay. This notation ANU,, (7, k) € N can quantify the influence of the asymptotic
behavior for the critical pair (A4, T, x > 0) on NU(7).
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2.4. Limitations of Existing Methods

Most existing studies on the stability of rolling mill main drive systems assume that the
critical imaginary roots are simple. Under this assumption, the implicit function theorem

can be applied to compute

O _ 0

it~ R
When 7 increases near a critical delay, the sign of Re (‘;—i‘) determines the crossing

direction of the root across the imaginary axis. Specifically, if Re (%) > 0 (or Re (%) <0),
the root crosses the imaginary axis from the left half-plane to the right half-plane (or from
the right half-plane to the left half-plane), indicating a change in stability.

However, it has been shown that critical imaginary roots may exhibit more complicated
asymptotic behaviors, such as multiple roots or degenerate cases (see, e.g., [17,23-25]). In
particular, when

dA
Re(—) = 1
e( I ) =0, (13)
the first-order derivative is insufficient to determine the crossing direction, and higher-order

derivatives (e.g., ‘;%, ‘;%, ...) arerequired. In such cases, the implicit function theorem is no
longer applicable, which significantly limits the effectiveness of conventional approaches.

Moreover, existing studies mainly focus on stability analysis in the form of a single
interval (1), while the possibility of multiple disjoint stability intervals (2) or stability
intervals not starting from zero (3) has not been systematically investigated. Nevertheless,
such phenomena are common in general time-delay systems, and are therefore expected to
also arise in rolling mill main drive systems.

To address these issues, the frequency-sweeping approach proposed in [20,21] will be
introduced in the next section. This approach can directly obtain the explicit expression of
NU(7) and systematically determine all stability T intervals of the rolling mill main drive
time-delay system by plotting the “NU(t) vs. T” curve.

3. Main Results

This section reviews the fundamental principle of the frequency-sweeping approach,
which serves as the basis for solving the complete stability problem of the rolling mill main
drive time-delay system. Based on this framework, several analytical properties are derived
for both the uncontrolled and controlled systems.

3.1. Complete Stability Analysis via the Frequency-Sweeping Approach
Consider the characteristic function f(A,T) = go(A) + g1(A)e”™ defined in (8)

and (11). To analyze its time-delay stability, introduce the variable transformation z = e~ ™,
which converts the characteristic function f(A, T) into
p(A,2) = qo(A) +q1(A)z. (14)

Without loss of generality, assume that there exist u critical pairs (A, z) with A € Cy
and z € dD such that p(A, z) = 0. These pairs are denoted by

()LO = jCUo,Zo),.. .y ()\u—l = jwu—lrzu—l) and wg > -+ > wy—1 > 0.
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Once all critical pairs (Ay, z4), &« = 0,...,u — 1, are obtained, the corresponding values
of critical delay for f(A, T) = 0 can be determined. For each critical imaginary root A,, the
associated critical delays are given by

2k
Tk =Two+ —, keEN, (15)

[14

where T, ¢ is the smallest critical delay, which can be calculated from z, = e /“aT0,

Since the coefficients of go(A) and g1(A) are real, the characteristic roots are symmetric
with respect to the real axis. Therefore, it suffices to consider only critical imaginary roots
with nonnegative imaginary parts, i.e., Ay = jw, with w, > 0.

The frequency-sweeping curve for f(A, ) = 0is generated as follows: For w > 0, let
A = jw and solve p(jw, z) = 0 to obtain z(jw). Then, the curve I'(w) : |z(jw)| is plotted as
a function of w. Define the horizontal line with ordinate equal to 1 as ;. A critical pair
(Aa # 0, Ty k) exists if and only if the curve I'(w) intersects 37 at w = w,. Hence, all critical
imaginary roots and the corresponding critical delays can be detected and calculated from
the frequency-sweeping curve.

Based on the above construction, the following property can be directly obtained.

Property 1. For the characteristic function f(A,T), if the frequency-sweeping curve does not
intersect 31 for any w > 0, then:

(1) The systems (5) and (10) have no critical imaginary roots.
(2)  The systems are asymptotically stable for all T € [0,00) if and only if NU(0) = 0.
(3)  The systems are unstable for all T € [0, c0) if and only if NU(0) > 0.

Define ANF;, (wy) as the number change in the frequency-sweeping curve above 37 as
w increases from w, — € to wy + €. According to Theorems 8.5 and 9.4 in [20], the following
theorems can be obtained.

Theorem 1. For each critical imaginary root A, of the characteristic equation f(A,T) = 0, when
all T, > 0, then ANU, (T, ) is a constant equal to ANF,, (wy ), denoted by U, .

Theorem 2. Consider the characteristic equation f(A,t) = 0. For any noncritical delay T > 0,
the number of unstable roots can be explicitly expressed as

NU(t) = NU(+¢) + Y1~ NUx(7), (16)
where
0, T < Tyo,
NUD((T) = Tﬂi,gao ifTa,O #0,
2U,, [27_[/“;“—‘,1' > Tu0,
and
NUy (1) = 4 TS if Tuo = 0
s —Ty /O = .
* 2U,, Hn/ru;ﬂ,r > T, “

Proof. First, determine the number of unstable roots at T = +¢, denoted by NU(+¢).
According to Theorem 5.1 in [20] or Theorem 1 in [21], if no critical imagiary root exists
at T = 0, then NU(+¢) = NU(0). Otherwise, if nonzero critical imaginary roots exist at
T = 0, then NU(+¢) — NU(0) equals the number of the values in C;. of Puiseux series
associated with all the corresponding critical imaginary roots for AT = +e.
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For each critical imaginary root A,, Theorem 1 guarantees that the variation
ANU, (7, k) remains constant for all 7, , > 0, denoted by U, . Since each critical imaginary
root A, appears together with its complex conjugate, NU(7) is affected by 2U,, .

Therefore, for any given T > 0, the value of NU(T) can be obtained by summing the ini-
tial value NU(+¢) and all variations associated with critical delays satisfying 0 < 7,y < T.
This leads to the explicit expression (16). O

Based on Theorem 2, since ANU,, (7, k) is constant for all 7, > 0, the complete
stability problem for the rolling mill main drive time-delay systems (5) and (10) can be
solved. Specifically, if T is not a critical delay and satisfies NU(7) = 0, then the equilibrium
point Ey of the linearized system associated with the characteristic equation f(A,7) = 0 is
locally asymptotically stable.

Moreover, the explicit expression of NU(T) in (16) enables an accurate plot of NU(T)
with respect to T, from which all stability T intervals can be precisely determined. Owing to
the periodicity of the delay (15), the critical pair (A4, z4) exhibits the same periodic property.
Hence, in light of Theorems 1 and 2, there may exist multiple intervals of the delay that
ensure stability.

It is worth noting that Theorems 1 and 2 can be extended to more general characteristic
functions of the form

FA,1) = q0(A) +q1(A)e ™ 4 4 gu(A)e " (17)

Remark 2. The frequency-sweeping approach is based on the analytic properties of the characteristic
function (17) and is applicable to retarded-, neutral-, and advanced-type systems. The method
imposes no restriction on the system order and can also handle multiple and degenerate roots. In
this paper, we focus on the case of a single delay. The extension to multiple delays is more involved;
for further details, we refer the reader to [26].

In the following, we propose a lemma from Section VI-D of [21], which is important to
characterizes the crossing behavior of the frequency-sweeping curve associated with the
characteristic function considered in this paper.

Lemma 1. Consider the characteristic function f(A, T) of the rolling mill main drive time-delay
system. Let A; = jw; be a critical imaginary root with w; > 0. Then the following statements hold:

(1) If the multiplicity of A; plus the number of degenerate terms is even, then the frequency-
sweeping curve is tangent to the line 1 at wj, and no stability switching occurs. In this case,
ANEF;, (w;) = 0.

(2)  If the multiplicity of A; plus the number of degenerate terms is odd, then a transversal crossing
occurs at wj, leading to a change in stability. Moreover, by ordering all such critical frequencies
associated with transversal crossings as wy > w1 > -+ > wy > 0, then

+1, ifkiseven,

ANF;, (wy) _{ —1, ifkisodd.

From the definitions of (A, T) and F(W) in (8) and (the later-defined Equation (22)),
and similarly for (11) and (26), deg(F(W)) = deg(q0(A)) = 2 always hold. Then, the
number of degenerate terms is 0, according to Theorem 3 of [18].

Clearly, for the characteristic functions (8) and (11) in this paper, the multiplicity of the
critical frequency is either 1 or 2. Hence, we have the following property.

Property 2. For the rolling mill main drive time-delay system considered in this paper, the set of
possible values of U, is {—1,0,+1}.

https://doi.org/10.3390 /math14081387
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(1)  If the multiplicity of a critical imaginary root Ay = jwy is even, the frequency-sweeping curve
I'y only touches without crossing 1 at wy. In this case, ANF(wp) = 0.

(2)  If the multiplicity is odd, the curve T'y crosses 31 at wj. Let the critical frequencies be ordered
as wo > wy > 0. Then, ANF,(wy) = +1and ANF;, (w;) = —1.

Proof. Since the characteristic functions considered in this paper are of the form
f(A,T) = qo(A) +g1(A)e™, there exists only one frequency-sweeping curve I'y. Hence,
ANF,, (wq) € {—1,0,+1}.

By Theorem 1, for all 7, x > 0, we have

Uy, = ANU,, (7o) = ANE, (wn). (18)

Furthermore, according to the Lemma 1, if the multiplicity of A, is even, the frequency-
sweeping curve I'; touches, but does not cross, 1, and hence ANFz, (w,) = 0.

If the multiplicity is odd, the curve I'; crosses 3. Ordering the critical frequencies
in descending order as wy > wy > --- > wy > 0, continuity of the root locus implies
alternating crossing directions: when k is even, ANF;, (wy) = +1 (I'; crosses 1 upward);
when k is odd, ANF;, (wy) = —1 (I'; crosses 37 downward).

For (8) and (11), the multiplicity of any critical imaginary root is at most 2. If the
multiplicity is 2 (even), Case (1) holds; if the multiplicity is 1 (odd), Case (2) holds. O

3.2. Specific Properties Without Control

In this subsection, we apply the frequency-sweeping approach to perform a complete
stability analysis for the rolling mill main drive time-delay system (5) without control.
When T = 0, the characteristic function (8) reduces to

F(A,0) = A2+ A+ ay — as. (19)
According to Theorem 1 in [21], the following property can be obtained.

Property 3. For the rolling mill main drive time-delay system (5), NU(0) = 0 if g > 0 and
ay > ws; otherwise, NU(0) = +1 or +2.

Proof. When T = 0, the system reduces to a second-order linear system (19), whose
characteristic roots are determined by the quadratic equation

A+ oA + (ag —as) = 0. (20)

According to the Routh-Hurwitz stability criterion, all roots lie in the left half-plane if
and only if 1 > 0 and a4 — a5 > 0. Otherwise, at least one root has a nonnegative real part.
According to Theorem 1 in [21], NU(0) can only take the values 0, +1, or +2. [

Following [27], if A = jw (w > 0) is a critical imaginary root, the characteristic
function (8) can be reformulated into an auxiliary characteristic function [28]:

. . 2 . . 2
F(w) = (Re((jw)? + mjw + as))” + (Im((jw)* + agjw + ag))” — (—as)?. (21)
Letting W = w?, the above auxiliary characteristic function can be further simplified as
F(W) = W2 + (a? — 2ag)W + (aF — a?). (22)

Thus, all critical frequencies w = /W can be obtained by solving F(W) = 0 for
positive real roots W.

https://doi.org/10.3390 /math14081387
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Define the discriminant
A = af — 4030y + 4al. (23)

Combining Vieta’s theorem with Property 2, we obtain the following property.

Property 4. The distribution of positive real roots of the auxiliary characteristic function (22)
exhibits the following three cases:

(1)  There are two distinct positive real roots if and only if A > 0, a? < 2ay, and |ag| > |as|.
(2)  There is a double positive real root if and only if A = 0 and a3 < 2ay.
(3)  There is only one positive real root if and only if A > 0, a2 < 2ay, and |ag| < |as|.

Furthermore, by combining Properties 2 and 4, the local asymptotic behavior near
critical imaginary roots can be characterized.

Property 5. For the rolling mill main drive time-delay system (5), the local asymptotic behavior
near critical imaginary roots falls into the following three cases:

(1) Ifandonlyif A > 0, a5 < 2ay, and |ag| > |as|, the characteristic function (8) has two simple
critical frequencies wy > wq > 0, with ANF;, (w1) = —1 and ANF,,(wo) = +1.

(2) Ifand only if A = 0 and a3 < 2u4, the characteristic function (8) has one double critical
frequency wy > 0, with ANF,;(wp) = 0.

(3) Ifandonly if A > 0, a3 < 2ay, and |ay| < |as|, the characteristic function (8) has only one
simple critical frequency wy > 0, with ANF,(wp) = +1.

Proof. Property 4 determines the existence and multiplicity of critical frequencies for (8).
Combining this with Property 2, which establishes the relationship between the multiplicity
of critical roots and ANF;, (wy), the local asymptotic behavior can be determined.

For case (1), the two simple roots are ordered as wg > w; > 0. According to Property 2,
the frequency-sweeping curve I'y crosses 37 upward at wy and downward at wj, thus
ANF, (wy) = +1and ANE; (w;) = —1.

For case (2), the double critical imaginary root corresponds to the frequency-sweeping
curve I'; touches 31 without crossing, hence ANF,,(wy) = 0.

For case (3), there is only one simple root. According to Property 2, the frequency-
sweeping curve I'; crosses &1 upward at wy, leading to ANF,,(wp) = +1. O

3.3. Specific Properties with Control

This subsection investigates the rolling mill main drive time-delay system with the
proposed controller (10). The frequency-sweeping approach is applied to analyze the
corresponding complete stability properties.

When 1t = 0, the characteristic function (11) reduces to

F(A,0) =A%+ (g + k1) A + ag + arky — as. (24)
According to Theorem 1 in [21], the following property can be obtained.
Property 6. For the rolling mill main drive time-delay system (10), if
&1 +k1 >0 and wg — a5+ a1k >0,

then NU(0) = 0. Otherwise, NU(0) = +1 or +2.
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Proof. Similar to the proof of Property 3, when T = 0, the system reduces to a second-order
linear system (24). By applying the Routh-Hurwitz stability criterion and Theorem 1 in [21],
the property follows. [

Let A = jw (w > 0) be a critical imaginary root. Substituting it into the characteristic
function (11) and separating the real and imaginary parts yields the following auxiliary
function [28]:

F(w) = (Re((jw)? + (a1 + k1) jw + ag + a1ky))?+

. . (25)
(Im((jew)? + (a1 + k1) jew + g + a1ky))? = (=)
Letting W = w?, the above auxiliary characteristic function can be rewritten as
F(W) = W2+ (af + k1 — 2a4)W + (ag + a1ky ) — 3. (26)

All critical frequencies w = /W can be obtained by solving F(W) = 0 for positive
real roots W.
Define the discriminant

Ag = (62 —Kk3)% — day(ag 4 k1)? + 4a2. (27)
Based on Vieta’s theorem and Property 2, we directly obtain the following property.

Property 7. The distribution of positive real roots of the auxiliary characteristic function (26)
exhibits the following three cases:

(1) There are two distinct positive real roots if and only if Ax > 0, af + k3 < 2wy, and
loeg + arky| > [as].

(2) There is a double positive real root if and only if Ax = 0, a2 + k¥ < 2ay, and
(g + Délkl)z > 06%.

(3)  There is only one positive real root exists if and only if |ag + ark1| < |as|.

Furthermore, by combining Properties 2 and 7, we can characterize the local asymptotic
behavior near critical imaginary roots.

Property 8. For the rolling mill main drive time-delay system (10), the local asymptotic behavior

near critical imaginary roots falls into the following three cases:

(1) Ifand only if Ax > 0, a2 + k3 < 2ay, and |ay + arky| > |as|, the characteristic func-
tion (11) has two simple critical frequencies wy > wy > 0, with ANF,, (w1) = —1 and
ANFE, (wp) = +1.

(2) Ifand only if Ax = 0, (x% + k% < 2a4, and (ag + (xlkl)z > zx%, the characteristic function
(11) has one double critical frequency wy > 0, with ANF,(wp) = 0.

(3) Ifand only if |ay + aqk1| < |as|, the characteristic function (11) has only one simple critical
frequency wy > 0, with ANF,(wp) = +1.

Proof. The proof is similar to that of Property 5. O

4. Case Study

In this section, we will present two numerical examples to analyze the complete
stability problem of rolling mill main drive time-delay system and investigate the effect of
the controller parameter k.
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Example 1. Consider the system (4) with parameters 0y = oy = az =1, ag = 3, and a5 = —4.98.
In the following, both the uncontrolled system and the controlled system are analyzed.
For the system without control, the characteristic function (8) is given by
FA,T) = A2+ A +34498 ™, (28)

When T = 0, the roots of the characteristic function (28) are A = —0.5000 £ 2.7803, which lie
in the open left half-plane C_. According to Theorem 2, the number of unstable roots is NU(0) = 0.

Then, the frequency-sweeping approach is employed to analytically determine the stable set of
T. The auxiliary characteristic function (22) is

F(W) = W? — 5W — 15.8004, (29)
where W = w?.

By calculating F(W) = 0, we obtain the critical frequency w = /W = 2.6825. That is, the
critical imaginary root is 2.6825j and the corresponding critical delays are T = 0.2121 + 2.3423k,
k € N. According to Property 5, ANUp 685;(0.2121 + 2.3423k) = +1 forall k € N.

This result is illustrated by the frequency-sweeping curve shown in Figure 1a, where the curve
I'y crosses 31 in the upward direction at w = 2.6825. According to Property 2, this upward
crossing yields Uy ggp5; = +1.

Since NU(0) = 0, the variation of NU (T ) with respect to T can be explicitly determined by ap-
plying Theorem 2, as depicted in Figure 1b. It can be observed that NU(t) = 0 for 0 < 7 < 0.2121.
Consequently, all characteristic roots of the characteristic function (28) lie in the open left half-plane
C_. For T > 0.2121, we have NU(7) > 0, indicating that some characteristic roots of (28) move
into the right half-plane C_, thereby rendering the system unstable.

The above analysis leads that all roots of the characteristic function (28) lie in C_ if and only if

7 € [0, 0.2121).

In other words, there exists only one stability interval: T € [0,0.2121).

14 10 T T T T T T T T T ‘
9 4
121 sl |
7r 1
! |
ol
x
~ 08 25*
4r ’7
0.6 sk
ol
0.4
W
o2 ‘ ‘ ‘ ‘ ‘ ‘ |
0 0.5 1 1.5 2 25 3 0 1 2 3 4 5 6 7 8 9 10
w T
(@) (b)

Figure 1. Frequency-sweeping curve and NU(7) without control for Example 1. (a) Frequency-
sweeping result. (b) NU(7).

With the introduction of the controller gain kq, the characteristic function (11) becomes
FAT) = A2+ (14 kA 43 + kg +4.98 ™, (30)

Since kq is a positive real parameter, Property 6 implies that when T = O the characteristic
roots of (30) remain in C_. Hence, NU(0) = 0 still holds.
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According to (26), the auxiliary characteristic function is given by

F(W) = W2 + (K —5)W + k3 + 2k; — 15.8004, (31)
where W = w?.

From Property 8, it follows that for 0 < ki < 1.98 the characteristic function (30) has a single
critical frequency. By Theorem 2, one concludes that the system has exactly one stable interval origi-
nating from T = 0. In the case 1.98 < ki < 2.0042, the characteristic function (30) has two distinct
critical frequencies, yielding at least one stable interval. When k1 = 2.0042, the characteristic
function (30) exhibits a double critical frequency, and the system is delay-independent stable.

In the following, three representative cases are considered.

When ki = 197 (ki = 2)[ky = 2.0042], the characteristic roots for T = 0 are
A = —1.5000 £2.7803j (A = —1.4850 £2.7829j) [A = —1.5021 =+ 2.7799j], which are still
located in C_. Hence, NU(0) = 0.

For ky = 1.97, there is a positive real characteristic root Wy = 1.2019 from F(W) = 0,
corresponding to wy = 1.0963. The associated critical delays are T = 2.2156 + 5.7312k, k € N.
According to Property 8, AN U g963j(2.2156 + 5.7312k) = +1 for all k € N, which is consistent
with the frequency-sweeping curve as shown in Figure 2a. Applying Theorem 2, we can obtain the
variation of NU(T) with respect to T as shown in Figure 2b. Clearly, the system (4) is stable for

T € [0,2.2156).

For ky = 2, there are two positive real characteristic roots Wy = 0.7245 and Wy = 0.2755
from F(W) = 0, corresponding to wy = 0.8512 and wy = 0.5249, respectively.

(@) (b)
Figure 2. Frequency-sweeping curve and NU(t) with k; = 1.97 for Example 1. (a) Frequency-
sweeping result. (b) NU(7).

Based on Property 8, the critical delays and the corresponding local asymptotic behavior
associated with each critical frequency are given as follows:

*  For wg = 0.8512, the corresponding delays are Ty = 3.05684 + 7.3818k (k € N), and
ANUyg512;(3.0584 + 7.3818k) = +1. (32)
*  For wy = 0.5249, the corresponding delays are Ty, = 5.3724 +11.9707k (k € N), and
ANUp 5249j(5.3724 + 11.9707k) = —1. (33)

The frequency-sweeping curve in Figure 3a shows that Ty crosses 1 downwards at
w1 = 0.5249 and upwards at wy = 0.8512. According to Property 8, the downward crossing
yields Ug 5249; = —1 and the upward crossing yields Ug gs12j = +1.
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Figure 3. Frequency-sweeping curve and NU(t) with ky = 2 for Example 1. (a) Frequency-sweeping
result. (b) NU(7).

Combining Theorem 1 with (32), we obtain

AN Uy 515(3.0584) = ANUjg512;(10.4401) = ANUy g515;(17.8219)

. (34)
= -+ = Uoss12j= +1
Similarly, combining Theorem 1 with (33), we have
ANLIO_5249]-(5.3724) = ANUO.5249]-(17.3431) =+ = Upspugj= —1 (35)

According to Theorem 2, and noting that NU(0) = 0, the variation of NU(T) with respect to
T can be explicitly determined from (34) and (35), as illustrated in Figure 3.

Consequently, all characteristic roots of the characteristic function (30) lie in the open left
half-plane C_ if and only if

T € [0,3.0584) U (5.3724,10.4401) U (17.3431,17.8219).

For k1 = 2.0042, there is a double positive real characteristic root Wy = 0.4916, corresponding
to wo = 0.7011. Then, the critical imaginary root is 0.7011j and Uy 7011; = 0, which is consistent
with the Frequency-sweeping curve shown in Figure 4a. According to Theorem 2, we obtain the
variation of NU () with respect to T as shown in Figure 4b. Obviously, NU(7) = 0 forall T > 0,
and the system (10) is delay-independent stable.
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1.015
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1

0.995
0

0.2

0.4

0.6

@)

0.8

NU(7)

0.8 -

06

0.4r

02

02}

04}

06}

08}
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Figure 4. Frequency-sweeping curve and NU(7) with k; = 2.0042 for Example 1. (a) Frequency-
sweeping result. (b) NU(7).

From the above analysis, it is clear that the controller gain ky significantly affects the stability
properties:
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*  In the uncontrolled case, only a single and small stability interval exists.

*  For ky = 1.97, the stability interval is enlarged.

*  For ky = 2, the presence of two critical frequencies leads to multiple stability intervals.
®  For ky = 2.0042, the system becomes delay-independent stable.

These results demonstrate that the controller can effectively enlarge the stability region of the
system (4) and improve its delay tolerance.

Example 2. Now consider the system (4) with parameters reset tow; = —2, 00 = a3 =1, 04 = 4,

and a5 = /3.
For the uncontrolled system, the characteristic function (8) is

FAT) =A% =20 +4—3e ™. (36)

When Tt = 0, the characteristic roots of (36) are 1.0000 = 1.1260j, which lie in the open right
half-plane C.. According to Theorem 2, the number of unstable roots is NU(0) = +2.
Applying the frequency-sweeping approach, the auxiliary characteristic function (22) is
given by
F(W) = W? —4W +13, (37)

where W = w?.

Since it has no positive real roots for F(W) = 0, there are no critical imaginary root. This
indicates that the frequency-sweeping curve I'y has no intersection with 1, as shown in Figure 5a.
By Theorem 2, the number of unstable roots remains NU(t) = 2 for all T > 0, as depicted in
Figure 5b. Therefore, the system is delay-independent unstable.

3

28

26

24

(a) (b)

Figure 5. Frequency-sweeping curve and NU(T) without control for Example 2. (a) Frequency-
sweeping result. (b) NU(7).

Now, a controller with gain ky is introduced. The characteristic function (11) becomes
FA,T) =A%+ (ky —2)A 4+ 4 — 2k — /3e™ ™, (38)

By Property 6, NU(0) > 0 holds for all ky > 0.
According to (26), the auxiliary characteristic function is:

F(W) = W2+ (kf — 4)W + 4k7 — 16k + 13, (39)

where W = w?.
According to Property 8 and Theorem 2, the characteristic function (38) has at least one stable

interval only when 0.792 < k; < 1.134.
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Let k1 = 1. The characteristic roots for T = 0 are A = 0.5000 £ 0.1340j, still located in
C., and hence NU(0) = +2. There are two positive real roots W1 = 0.3820 and Wy = 2.6180,
corresponding to critical frequencies wy = 0.6180 and wy = 1.6180, respectively.

Based on Property 8, the critical delays and their associated local asymptotic behavior are:
*  Forwy = 1.6180: g = 1.1963 + 3.8832k, k € N, ANUj 6180;(1.1963 + 3.8832k) = +1.
e Forw; = 0.6180: 7y = 0.5904 + 10.1664k, k € N, ANUj 6180;(0.5904 + 10.1664k) = —1.

The frequency-sweeping curve in Figure 6a shows that I'y crosses &1 downwards at
w1 = 0.6180 and upwards at wg = 1.6180. Applying Theorem 2, the explicit expression of
NU(T) with respect to T is illustrated in Figure 6b.

45r 6

4l

) {0

@ (b)

Figure 6. Frequency-sweeping curve and NU(t) with k; = 1 for Example 2. (a) Frequency-sweeping
result. (b) NU(7).

Consequently, all characteristic roots of the characteristic function (38) lie in C_ if and only if
T € (0.5904,1.1963).

Compared with the uncontrolled system, the introduction of the controller (ky = 1 and
ky = k3 = 0.01) renders the system asymptotically stable for T € (0.5904,1.1963).

To verify the above result, we simulate system (4) with T = 0.8933 under both uncontrolled
and controlled cases. Figure 7a shows the phase portrait without control, where the trajectory
does not converge to the equilibrium (0,0). In contrast, Figure 7b shows the phase portrait with
controller ky = 1 and ky = k3 = 0.01, where the trajectory converges to the equilibrium (0,0).
The initial condition is x1(t) = 0.3 for t € [—7,0] and x2(0) = 0.3. These results validate the
effectiveness of the controller in stabilizing the unstable system (4).

15 : : : : : : : 0.06
1F 0.04 |
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/ |
05t 002 / |
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/ —
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() (b)

Figure 7. Phase portraits when 7 = 0.8933 without and with control for Example 2. (a) Without
control. (b) With control.
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5. Conclusions

In this paper, we have investigated the complete stability and stabilization problems
of a rolling mill main drive system with time delay. By employing the frequency-sweeping
approach, the stability intervals with respect to T have been explicitly characterized for
both the uncontrolled and controlled systems. The main contributions and findings are
summarized as follows.

Existence and structure of stability intervals. This paper revealed the existence of
multiple stability intervals, which may or may not include T = 0. It can be seen that
increasing the delay does not necessarily destabilize the system, and stability may be
regained after certain critical delays.

Controller parameter design. Instead of analyzing a fixed gain, this paper determines
the admissible range of the controller gain k; that ensures the existence of stability intervals.
It is shown that the controller can significantly enlarge the stability region and improve
delay tolerance. Such a priori characterization provides practical guidance for controller
tuning and reduces the need for trial-and-error procedures in implementation.

Theoretical contribution and applicability. The frequency-sweeping approach
adopted in this paper offers an effective analytical perspective for stability analysis of
rolling mill main drive time-delay systems. It offers explicit insight into the relationship
between controller gain and time delay. The method can be extended to more general
characteristic functions with multiple delays and to higher-dimensional systems.

Limitations and future work. The present study is primarily theoretical and does not
include experimental validation on physical systems. In addition, the analytical procedure
may become increasingly complex for higher-dimensional systems or for systems with mul-
tiple delays. Future work will focus on extending the proposed approach to more complex
delay structures and developing computational tools to facilitate practical implementation.
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