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Abstract

The rapid development of machine learning, large language models, and related technolo-
gies has greatly increased the demand for data storage capacity. Therefore, the role of
distributed storage systems in such applications has become more prominent. However,
it is inevitable that a single node fails in a distributed storage system during long-term
use. Being able to repair failed nodes in a timely manner is extremely important for the
stable operation of distributed storage systems, and a specific encoding scheme is required
to meet the needs of efficiently repairing failed nodes. This research presents a novel
family of binary locally repairable codes (LRCs) developed using multiple disjoint recov-
ery sets constructed based on mutually orthogonal Latin squares (MOLS). The proposed
constructions achieve distance optimality under the Singleton-like bound for LRCs with
availability. Specifically, the codes are parameterized as (n = 12 + tr,k = r2,r,t) and
(n=rm+tm,k =rm,r,t), where n is the block length, k is the dimension, r is the locality,
and t is the availability. These codes achieve minimum distance d = t 4- 1, guaranteeing
efficient recovery with ¢ disjoint repair sets, each of size r. Compared to existing construc-
tions, the proposed codes offer significant improvements in terms of code rate R = 15,
support for larger block lengths, and reduced finite field size requirements (field size g = 2).
Additionally, a method is introduced to improve the minimum distance of codes with
even availability f, constructing codes with parameters (n + 1,k,7,t) and d = t + 2, while
preserving optimality. These properties make the proposed codes particularly suitable for
distributed storage systems, where efficient and parallel repair of failed nodes is critical.

Keywords: locally repairable codes; erasure codes; codes for distributed storage systems;
multiple disjoint repair sets; mutually orthogonal Latin squares

MSC: 94B05

1. Introduction

With the development of artificial intelligence, machine learning, and big data, tra-
ditional single-node storage systems can no longer meet the needs of data storage. In
recent years, distributed storage systems have been widely adopted to meet the growing
demands of managing and storing large volumes of data. In the long-term operation
of the system, node failure or disk malfunction is inevitable. In order to maintain data
integrity, some distributed storage systems use a three-replication mechanism to maintain
data integrity and fault tolerance [1]. When a node fails, all data can be copied from any
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of the two surviving copies to repair it. However, the storage overhead of this method
is large. Erasure codes, including [, k]| Reed—Solomon codes, are extensively employed
in distributed storage systems to address this issue. For example, Facebook [2] utilizes a
(14, 10) Reed—Solomon (RS) code within its storage infrastructure. The system is capable
of withstanding the simultaneous failure of four nodes. In the case of a node failure, data
from all 10 surviving nodes must be transmitted to restore the lost data of the failed node.
The repair bandwidth is equivalent to ten times the size of the data stored in the failed
node. As a result, designing an erasure coding scheme to minimize the repair bandwidth
becomes essential. Locally repairable codes (LRCs) [3] were introduced as a solution to
this problem.

In recent years, distributed storage systems have increasingly relied on locally re-
pairable codes (LRCs), which have drawn considerable attention in the field [3-5]. Locally
repairable codes (LRCs) have found significant applications in distributed storage systems
such as Amazon S3, Google [1], and HDFS [2]. In these systems, data is distributed across
multiple nodes, and failures are common due to hardware malfunctions or network is-
sues. The proposed LRCs, with their efficient recovery properties, can minimize repair
bandwidth and improve overall system reliability, making them particularly suitable for
such applications. These codes are designed to recover a failed node by utilizing data
from no more than r < k other nodes. This method significantly decreases the bandwidth
required for the recovery process, enhancing overall efficiency [6]. The nodes used to repair
failed nodes are referred to as the repair set or recovery set, and the size r of this set is
defined as the code’s locality. Cai et al. [7] introduced a construction technique for locally
repairable codes featuring (7, §)-locality, while also minimizing the required field size. Tan
et al. [8] proposed optimal binary locally repairable codes. Cai et al. [9] developed a frame-
work for designing optimal locally repairable codes using packing structures. In addition,
Cai et al. [10] proposed a series of constructions that attain the bound described in (2).
Yavari et al. [11] proposed a construction of LRCs with joint sequential-parallel repair
property. They give an extension of this construction using back-circulant Latin squares [12].
Hao et al. [13] provided various bounds and constructions for locally repairable codes,
focusing on the parity-check matrix representation of LRCs.

In a distributed storage system, sometimes external users are accessing data in the
failed node at the same time as the node fails. This problem is called degraded reading.
Moreover, in distributed storage systems, certain data is frequently accessed simultaneously
by multiple users. This type of data is called hot data. The parallel reading of hot data
and degraded reading problems of hot data can be solved by adding disjoint recovering
sets to a single node [14]. Wang et al. [15] proposed LRCs with disjoint recovery sets and
established an upper bound on their minimum distance:

Hk—1)+1

<py_f— |22~
d<n—k [t(r1)+1

—‘ +2. (1)

The availability of a locally repairable code (LRC) is defined as the number of disjoint
recovery sets, represented by t. Rawat et al. [16] established an upper bound on the mini-
mum distance of LRCs characterized by locality » and availability ¢, under the assumption
that each recovery set contains exactly one parity symbol:

dSnk{Tw+t+L )

Hao et al. [17] developed a construction framework for LRCs characterized by locality
r and availability t, in which each information symbol is associated with t subcodes
possessing a minimum distance of 4. Su et al. [18] constructed locally repairable codes
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using resolvable configurations. In addition, Su [19] proposed distance-optimal locally
repairable codes that achieve the bound (2), also derived from resolvable configurations.

Prakash et al. [20] introduced an upper limit for the rate of locally repairable codes
under the sequential repair model:

)

Further constraints on the code rate and minimum distance of locally repairable codes
are discussed in [21-24].

In practical implementations of distributed storage systems, binary locally repairable
codes offer significant advantages over those defined on larger finite fields, primarily due
to their reduced computational complexity. Zhang et al. [25] developed a construction for
binary LRCs, achieving a minimum distance of six.

Hao et al. [26] proposed a technique for designing binary locally repairable codes
that feature multiple repair sets, utilizing finite geometries and circulant permutation
matrices. Zhang et al. [27] proposed a different approach, developing locally repairable
codes through the use of linear functions. In addition, Zhang et al. [28] developed a class
of distance-optimal binary LRCs using combinatorial designs. Zhang et al. [29] presented
a family of binary locally repairable codes featuring nonuniform locality and availability,
constructed using pairwise balanced designs. Wang et al. [30] provided distance-optimal
and rate-optimal constructions of binary LRCs for cases where r = 2 or t = 2.

This paper introduces constructions of binary locally repairable codes that attain an
optimal minimum distance. A summary of the parameters for all proposed constructions is
provided in Table 1. These codes are tailored to enable practical binary implementations,
ensuring optimal performance with respect to rate, minimum distance, and repair efficiency.
The main contributions of this work are summarized as follows:

1.  This article gives a method for constructing binary locally repairable codes with
information-symbol locality, which is based on mutually orthogonal Latin squares.
This construction includes the codes from [28] and produces a distance-optimal binary
LRC that achieves the bound in (2). Furthermore, the construction is rate-optimal
when t = 2;

2. We introduce a construction for binary locally repairable codes with information-
symbol locality, derived from mutually orthogonal Latin squares. This approach
achieves large block lengths while maintaining small locality. The proposed construc-
tion is distance-optimal, meeting the bound specified in (2). Furthermore, when t = 2,
it also achieves rate optimality.

3. Weintroduce a family of distance-optimal binary locally repairable codes, constructed
using mutually orthogonal Latin rectangles, which support arbitrary values of locality.
This construction attains (3) when t = 2 and encompasses specific codes from [8,9,28].
Moreover, the rate achieved by this construction surpasses that of the codes proposed
in [9,10,19].

4. We propose a family of locally repairable codes with varying localities, which are
constructed using mutually orthogonal Latin squares. These codes attain distance-
optimal performance and support nonuniform localities. The rate of this construction
exceeds that of the codes proposed in [9,10,19] and operates with significantly smaller
field sizes. Furthermore, this construction encompasses certain codes from [8,9,28]
and produces codes with parameters not addressed in [8-10,19,28]. Moreover, this
construction ensures information-symbol (r, t)-availability while meeting the bound
specified in (2).

5. Finally, we introduce a method to improve the minimum distance of locally repairable
codes that feature multiple recovery sets. For any binary distance-optimal locally
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repairable code C with information-symbol (7, t)-availability, where t is an even
integer, we construct a new code C’. The resulting (n + 1,k,,t) locally repairable
code C’ preserves the information-symbol (r, t)-availability and attains an optimal
minimum distance of f + 2.

Table 1. Summary of parameters for all constructions introduced in this paper.

Ref. Fl.e 1d Structure Used Code Parameters Min. Distance Rate R (C) Key Features
Size d(C)
- _r
Theorem 1 2 N(r) MOLS of (n=r2+irk= d(C) =t+1, raﬁf )t;ngftf;)r arbiflilzp?:)z;it
order r r2,1,t < N(r)+2)2 distance-optimal tpi ) }; y
= _r
A Latin square of (n=1>+trk= diC) =t+1, R(C) LTy .Supports .
Remark 1 2 > . . rate-optimal for ~ arbitrary locality
order r re, 1t < 3)) distance-optimal f— o ;
= _r
N(t) MOLS of (n=t>+rtk= diC) =t+1, R(C) = Supports
Theorem 2 2 order t br < N(t)42,1) distance-optimal rate-optimal for arbitrary
= +H2 P F=2 availability ¢
f 2 d(C) = R(C) = 70 lock si
Theorem 3 ) N(r) MOLS o (n = mr* + mtr, k = C)=t+1, rate-optimal for Large block size
order r mr?,r,t < N(r) +2), distance-optimal f—n supported
— 7 : .
N(r) MOLR of (n=rm+tmk= aiC)=t+1, R(C) Ly Arbitrary loca.hty
Theorem 4 2 . . . . rate-optimal for r, small locality
dimensionsr x m  rm,r,t < N(r) + 1), distance-optimal
t=2 supported
(n=r—u+trk= Nonuniform
< =
Theorem 5 2 s < N(r) MOLS 2 —u,r,t < L)y, ’d(C) t+. L R(C) = r—u locality
of order r u distance-optimal r2—uttr
t<s4+2u<r supported

2. Preliminaries

In this section, we introduce several concepts related to locally repairable codes and
Latin squares. The set {1,2,...,n} is denoted by [n]. For i < j, the interval [i, j] denotes
the set {i,i +1,...,j}, whereas (i,]] represents {i +1,...,j}, and [i,]) corresponds to
{i,...,j —1}. The notation [n,k,d]; is used to describe a linear code C over the finite
field F;, where n, k, and d represent the block length, dimension, and minimum distance,
respectively. For any codeword ¢ belonging to C, the Hamming weight, denoted by wt(c), is
defined as the count of nonzero entries in ¢. The minimum distance of the code C, written as
d(C), is the smallest Hamming weight among all nonzero codewords in C. Additionally, the
rate of the code C, represented by R(C), is also defined. The support of an n-dimensional
vector c is defined as supp(c) = {i € [n] : ¢; # 0}. In order to simplify the explanation of
proof process in this article, when the supports of two vectors intersect at some elements,
we say that the two vectors intersect at some elements.

2.1. Locally Repairable Codes

In this section, we formally define (n, k, 7, t) locally repairable codes over the binary
field. This paper mainly considers systematic linear locally repairable codes. System-
atic linear codes can be considered as a linear mapping from JFI,; to Fj. The encoding
process maps k message symbols (11, ..., my) to a codeword (cy, . ..,c,) of length n. In
the resulting codeword, the first k symbols correspond exactly to the original message
symbols, also referred to as information symbols. Thus, the codeword ¢ can be expressed
as (my,...,mg,p1,...
sage symbols or information symbols, while the remaining n — k symbols are called

, Pn_x)- The initial k symbols of the codeword are known as mes-

parity symbols.
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The encoding process of a linear code C can be expressed as a matrix multiplication
kG = ¢, where k is a k-dimensional row vector over [F; representing the information
symbols, and ¢ is an n-dimensional row vector over [, representing the corresponding
codeword. The matrix G of size k X 7 is referred to as the generator matrix of the code C.
For systematic codes, the generator matrix G can be written in the form G = [I¢|P], where
Ii is the k x k identity matrix. The parity-check matrix of C, denoted by H, is defined as
the generator matrix of the dual code of C. The matrix H = [~PT|I,_;] isan (n — k) x n
matrix, and the conditions GHT = 0 and HGT = 0 hold.

Definition 1. An element c; in a codeword ¢ € C is said to have locality r if there exists a subset
R(i) C [n]\ {i} such that c; can be expressed as a linear combination of the code symbols in ¢
indexed by the elements of R(i), where |R(i)| < r.

An element c; in a codeword ¢ € C is said to have locality r and availability t if there exist t
disjoint subsets Ry(i), Ra(i), ..., Re(i) C [n] \ {i}. Each subset R;(i), for j € [t], allows c; to be
expressed as a linear combination of the code symbols in c indexed by R;(i), where |R;(i)| < r and
R;(i) N Ry(i) = @ whenever j # 1.

Definition 2. A systematic [n, k,d| linear code C is called a locally repairable code with all-symbol
locality r and availability t (AS-LRC) if every code symbol in C has locality r and availability t.

A systematic [n,k,d] linear code C is called a locally repairable code with information-symbol
locality r and availability t (IS-LRC) if every message symbol in C has locality r and availability t.
An (n,k,r,t)q LRC is defined as a linear [n, k, d] code C over the finite field F; that has information-
symbol locality r and availability t. In this paper, all constructions are over the binary field IF,.
Therefore, the parameter q is omitted.

2.2. Latin Squares and Latin Rectangles

Definition 3. A Latin square of order n [31] is an n X n matrix in which each row and each column
contain every element from the set [n] = {1,2,...,n} exactly once. This means that every row and
column is a permutation of the elements in [n]. The entry in the cell located at row i and column j of
the Latin square L is denoted by L(i, j).

Two Latin squares L and L; of size n are defined as orthogonal if, for every pair
(i,7) € [n] x [n], there exists exactly one corresponding pair (k, ), such that L1 (k,I) = i and
Ly(k,1) = j. A collection of t Latin squares L1, Ly, ..., L; of order n is described as a set of
mutually orthogonal Latin squares (commonly abbreviated as MOLS) if any two distinct
squares L; and Lj, with i # j, maintain orthogonality. The maximum number of MOLS for
a given order 7 is denoted as N(n). For any g that is a prime power, the maximum is given
by N(q) = q—1[32].

When 7 can be expressed in the form n = p{'p3? ... pi’, where py, pa, . .., py are distinct
primes and ey, ey, ..., ¢, are positive integers, the largest possible number of MOLS is
determined by N(n) = min{p{!, p3%,...,p7'} — 1 [32]. MOLS are essential in the design
and construction of locally repairable codes. To define additional parameter sets needed
for our construction, we propose a generalization of the Latin square.

Definition 4. A Latin rectangle L [31] is an m X n array, where m < n, such that each row is
a permutation of the elements in the set [n] = {1,2,...,n}, and no element is repeated within
any column.

Two Latin rectangles L1 and L; are considered orthogonal if, for each (i, ) € [n] x [n],

there is at most one distinct pair (k,!) satisfying L;(k,I) = i and Ly(k,I) = j. Analogous
to the notion of MOLS, a collection of t Latin rectangles L1, ..., L; of dimensions m X n is
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said to form a set of mutually orthogonal Latin rectangles (MOLR) if, for any pair of Latin
rectangles L; and L;, where i # j, the orthogonality condition is satisfied [33].

Assume there exist s mutually orthogonal Latin squares (MOLS) of order n. By
selecting the same m rows, where m < n, from each of these MOLS, one can construct s
mutually orthogonal Latin rectangles with dimensions m x n. Therefore, given any set of
n MOLS, one can construct a minimum of # mutually orthogonal Latin rectangles with
dimensions m x n, where m < n.

3. Optimal Binary Locally Repairable Codes from MOLS

In this section, we introduce a framework of locally repairable codes that leverages
the partitioning of sets using mutually orthogonal Latin squares.

LetQ={1,...,n
in an n x n array following their natural order. s MOLS of order n can generate s + 2

2} represent a set containing n? integers. Arrange these 1> elements

distinct partitions of the n? cells in the array into 1 subsets, each containing 7 elements.
These subsets are called blocks. A partition of these blocks is referred to as a parallel class,
where any two blocks within the same parallel class are disjoint, and the union of all blocks
is (3. Another important property of these partitions is that any two blocks from distinct
parallel classes share exactly one common element.

The partitions consist of the row partition P"%, the column partition P®/, and s
partitions derived from the s MOLS, denoted as Pl ..., Ps.Inthe partitions P! each block
corresponds to the cells in the array labeled with the numbers 1,2,...,n.

Here we give a simple proof of the above properties. For partition of rows and partition
of columns, each row and column intersect exactly once, and different blocks from partition
of rows (partition of colums) are disjoint. Now consider two blocks, B € P! and B; € P/,
where i € [s],j € [s], and i # j. Let B; represent the cells in the array labeled with i. Based
on the properties of MOLS, for every (i, ) € [n] x [n], there is a unique pair (k,I) satisfying
Li(k,1) =iand Ly(k,1) = j. Consequently, the blocks By and B; have exactly one common
element. Now consider two blocks By € P™%, B; € P, i € [s]. From the property of Latin
squares, in each row, there is exactly one cell numbered /, so each block from P™% and each
block from P’ intersects on exactly one element. The proof is complete.

Example 1.
1 3 2 1 2 3
Li=| 3 2 1 |,Lp=|3 1 2 4)
21 3 2 31

The above are two MOLS of order 3. We get 4 partitions of 9 elements into 3 blocks of size 3.

P ={[1,2,3],[4,5,6],(7,8,9]}, (5)
Pl ={[1,4,7],[2,5,8],[3,6,9]},

P' ={[1,6,8],[3,5,7],[2,4,9]},

P2 ={[1,5,9],[2,6,7],[3,4,8]}

The design of our locally repairable codes is accomplished by constructing a parity-
check matrix for the code. To create an (1, k,r,t) LRC over the binary field, we start by
choosing any ¢ < s + 2 partitions (parallel classes) from the s + 2 partitions of 7 elements,
which are associated with the s MOLS of order r. We construct an r x r? submatrix M; for
partition P'. Each row of M,; is indexed by a block from the parallel class associated with
P!, and each column is indexed by the 12 elements. Let M;(i, j) denote the entry located
in the i-th row and j-th column of M;. The value of M; (i, j) is equal to 1 if and only if the
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element j is contained in the block B;. Subsequently, ¢ parallel classes are chosen to form a
tr x r? matrix R.

M,
R=1| ... | (6)

M;
Note that the support of any two distinct rows in R intersects in at most one element.
This comes from blocks in different partitions intersecting at most once and blocks from the
same partition not intersecting. The supports of any two columns intersect at most once
too. Since R is composed of t parallel classes, the weight of any column in R is t. Moreover,
because each block in the partitions mentioned earlier contains r elements, the weight of

every row in R is 7. The parity-check matrix H for this construction is defined as

H= ( R | T (i) ) (7)

Generator matrix for our construction is defined as

G=( Io | =RT ) = ( Lot | RT ). ®)

The second equation comes from our construction over IF,. From the above construc-
tion, we can deduce that n = 72 + tr,k = 2. When r is a prime power, there are r — 1
MOLS, which implies that t < r + 1. For other scenarios, we have t < N(r) 42, where N(r)
denotes the maximum number of mutually orthogonal Latin squares (MOLS) of order r.

The following theorem establishes that the linear code, defined by H as its parity-check
matrix and G as its generator matrix, is a distance-optimal LRC.

Theorem 1. The locally repairable code C, defined by the parity-check matrix H and the generator
matrix G, is an (n = 2 +trk=r3rt< N(r) + 2) IS-LRC. This code achieves the optimal
minimum distance that satisfies the bound in (2), where N(r) represents the maximum number
of MOLS of order r. Additionally, the rate of the code is R(C) = 7, and when t = 2, the
construction attains rate optimality.

Proof. To begin, we show that in our construction, each message symbol has ¢ disjoint
repair sets, where each set contains r elements. Note that the first k columns of H correspond
to the information symbols of the code. From the construction of H, every row has the
same Hamming weight, which is  + 1.

Since R consists of t parallel classes, there is a nonzero entry in each parallel class for
any coordinate within the first k columns of H. Consequently, the Hamming weight of each
column in R corresponding to the first k columns of H is equal to t. Each of these t nonzero
entries corresponds to a repair set of size r.

Next, we demonstrate that these t repair sets are mutually disjoint. The rows of
H associated with the t nonzero entries in a given column are derived from blocks in ¢
different parallel classes. As any pair of blocks from distinct parallel classes have exactly
one common element and because the final 7 — k columns of H form an identity matrix, the
nonzero elements in the rows corresponding to the t nonzero entries in any column of H
are disjoint. Therefore, the ¢ repair sets for each information symbol are mutually disjoint.

We now prove that the minimum distance of C is f + 1. Assume that the first nonzero
coordinate of a codeword ¢ € C is j.

1. Case 1: j € [k]: Each information symbol in C has t disjoint repair sets. Each repair
set contributes one additional nonzero element to c¢. Thus, the Hamming weight of c is at
least t + 1.
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2. Case 2: j € [k+1,n]: In this case, there is a nonzero entry in the j-th column
of H, which implies that there is at least one nonzero entry in the corresponding row
within the first k columns of H. Let this nonzero entry be located in the j’-th column of
H, where j € [k]. The j’-th information symbol has ¢ disjoint repair sets, so at least one
nonzero symbol of c lies in these t repair sets. As a result, chasatleast2+ (t —1) =t+1
nonzero entries.

Therefore, the minimum distance of C is d > t 4 1. Finally, consider the bound (2) for
locally repairable codes where each repair set contains exactly one parity symbol:

dgn—k—FﬂthH. (9)

In our construction,

diC) <n—k— Wﬂ +t+1

=P +tr)—r*— {trz (10)

-‘+t+1
.

=t+1.

Thus, the minimum distance of the code is d(C) = t + 1, achieving distance optimality.
Finally, the rate of the code is calculated as

k 2 r

RO = =wn ~rge

(11)
In the special case where ¢t = 2, the rate of C meets the bound (3), making the construc-
tion rate-optimal. [

Remark 1. The construction outlined above does not require the use of a set of MOLS. In fact,
as long as there is a Latin square of order r, it is feasible to construct an (n,k,r,t = 3) LRC. By
utilizing a Latin square of order r, it is possible to generate three partitions of the r> elements, each
corresponding to a distinct parallel class.

The first construction presented in [16] introduced a family of (N + %, kr,1<t< %)q
LRCs. This construction was based on a (k,r,1) resolvable balanced incomplete block design
(RBIBD) [32] combined with an (N + t, k), MDS code. However, it is worth noting that a (36,6,1)
RBIBD does not exist [32], which implies that the construction in [16] cannot be used to create
(n,36,6,t); LRCs. In contrast, the approach described in this section utilizes a Latin square of order
6 to construct a (36 + 6t,36,6,t < 3), LRC.

Hao et al. [26] introduced a method for constructing (n = g> +tq,k = ¢%,7r = q,t < q)2
LRCs, where q is an odd prime. The construction described in this section generalizes and builds
upon their work. When q is an odd prime, the parameters of our construction encompass those of
the codes in [26], allowing t to reach up to q + 1. Moreover, our construction extends their results
to include cases where q is either a prime power or a general integer. When q is a prime power,
our construction yields a family of (n = g2 + tq,k = g*,r = q,t < g+ 1), LRCs. For arbitrary
integers q, the construction produces (n = g% + tq,k = q%,v = q,t < N(q) + 2)2 LRCs, where
N(q) represents the maximum number of MOLS of order q.

Hao et al. also proposed a construction for (n = 2m,k = m,r,t = r) LRCs with information
(r,t)-availability, where r = 2° and m = 4° — 1. Based on Theorem 1 in this section, when q is
a prime power, our construction produces (n = 29>,k = ¢q*,v = q,t = q) LRCs with message
symbol (r, t)-availability. Therefore, the codes generated through our construction include most of
the codes introduced in [26].
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Remark 2. In our construction, R(i); denotes the t-th repair set of the i-th symbol in the code.
Each repair set R(i); is capable of repairing the corresponding code symbol. Specifically,

1. If i € [1, k], the repair set is used to repair the i-th information symbol.

2. R(i)¢ is represented as a set of integers, where each element in the set corresponds to the
index of a parity symbol in the code that participates in the repair process.

3. The largest index in the set R(i); directly identifies the position of the parity symbol in
the code that is used for repairing the i-th symbol. This definition ensures that the relationship
between repair sets, information symbols, and parity symbols is clearly established in the context of
binary LRCs.

Example 2. For the 2 MOLS of order 3 in Example 1, the correspondence submatrices of the 4
parallel classes are

111000000 100100100
Mow=|0 0011100 0|,My=|0 1001001 0
00000O0O0T1T11 001001001

(12)
1000010710 10001000 1
M=o o 1010100 M=|01000T1T1T00
01010000 1 0011000710

Without loss of generality, we select two submatrices, My and My, to construct the matrix R.

10 00 0 1 010
001010100
R— 010100001 , (13)
10 001 0 0 01
010001100
00 1100O0T10O0
100001 O0101O0O0O0O0O0
0o0o1010100O0T1TO0O0TO0TO0
H— 01 010O0O0OO0OT1TO0TO0OT1TO0OTQO0OO , (14)
10001 0O0O0T1O0O0O0OT1TTGO0OSFO
0100O011O0O0O0O0O0O0T1TTO0
0 01100O01O0O0O0O0OO0TGO0T1
1000 0O0OO0OOOT11TUO0TO0OT1TO0O0
01 000O0O0O0OO0OOOOOOT11TO0T10O0
001 00O0OO0OO0OOOT11O0TGO0TUO01
0 001O0O0O0OO0DO0OO0OO0OT1TO0TGO071
G=]100O0O0OT1O0O0O0OO0OTOT11O0T1QO0SFO0 (15)
000 0O0OT1O0O0OO0OT11O0O0OO0OT1TFPO0
0 000O0OO11TO0O0OO0OT1TTO0O0OT1TSFPO0
00 0O0O0OO0OO0OT11TO0OT1TO0TO0OTG OTUO01
000 0O0OOOOT1TO0OO0OT1TT1TTO0TO0

This code is a (15,9,3,2) LRC with a minimum distance of d(C) = 3 and a rate of R = 2.
The code achieves both distance optimality and rate optimality. Each message symbol can be
recovered using three other coordinates, with two disjoint recovery sets of size three. Without
loss of generality, consider the 4-th information symbol. From H or G, we can conclude that
R1(4) = {2,9,12},Ry(4) = {3,8,15}, which means the 4-th message symbol can be recovered by
adding the coordinates indexed by Ry (4) or Ry(4), and these two repair sets are disjoint.

By utilizing N(r) MOLS of order r, the construction outlined in Theorem 1 produces
an (n = r2 +tr,k = r%,r,t < N(r) +2) LRC that provides information (r, t)-availability.
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We now introduce the construction of locally repairable codes based on MOLS for any
given locality 7.

First, choose r < N(t) + 2 parallel classes (partitions) from N(t) 4 2 partitions from
N(t) MOLS of order t. Each partition is associated with a t x t? submatrix M;. Then
construct an rt x t> matrix RT. Its transpose is a t?> x rt matrix R.

M,

RT=| ... | (16)
M,

R:[Ml M. (17)

From the properties of MOLS, we conclude that each row in R has a weight of , every
column in R has a weight of ¢, and the supports of any two distinct rows in R intersect in at
most one element. Using this matrix R, we construct both a parity-check matrix H and a
generator matrix G. The parity-check matrix H in our construction is defined as

H= ( R ‘ I(nfk)x(nfk) )/ (18)

G = Tor | —R" ) =l | RT ), (19)

where n — k = 2,k = rt.

Theorem 2. The locally repairable code C, designed using H as its parity-check matrix and G as
its generator matrix, is an (n = t*> +rt,k = rt,r < N(t) +2,t)p IS-LRC. This code achieves
an optimal minimum distance that satisfies the bound in (2), where N(t) denotes the maximum
number of MOLS of order t. Additionally, the rate of the code is R(C) and when t = 2, this
construction achieves rate-optimality.

= I
Tortt

Proof. We start by showing that each information symbol in this code has ¢ disjoint repair
sets, where each repair set contains r elements. Observe that the first k columns of H
correspond to the information symbols in the code. From the given construction, every row
in H has a Hamming weight of r + 1. Additionally, for any coordinate in the first k columns
of H, there exist exactly t nonzero entries, corresponding to the ¢ repair sets.

To confirm that these ¢ repair sets are disjoint, note that the supports of any two distinct
rows in H overlap in at most one element. Furthermore, the final # — k columns of H form
an identity matrix, ensuring that the repair sets for each information symbol are disjoint.
Thus, the information symbols in C exhibit (7, t)-availability.

Next, we prove that the minimum distance of C is t 4+ 1. Let ¢ € C be a randomly
selected codeword, and let j denote the index of its first nonzero coordinate.

1. Case 1: j € [k]: Since each information symbol in C has (7, t)-availability, there
must exist one additional nonzero symbol in ¢ for each of the f repair sets. As a result, the
Hamming weight of c is at least ¢ + 1.

2. Case 2: j € [k+1,n]: In this case, the j-th column of H contains a nonzero entry.
Consequently, there must also be at least one nonzero entry in the same row within the first
k columns of H. Let this nonzero entry be located in the i’-th row and the j’-th column of
H, where j' € [k]. Since every information symbol in C has (7, t)-availability, there must be
one nonzero symbol in ¢ for each repair set. Therefore, the codeword ¢ includes at least
two nonzero elements at the j-th and j’-th coordinates, in addition to t — 1 other nonzero
elements elsewhere. This demonstrates that d(C) > t + 1.
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Finally, consider the bound (2):

d(C) <n—k— Wﬂ FE41

2

—(t2+rt)—rt—[r—‘+t+l (20)

=t+1.

Thus, the minimum distance of our construction is d(C) = t + 1, achieving distance
optimality.
Finally, the rate of the code is calculated as

R(C):E: rt r

- 21
n  rt+t2  r+t 1)

For the case where t = 2, the rate of C achieves the bound in (3), rendering this
construction rate-optimal when t = 2. [

Remark 3. In a binary linear code, it is possible for the sum of the symbols in a repair set to be zero.
However, due to the properties of binary codes and the structure of the parity-check matrix, the sum
(i.e., XOR) of a code symbol and all the symbols in any of its repair sets is always zero.

This property ensures that to repair a failed symbol, it suffices to read all the symbols in any
one of its repair sets and perform an XOR operation on these elements. The result of this operation
will recover the value of the failed code symbol.

Example 3. Similar to Example 2, we choose 2 parallel classes from 2 MOLS of order 3 to form RT
and R.

100001010
001010100
RT_|01 0100001} )
100010001
010001100
0011000T10
100100
001010
010001
001001
R=|010100 (23)
100010
0100710
1000 01
001100
100000|/10000T10T10
010000[(001010T100
c_|00o1o0o0o0fo1o0100001][ 1)
000100[100O0T1O0TU0T0O0°1
000O0T10[01000T1T100
000O0O0T1(0011000T10
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1001001 00O0O0O0O0TO0OO0
001 010/01O0O0O0O0O0TO0OO
010001/0010O0O0O0O0O0
001 001/000100O0O0O00O0
H=]101010O0l00O0O0OT1O0O0O0STP®O0 (25)
1000100 0O0O0OO0O11TO0TO0OO®O
01 001O0/00O0O0OO0OO0OT1TTQO0O®O
1000010 0O0O0O0O0OO0OT10O0
0 0110O0/0O0O0O0O0OO0OO0TO071

This code is a (15,6,2,3) LRC with a minimum distance of d(C) = 4 and a rate of R = % The
code achieves distance optimality. Each message symbol can be repaired using two other coordinates,
and there are three repair sets of size two.

Without any loss of generality, let us examine the third information symbol. From the matrices
H or G, we observe that R1(3) = {5,8}, R2(3) = {6,10}, and R3(3) = {4,15}. This indicates
that the third message symbol can be reconstructed by summing the coordinates indexed by R;(3)
fori € [3], and these three repair sets are mutually disjoint.

4. Optimal Binary Locally Repairable Codes with Large Block Length

Notice that in our construction from Section 3, the block length 7 of locally repairable
codes are restricted to 72 + rt or t?> + rt. When the block length gets larger, locality r grows.
In this section, we present a class of constructions in which the locality remains unchanged
irrespective of the code length.

The construction described in this section is an extension of the codes proposed in
Section 3. Similar to the construction in the previous section, we select any ¢ < s + 2 parallel
classes from s + 2 partitions derived from s MOLS of order r to form a tr x r? matrix R’

M,
R=| ..1 (26)
M
The construction presented in this section is based on the Kronecker product of two

matrices. Let A be an m x n matrix and B a p x g matrix. The Kronecker product A ® B
generates a block matrix, which is defined as

LlnB alnB
A®B= oo , (27)

amlB ce amnB

Here, ajj denotes the entry located in the i-th row and j-th column of A. The resulting
matrix A ® B has dimensions mp x ngq.
Next, we define an mtr x mr? matrix R as

R=R ®1,, (28)

where I, denotes the m x m identity matrix over ;. The parity-check matrix H is defined
as follows:

G=( Do | =RT ) = (Lot | RT ), 29)

H= ( R ‘ I(nfk)x(nfk) )/ (30)
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where k = mr2 and n — k = mtr.
The following theorem demonstrates that the linear code, constructed using H as its
parity-check matrix and G as its generator matrix, is an (n, k, r, t), attaining the bound (2).

Theorem 3. The locally repairable code C, designed using H as its parity-check matrix and G as
its generator matrix, is an (n = mr? + mir, k = mr?, r, t < N(r) + 2)2 IS-LRC that achieves the
bound (2). Here, N(r) denotes the maximum number of MOLS of order r. Additionally, the rate of

the code is R(C) and when t = 2, this construction is rate-optimal.

= _r

r+t/
Proof. From the construction described above, every column in R has weight t, while every
row has weight r. Furthermore, the structure of the matrix R ensures that the supports
of any two rows intersect at most once. Since R comes from the tensor product of R’ and
Iy, any two rows in R intersect more than once if and only if there exist two rows in R’
intersecting more than once, which would violate the properties of MOLS. Hence, the
matrix R is constructed such that 1. Each row has uniform weight r. 2. Each column has
uniform weight t. 3. The supports of any two rows intersect at most once.

The first k columns of H correspond to the information symbols of the code, and all
rows in H have weight 7 4+ 1. Now, consider the i-th coordinate of a randomly selected
codeword ¢ € C.

1. Case 1: i € [k]: In this scenario, the i-th column contains exactly t nonzero entries.
Since the supports of any two rows in H intersect at most once, the supports of the rows
corresponding to these f nonzero entries overlap only at coordinate i. As a result, every
coordinate i in ¢ € C has (r, t)-availability.

2. Case 2: i € [k+1,n]: In this case, the i-th column of H contains a nonzero entry.
This implies that there exists at least one nonzero entry in the same row within the first k
columns of H. Let this nonzero entry be located in the i’-th row and the j'-th column of
H, where j’ € [k]. Since the information symbol corresponding to j’ is associated with ¢
disjoint repair sets, the symbol ¢; has at least t additional nonzero entries. Therefore, the
codeword c contains at least ¢ + 1 nonzero entries.

Thus, in both cases, we have established that d(C) >t + 1.

Next, consider the bound (2) for locally repairable codes where each repair set contains
exactly one parity symbol:

dgn—k—ﬁ’t-‘+t+1. (31)
In our construction
diC) <n—k— F;t-‘ +t4+1
= (mr® 4+ mtr) — mr® — meﬂ +t+1 (32)
=t+1.
Therefore, the minimum distance of our construction is d(C) = t + 1, achieving

distance optimality.
Finally, the rate of the code is calculated as

k mr? r

= (33)

R(C) = noomr+mtr  r4t

When t = 2, the rate of C achieves the bound in (3), making the construction rate-
optimal. [
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Remark 4. Notice that the tensor product method can also be applied to the construction in

Theorem 2.

(34)

01 0

1 01 0 O

0 0 0 01

0 0 0 1|
00 01 1 00
110 0 0 1 O
010 O

0 0 0 0 1
0

1

0

1

0 0 1
01 0 1
1 0 0 0 1
0

0

R’[
00 0[O0 0|0 0|0 O

1

0 00 O

R' ® I.

Example 4. Similar to Example 2, we choose 2 parallel classes from 2 MOLS of order 3 to form R’

and R

(35)
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H is a parity-check matrix for a (30,18,3,2) LRC C. The code C has a minimum distance of
d(C) = 3 and a rate of R(C) = 2. The value of d(C) satisfies the bound in (2), and R(C) meets
the bound in (3). Thus, C is both distance-optimal and rate-optimal. Suppose the symbol cq in
¢ € C is erased. Erased symbol cq can be represented by elements in ¢ from R;(1). Specifically,
R1(1) = {11,15,19} and Ry (1) = {9,17,25}.

5. Optimal Binary Locally Repairable Codes Derived from MOLR with
General Locality

In the codes constructed from MOLS in Theorem 1, the dimension k = 72, and the
locality r increase as the dimension k grows. In a locally repairable code, repairing a failed
node involves transmitting data from r other nodes. Therefore, it is desirable to minimize
the locality r as much as possible. In this section, we introduce a construction of optimal
binary locally repairable codes with message symbol (7, t)-availability and arbitrary locality
r, which is based on mutually orthogonal Latin rectangles.

Given s MOLR of size r x m, QO = {1,...,rm} is a set of rm integers. Then place these
rm integers in an r X m array in natural order. Then s MOLR of size v x m can give s + 1
different partitions of the rm cells into m sets of size r. The sets in the partitions are called
blocks. Each partition is called a parallel class, wherein every pair of blocks within the
same parallel class is disjoint, and the union of all blocks in a single parallel class equals the
set (). Additionally, these partitions satisfy the property that any two blocks belonging to
different parallel classes intersect at most once. The partitions include the column partition
peolumn and the partitions derived from s MOLR, denoted as pl,..., ps (where the blocks
in P! correspond to the cells in the array labeled 1,2, ..., m).

We provide a simple proof of the above properties. Consider two blocks By € P’ and
B, € P/, wherei € [s],j € [s],and i # j. Let B; represent the cells in the array labeled
with i. By the properties of MOLR, for any (i,j) € [r] x [m], there is at most one pair
(Ly(k,1),Ly(k,1)) satisfying L1 (k,I) = i and Ly(k,1) = j. Thus, the intersection of By and B,
contains at most one element. Now consider two blocks B, € P®,B; € P, i € [s]. From
the property of Latin rectangles, in each column, there is exactly one cell numbered /, so
each block from P! and each block from P! intersects at most once. The proof is complete.

13 2 12 3
L = Ly = 38
1<3z1>2<312> (38)

The above are two MOLR of size 2 x 3. We get 3 partitions of 6 elements into 3 blocks of size 2.

Example 5.

P ={[1,4],[2,5],[3,6]}, (39)
Pt ={[1,6],[3,5], [2,4]},

P* ={[1,5], 2,6, (3,4]}

In this section, to construct an (1, k, 7, t) LRC over the binary field, we start by selecting
any f < s + 1 partitions (parallel classes) from the s + 1 partitions of rm elements, which
correspond to s MOLR of size r x m. For each partition P!, a submatrix M; of size m x rm
is constructed. Each row of M; is indexed by a block in the parallel class associated with
P!, while each column corresponds to one of the rm elements. Let M; (i, j) denote the entry
located in the i-th row and j-th column of M;. The value of M;(i, ) is 1 if and only if the
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element j is a member of block B;. Finally, t parallel classes are chosen from these s + 1
partitions to construct a tm x rm matrix R.

M,
R=1| ... | (40)
M;

Since any two blocks intersect at most once in peol pl .. Ps, it follows that the
supports of any two rows in R intersect at most once. Similarly, the supports of any two
columns in R also intersect at most once. As R is composed of ¢ parallel classes, each
column in R has weight t. Furthermore, because the size of each block in the partitions is 7,
every row in R has a weight of r. H is defined as follows:

H= ( R \ Itn—kyx (n—k) ) (41)

Generator matrix G is given by

G:( Ikxk‘—RT):( Ik | RT ) (42)

The equivalence of the two expressions for G follows from the fact that the construction
is over [F». From the matrices H and G, we can deduce that n = tm + rm and k = rm.

When m is a prime power, there exist at least m — 1 MOLR, which implies that t < m.
For all other cases, t < N(r) + 1, where N(r) represents the maximum number of MOLS of
size m.

The following theorem establishes that the linear code constructed using H as its
parity-check matrix and G as its generator matrix is a distance-optimal (n, k, r,t) LRC over
the binary field.

Theorem 4. The locally repairable code C, designed using H as its parity-check matrix and G as
its generator matrix, is an (n = rm + tm,k = rm,r,t < N(r) 4+ 1), IS-LRC. This code achieves
the optimal minimum distance that satisfies the bound (2). Here, N(r) represents the maximum
number of MOLS of order r. The rate of the code is given by R(C) = 1. Moreover, when t = 2,
this construction achieves rate-optimality.

Proof. First, we prove that every message element from C has (7, t)-availability. The first k
columns of H correspond to the k information symbols in C. Since each column in R (i.e.,
the first k columns of H) has a weight of t, every message symbol in C is associated with
t recovery sets. Furthermore, because the supports of any two rows in R overlap at most
once, these t recovery sets for any message symbol are disjoint. Additionally, since the
weight of each row in H is r + 1, the size of each recovery set is r.

Then we demonstrate that C is distance-optimal and its distance is t + 1. Consider any
nonzero codeword ¢ € C, and let ¢; be a nonzero symbol in c. First, assume that c; lies within
the first k coordinates of c. Since every message entry from C has (r, t)-availability, the
symbol ¢; has t disjoint recovery sets. Each recovery set contributes at least one additional
nonzero symbol. Hence, the codeword ¢ must have t 4 1 nonzero entries.

Now, suppose ¢; is located in one of the last n — k positions of ¢. From the structure
of H, it can be concluded that there is at least one nonzero symbol ¢; within the first k
coordinates of c. Since c; possesses (7, t)-availability, the codeword ¢ must contain ¢ + 1
nonzero symbols. As ¢ was chosen arbitrarily, it follows that d(C) > t + 1.
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Notice that each recovery set consists of exactly one parity symbol. Therefore, the
minimum distance d(C) satisfies

kt

d(C) <n—k— [J i1

:rm—i—tm—rm—{w:jt-‘—i—t—t—l (43)

=tm—tm+t+1=1t+1

The minimum distance of C meets the bound given in (2). Thus, the code C constructed
here is distance-optimal. The rate R of this code is expressed as

k rm r
R(C)_E_rmﬂm_rﬂ‘ (44)

When t = 2, R(C) reaches the bound (3), making C rate-optimal for t =2. [

Example 6. We choose all 2 parallel classes from 2 MOLR of size 2 x 3 in Example 5. The matrix
R, as well as the parity-check matrix H and the generator matrix G, are presented below.

100 0 01
001010
R— 010100 , (45)
100010
010001
001100
1000011 0O0O0O0O
0010104010000
H— 01010040 01O0O00O0 / (46)
1 000100 0O01QO0O0
0100010 0O0O0T10O0
001 10O0/0O0O0O0O0T1
100 00O01 0O01QO0O0
01 00O0O00O0OT1TO0T1TFPO0
G— 0 01 00O0/01O0O0O0T1 (47)
000100001001
0 0001O0(0101°O00O0
0 000O0OT1T|1 00O0T1TO0

H is a parity-check matrix for (12,6,2,2) LRC C, while G represents its corresponding
generator matrix. The code C has a minimum distance of d(C) = 3 and a rate of R(C) = . The
minimum distance d(C) satisfies the bound given in (2), and the rate R(C) meets the bound in (3).
Therefore, the code C is both distance-optimal and rate-optimal. Now, suppose the symbol c, is erased.
The erased symbol cy can be represented by all elements from Ry (2) = {4,9} (Ry(2) = {6,11}).

6. Optimal Binary Locally Repairable Codes with Nonuniform Locality

In this section, we introduce a construction for locally repairable codes that feature
nonuniform locality. We take the construction in Theorem 1 as an example. M is a tr x 12
matrix from t < s + 2 partitions (parallel classes) from the s + 2 partitions of ? elements

associated with s MOLS of order r. In this section t < 5, t<s4+2u<r.
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M,
M=| ... |]. (48)
M;
Note that the supports of any two rows in M overlap at most once. The matrix M

is composed of t parallel classes, which ensures that each column in R’ has a weight of t.
Furthermore, since the size of each block in the partitions is r, every row in M has a weight

of . Next, remove u < r points from M, resulting in a r x (r> — u) matrix R given by
M,
R= : . (49)
M;

The parity-check matrix H for this construction is specified as

H = ( R | Iyt (nt) ) (50)

Generator matrix G for this construction is defined as

G:( Ikxk‘—RT>:( Tk | RT ) (51)

Theorem 5. A code C, constructed using G as its generator matrix and H as its parity-check
matrix, is a distance-optimal (2) (n = P—utitrk=r2—ur, t)2 locally repairable code, where

< %, t < s+ 2, u < r. This construction provides nonuniform localities while maintaining the
2

same availability across message symbols. d(C) =t +1, R(C) = F= .
Proof.
H= ( R ‘ Itr><tr ) = ( R ‘ I(nfk)x(nfk) )/ (52)

where n —k = tr,n = ¥* — u + tr, and k = r?> — u. Based on the structure of H and R, it
can be concluded that the supports of any two rows in H intersect exactly once in initial k
coordinates in C. Each information symbol in C is associated with t disjoint recovery sets,
where the size of each recovery set is at most . Consequently, C is an IS-LRC. Next, we
demonstrate that the distance of C is t 4+ 1. Let ¢ be an arbitrary codeword in C, and let ¢;
represent the first nonzero symbol in c. First, consider the scenario where c; lies within the
first k coordinates of c. Since c; is associated with ¢ disjoint recovery sets, each recovery set
contributes at least one additional nonzero symbol to ¢. Therefore, ¢ must have at least
t + 1 nonzero elements.

Now, consider the case where c; is located in the last n — k coordinates of c. Based
on the structure of H, there must be at least one nonzero symbol ¢j present in the first
k coordinates of c¢. As a result, ¢ has t + 1 nonzero entries. Hence, we have proven that
d(C) > t+1.

k r?—u

RO = =g (53)

From Theorem 1, it follows that a binary locally repairable code C’ with parameters
(n =n+u=r>+tr,k =k+u=r*r =rt =t)attains (2), achieving d(C’) = ' + 1.
Since each recovery set contains exactly one parity symbol, d(C’) satisfies bound in (2)

/4!
d(C/):n'—k/_P(rf—“"t/—f—lztl-i—l:t‘f‘l- (54)
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In this construction, every recovery set contains exactly one parity symbol. Therefore,

we have P
d(C)Sn—k—[rﬂ—H—i—l. (55)

Ifd(C) =n—k— [g—‘ +t +1, then the code C is distance-optimal. By comparing [££]
with f#}, we observe that % < g Note that # is an integer. When g — g < 1,it
implies [%] = [kr—ﬂ

Kt kt _ (k+u)t kt

d r r r
ut
= (56)
Since t < 7, it follows that % - % < 1. Therefore,
d@)gn—k—[7W+t+1
1!
=n'—k — Vﬂ +H+1
p
=t+1
=t+1. (57)

Finally, since it has already been established that d(C) > t+ 1, then d(C) = t + 1,
meeting (2). Therefore, C is distance-optimal. [

Remark 5. In Theorem 5, we gave a construction of locally repairable codes that supports nonuniform
locality as a distinguishing feature. Now we give characterization of the locality distribution. In
previous sections, the locality of all symbols in locally repairable codes is v, i.e., the hamming weight of
all rows in the parity-check matrix H is r + 1. In Theorem 5, the locality distribution depends on the
points removed, and the distribution varies when different points are removed. However, we can still
provide the average locality of our construction. This is calculated by determining the average weight of

each row in the parity-check matrix. In the (n = r—u+trk=rr—ur, t)2 LRC constructed in

(2 —u)t+tr
tr

Theorem 5, the average weight of each row in H is = rz%” + 1. Therefore, the average

locality r in the construcion from Theorem 5 is ’2%”

Example 7. M and My are 2 parallel classes from 2 MOLS of order 3 in Example 1.

100001010 100 010001
Mi=]0 0101010 O0|,M=]01000110DO0 (58)
010100001 001100010

M comes from the above two parallel classes.
100001010
001010100
M — 010100001 , (59)
100 010001
010001100
001100010
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10000101
00101010
01010000
R= 60
10001000 (60)
01000110
00110001
The matrix R is obtained from M by removing the last point from each block in M.
100001011 0O0O0O0O
0010101040 1O00O0O00O0
1 1 1
H— 0 0 000 O0j]00O0 0 00 ) 61)
100010000 O0O0OT1TQO0TO
0100011040 0O00O0T10
001100O01/000O0O0T1
10000O0O0OO0O1TO0O0OT1O0T®O
01000O0O0OO0OO0O0O1O0T10
0010O0O0O0OO0OO01O00O0O01
C_ 00010O0O0O0O0O0T1O0O01 62)
0 0001O00O0O001O010O00O0
0 000O01O0O010O0O0T1O0
0000O0O0O11O0]01O0O010
0000O0OO0OO0OT1T1T00O0O0T1

The resulting code C is a (14,8,3,2) LRC, with a minimum distance of d(C) = 3 and a rate
of R = 3. This code is distance-optimal. Each message symbol in C can be repaired by accessing no
more than three other coordinates, and there are two repair sets of size at most three.

Now, consider the scenario where the second message symbol, ¢y, is erased. We can conclude
that Ry (2) = {4,10} and Ry(2) = {6,7,12}. This means that c; can be reconstructed by summing
the coordinates indexed by R1(2) or Rp(2), and these two recovery sets are disjoint. Note that c;
can be repaired by reading only two other symbols.

7. Techniques for Enhancing the Minimum Distance of Locally
Repairable Codes

The minimum distance of locally repairable codes is strongly related to their ability
to tolerate failures. In this section, we present a set of methods designed to enhance the
minimum distance of existing locally repairable codes. The proposed methodology is built
upon the following lemma.

Lemma 1. Let C be a binary [n, k] code with a minimum distance d, where d is odd. Then, there
exists a binary [n + 1, k] code C" with a minimum distance of d + 1 [34].

Proof. Assume that the parity-check matrix of C is H. Let C’ denote an extended version of
C. In this case, the parity-check matrix of C’ can be expressed as

H = H o 63)
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Here, C’ is a linear code with parameters [n' = n+ 1,k’ = k]. Next, we show that the
minimum distance of C’ is d + 1. Since d is an odd integer, the weight of ¢ € C is even. As
C' is formed by extending C, it follows that d(C’) > d(C). Consequently, we conclude that
diC')=d+1. O

Theorem 6. For any distance-optimal binary (n, k,r,t) locally repairable code C with information
symbol (r,t)-availability, where t + 1 is an odd number, it is possible to construct a distance-
optimal (n + 1,k,r,t) locally repairable code C'. C' is an IS-LRC, d(C") = t + 2. Hence, C' is
distance-optimal.

Proof. Let H represent the parity-check matrix of C, and let H' denote the parity-check

matrix of C’. Then
0

H = H 0 . (64)

11 --- 1)1

In this construction, the information symbols in C’ continue to be protected by ¢
disjoint repair sets, where each repair set is of size at most r. Furthermore, the positions
in C’ corresponding to the parity symbols of C have a repair set of size r. The main
modification in C’ compared to C is the addition of a new parity bit. This newly added
parity bit can be repaired by accessing all n remaining symbols. Additionally, every other
symbol in C’ gains an extra repair set of size n. Consequently, C’ isan (n +1,k, 7, ), IS-LRC
that retains (r, t)-availability.

Now, suppose the minimum distance d of C is odd. By Lemma 1, the minimum
distance of C' becomes d + 1. First, consider the case where C satisfies the minimum
distance bound (1), given by

tk—1)+1

cl—11—k—L<r_1)_+_1

-‘ + 2. (65)
For C’, the left-hand side increases to d + 1, while the right-hand side also increments
by 1 due to the inclusion of the additional bit. Thus, C’ remains distance-optimal.
Next, consider the case where C satisfies the minimum distance bound (2), given by

kt
d:nk{rwnLtJrl. (66)
For C’, the left-hand side increases to d + 1, and the right-hand side also increases by 1.

Therefore, C’ continues to be distance-optimal. [

Remark 6. Our method of increasing the minimum distance of LRCs can be applied to all con-
structions in this paper when t + 1 is odd (t is even). Moreover, this method gives an additional
repair set for all parity-check symbols in the codes proposed in this paper. When t is even, the parity
symbol added in the extended code is the XOR of all symbols in the original code C. Since t is even,
there is an even number of parallel classes in the codeword. Thus, in the extended code C' derived
from C, the final parity symbol is equal to the sum of all blocks within any given parallel class. For
each parity symbol in C, there will be two disjoint repair sets: one repair set comes from C, and the
other recovering set is all other blocks in the same parallel class and the last parity symbol in the
extended code.

Remark 7. In Theorem 6, the extended code C' is constructed as an (n +1,k,r,t) IS-LRC that
retains information-symbol (r, t)-availability. A potential concern arises regarding the newly
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appended parity symbol in C', as it has a repair set of size n, which appears to violate the locality
constraint r. However, this does not contradict the definition of an IS-LRC with (r, t)-availability,
as stated in Definition 2.

The bound (2) in this paper comes from [16], where the requirement for an IS-LRC is that each
information symbol must have a repair set of size at most r. Similarly, Definition 2 in this work also
focuses solely on the repair sets of information symbols. Therefore, while the newly appended parity
symbol has a repair set of size n, this does not affect the size of the repair sets for the information
symbols, which remain consistent with the locality constraint r.

This distinction ensures that the extended code C' satisfies the definition of an IS-LRC with
(r, t)-availability, as the locality constraint applies only to the information symbols.

Example 8.

100001011 00O0O0TO0
00101O010|{01O0O0O0T0

H— 01 0100O0O0|0O0T1O0O0TO 0 , 67)
100010O0O00O0O0OT1TOQO0TO 0
01 000110{0O0O0O0CT1O0
001 100O0T1T|{0O0O0O0TO071
10000O0OGO0|1 00T1O0O0
01 000O0OO0OTO0O|0OO0T1O0T1O0
00100O0O0TO0O|01O0O0O071

G 00010O0O0TO0O|0O0T1O0O071 (68)
000O01O0O0OTO0O|01 0100
000O0O0OT1O0TO0|1 0O0O0OT1P0
0 00O0O0OOT1O0|01O0O0T1O0
0 000O0OOT1|1T 0O0O0OO071

The matrices H and G serve as the parity-check matrix and generator matrix, respectively, for
the (14,8,3,2) LRC C described in Example 7. This code has a minimum distance of d(C) = 3 and
arateof R = 47. This code is distance-optimal. By applying the approach outlined in Theorem 6, we
construct a parity-check matrix H' and a generator matrix G’ for the (15,8,3,2) LRC C'.

100001011 00O0O0TO0O]|O0
001 01 010(0100O0°O0OQO0]|0
01010O0O0O00O0OT1TO0GO0OTG O0O|O
H=|1000100O0[000T10TO0[0], (69)
0100011040 00O0T1O0|0
00110O0O0T1(00O0O0O0T1|O0
111111111 111111
100 00O0O0O0O|1T 001O0O0]1
01 000O0O0OO0OO0O0OT1O0T1O0]|1
001 00O0O0O0O0O01O0O0O0T1]1
G — 00010O0O0O00O0OT1IO0O0T1]1 (70)
0 0001O0O0O001O01O0O0]1
0 000O0O1TO0TO0B|1 O0O0T1O0]1
0 000O0O0OT11TTO0|]01O0O01O0]1
0 000O0OO0OO0ODT1|2 0O0O0O0T1]1
The code C' is a (15,8,3,2) LRC with information (r,t)-availability. Suppose the second

t
message symbol c; is erased. From H' or G', we find that R1(2) = {4,10} and R(2) = {6,7,12}.
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Additionally, the parity symbol in C' is associated with two disjoint recovery sets. If cg in a codeword
c € C'is erased, it can be reconstructed using either R1(9) = {1,6,8} or Ry(9) = {10, 11, 15}.

Remark 8. In this work, we propose a construction of binary LRCs inspired by combinatorial
techniques. This can also be applied to g-ary LRCs. It is important to note that while multi-bit errors
in g-ary LRCs can be interpreted as single errors due to the field structure, similar constructions can
be analogously applied in binary LRCs to repair multi-bit errors. However, one key distinction lies
in the repair bandwidth: in g-ary LRCs, even a single-bit error in the underlying storage requires
repairing the entire symbol, resulting in higher repair bandwidth.

In contrast, the binary construction proposed in this paper retains the advantage of low repair
bandwidth, as repairs are performed at the bit level. This characteristic makes the proposed binary
LRCs more efficient in scenarios where repair bandwidth is critical. We emphasize this distinction to
highlight the practical advantages of the proposed construction.

8. Discussion

In this section, we analyze and compare the parameters of our proposed constructions
with those from related works. Table 1 provides an overview of the parameters for all
constructions presented in this paper. Additionally, Tables 2 and 3 outline the parameters
of various locally repairable codes with information-symbol (7, t)-availability, including
those proposed in this paper as well as other related constructions.

Here is the analysis of the percentage of efficient recovery for inclusion in the paper.
Efficient recovery refers to the repair scenario where, when i nodes fail, the total repair
bandwidth is less than or equal to ir. Since most node failures involve single-node and
double-node failures [20], we provide the percentage of efficient recovery for these two
scenarios. In the case of single-node failure, all repairs are efficient; thus, the percentage of
efficient recovery is 100% (the repair of the additional parity bits requires the remaining
n nodes in Theorem 6, so the percentage of efficient recovery is ;7). Next, consider
the case of two-node failure. There are () possible combinations of failed nodes, where
inefficient recovery occurs if and only if the two failed nodes belong to the same repair set.
Therefore, in the case of two-node failure, the percentage of efficient recovery is at least
(=" ne1-t(-1)

G - ond
each parity bit is computed as a linear combination of data symbols in a local group. The

. Next, we analyze the complexity of the proposed codes. In LRCs,

encoding complexity of the proposed LRCs is O(kr), where k is the number of data symbols
and r is the size of each local repair group. The decoding complexity for a single-node
failure is O(r), as the repair only requires accessing symbols from a single local group. For
comparison, traditional Reed-Solomon codes require O(k) complexity for both encoding
and decoding.

Then we compare our constructions with the codes introduced in [28,29]. Codes
constructed in our paper contain some constructions in code constructed in [28]. The
construction outlined in Theorem 5 produces locally repairable codes with nonuniform
localities, and its parameters cannot be derived from those in [28]. Moreover, all codes
obtained through our constructions are distance-optimal, whereas not all constructions
in [28] achieve this property. Additionally, we propose a method to improve the minimum
distance of (n, k,r,t) locally repairable codes when ¢ is even. The codes constructed using
Theorem 6 result in distance-optimal LRCs with an enhanced minimum distance.

Since the constructions in this paper are based on MOLS, the proposed parameter set
includes configurations that cannot be obtained using Balanced Incomplete Block Design
(BIBD). Therefore, these parameters cannot be derived from the constructions presented in
Zhang et al.’s work [29].
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Next, we compare constructions in this article with several distance-optimal LRCs
introduced in [7-10,19]. Locally repairable codes with (7, d)-locality, as presented in [7],
aim to improve fault tolerance within each repair group. In these codes, each symbol
is associated with multiple repair group options; however, these repair groups are not
required to be disjoint. In contrast, LRCs with multiple disjoint recovery sets, such as those
in [8-10,19], enable parallel data recovery for frequently accessed symbols.

Su [19] proposed a series of distance-optimal locally repairable codes with information
symbol (7, t)-availability. These were based on (k, b, ¢, r) resolvable configurations com-
bined with either an (N + ¢, k) MDS code or an (N +  — 1,k) Gabidulin code. The first
construction in [19] produced (N + %, k,r,t); IS-LRCs without all-symbol locality, with a
minimum distance of N —k +t + 1, where g > N + t and r | k. The second construction
generated distance-optimal (N + ¥ + (t — 1)% k,7,¢) v IS-LRCs with all-symbol locality,
where M > N +t — 1. Compared to these constructions, our distance-optimal codes have
higher code rates while requiring a field of size 2, whereas the codes [19] require the field
size to grow exponentially with n. Although our constructions may have a slightly lower
minimum distance, they still satisfy the bound in (2) and offer advantages such as smaller
field sizes, higher rates, and all-symbol locality.

In [16], there is an open problem regarding whether r | k is necessary for (n,k,r,t)
to meet (2). This question was addressed in [9,29], who constructed distance-optimal
LRCs when r 1 k. Cai [9] introduced construction from (k, R, 1)-packings, which extend
PBDs by ensuring that each pair of points appears in at most one block. They provided

r

r+t
when r | kt. Our constructions achieve similar parameters in these cases. Additionally, Cai

distance-optimal constructions with parameters (n = k + g, kr,t),d=t+1,and R =

et al. proposed constructions for cases where r { kt, with parameters summarized in Table 3.
The codes from Theorem 5 also give constructions of optimal locally repairable codes when
r 1 kt. Furthermore, we addressed the open question posed in [16].

They [10] gave constructions of distance-optimal LRCs. The codes attain (1) and
are (n = k(1 + rt),k,r,t); IS-LRCs with information (r, t)-availability for any r and t.
These codes were the first explicit constructions achieving the bound in (1). Although the
minimum distance of our constructions is smaller compared to [10], their code rate is ﬁ,
and they require a much larger field size than 2. In contrast, our binary distance-optimal
constructions achieve higher code rates and are better suited for practical applications with
the price of a slightly lower distance attaining bound (2). Notice that the codes in [10] target
a strictly stronger distance bound (1), which inherently results in lower code rates.

Tan et al. [8] obtains optimal LRCs based on linear algebra and partial geometries.
Our constructions encompass some parameters from [8]. Specifically, their codes derived
from linear algebra have parameters (n = 2+ tr k=12, t), where t < r and r is a prime.
These codes are included in our constructions based on MOLS. Additionally, when r { k,
our code is also distance-optimal. This is not achievable in [19] or [8].
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Table 2. Summary of partial known LRCs with availability, part 1.
. . Underlying Minimum .
Reference Field Size Structure Code Parameters Distance d(C) Rate R(C) Special Features
R R(C) = -1
s n=90+bk= aiC)=t+1, LTty All-symbol
[28] 2 (9,b,7,k,1)-BIBD br—it=k distance-optimal rate—otpinzml for locality
A bk — _ R(C) =/
[28] 2 (6,b, 7,k 1)-BIBD n=0+bk= AC)=t+1, | e-optimal for All-symbol
o,r=kt=*+ distance-optimal f—n locality
. R(C) =15
o a n==0+tg,k= diC)=t+1, Lt All-symbol
(28] 2 (9,5, 7,k,1)-RBIBD 0, r=kt<? distance-optimal rate—otpirr;al for locality
(CZZ o t&f)blvcmr? () = Without
[19] > N+t L (N + K k1) N—k+t+1, R(C) = Ly all-symbol
resolvable r N+#
configuration distance-optimal g locality
(N+t—1,k) _ N _
_ Gabidulin code, (N+ N4+ (t- dC)=N+5 R(C) = All-symbol
[19] >qN+t1 r k—k—i-t—l—l
= (k,b,c,r) resolvable 1) k7, t) G o — k- locality
configuration r distance-optimal N+S+(E-DT
A s Nonuniform
(0—1,{kk—1},1)- n= _ .
[29] 2 PBD from 0—1+ t%,k = d-d(C) = f+~ 1, ! 'R,(C) = _ vfltﬁ 1110Cahtl:}')l, |
(6 bik 1)-RBIBD b lr—ht<r istance-optima O—1+t5 all-symbo
T N locality
n=7>°—-s+ Nonuniform
o t2,k=10—s, dC)=t+1 5 localit
A N _ k ’ — 0—s YI
[29] 2 (9,b,7,k,1)-RBIBD s+1<r=kt< distance-optimal R(C) d—s+t2 all-symbol
L locality
— 2 — - _r
N(r) MOLS of (m 72” +ir k= aiC) =t+1, R(C) Tt Arbitrary locality
Theorem 1 2 order r e, 1t < distance-optimal rate-optimal for .
N(r) +2), p t=2
= I
A Latin square of (n=1>+trk= aiC)=t+1, R(C) Lty Arbitrary locality
Remark 1 2 order r 2,1t <3) distance-optimal rate-optimal for r
b= 2 p t = 2
_ 42 — - _r
N(t) MOLS of order (n=t"4rt k= diC) =t+1, R(C) Ty Arbitrary
Theorem 2 2 rt,r < . . rate-optimal for s
t N(t) +2,1) distance-optimal f—n availability ¢
7 L)2 -
(n= R(C) = 1
N(r) MOLS of mr? 4+ mtr, k = diC) =t+1, LTt Large block
Theorem 3 2 order r mr?,r,t < distance-optimal rate-optimal for length
N (V3 ; 2); ’ =2 ’
= = - _r
N(r) MOLR of size (= rm+ tm, k= d(C) =t+1, R(C) LTy Arbitrary locality
Theorem 4 2 rm,r,t < . . rate-optimal for .
rXm N() 1) distance-optimal f—n r, small locality
(n=
s < N(r) MOLS of 2 —u+tr k= aiC)=t+1, ey Nonuniform
Theorem 5 2 order r 2 —u,r,t < 5)2, distance-optimal R(C) = Z—u+ttr locality
t<s+2,u<r
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Table 3. Summary of partial known LRCs with availability, part 2.

. . Underlying Code Minimum .
Reference  Field Size Structure Parameters Distance d(C) Rate R(C) Special Features
diC) =t+1, R(C) = 4,
[9] 2 (k,r,1)-packing n=k+ 5 k1t distance- rate—optimgl for All-.symbol
r . locality, r | kt
optimal t=2
Without
(rm,r,1)-packing, n=k+tm—t+ d(C)=d, R(C) = all-symbol
[9] >k+d-1 (k+d—1,k,d)-MDS d—1,k= distance- o locality,
code rm—v,r,t optimal kttm—t+d—1 vE[m—
1],7,t € [m]
(k Ap® p* —1},1)- . 4(C) = d o Without
acking, k ) ! R(C) = all-symbol
[9] >k+d-1 P k+([3]-Dt+ distance- % . )
(k+d—1,k,d)-MDS q_ le,r — g optimal T DA 10callty, pisa
code prime
k A{r,r—1},1)- .
9] Skdd—1 | {PaCking}’ | n=k+ ([}~ fi(igt);cg' R(C) = al‘?[ ;gln?;:ﬂ
> - s } _ - k -
(k+d czcll(éd) MDS 1)t +d—1,kr,t optimal ([51-1)t+d—1 locality, r = 3,4
= dC)=n—k—
k(1+(r—1)t Al n _ 1
[10] > ql( (r=1)f) Gabidulin Code K(1+18), k7, t P(k 1) +1" 1o R(C) = 117 gu=>r+1
tH(r—1)+1
i i = d(C)=n—k—
T+(r—1)t Linearized n o
[10] >4, Reed-Solomon Code k(14 rt),k, 7, t LE’:_BIH +2 R(C) = 15 m=k+1
diC) =t+1, R(C) =1 . .
) — Tt
[8] 2 Linear algebra n=r 2+ tr,k = distance- rate—optimzral for 718 aprime,
re,r, t . t<r
optimal t=2
n—rt o d(C)=t+1, R(C) = 75,
[8] 2 Linear algebra ;_ 3 distance- rate-optimal for None
=ront optimal t=2
Sl aoriis Aot mO-
[8] 2 p br=u+1,t= distance- rate-optimal for None
geometry s+1 optimal t=2
PG(s+1,u+1)
bk = = =
Dual code of codes 11 o+bk= d(C.) =i+, R(C) LT
[8] 2 o,r=s+1,t= distance- rate-optimal for None
from PG(s+1,u+1) .
u+1 optimal t=2

9. Conclusions

This paper presents a series of constructions for locally repairable codes (LRCs) uti-

lizing mutually orthogonal Latin squares (MOLS). We propose optimal binary LRCs with

information-symbol locality, which include previously known codes from [28]. All con-

structions introduced in this work guarantee distance optimality under the bound specified

in (2). Furthermore, we give a construction of LRCs with nonuniform localities. When

t = 2, they are rate-optimal.
In addition, we give LRCs with nonuniform localities with multiple disjoint repair sets.

This construction solves the open problem from [16]. This construction generalizes certain

codes proposed in [8,9,28] and achieves higher code rates compared to the codes in [9,10,19],

while requiring significantly smaller finite field sizes. Additionally, our construction

generates codes with parameters not covered by [8-10,19,28].

By conducting comprehensive comparisons with other constructions [8-10,19,28,29],

we demonstrate that our framework extends earlier codes. Furthermore, the binary struc-

ture of our codes makes them particularly well suited for practical deployment in dis-
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tributed storage systems. In conclusion, this paper offers a unified and versatile framework
for designing high-performance locally repairable codes, with both theoretical and practi-
cal significance.
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