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Abstract

This study proposes a novel transformation method for analyzing block minima using the
generalized extreme value distribution (GEVD). The negative power transformation (NPT),
which includes a tunable hyperparameter and reduces to the reciprocal transformation
(RT) when set to 1, improves the accuracy and robustness in estimating long-term return
levels (RL). Compared to traditional methods, the NPT-GEVD demonstrates lower bias,
standard errors, and root mean square errors in Monte Carlo simulations. Furthermore,
the NPT-GEVD provides consistent RL estimates with improved robustness across varying
parameterizations and sample sizes, mainly when using L-moments for small datasets.
The application of the NPT-GEVD to rainfall data from South Korea revealed that the RLs
for detecting hourly cumulative rainfall threshold levels varied from 30 min to over 4 h,
depending on the location and threshold. This research underscores the value of advanced
transformation techniques in environmental risk management, offering critical insights for
flood prediction and mitigation strategies in climate change.

Keywords: inter-amount time; negative power transformation; reciprocal transformation;
L-moment estimation; flood

MSC: 62P12; 62G32

1. Introduction
1.1. A Brief Literature Survey

Several transformation-based approaches have been proposed to enhance the flexi-
bility of the generalized extreme value distribution (GEVD). Early work introduced the
conventional transformation (CT), beginning with [1] and later applied by [2], which en-
abled the unified modeling of block maxima and minima. Subsequent developments sought
to improve the estimation stability for environmental extremes, such as the refinement of
the transformation accuracy for hydrometeorological applications [3,4] and inverse transfor-
mation methods incorporating the extremal index [5]. Additional contributions, including
the inverse Pareto formulations [6,7] and Weibull-based inverse distributions [8,9], demon-
strated improved adaptability for bounded or highly skewed environmental variables.

Further transformation families, such as the alpha-power transformation [10] and
the Box—Cox class [11,12], have been widely applied in environmental and financial
extremes [13,14]. However, these transformation methods were fundamentally devel-
oped for block maxima or for normalizing the main body of a distribution, rather than
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preserving the tail asymptotics required in extreme value theory [2,3]. Furthermore, recent
studies in extreme hydrological modeling emphasize that applying arbitrary power-based
approaches like the Box-Cox transformation to the GEVD framework is highly problematic
for physically bounded data [8,15]. It disrupts the max-stability postulate, alters the theo-
retical domain of attraction, and requires transforming the GEVD through the logarithm of
its cumulative distribution function (CDF), which eliminates the distribution’s analytical
closed-form structure. Such generic transformations do not naturally map the true physical
lower bounds (zero) of hydrological data, such as inter-event durations, to the domain
boundaries of the GEVD. Consequently, methods that cannot theoretically guarantee strictly
positive support yield unrealistic predictive limits, revealing a persistent methodological
gap that requires a targeted analysis of non-negative block minima. For these theoretical
reasons, the Box-Cox transformation is not considered as a competing method in this study.

1.2. Research Motivation

Extreme value theory, especially the GEVD, is widely used to model block maxima
such as annual maximum rainfall or wind speeds. However, in many hydrological and me-
teorological applications, block minima such as the minimum time between heavy rainfall
events are equally important for flood risk assessments. A common approach to modeling
minima is to multiply the data by —1, converting the problem into a maxima framework.
This method, known as the conventional transformation GEVD (CT-GEVD) [1-3], enables
the use of existing tools and theory.

However, the CT-GEVD method inherently possesses a theoretical flaw that can yield
unrealistic negative results. The fundamental cause stems from its simple linear mapping
(Y = —X). While this negative sign reversal mathematically aligns the data with a block
maxima framework, it fails to encode the physical boundary constraint (X > 0) into the
GEVD support. Specifically, when the shape parameter { < 0 (the Weibull domain), the
transformed GEVD possesses a finite upper bound [2]. During parameter estimation with
high data variability, this theoretical bound can easily cross the zero threshold when trans-
formed back to the original scale. Consequently, the model occasionally produces negative
return level estimates, rendering the predictions physically impossible. This phenomenon
is clearly corroborated by the comprehensive empirical comparison provided in the Supple-
mentary Information (SI); notably, Supplementary Information Figure S5 illustrates that the
CT-GEVD model yields physically impossible negative RLs when modeling the minimum
inter-amount time (IAT) at the 110 mm threshold in South Korea (also summarized in
Table 1).

To theoretically resolve this, it is necessary to employ nonlinear transformations that
can asymptotically map the zero boundary to infinity, strictly enforcing the non-negative
characteristics of the block minima [9]. Two such methods are the reciprocal transformation
(RT) and the proposed negative power transformation (NPT). While the RT provides a
fixed mapping (equivalent to NPT with & = 1), estimating the hyperparameter « in the
NPT provides flexible, data-driven scaling. In practice, this allows the transformation to
dynamically adapt to varying degrees of skewness and specific tail behaviors near the
zero boundary across different environmental datasets. Both of these approaches prevent
negative outputs by structurally bounding the inverse variables. These approaches preserve
the extreme tail properties without violating the GEVD assumptions, offering more robust
and physically meaningful estimates for extreme hydrological minima.

Therefore, comparing the proposed NPT against the CT and RT models provides the
most logically relevant evaluation framework for this study. The CT serves as the traditional
linear baseline, highlighting the pitfalls of boundary violations, while the RT represents
the simplest fixed-boundary alternative. Evaluating these three models systematically
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isolates the specific theoretical benefits of both structural bound preservation and flexible
shape adaptation.

Table 1. The results of fitting the GEVD for transformed minima values using the traditional
transformation method, including return level estimation for IAT data in Korea with a 110 mm
threshold at various stations.

2

. z o CcvM RL25 RL100
ID  Location (S’IE) (SE) (ng) (p-Value) (L, U) (L, V)
112 Incheon —22.86(7.34) 3096 (6.68) —1.31(0.22) 0.19(029) —0.42(—3.46,2.63) —0.72 (—4.59, 3.15)
133 Daejeon —24.41(8.83) 38.62(10.62) —155(0.23) 0.20(027) —0.37(—3.68,2.93) —0.53 (—4.40, 3.34)
235 Boryeong  —30.35(9.80)  49.20(13.97) —1.60(026) 0.14(0.44) —0.19(—3.87,3.5) —0.35 (—4.73, 4.03)
247 Namwon  —22.73(9.94) 39.58(1659) —1.96(0.21) 0.27(0.16) 2.56 (—0.06,5.19) 2.53 (~0.46, 5.52)
277 Yeongdeok —42.10(12.77) 59.45(13.84) —1.39(0.21) 0.10(057) —0.17(—5.65,5.31) —0.60 (—7.20, 6.01)
285 Hapcheon — —19.08(6.68) 27.52(8.02)  —1.58(021) 0.17(0.33) 1.80 (—0.40,4.00) 1.70 (=0.77,4.17)

Note: CvM refers to the Cramér-von Mises goodness-of-fit test, while RL25 and RL100 represent the return levels
for 25- and 100-year return periods, respectively. SE denotes the standard error, and L and U refer to the lower
and upper bounds of the RL.

1.3. Objectives of This Research

This study aims to evaluate the performance of GEVD models for block minima using
three transformation approaches: the CT, NPT, and RT. Model accuracy is assessed using
bias, the standard error (SE), and the root mean square error (RMSE). Parameter estimation
is carried out using both maximum likelihood estimation (MLE) and L-moments (LM), with
model adequacy verified through the Cramér-von Mises (CvM) goodness-of-fit test. Return
levels for 20-, 50-, and 100-year periods are calculated based on the estimated parameters.
Additionally, we apply our proposed technique to real-world data, namely minimum IAT
observations in South Korea, to support flood risk mitigation.

Section 2 explains the GEVD for block minima, including transformation methods,
and the parameter and return level estimation methodologies. Section 3 discusses the
simulation scenarios and evaluates each distribution. Section 4 presents the results of fitting
the GEVD to IAT data. Section 5 contains the discussion, followed by the conclusions in
Section 6. The SI contains technical details, tables, and figures.

2. Methodology
2.1. Generalized Extreme Value Distribution (GEVD)

In this study, the GEVD is used to analyze the data; it is asymptotically appropriate
and is widely applied to analyze univariate extreme values [1,2]. Assume that X =
max(Xy, -+, Xy,). The CDF of the GEVD is given by

exp<— (1 n g"c,”)w), fE#0

Fx(x) =P(X <x) =
* exp(fexp(fx?%)), if¢=0

1)

o, and ¢ represent the location, scale, and shape parameters,
respectively. When ¢ = 0, the GEV distribution simplifies to the Gumbel distribution (GD).
The corresponding PDF is expressed as

-1/
(17(14—53(0” exp( 1 6), for¢ #0

flx) =
7exp<r ”)exp( exp ) for¢ =0
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2.2. GEVD for Block Minima

This study applies the GEVD to model block minima, focusing on extremely small
observations. The data are transformed to align with the GEVD framework, enabling an
exploration of the distribution’s heavy-tailed properties. The block minima approach is
analogous to the block maxima method; however, the minimum value is selected within
each block instead of the maximum. It is essential to verify the form and constraints of the
distribution following the transformation to ensure compatibility with the GEVD model.

Let X ~ GEV(p,0,¢). To investigate the effects of different transformation schemes
on the distributional form and parameter behavior, three monotonic transformations
are considered.

2.2.1. Conventional Transformation

The conventional transformation introduces a negative sign to the original minimum
data, as suggested by [1-3,16]. Let Y; = —X; fori = 1,...,n. If M, = min(Xj, ..., X;;) and
M, = max(Yy, ..., Yy), then M, = —M,,. Thus, for large 1, we have

P(My <y) =P(~My < y)

=P(My > y)
=1- P(Mn < _y)
=1-Fx(—y) 3)

Thus, the CDF of transformed data Y under the conventional transformation of CT-

GEVD is
,1/@’/
_ _ _afy=p el
BTy = eXp{ [1 5("’ )] } 2o @

1—exp{—exp(y;—,ﬂ/)}, ifd =0

for large n. The corresponding CT-PDF of Y is obtained by taking the derivative of FST,

dFGT /dy, and is expressed as follows:

Si-e()]) " ee{-[1-g(5E)] ) e 2o
7w () exp{-exp (5 ) 1 g =0

This formulation leads to the operationally transformed parameters (ji’,¢0’,&’). To

v y) =

(5)

avoid any ambiguity in the parameter definitions, we explicitly define the correspondence
between the underlying distribution of the block maxima and the transformed parameters.
Specifically, the negative sign reversal Y = —X shifts the location parameter such that
i’ = —y', where ' represents the location parameter of the underlying block maxima. The
scale and shape parameters, ¢’ and ¢’, remain structurally consistent with the GEVD form.
The cumulative probability FyT (y) is strictly defined on the domain [y : 1 —¢&'(y — ') /o’ > 0].

2.2.2. Negative Power Transformation

The NPT-GEVD model is proposed to address the issue of negative values arising in
high quantile estimates from the CI-GEVD model. This is achieved by shifting the data to
a positive lower bound using a hyperparameter («). Let Y; = (X;) ™, where X is a random
variable fori =1,..,nand a > 0.

To ensure that the transformed variable Y falls within a valid support for GEVD
modeling, we require that all original values X; be strictly positive. When the original
data include values close to zero, a small positive constant (e.g., € = 0.01) is added to
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avoid extreme behavior or undefined transformation outcomes. This adjustment helps
to maintain a proper domain for the transformed distribution and ensures that the shape
parameter ¢ remains interpretable under GEVD assumptions.

If M, = min{(X;)7%,...,(X,;)"*} and M, = max(Yy,...,Yy), then M, = (M,) %
Thus, for large 1, we have

Thus, the CDF of transformed data Y under the NPT-GEVD is given by

-1/ /
1— exp{— {1 +§’w§“)} ‘ }, if &’ #£0,

R (y) =
1—exp{—exp(—w;a))}, ifd =0

1,
leading to transformed parameters (y/, ¢/, &), where 14 &’ ng) > 0and wy‘) =Y TT,_” . The

corresponding NPT-PDF is obtained by differentiating Y obtained by taking the derivative
of FNPT, dFNPT /dy, and is expressed as follows:

“i W)~/ 0118 _
%[14—@”@0;)] ‘ exp{—{l—{—g’wé )} ‘ }, if & #0,
() = ®)

y;‘};;l exp(—w;“)> exp{— exp(—wy)) }, if & = 0.

To ensure the validity of the GEVD after transformation, we impose ' > 0, ¢’ > 0,
and —oo < ¢’ < co. These constraints maintain the positivity of the transformed variable Y,
which is especially important when modeling block minima. Additionally, we monitor the
transformed shape parameter ¢’ to ensure that it remains within a range consistent with
theoretical expectations for the GEVD. Cases where ¢’ > 0 are interpreted carefully, con-
sidering the extended upper support of Y = X% when X approaches zero. The following
evidence demonstrates that the CDF of the NPT-GEVD for minima is as presented:

Hy)=1- exp{— [1 + C’wy)] 1/61} 9)

definedon 1+ &’ wﬁ,“) > 0. There exist sequences of constants {a, > 0} and {b, } such that

P(Mn *bn

, gy) — H(y) asn— oo (10)

distributions for minima limit distributions as n — co.

As a visual verification of this result, Figure 1 compares the theoretical CDF (solid
lines) of the NPT-GEVD with the empirical CDF (points) obtained from randomly generated
samples of size n = 100 under four parameter configurations (' = 0.25, —0.25; « = 1,2).
The close agreement across all four panels confirms the validity of the derived CDF in
Equation (7) and supports the asymptotic convergence stated in Equation (10).
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2.2.3. Reciprocal Transformation

For the reciprocal transformation (RT) method, the distribution can be obtained by
setting the hyperparameter to « = 1 in the NPT-GEVD. Consequently, the CDF of the
RT-GEVD can be expressed in the terms of the NPT-GEVD from Equation (7) as follows:

1-— exp{— {1 + é'w;l)} e }, if & #£0,

FT (y) = (11)
17exp{7exp(7wy>)}, if& =0

-1 /
leading to transformed parameters (y’, 0/, &), where 1 + ¢’ wy) > 0 and wgl) o

Here, the parameters satisfy p’ > 0,0’ > 0, and —co < &’ < 0. Since FXT (y) ranges

from 0 to a value strictly less than 1 and does not remain constant over any interval, it
indicates that FXT () does not collapse to a single point or stay constant over any non-trivial
interval as y increases. Thus, the distribution of Y is non-degenerate for any finite values of
(u',0’,&"). This confirms that the RT-GEVD belongs to the GEV distribution family for the
minima limit distribution as n — co. The PDF of Y can be obtained by differentiating the

CDF, FRT:
~1/¢'—1 ~1/¢
1 7. (1 ¢ 7.1 ezl
- 2 {1+Cw§)} exp{[1+§w§) , if¢ #0,
vy (v) = o " (12)
1 el
77 exp(—wy ) exp{— exp(—wy ) }, if¢’ =0.

A p=1, 0=0.1, E= 0.25, a=1 B p=1, 0=0.1, £=—0.25, a=1
1.00 1.00
0.75 0.75
Fos0 Fos0
0.25 0.25
0.00 p— 0.00

0.2 0.4 0.6 0.8 1.0 1.2 0.8 0.9 1.0 1.1 1.2
X X

c p=1, 0=0.1, &= 0.25, a=2 D u=1, 0=0.1, §=-0.25, a=2
1.00 1.00
0.75 0.75
Fo50 Fos0
0.25 0.25
0.00 0.00

0.7 08 09 10 0.90 0.95 1.00 1.05 110
X X

Figure 1. Cumulative density function plots for the NPT-GEVD with randomly generated samples.
Parameters used: ' = 1,0’ = 0.1, & = 0.25 (A,C), & = —0.25 (B,D), and « = 1 (top) and a = 2
(below), with nn = 100. The plots compare the theoretical (solid line) and empirical (points) CDFs.
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2.3. Parameter Estimation
2.3.1. Method of Maximum Likelihood

The MLE is obtained by maximizing the function L(0|y;) = [Ti.; f(vi;0), where
0 = {y/,0’,¢'}. Directly maximizing the likelihood function can be challenging due to a
product term. To simplify, the log-likelihood function is used, as it converts the product
into a sum, and it is expressed as I(8]y;) = Y./ log(f (vi;0)).

For a sample of data y; from a CT-GEVD where ¢ # 0, the log-likelihood function is
given by

ICWQWJ—-—4”bg“”“<g'+1)§ik%[l_€J(%;ﬂT>]
fee(esi)

subject to 1 fé’(y"a;,ﬁ,) >0fori=1,...,nand ¢/ > 0.
For a sample of data y; corresponding to the NPT-GEVD where ¢’ # 0, the log-
likelihood function is expressed as

lNPT(9|yi) = —nlog(ac’) — (i + 1) i;log(yi)
-t
(§,+1)Zlog(l+§(0 )) (14)
_1 -1/¢
n , o y/

x4/
subject to 1+ &’ % >0fori=1,...,n,0" >0, and the hyperparameter a > 0.

When « = 1, Equation (14) reduces to the log-likelihood for the RT-GEVD:

IRT(Bly;) = — nlog(c 2210g Vi)
i=1

(C,—i-l)Zlog(l—i-C( _10 Vl)) (15)

" (vt =\
—i211+§< - )] ,

subject to 1 + &’ yl >0fori=1,...,nand ¢’ > 0.

To maximize Equatlons (13)—(15), the partial derivatives are set to zero:

AOLy) _ o MOlws) _ o Aly) _ (16)

o’ do’ ’ a¢’

The hyperparameter is fixed to a positive value, and the ‘optim” function in the R
program is used for numerical optimization, supported by the ‘stats” and ‘ismev’ packages
to perform the numerical optimization for this function [2,17].
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2.3.2. Method of L-Moments

L-moments (LM) are analogous to conventional moments but represent linear combi-
nations of probability-weighted moments (PWMs) [18]. The PWM can be defined using the
CDF of a random variable z [19]:

B, = E{Z[Fz(z)}*} - /Olz(F)FrdF, r=01,... (17)

where B, is the r-th-order PWM and z(F) represents the inverse CDF (quantile function).
The first four L-moments (A,) are related to PWMs as follows:

A1 = Bo,

Ay =261 — Bo,

Az = 6B2 — 6B1 + Po,

Ag = 2083 — 3082 + 1281 — Bo.

(18)

Similar to the log-likelihood formulation, the L-moments can be explicitly derived
for the specific generalized extreme value distributions. To derive the L-moments, we
first determine the inverse distribution function Y (F) for the respective distributions and
substitute it into the PWM integral B, = f01 Y(F)F'dF.

Based on the PWMs, the first four L-moments for the CT-GEVD (¢ # 0) are given by

M=j+ol-T(1-¢)],
A= ZT(1—g)(28 1 1),

¢
19
ho = FT(L- BT 3 1) )
Ay = %r( F)[AST —6(35 1) 1428 ) — 1]
For the NPT-GEVD, the inverse distribution function YNPT(F) can be written as
o’ / -
YNPT(F) = {y’ o ((— log(1—F))~¢ — 1)} : (20)

Therefore, the r-th order of the PWMs is evaluated as 8, = fol YNPT(F)FTdF. By apply-
ing the substitution u = —log(1 — F), where F = 1 — ¢~ " and dF = e¢™"*du, and expanding
the binomial series (1 —e~*)" = Y% (;)(—1)%e ", the integral can be reformulated as

B=Y (,ﬁ) (—1)f /0 ) [u’ T - 1)} e tugy (21)

=0 ¢
For the approximation representing extreme behavior (1 — 0), the integrand
! /
is dominated by the term (%)"‘u"‘g. Applying the Gamma function I'(-) definition

!
fooo 28 o= (g, — % to this approximation, we obtain

k=0
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By substituting these evaluated B, values into the linear combinations defined in
Equation (18), the exact L-moments can be theoretically constructed. Under these nec-
essary asymptotic approximations, the first four L-moments for the NPT-GEVD can be
expressed as

A= <§>al‘(rx§+ 1),

(Y v 01 )
(g)ar(txg +1) G — ;«g>
Ay = <§>"‘r(“§+ 1) <1 - 2a1§2+1 T 33@31 B 404250+1>'

The RT-GEVD is a special case of the NPT-GEVD where the hyperparameter « = 1.
Consequently, its L-moments simplify to

Ap

(23)
A3

Sre+1),

o

Ay = gr(g‘f'l)(l - 2155>'

& 5 2
—=r n(2-=2
Ay =2T(E+1){ 5 )
oz 12 3 20
Ay = }r(€+ D{1- 2 T agr geil )

M

(24)

Ref. [20] defined the unbiased sample estimator of 3, as

1/m—1\"& (j-1
) B ()

j=i

where zjis the ordered sample z; < z; < --- < z;,. The sample L-moment ratios are then
defined as T, = A,/ A, for v > 3. For GEVD parameter estimation, the ‘optim” function in
R, along with the ‘stats” package, can be used to address numerical estimation issues by
matching theoretical L-moments with sample estimates [17].

2.4. Return Level

Setting F(z) =1 —p = 1—1/T and solving for z yields the quantile value (1 — p),
also known as the return level (RL). This value represents the threshold expected to be
exceeded once over a specified return period T. For block maxima in hydrology, such as
rainfall or temperature data, the RL for the GEVD [2] is

o 1\71-¢
pu——=1<1—|—log(l— = for¢ #0,
y—crlog[—log(l—?)} forg =0.
For block minima, transformations are applied (Section 2.2), yielding the following
RL forms: , ’
CT _ =+, 7 [+ [_ A i
RU(T)T =+ {1-[-108(1-2)] "}, 27)

R T E (R 29
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=2 (es(-1)) ) )

These expressions are discussed in [1-3,16]. The Delta and parametric bootstrap
methods are used to approximate the variance of the RL based on the parameter variance §
from estimation methods.

2.5. Goodness-of-Fit Test

The Cramér—von Mises (CvM) test evaluates the goodness of fit of transformed data
before parameter estimation. Given a sorted sample z1,zy, . . ., z,, the CvM statistic W2 is
defined as

+o0
W2=n [ [Fu(z) - FQPdF(), (30)
where F,(z) is empirical distribution function (EDF) of the sample. The test statistic W?
measures the squared difference between the EDF and the theoretical CDF, integrated
across the full range of the distribution. A smaller value of W? indicates a closer fit between
the empirical and theoretical distributions.

2.6. Estimation of Hyperparameter (x)

The complexity of likelihood functions in the newly proposed distribution makes
MLE computationally intensive. It often requires advanced optimization techniques, which
can overestimate GEV parameters and exhibit sensitivity to initial estimates, leading to
inaccuracies. We utilize parameter estimation methods, including MLE and LM, alongside
goodness-of-fit (GOF) statistic tests to address these challenges and evaluate the model fit.

For estimating the hyperparameter « in the NPT-GEVD for minima, GOF statistics
are minimized using the Cramér-von Mises (CvM) test. From a statistical theory per-
spective, the CvM test is fundamentally more suitable for this model than the Anderson—
Darling (AD) test. The AD statistic is designed to assign heavier weights to the tails of the
distribution [21]. In the context of extreme block minima with small sample sizes, empirical
tails are sparse and exhibit high variance. Consequently, optimizing a global transformation
hyperparameter based on the AD test causes the objective function to become numerically
unstable and highly sensitive to outliers [22].

Conversely, the CvM statistic applies uniform weighting across the empirical distri-
bution function, measuring the global integrated squared error. This property ensures a
more robust, theoretically stable optimization landscape for determining the structural
hyperparameter « before the MLE or LM methods are used to estimate the main distri-
bution parameters. Using the provisionally estimated parameters, the CDF of the GEVD
for minima is computed, and the robust CvM statistic is minimized to determine «. In
practice, this CvM-based optimization allows « to be selected dynamically, yielding a
custom transformation curve that optimally fits the empirical distribution of the given
sample, rather than relying on the rigid assumption of &« = 1.

When sensitivity to initial estimates produced unrealistic parameter values, a resam-
pling technique was applied with a reduced sample size. The 50 most optimal hyperpa-
rameter estimates were identified using the median. The complete algorithm is detailed in
Algorithm 1.
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Algorithm 1 Resampling Algorithm for Hyperparameter Estimation of NPT-GEVD.

Input:
e  The true value of hyperparameter «.
¢ A generated random sample y ~ NPT-GEVD of size n with the true «.
*  Number of bootstrap samples B = 50.
¢ GOF optimization functions.
Output:

e  Final robust estimate of hyperparameter «.
Steps:

1: Initialize: Create an empty list 4%/ to store the estimates of a.
2: forfor b = 1to B do

a. Generate a random sample y; from y with a smaller sample size n* = n x 0.8
(sampling without replacement).
b. Perform GOF optimization as follows (refer to Section 2.6 for detailed steps):

i.  Estimate the parameters yy, 03, and ¢ using MLE and LM methods on y;.

ii. Calculate the CvM statistic using the empirical data (y; ) and the theoretical
CDF of (y).

iii. Refine a using GOF optimization on y;, initializing a* with a.

C. Store the refined value of «y, in the list alt],

3: end for

4: Construct a distribution of the estimated hyperparameter a*/ where b = 1,..., B, and
compute the median of this distribution.

5. Return the final robust estimate of «.

3. Monte Carlo Simulation
3.1. Simulation Framework

Our experiments revealed that the performance of the NPT method deteriorates
when the parameters y’ and ¢’ of the transformed GEVD are large. While conventional
standardization (a mean of 0 and a variance of 1) is common practice, it poses significant
challenges for heavy-tailed generalized extreme value distributions. Transformations
involving negative powers (e.g., ¥y~ %) become numerically unstable and exhibit exploding
gradients as y — 07 [2].

To ensure strict positivity and numerical stability during parameter optimization, the
transformed variables must remain well separated from zero [23]. Furthermore, scaling
the data to a mean of 1 before calculating L-moments prevents artificial variance inflation,
enabling highly stable parameter estimation [18,24,25].

Therefore, we empirically rescaled the data to have a mean of approximately 1 and a
small standard deviation of about 0.1. This targeted normalization provides a tight, numer-
ically stable domain for the GEVD, keeping all values safely away from the singularity at
zero and significantly enhancing the reliability of the transformed distribution [26].

To evaluate the performance of three transformed GEVD(s) for block minima such as
conventional, reciprocal, and negative power, we conducted a Monte Carlo (MC) simulation
study. We generated 1000 random samples from the NPT-GEVD using known quantiles,
fixing the hyperparameter at values of 0.5, 1, 1.5, and 2. The simulation included different
scenarios focusing on the shape parameter ¢’ = —0.5, —0.25, —0.05,0.05,0.25, 0.5 to cover
fundamental tail behaviors, with sample sizes (1) of 30, 100, and 500. The location and scale
parameters were deliberately fixed at 4’ = 1 and ¢’ = 0.1 to ensure strict positivity and
numerical stability, as justified previously. While the main text highlights the key findings
from these extensive parameter variations, the complete and exhaustive simulation results
across all evaluated ranges of ¢’ and a are provided in the SI. Parameter estimation was
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performed using the MLE and LM methods, and return levels for 25, 50, and 100 years
were calculated.

3.2. Model Evaluation

The performance of each method was evaluated using the bias, SE, and RMSE:

Bias = RL(T) — RL(T), (31)

SE = 1/ Var(RL(T)), (32)

RMSE = 1/ [Bias? + SE2]. (33)

Here, RL(T) and RL(T) represent the estimated and true RLs, respectively, while
RL(T) = & TN RL(T,i) denotes the average estimated RL from N successful conver-
gences across 1000 trials. Lower RMSE and SE values and bias values closer to zero indicate
better performance.

3.3. Simulation Results

Tables 2-5 summarize the MC simulation results for 3’ = 1, ¢’ = 0.1, and varying &,
with &« = 0.5 (in Tables 2 and 3) and &« = 1 (in Tables 4 and 5). These simulations assessed
return levels (RL25, RL50, RL100) for block minima using three GEVDs: CT-GEVD, NPT-
GEVD, and RT-GEVD. MLE-based methods (CT.MLE, NPT.MLE, RT.MLE) and LM-based
methods (CT.LM, NPT.LM, RT.LM) were compared. For larger sample sizes (n = 500),
the NPT.MLE method outperformed the others, particularly for longer return periods
(e.g., RL25 to RL100). Conversely, for smaller sample sizes (n = 30), the NPT.LM method
exhibited superior performance in most cases, yielding lower RMSE values. However, the
NPT methods underperformed in specific scenarios, such as when &= —05o0r & =0.05,
or for shorter return periods.

Table 2. Results of Monte Carlo simulation for the case where y/ =1,0' = 0.1, and & varies as —0.5,
—0.25, —0.05, 0.05, 0.25, and 0.5. The evaluation metric used is the RMSE. A hyperparameter « = 0.5
is employed using the NPT-GEVD method to estimate the 25-, 50-, and 100-year return levels for each
transformation approach. The sample size is n = 500.

érl
T Method 050 —025 —0.05 0.05 0.25 0.50
CT.MLE 0.00158 0.00301 0.00507 0.00649 0.01143 0.02065
RT.MLE 0.00570 0.00575 0.00505 0.00660 0.01144 0.01984
NPTMLE  0.00179 0.00275 0.00507 0.00664 0.01141 0.01905
RL25 CT.LM 0.00202 0.00324 0.00531 0.00677 0.01108 0.02005
RT.LM 0.00181 0.00313 0.00519 0.00667 0.01130 0.02001

NPT.LM 0.00177 0.00309 0.00515 0.00664 0.01152 0.02092
CT.MLE 0.00135 0.00332 0.00640 0.00862 0.01619 0.04034

RT.MLE 0.00409 0.00509 0.00639 0.00865 0.01575 0.02910
NPT.MLE  0.00152 0.00322 0.00640 0.00865 0.01546 0.02553
RL50 CT.LM 0.00271 0.00425 0.00695 0.00906 0.01520 0.02602
RT.LM 0.00213 0.00385 0.00665 0.00879 0.01550 0.02911

NPT.LM 0.00205 0.00377 0.00654 0.00869 0.01588 0.03129
CTMLE 0.00127 0.00385 0.00804 0.01116 0.02268 0.07924

RT.MLE 0.00284 0.00479 0.00792 0.01100 0.02070 0.03963
NPT.MLE  0.00142 0.00378 0.00789 0.01091 0.01991 0.03151
RL100 CT.LM 0.00344 0.00553 0.00896 0.01180 0.02020 0.03286
RT.LM 0.00246 0.00467 0.00832 0.01122 0.02020 0.03755

NPT.LM 0.00235 0.00454 0.00812 0.01102 0.02078 0.04203
Note: Bold values indicate the smallest RMSE among the compared methods.
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Table 3. Same as Table 2 but for n = 30.

ér/

T Method 050 —025 —005 005 025 050
CT.MLE 0.0066 0.0130 0.0219 0.0289 0.0537 0.1045

RT.MLE 0.0067 0.0134 0.0220 0.0291 0.0509 0.0883

NPT.MLE 0.0067 0.0133 0.0221 0.0293 0.0501 0.0835

RL25 CT.LM 0.0075 0.0135 0.0212 0.0260 0.0417 0.0714
RT.LM 0.0073 0.0131 0.0207 0.0253 0.0412 0.0715

NPT.LM 0.0072 0.0129 0.0204 0.0251 0.0412 0.0721

CT.MLE 0.0074 0.0160 0.0287 0.0409 0.0890 0.1954

RT.MLE 0.0074 0.0161 0.0287 0.0401 0.0724 0.1226

NPT.MLE 0.0075 0.0162 0.0288 0.0397 0.0690 0.1109

RL50 CT.LM 0.0090 0.0167 0.0270 0.0340 0.0571 0.1005
RT.ILM 0.0087 0.0161 0.0259 0.0326 0.0553 0.0995

NPT.LM 0.0086 0.0158 0.0255 0.0320 0.0551 0.1008

CT.MLE 0.0084 0.0192 0.0371 0.0566 0.1501 0.3640

RT.MLE 0.0084 0.0193 0.0364 0.0528 0.0955 0.1537

NPT.MLE 0.0084 0.0195 0.0363 0.0514 0.0885 0.1356

RL100 CT.LM 0.0106 0.0203 0.0337 0.0437 0.0754 0.1342
RT.ILM 0.0102 0.0194 0.0318 0.0408 0.0709 0.1288

NPT.LM 0.0101 0.0191 0.0311 0.0398 0.0704 0.1315

Note: Bold values indicate the smallest RMSE among the compared methods.

Table 4. Same as Table 2 but for « = 1 and n = 500.

ér/

T Method 050 —025 -0.05 005 025  0.50
CT.MLE 00036 0.0061 0.0090 0.0110 00172 0.0293

RT.MLE 0.0034 0.0050 0.0089 0.0112 00173 0.0268

NPT.MLE 0.0034 00050 0.0089 0.0112 0.0173 0.0268

RL25 CT.LM 00041 0.0061 0.0094 00114 0.0168 0.0310
RT.LM 0.0033 00056 0.0091 00111 00177 0.0321

NPT.LM 0.0033 00056 0.0091 0.0111 00177 00322

CT.MLE 0.0029 0.0063 0.0110 0.0141 00235 0.05%

RT.MLE 0.0029 00057 0.0109 0.0141 00222 00323

NPT.MLE 0.0029 0.0057 0.0109 0.0141 0.0221 0.0323

RL50 CT.LM 0.0059 00084 0.0123 0.0149 0.0226 0.0336
RT.LM 0.0038 0.0068 0.0113 0.0140 00232 0.0418

NPT.LM 0.0038 00068 0.0113 0.0140 0.0232 0.0419

CT.MLE 0.0025 0.0069 00136 0.0178 00331 0.1270

RT.MLE 00027 0.0067 0.0132 0.0172 00269 0.0355

NPT.MLE 0.0027 0.0067 0.0132 0.0172 0.0269 0.0354

RL100 CT.LM 0.0076 00113 0.0159 0.0191 0.0309 0.0558
RT.LM 00043 0.0081 0.0138 0.0171 00287 0.0487

NPT.LM 0.0043 00081 00138 0.0171 0.0287 0.0488

Note: Bold values indicate the smallest RMSE among the compared methods.

To interpret these numerical patterns, the distinct statistical behaviors of the estimation
methods must be considered. MLE-based methods (e.g., NPT.MLE) perform optimally for
larger datasets (n = 500) due to their asymptotic efficiency and consistency; with sufficient
data, the likelihood surface is well behaved, allowing the model to fully utilize the tail infor-
mation [2]. Conversely, for smaller samples (n = 30), maximum likelihood estimators can
be highly sensitive to a few extreme outliers, leading to inflated variance in shape parameter
estimation. In such cases, LM-based methods (e.g., NPT.LM) demonstrate superior stability
because they rely on linear combinations of order statistics, which inherently downweight
the influence of extreme fluctuations and provide robust parameter bounds [18]. This
is consistent with established findings that L-moments are highly preferable to MLE for
small-sample GEVD applications (n < 50) [27]. Furthermore, the advantage of the NPT
approach over CT is most noticeable for longer return periods (RL50, RL100) and heavily
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Standard error

bounded or skewed shape parameters (¢’). Under these extreme extrapolations, the linear
mapping of the traditional CT-GEVD often approaches or violates the theoretical zero
boundary, causing high bias and standard errors. The NPT structurally enforces a strictly
positive domain through its nonlinear scaling, effectively stabilizing the tail estimation and
providing highly reliable, physically possible long-term return levels.

Table 5. Same as Table 2 but for x = 1 and n = 30.

g/

T Method —050 025 —0.05 005 025 050
CT.MLE 0.0124 0.0227 0.0391 00514 00837 0.1536

RT.MLE 0.0127 00231 0.0397 0.0530 00803 01214

NPT.MLE 00127 00231 0.0397 0.0530 0.0802 0.1198

RL25 CT.LM 0.0145 00239 0.0384 0.0493 0.0734 0.1050
RT.LM 00136 00227 0.0366 0.0468 0.0712 0.1021

NPT.LM 00136 0.0227 0.0366 0.0468 0.0713 0.1021

CT.MLE 0.0141 00275 0.0508 0.0689 0.1252 0.2803

RT.MLE 0.0140 00276 0.0505 0.0686 0.1032 0.1424

NPT.MLE 0.0141 00276 0.0505 0.0686 0.1029 0.1410

RL50 CT.LM 00174 0.0292 0.0489 0.0641 01003 0.1522
RT.LM 00161 0.0271 0.0453 0.0585 0.0909 0.1279

NPT.LM 00160 0.0271 0.0453 0.0585 0.0910 0.1281

CT.MLE 0.0160 00331 00642 0.0896 0.1844 0.4988

RT.MLE 0.0159 0.0331 0.0623 0.0849 01241 0.1535

NPT.MLE 0.0159 00332 0.0623 0.0848 0.1235 0.1524

RL100 CT.LM 00202 00351 0.0608 0.0812 01340 02223
RT.LM 0.0188 00324 0.0548 0.0710 0.1105 0.1495

NPT.LM 00188 0.0324 0.0548 0.0710 0.1106 0.1498

Note: Bold values indicate the smallest RMSE among the compared methods.

Figures 2 and 3 present the results of a simulation corresponding to the outcomes in
Tables 2-5, using the evaluated metrics of SE (Figure 2a,c) and bias (Figure 2b,d). The figures
compare the performance of the methods (CT.MLE, RT.MLE, NPT.MLE, CT.LM, RT.LM,
and NPT.LM) under varying parameter values. Figure 2 corresponds to the hyperparameter
« = 0.5, while Figure 3 represents &« = 1 (RT-GEVD). For n = 500, NPT.MLE consistently
outperforms the other methods, exhibiting lower SEs and minimal bias across most values
of ¢’ and for increasing return periods (RL25 to RL100).

Truea=05,u=1,0=0.1,n=500
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Figure 2. Results of Monte Carlo simulation for the cases with [¢/,0'] = [1, 0.1] and varying
& = —0.5,-0.25,—-0.05, 0.05, 0.25, and 0.5. The evaluation measures include the standard error
(a,c) and bias (b,d), displayed on the vertical axis, evaluated across the specific shape parameter
scales (¢’) on the horizontal axis. A hyperparameter & = 0.5 is used in the NPT-GEVD method to
estimate the 25, 50, and 100-year return levels derived from each transformation method. The legend
indicates the specific estimation method (CT.MLE, NPT.MLE, etc.), corresponding to different line
types and colors. The sample sizes are n = 500 (top) and n = 30 (bottom).

In contrast, for n = 30, NPT.LM performs better, particularly for lower values of ¢’
and larger return periods, highlighting its robustness with smaller sample sizes. Across all
configurations, the SE and bias generally increase as ¢’ increases, particularly for higher
return levels. RT.LM and NPT.LM demonstrates more stable performance compared to
MLE-based methods under these conditions.

A simulation-based evaluation of the statistical consistency under varying true values
of ¢ is provided in Section 3. The results demonstrate that parameter estimation remains
stable across a range of tail behaviors, particularly when using L-moment estimation in
small-sample scenarios. This supports the robustness of the NPT-GEVD framework for
practical applications.
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Figure 3. Same as Figure 2, but for the hyperparameter « = 1 set to 1 using the NPT-GEVD (which
becomes RT-GEVD when a = 1). The sample sizes are n = 500 (top) and n = 30 (bottom).

4. Application: Inter-Amount Time of Hourly Rainfall Data
4.1. Climate and Data

The IAT refers to the interval between two consecutive occurrences of a specific event,
such as rainfall exceeding a predefined threshold [28]. It is commonly used in stochastic
processes, time series analysis, and extreme value theory. Let {t1,tp,13,... } represent a
sequence of times when rainfall events occur, where each t; denotes the time of the i-th
event. The IAT T7; between two consecutive events ¢; and ¢; 1 is given by

T =ty —t, VieN (34)

where T; represents the time difference between the i-th and (i + 1)-th events.

When applying a threshold u (e.g., u = 60 mm), the IAT is calculated only for rainfall
events #; and t; 1 where the rainfall amount R; exceeds the threshold u. Let R (k) denote
the rainfall amount at time k, and define the set of times f as

t={k:R(k) > u} (35)

where f contains the times when the rainfall amount R (k) meets or exceeds the threshold u.
The threshold-based IAT 7; is then defined as in Equation (34), but for t;,t;;1 € t, where t;
and f;,1 are consecutive times when the rainfall amount reaches the threshold u.

Hourly rainfall data from 63 stations across Korea were used to calculate the IAT. These
stations were strategically selected to represent a wide array of distinct microclimatic and
topographical zones across the peninsula, ranging from typhoon-exposed southern coastal
areas to rain-shadowed inland basins and continental northwestern regions [29-31]. The
annual minimum IAT was selected to fit the NPT-GEVD model. The data were recorded
over a long-term time scale from 1986 to 2022 [32] (additional details can be found in the SI
file). The CvM statistical test was subsequently applied to assess the fit of the estimated
parameters to the transformed IAT data.

4.2. Results of Modeling

Given the relatively small sample size, we apply the methodology outlined in Section 2
to estimate the hyperparameters and utilize the LM method for parameter estimation in
the NPT-GEVD. The CvM statistic is employed to assess the GOF, which is particularly
well suited for the LM method. Thresholds 60, 90, and 110 mm are used to define the
IAT of cumulative hourly rainfall reaching these levels. Analyzing the IAT across these
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RL25
Method LM-NPT for threshold of 60 mm

progressively higher thresholds allows us to robustly validate the stability of the NPT-
GEVD model under varying degrees of extreme conditions. These thresholds are commonly
used for issuing heavy rainfall advisories and warnings in Korea, as determined by the
Korea Metrological Administration [32].

Parameter estimates for the NPT-GEVD, RT-GEVD, and CT-GEVD models are derived
by fitting the distributions to the minimum data, which include estimates for (#/, &, &, &)
along with their corresponding SEs. A quantitative comparison of these models reveals that
the NPT-GEVD provides a structurally superior fit for the actual minimum data. Specifically,
across the analyzed stations, the NPT-GEVD generally yielded lower Cram’er—von Mises
(CvM) statistics compared to the CT-GEVD, indicating improved overall goodness of fit.
Furthermore, when analyzing high thresholds (e.g., 110 mm), the traditional CT-GEVD
frequently produced physically impossible negative return levels (as detailed in Table 1),
suffering from theoretical boundary violations. In contrast, the NPT-GEVD completely
resolved this issue, generating stable and strictly non-negative return levels (RL25, RL50,
RL100) across all stations. Full comprehensive results, including individual GOF statistics
and SEs for all competing models, are provided in the SI file.

Figures 4-6 present the estimated RLs (in hours) for all 63 stations in Korea, corre-
sponding to the parameters estimated in the SI. The results show consistent spatial patterns
of RL estimates across all three thresholds. Overall, shorter RLs, which indicate the rapid
accumulation of extreme rainfall, are concentrated along the southern coast, Jeju Island,
and the northwestern region (Seoul and Gyeonggi-do province). This spatial distribution is
strongly governed by the regional meteorology and complex topography. The southern
coastal areas and Jeju Island are highly vulnerable to intense rainfall due to their proximity
to the paths of summer typhoons and the East Asian summer monsoon (Changma) front,
compounded by the orographic lifting of moist oceanic air masses along coastal mountain
ranges [29,30].

RL50 RL100
Method LM-NPT for threshold of 60 mm Method LM-NPT for threshold of 60 mm
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Figure 4. Map of the 25-, 50-, and 100-year return levels for minimum IAT (in hours) using the
NPT-GEVD model with LM estimation and a threshold of 60 mm. The color gradient represents the
magnitude of return levels (hours) as indicated in the legend. Longitude and latitude are expressed
in degrees (°E and °N). Selected stations with the highest and lowest return levels are marked by
upward and downward triangles, respectively, with their corresponding values. The geographic
coordinates and estimated return levels for all stations are provided in the SI.

For the 60 mm threshold, the shortest RLs are often less than 0.6 h (approximately 36 min)
in these highly vulnerable regions. For the 90 mm threshold, the shortest RLs are approximately
1.0 to 1.5 h. When the threshold increases to 110 mm, the RL(s) approach 1 to 2 h, especially in
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RL25

Method LM-NPT for threshold of 90 mm

the northwestern region (Gyeonggi-do province), central western region (Chungcheongnam-
do), and southern coastal regions (Jeollanam-do and Gyeongsangnam-do).

In contrast, stations in the inland basin of Gyeongsangbuk-do require the most time
to reach the threshold value across all return periods. This clearly demonstrates the rain
shadow effect created by the Taebaek and Sobaek mountain ranges, which block the influx

of moisture and consequently attenuate the intensity of extreme rainfall in this leeward
region [31,33].
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Figure 5. Same as Figure 4 but for a threshold level of 90 mm. Longitude and latitude are expressed
in degrees (°E and °N). The color gradient represents return levels (hours), and selected stations with
the highest and lowest return levels are marked by upward and downward triangles, respectively.
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Figure 6. Same as Figure 4 but for a threshold level of 110 mm. Longitude and latitude are expressed
in degrees (°E and °N). The color gradient represents return levels (hours), and selected stations with
the highest and lowest return levels are marked by upward and downward triangles, respectively.

5. Discussion

This study focuses on the development of statistical models for environmental risk
management. Transformation techniques, which are crucial for converting minimum data
into a form suitable for the GEVD, require rigorous theoretical validation to ensure compli-
ance with the extreme value framework. We propose an alternative approach to establish
the validity of the NPT-GEVD for minimum values, demonstrating its effectiveness through
our experimental analysis.

Moreover, robust parameter estimation methods, such as MLE and LM, are vital. In
this study, we have explicitly derived and presented both the likelihood functions for MLE
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and the direct theoretical formulation of L-moments for the NPT-GEVD applied to block
minima. Our experiments reveal that LM provide more stable parameter estimates than
MLE for smaller datasets, such as IAT data, which are commonly encountered in real-world
applications. Future research will focus on enhancing the hyperparameter estimation
techniques and applying this method to real-time warning systems, emphasizing the
prediction of the timing of extreme events rather than sparse rainfall data.

6. Conclusions

This study proposes the NPT-GEVD as a robust, theoretically sound alternative for
modeling block minima in environmental risk management. Through comprehensive
Monte Carlo simulations, we demonstrated that the NPT-GEVD systematically outperforms
traditional methods (such as the CT and RT models) by preventing the estimation of
physically impossible negative boundaries. Particularly for small sample sizes, typical of
hydro-meteorological extremes, the L-moments method proved highly stable and reliable.

The empirical application to South Korean IAT data across multiple heavy rainfall
thresholds (60, 90, and 110 mm) confirmed the practical utility of the proposed model.
The NPT-GEVD successfully captured the spatial variability of extreme rainfall rapidly
accumulating along typhoon-exposed coastal regions while strictly maintaining physically
meaningful, non-negative return levels—a theoretical requirement where the traditional CT-
GEVD failed. Overall, the NPT transformation offers an effective mechanism for preserving
the positivity and interpretability of block minima, serving as a reliable alternative for flood
risk assessment.

Despite these advantages, the current model has limitations that suggest clear avenues
for future research. First, the present framework assumes stationarity. Given the increasing
volatility of extreme weather, driven by climate change, future studies should extend the
NPT-GEVD to a non-stationary framework by incorporating time-varying covariates or
global climate indices into the parameter estimation. Second, the current model is limited
to univariate extremes. Since severe hydro-meteorological disasters are often driven by
interacting factors, extending the NPT transformation to multivariate extreme value models
(e.g., using copula-based frameworks) will be crucial for assessing compound hazards,
such as the joint probability of minimum IAT and maximum storm surges.
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Abbreviations

The following abbreviations are used in this manuscript:

GEVD Generalized extreme value distribution
CT Conventional transformation (sign reversal for minima)
CT-GEVD Conventional transformation generalized extreme value distribution (model)
RT Reciprocal transformation
RT-GEVD GEVD under the reciprocal transformation (model)
NPT Negative power transformation
NPT-GEVD  GEVD under the negative power transformation (model)
CcvM Cramér—von Mises (goodness-of-fit statistic)
AD Anderson-Darling (goodness-of-fit statistic)
BFGS Broyden-Fletcher—Goldfarb-Shanno (quasi-Newton optimizer)
CDF Cumulative distribution function
PDF Probability density function
EDF Empirical distribution function
GD Gumbel distribution (the ¢ = 0 case of GEVD)
GOF Goodness of fit
IAT Inter-amount time (between threshold-exceeding rainfall events)
KMA Korea Meteorological Administration
LM L-moments
MLE Maximum likelihood estimation
MC Monte Carlo (simulation)
PWM Probability-weighted moment
RL Return level
RLys Return level for the 25-year return period
RLs Return level for the 50-year return period
RLj00 Return level for the 100-year return period
RMSE Root mean square error
SD Standard deviation
SE Standard error
SI Supplementary Information
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