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Abstract

We investigate A-constacyclic codes of length n over finite commutative local rings R of
characteristic p and order ¢°, where g = p™ is an odd prime power, whose Jacobson
radical \V satisfies N3 = 0 # N?, under the coprimality condition ged(n,p) = 1. In
this setting, exactly two radical types occur, namely (3,1) and (2,2), determined by the
dimensions of N'/N? and N2. For each type, we provide an explicit classification of
the underlying rings and analyze the induced radical filtration of the ambient algebra
Ay = R[X]/(X" — A). We prove that every A-constacyclic code is uniquely determined
by its residual component in A, /J(A,) together with two torsion components arising
from the radical chain J(A,) D J(A))? D 0. This residual-torsion decomposition yields
explicit generating sets; in particular, every A-constacyclic code admits a generating set
consisting of at most five elements. Furthermore, we derive exact enumeration formulas
for all A-constacyclic codes. In the type (2,2) case, the enumeration is governed by linear-
algebraic constraints over the Chinese Remainder Theorem residue fields and, in the
anisotropic class, depends on quadratic character values determined by the extension
degrees. In the type (3,1) case, the enumeration is controlled by the dimension of the
radical of the induced symmetric bilinear form on the top radical layer, equivalently by the
rank class of the associated canonical matrix.

Keywords: local commutative finite ring; Frobenius rings; codes over rings; constacyclic
codes; isomorphism classes

MSC: 13H99; 94B15; 94B60

1. Introduction

Linear codes over finite rings extend classical coding theory beyond the finite-field set-
ting and provide a natural framework for investigating algebraic phenomena arising from
nontrivial radicals and non-chain ideal structures. In contrast to the field case, the behavior
of cyclic and constacyclic codes over rings is strongly influenced by the internal structure of
the ambient algebra, particularly the Jacobson radical and its associated filtration; see [1-4]
for general background on finite local rings. While constacyclic codes over finite chain rings
are now well understood, we refer to [5-8] for representative results; the corresponding
theory over non-chain local rings remains substantially more intricate due to the interaction
of multiple radical layers and a significantly richer lattice of ideals (see [9,10] for related
work in this direction).
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Algebraically, a A-constacyclic code of length  over a finite ring R is an ideal of the
quotient algebra
Ay = R[X]/(X" = A), A € R*. (1)

Its structure depends simultaneously on the multiplicative structure of R, the radical
filtration of R, and the factorization of X" — A over the residue field R/ N, where N.

A complete structural and enumerative description of constacyclic codes over local
Frobenius non-chain rings of order p* with nilpotency index three was obtained in [11].
The present work extends this line of research to Frobenius and non-Frobenius rings of
order q5 = pSm, where m > 1. The cases of smaller cardinality are more rigid: for orders
7%, ¢°, and ¢*, the possible local structures under comparable nilpotency assumptions are
much more limited, whereas the order ¢° case is the first one in which the two distinct
radical types, (3,1) and (2,2), occur simultaneously. Thus, this is the first setting in which
the classification and enumeration problems split into two genuinely different algebraic
types, leading to new structural and enumerative phenomena that do not arise in smaller
orders. Related investigations of constacyclic and other classes of codes over local rings are
found in [9,12].

Throughout the paper, R denotes a finite commutative local ring of order |R| = ¢°,
where g = p™ with p odd, whose Jacobson radical AV satisfies

N3 =0#N 2)
This cube-zero condition yields exactly two possible radical types,
(dimg, (NV/N?), dimg, (V?)) € {(3,1),(2,2)},

which induce fundamentally different multiplicative structures on the top radical layer and
consequently distinct constacyclic code architectures.

Our first main contribution is a complete classification of all such rings in terms of
matrix-based invariants. For type (3,1), multiplication on N/ N? = Fg is encoded by a
nonzero symmetric matrix A € Sym,(F;), considered up to projective congruence

A~6OUTAU, U eGLg(F,), 0 cFy,

yielding four canonical isomorphism classes in odd characteristic. For type (2,2), multi-
plication corresponds to a two-dimensional subspace L C Sym, (IF;) modulo congruence.
The associated determinant locus

(L) = {(a: B) € P}(F,) : det(xA + BB) = 0}

serves as a complete invariant distinguishing the canonical classes. Thus, the classification
naturally connects the structure theory of finite local rings with projective geometry and
the theory of matrix pencils.

Under the coprimality condition ged(n, p) = 1, the polynomial X" — A is separable
over F;, and the Chinese Remainder Theorem decomposes A, into local components.
Using the induced radical filtration,

Ay DJ(A)) DI(AN? D0,

we prove that every A-constacyclic code admits a residual—torsion decomposition. Each code
is uniquely determined by its residual component together with two torsion layers, leading
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to explicit generator descriptions. In particular, every code over R can be generated by at
most five polynomials.
The enumeration problem then reduces to local counting over the residue fields

Ki = Fq[X]/ (fi(X)),

arising from the factorization X" — A = []t_; f;(X). For radical type (2,2), the counting is
governed by linear-algebraic data attached to the canonical class of R, whereas for type
(3,1) it depends on quadratic invariants determined by the rank structure of the associated
bilinear form. Consequently, even for fixed length and factor degrees, the total number of
constacyclic codes depends on the isomorphism class of the underlying ring.

The significance of this work is twofold. First, it shows that relatively small cube-zero
local rings already exhibit a rich interplay between ring structure, matrix congruence theory,
and coding theory. Second, the matrix-based realization developed here demonstrates that
constacyclic codes over non-chain and non-Frobenius rings can be studied via geometric
and tensorial invariants arising from bilinear forms and projective spaces. This perspective
provides a unified structural framework and opens the way to the systematic investigation
of codes over matrix-defined local algebras and higher-nilpotency settings.

This paper is organized as follows. Section 3 classifies finite commutative local rings
of order ¢° satisfying N° = 0 # A2, In particular, Sections 3.1 and 3.2 treat the two
radical types (3,1) and (2,2) separately and determine their canonical classes. Section 4
studies the ambient ring A, and develops the structural theory of A-constacyclic codes via
the residual-torsion decomposition, including the corresponding generator description.
Section 5 derives the explicit enumeration formulas by combining the structural results
with the CRT decomposition. Sections 5.1 and 5.2 deal with the enumeration for the
types (3,1) and (2,2), respectively, and they conclude with illustrative examples for the
various ring classes.

2. Preliminaries

Throughout the paper, let p be an odd prime and let g = p™ with m > 1. Denote by F,
the finite field with g elements. All rings are assumed to be finite, commutative, and unital
of characteristic p. For a finite ring R, we write A for its Jacobson radical. We restrict
attention to commutative local rings R with residue field

R/N =F,,

and for r € R, we denote its residue class in IF; by 7.
We consider finite commutative local rings R of cardinality |R| = ¢q°> whose Jacobson
radical satisfies

N3=0 and NZ#£0. ©)

Thus, R admits a cube-zero radical filtration
RONDN?2DO, (4)

with exactly two nonzero radical layers. Since R/ N = IE‘q, we have dim]pq (R/ N ) =1,
and hence,
dimp, R=5 and dimg, N =4

From the short exact sequence

0—N?—S N —SN/N?2—0 (5)
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it follows that
dimg, (AV/N?) + dimg, (N?) = 4. (6)
Because N? # 0 and N # N?, both summands are positive. Therefore,
(dimg, (NV/N?), dimg, (NV?)) € {(3,1),(2,2)}. 7)

These two possibilities exhaust all finite commutative local rings of order g° satisfying (3).
A useful consequence of A3 = 0 that will be employed repeatedly is

NN =0,

so every element of A2 annihilates \V. For further background in this ring-theoretic setting,
we refer to [13,14].

Let A € R* and let n > 1 satisfy ged(n, p) = 1. A A-constacyclic code of length n over R
is an ideal of the ambient algebra

Ax = RIX]/(X" — A). (8)

The coprimality condition ensures that X" — A is square-free in F,[X]. Hence, its factoriza-
tion into distinct monic irreducible polynomials admits Hensel lifts to R[X]. Consequently,
the Chinese Remainder Theorem yields a decomposition of A, into a finite direct product
of local components, and the structure of A-constacyclic codes reduces to the description of
ideals in these components. Background on codes over finite rings may be found in [10,15].
Since R satisfies N3 = 0 # N?, the induced radical filtration of A, has the form

Ay DAY DI(A)* 20, ©)
and this filtration interacts naturally with the semisimple quotient
AN/T(AN) = TFy[X]/ (X" = A). (10)

This structure provides the algebraic framework for the residual-torsion description and
the enumeration of A-constacyclic codes developed in the subsequent sections.

Finally, Gaussian binomial coefficients arise in the enumeration of constacyclic codes.
For integers 0 < t < d and prime power g, the g-binomial coefficient is defined by

AN G- —q) (g —qY)
<f>q_ (gt —1)(g"—q) - (¢t — gt 1)’ (11)

and counts the t-dimensional F;-subspaces of an d-dimensional vector space over Iy,

(see [16]). These coefficients will be used to enumerate subspaces that parameterize the
constacyclic codes of the component rings introduced below.
Throughout the paper, (-) denotes the ideal generated by the indicated elements.

3. Structural Classification of Local Rings of Order g° with N3 = 0

In this section, we determine the precise structure of finite commutative local rings
R of order ¢°> whose Jacobson radical A satisfies N® = 0 # A2, Using the notation and
framework introduced in Section 2, we showed that the radical filtration

RONON?ZDO
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forces exactly two possible graded dimension types for R, namely
(dimp, (N /N?),dimg, (V?)) € {(3,1),(2,2)}.

These two cases lead to distinct algebraic configurations, which we analyze separately and
classify explicitly via canonical matrix representations.

Lemma 1. Let R be a ring and let I C R be a nilpotent ideal, and suppose I is nilpotent with
I' = 0. The, n an element w € R is a unit if and only if its image in R/1 is a unit. In particular,
if R/I =y, then
R*=F; +1
Moreover, ifa € Rmaps toa € (R/1)* and u € I, then
-1
(a+u)yt=at Z(—ailu)k.

k=0

Proof. Let m : R — R/I denote the canonical projection. If w € R*, then clearly
m(w) € (R/I)*.
Conversely, suppose that 77(w) is a unit in R/I. Then, there exists w; € R such that
nt(wwi) = 1, and hence
wwi=1+0v forsomev € I.

Since [ is nilpotent, we have vt = 0. Therefore,
t—1
1+0)( L(-0f) =1,
k=0
so 1+ v is a unit with inverse Y;_{ (—0)¥. Consequently,
t—1
w-[w Y (—0)f) =1,
k=0

which shows that w is a unit in R.
For the explicit formula, write w = a + u with a mapping to a unit in R/I and
u € I. Then
a+u=a(l+atu),

where a~'u € I. Applying the previous argument to 1+ a~'u yields
t—1
(1+alu) ' =Y (—atu)k,
k=0
and multiplying by a~! gives the desired expression. [

3.1. Characterization for the Type (3,1)

Throughout this subsection, let R be a finite commutative local ring with maximal
ideal NV and residue field R/N = F,, satisfying

Rl=¢°, N3=0#N%  dimg (N/N?) =3,  dimg, (N?) =1

Choose elements x,y,z € N \ N? whose images form an F,-basis of N'/N?,
and choose 0 # w € N’ 2 5o that N2 = ]P‘qw. Then, as ideals of R, we have
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N =(xyzw), N*=(zw).
Since A3 = 0, we have A2\ = 0, and in particular

wzzwx:wy:wz:o. (12)

Moreover, the products of x, y, z lie in N? = ]qu, so there exist unique scalars ajj € IF,,
such that, with (xq,x2,x3) = (x,y,2),

xix]- = a,-]-w, 1< i,j <3. (13)
Commutativity of R implies a;; = aj;, so the matrix A = (a;;) belongs to Sym;(F;).
Lemma 2. With the above choice of generators, we have A # 0.

Proof. Suppose, for contradiction, that A = 0. Then x;x; = 0 for all ,j. Together with
wN = 0 from (12), this implies that every product of two elements of NV is zero, and hence
N? =0, contradicting the assumption that N2 # 0. [

We now classify rings of type (3,1) up to projective congruence of the associated
symmetric matrix A.

Theorem 1. Let A = (a;;) € Symy(F;) be nonzero. Define the Fy-vector space
R(A) = Fy+ xFy + yF; + zIF; + wlFy,

with multiplication determined by Fg-bilinearity, 1 as the identity, commutativity, and the
relations (12) and (13). Then,

(i) R(A)isafinite commutative local ring of order q° with maximal ideal N = (x,y, z, w) satisfying
N2 =Fw, N°=0#N?, diqu(N/Nz) =3.

(i)  Conwversely, every commutative local ring R of type (3,1) is isomorphic to R(A) for some
nonzero A € Sym,(Fy).
(iii)  For nonzero A, A’ € Sym,(Fy),

R(A)=R(A") <= A’ =60U"AU for some U € GL3(F,), 6 € F.

Proof. We prove the claims in several steps.

Step 1: Well-defined ring structure. Multiplication is specified on the basis {1, x,y,z, w}
and extended FF;-bilinearly, so it is well-defined and distributive. Commutativity is imposed
by definition.
To check associativity, consider basis elements:
(i) If one factor is 1, associativity holds trivially.
(ii) If one factor is w, then any product involving w is 0 by (12), so associativity holds.
(iii) If all three factors are in {x,y,z}, then the product of any two lies in Fyw by (13),
and multiplying by the third gives 0 by (12). Both parenthesizations vanish, so
associativity holds.
Step 2: As an Fy-vector space, dimp, R(A) = 5, s0 |[R(A)| = 7°. Let N = (x,y,z,w). Then
R(A)/N = Fy, so N is maximal. Since N'® = 0, Lemma 1 implies that elements of the
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forma+uwitha € IFqX and u € N are units, while elements in A/ are not. Hence, R(A)is
local with maximal ideal .

Step 3: Through (13) and (12), products of elements of A lie in F,w, so N2 C Fyw. Since
A # 0, some x;x; = ajjw # 0, implying w € N2. Therefore, N? = Fyw # 0, and clearly
N3 = (F;w)N = 0. By construction, dimg, (N/N?) =3.

Step 4: Let R be any type (3,1) ring. Choose generators x,y,z, w as above. Relations
(12) and (13) hold, and the corresponding A € Sym,([F;) is nonzero (Lemma 2). Define
¢ : R(A) — R by sending the basis {1,x,y,z,w} of R(A) to these elements of R. This
[F;-linear bijection preserves multiplication and is hence an isomorphism.

Step 5: Let ¢ : R(A) — R(A’) bearing isomorphism. Then, ¢(N') = N’ and ¢(N?) = N2,
Since N2 = Fyw and N/ 2 — F,w’, there exists 6 € I such that

p(w) =0w'. (14)

The induced map on A/ N2 is an F-linear isomorphism, represented by some U € GL3(IF,)
in the bases {%,7,z} and {x/,1/,z'}. Equivalently, lifting to A"/, we may write

¢(x) x' n
o) | =Uly | +|r | for some r1,15,13 € Fy. (15)
¢(z) z! 3

Because N2\’ = 0, the w'-parts do not affect products of two elements from A”. Applying
¢ to x;x; = a;;w yields

@(x)9(xj) = @(xixj) = a;j p(w) = Ba;;w'

by (14). On the other hand, using (15) and bilinearity gives
p(xi)p(xj) = (Z UkiXy, + fiw'> (Z UgiXy + "jw/) - (Z ukixzi) (Z MerZ),
k l k l
since all terms containing w’ vanish (because w’ " = 0). Thus,

p(xi)p(x;) = Y ugiugj xpx) = Y ugugja,w’ = (UTA'U) 5w
kt k.t

Comparing coefficients of w’ gives UT A’U = A, and equivalently, A’ = 6§ (U~1)TA(U™).

Setting V = U~! € GL3(F,) yields A’ = 6 VT AV, as claimed.

Step 6: Conversely, suppose A’ = 0 U" AU with U € GL3(F;) and 6§ € Fy. Define

¢:R(A) = R(A") by ¢(1) =1,

¢(x) x!
ey) | =Uly |, gw)=0w.
¢(z) z

Then, ¢ is an [F,-linear bijection. Moreover,

p(x)p(xj) = Y upugjxxy = Y ugugiapw’ = (UTA'U) o' = baiw’ = ajjp(w) = ¢(xx;),
Kt

k¢

and products involving w map to 0 because wA = 0 and w' N’ = 0. Hence, ¢ preserves
multiplication on generators, and thus on all of R(A). Therefore, ¢ is a ring isomorphism.
O

https:/ /doi.org/10.3390/math14081251


https://doi.org/10.3390/math14081251

Mathematics 2026, 14, 1251

8 of 32

The following theorem determines explicit projective normal forms for type (3,1)
over [F,.

Theorem 2. Assume char(Fy) # 2 and fix a nonsquare 8 € F*. Let R be a finite local ring with
IR| = ¢° and N® = 0 # N2, of radical type (3,1). Then, R is isomorphic to exactly one of the
following four rings:

Fylx,y,z,w]

. 1
= diag(1,0,0) <= R{}) = — ;

¥ -w, ¥, 2,
< Xy, Xz, Yz, >
w?, wx, wy, wz
Fylx,y,z, w]

x° —w, y2 —w, z%
< Xy, Xz, Yz, >
w?,  wx, wy, wz

)
Az

AP = diag(1,1,0) <« R? =

(3,1) (3,1) 2

B _ g G Fylx,y,z w]
Ay =diag(1,8,0) <= Ry = R T —
<xy, xz, Yz, >
2

we, wx, WYy, wz

@) _ g (4) Fylx,y,z,w]
A(s,l) =diag(1,1,1) <= R(B,l) 5 5

xXc—w, y2 —w, z°-—w,
< Xy, Xz, Yz, >
2

we, wx, wy, wz

These four rings are pairwise non-isomorphic.

Proof. According to Theorem 1, the isomorphism classes of type (3, 1) rings are in bijection
with projective congruence classes of nonzero matrices A € Sym,(F;), where

A~ A «— A'=0U"AU forsome U € GL3(F,), 6 € F.

Assume char(F;) # 2. Over a finite field of odd characteristic, every symmetric
matrix is congruent to a diagonal matrix (see, for instance, [17]). Hence, every nonzero
A € Sym,(IF,) is congruent to

diag(vcl,acz,acg), n; € ]Fq,

witha; #0forl <i <r=rank(A)anda; =0fori > r.

Rank 1. If r = 1, then A is congruent to diag(1,0,0). Projective scaling does not produce
new classes, so there is a single projective class in rank 1.

Rank 2. 1f r = 2, then A is congruent to diag(1,6,0) with 6 € Fy. Under ordinary
congruence, two such forms are equivalent if and only if ¢ differs by a square in F.
Projective scaling multiplies both diagonal entries by 8, which does not alter the square-
class of 5. Hence, there are exactly two projective classes in rank 2, represented by

diag(1,1,0) and diag(1,9,0),

where 8 is a fixed nonsquare in F.

https:/ /doi.org/10.3390/math14081251
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Rank 3. If r = 3, then A is nondegenerate. Over Fq with g odd, nondegenerate
quadratic forms in dimension 3 have two ordinary congruence classes distinguished by
det(A) € F /(Fy )2. Under projective scaling A — 6 A, one has

det(0A) = 6° det(A).

Since 3 is odd, multiplication by 63 ranges over both square and nonsquare classes as
0 varies over F . Thus, the two ordinary congruence classes become equivalent under
projective congruence. Consequently, there is a single projective class in rank 3, represented
by diag(1,1,1).

Collecting all cases, the projective congruence classes of nonzero matrices in Syms (IF, )
are exactly
diag(1,0,0), diag(1,1,0), diag(1,9,0), diag(1,1,1).

Substituting each diagonal representative into the defining relations x;x; = a;;w and
using wN = 0 produces the four corresponding ring presentations. Since the rank and,
in the rank 2 case, the square-class invariant are preserved under projective congruence,
these four classes are distinct. Hence, the associated rings are pairwise non-isomorphic. [

Remark 1. When char(IF;) # 2, projective congruence may collapse distinct ordinary congruence
classes. In particular, in odd dimension (3 here), the two ordinary congruence classes of nondegen-
erate symmetric forms (distinguished by det(A) modulo squares) become projectively congruent
because scaling by a nonsquare changes the determinant square-class by a factor of 63. For later
sections, the invariant formulation in Theorem 1 is typically sufficient; explicit representatives are
only needed for tabulation.

3.2. Characterization for the Type (2,2)
In this subsection, we assume dimy, (N /N 2) =2, dimg, (N 2) = 2. Choose elements
x,y € N\N?, z,w e N?, (16)
such that %, 7 form an Fy-basis of N'/N- 2 and z, w form an IF;-basis of \- 2 Then,
N = (x,y,z,w), N? = (z,w). (17)

With the above choice of generators, we have

22 =w? = zw =zx = 2y = wx = wy = 0, (18)

and there exist unique 4;;, bij € Fy such that

¥ = a1z + bjiw, y2 = ayz + byw, Xy = a12z + bppw. (19)

A= ™ M2} p_ b b} (20)
a1y ax b1y by
Changing the basis of N'/N? by U € GLy(F,) replaces (A,B) by (UTAU,UTBU),
)

while changing the basis of N? replaces (A, B) by another ordered basis of the same
two-dimensional subspace

Defining

L = (A, B) C Symy(F,). (1)

https:/ /doi.org/10.3390/math14081251
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Next, we show that the isomorphism class of R is determined by the GL;(IF,)-orbit of
the two-dimensional subspace L.

Lemma 3. The matrices A, B € Sym, (IF,) are linearly independent over .

Proof. The annihilation relations (18) follow from A 2N = 0. Since X,y € N, we have
x2,y?,xy € N'?, so they have unique expansions in the basis {z, w}, giving (19). Commuta-
tivity implies xy = yx, so A and B are symmetric.

Finally, N2 is spanned by products of elements of V. Because any product involving a
factor from N2 is zero, N2 is spanned by x?, y?, xy. Since dimp, N? = 2, these products do
not all lie in a one-dimensional IF;-subspace of A'2. Equivalently, their coordinate vectors
in the basis (z, w) span F2, which forces A and B to be linearly independent. [

Lemma 4. Let L C Sym,(IFy) be a 2-dimensional Fg-subspace. Then L contains a matrix of
nonzero determinant.

Proof. Assume every nonzero M € L is singular. Choose 0 # M € L. Then rank(M) =1,
so there exists U € GLy(F,) with UTMU = (}J). Replacing L by UTLU preserves the
hypothesis, so assume M = (}9) € L. Choose N = (4?) € L linearly independent from
M. Every element of L has the form

«+ Ba ,Bb)

aM—I—ﬁN—( Bb Be

Its determinant equals afBc + B%(ac — b?) and must vanish for all («, ) # (0,0). Fix B # 0;
then, this determinant is an affine linear function of «, and hence, its a-coefficient must
be zero, forcing ¢ = 0. Then ac — 2 =0 gives b = 0; hence, N = diag(a,0) = aM,
contradicting the choice of N. [

The next lemma investigates the change of generators and the induced action on (A4, B).

Lemma 5. Maintain the type (2,2) assumptions and notation of Lemma 3. Let (x',y") be another
pair in N\ N2 whose images form a basis of N'/ N2, and let (z',w") be another basis of N2. Then
there exist U € GLy(Fy) and T € GLy(Fy) such that

§)=u) s (9)-1()

Writing T~1 = (i ’;), the matrix pair (A, B) associated with (x,y;z, w) transforms to the pair
(A’, B") associated with (x',y';2',w'") via

(A",B") = (UTAU, U"BU) - T~ ' = (aUTAU + BU'BU, yUTAU+5U'BU). (22)

Equivalently, the Fg-subspace L = (A,B) C Sym,(F,;) is well-defined up to congruence
L — UTLU, and the ordered basis (A, B) of L is well-defined up to a GLy (F,)-change of basis.

Proof. Since ¥, 7 and x’, ' are bases of the two-dimensional F,-space A/ A2, there exists
U = (uj) € GLy(Fy) such that (’;) = U(’;), ie., (;i) = U(;) (mod N?). Likewise, since
(z,w) and (z/,w’) are bases of N2, there exists T € GL,(F,) with (Tf)//) = T(). Lift the
congruence to write

/ / 2
X = up1Xx + uppy + uq, Y = Up1X + Uy + up, Uy, Uy € N~
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I=(L)| =2 <= R=RY

Using N2\ = 0, every cross-term involving u; or u, vanishes in products with x or
y. Hence

/

(x’)z = (unx + Mlzy)2, (y/)Z = (uzlx + uzzy)2, X y/ = (unx + u12y)(u21x + uzzy).

Expanding these products and using (19) shows that, relative to the old basis (z, w) of N2,
the pair (A, B) transforms to (UT AU, UTBU).
Finally, rewriting the same products in the new basis (z/, w’) amounts to applying T~}

to the coordinate column, which is precisely (22). The last sentence is a restatement: U acts
by congruence on L, while T changes the ordered basis of L. O

We are now ready to give the classification of type (2,2) rings of order g°.
Theorem 3. Assume char(Fy) # 2 and fix a non-square ¢ € F*. Let
(L) = {(a: B) € P'(Fy) : det(xA+ BB) =0}.

Then, |Z(L)| € {2,1,0} and R is isomorphic to exactly one of the following three rings:
M L1\ _ ((1 0 0 0 1 Fy[x,y,z, w] '
(A(Z,z), B(z,z)) - <<O O) 7 (0 1 — R(Z,Z) — xz _ 2, yz —w, xy/ 7
< 22, w?, zw, >
zx, zy, wx, wy
@ p@ y_ ((0 1) (1 0 2 Fylx,y,z w] '
A = R =
( (2,2)r B(Z,Z)) < (1 0) 7 (O 0 = (2,2) xZ —w, yz’ xy —z 7
< 22, w?,  zw, >
zZx, zy, wx, wy
(A(B) HE) ) = 1 0 01 RO _ Fylx, v, z, w]
(2,2)’ (2,2) - 0 )\ 4 1 0 (2,2) - x2 —z, yz _ 192, xy —w,

<zz, w?,  zw, >
zx, zy, wx, wy

Moreover,

~ 3
%(L)] =0 <= R=RY

— ~ R
|Z(L)| =1+= R=R, (22)"

(22)

These three rings are pairwise non-isomorphic.

(22)

Proof. We proceed carefully, making each reduction explicit.

Step 1: Lemma 3 provides generators x, y, z, w and an associated linearly independent pair
(A, B) € Sym,(F,)? encoding the products x?,1, xy.

Step 2: Through Lemma 5, changing the chosen generators in N'/ A2 and N? transforms
(A, B) by (22). Equivalently, the isomorphism class of R is determined by the congruence
class of the 2-dimensional subspace L = (A,B) C Sym,(F,) under L — UTLU with
U € GLy(Fy).

Step 3: Fix an ordered basis (A, B) of L and consider

A(a, B) = det(aA + BB) € Fyla, B,
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a homogeneous quadratic polynomial. If we replace (A, B) by another ordered basis of L,
then (&, B) undergoes an invertible linear change of variables, so the projective zero set

S(L) = {(a: p) € P'(Fy) : Aw, p) =0}
depends only on L. If we replace L by UT LU, then
det(a(UTAU) + B(UTBU)) = det(U)? det(a A + BB),

so (L) is unchanged. Hence, £(L) is an isomorphism invariant of R.

We now show that A is not identically zero. By Lemma 4, the 2-dimensional subspace
L contains an invertible matrix, so for some («, ) we have det(«A + BB) # 0. Therefore, A
is nonzero, and the conic A(a, ) = 0 in P!(F,) has either two distinct points, one double
point, or no [F,-point. Consequently,

|Z(L)| € {2,1,0}.

Step 4: Assume ¥ (L) has two distinct points. Then there exist two linearly independent
singular matrices M1, M, € L, spanning two distinct singular directions. Over F,; with
char(F;) # 2, any nonzero singular symmetric 2 x 2 matrix has rank 1 and hence a
one-dimensional kernel in V = IF% Distinct projective singular directions correspond to
non-proportional rank-1 matrices, and their kernels are distinct lines in V.

Choose a basis of V so that ker(M7) = (e1) and ker(M;) = (e;). In that basis, M;
and M, become diagonal rank-1 matrices. Using the freedom to change the basis of N/
(equivalently, the ordered basis of L), we may scale so that

Ml:10, MZZOO'
00 0 1

Hence, after admissible changes, L is congruent to

(o )G 2

(1) B(;)Z)). The relations (18) and (19) become x*> = z, y> = w, xy = 0,

which is exactly (A(2,2)’ (2,

yielding R = RE;)Z)'
Step 5: Assume X (L) is a single projective point. Then, up to scalar, there is a unique
nonzero singular matrix N € L. Since char(F;) # 2, N has rank 1, choose a basis of V

such that
N = 10 )
0 0

Choose C € L linearly independent from N. Then C must be invertible; otherwise, C would
provide a second singular direction and hence |Z(L)| > 2.

Write
a b 5
C= ) , det(C) = ac — b~ £ 0.
c

If b = 0, then C is diagonal and L = (diag(1,0), diag(a, c)) contains the independent singu-
lar matrices diag(1,0) and diag(0, 1) (since ¢ # 0), contradicting |X(L)| = 1. Thus b # 0.
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Conjugating by D = diag(b~!,1) keeps N fixed and normalizes the off-diagonal entry
to 1, so we may assume b = 1. Next, replace C by C — aN, which corresponds to changing
the ordered basis of L (equivalently, changing the basis of A'?). This yields

01
C= .
Now replace the ordered basis of L by (C, N). Then
L~ 01 , 1 0 ,
10 00

which is (Ag,)Z)’ BE§,)2)). The relations become xy = z, 2 =uw, yz =0,soR=R

)
(22)

Step 6: Assume X(L) = @. Then every nonzero matrix in L is invertible. Choose an
invertible A € L and complete it to an ordered basis (A, B) of L. Since char(F;) # 2, there
exists U € GL,(FF;) such that UT AU = diag(1,d) for some d € F7 . Replacing L by urLy,

we may assume
a b
A = diag(1,d), B = .
i, o=(2 )

The condition (L) = @ forces b # 0, for if b = 0, then B is diagonal and one can choose
(a : B) so that A + BB is singular, giving a point of X(L).

Now conjugate by the diagonal matrix P = diag(1,b~1). This preserves the diagonal
form of A and normalizes the off-diagonal entry of B to 1. Next, replace the ordered basis
(A,B) by (A, B—aA), which does not change L and kills the (1, 1)-entry of B. Thus, we

may assume
A = diag(1,d), B= (0 1).

1 ¢
1 ¢
Finally, apply the shear Q = 0 12 to obtain
Q'BQ = (O 1) —H, A =Q'AQ= (1 “)
10 u v

for some u,v € F,. Since A is invertible, so is Aq, hence v # 0. Because we are free to
change the ordered basis of the 2-dimensional space L = (A1, H), we may replace (A1, H)
by (A1 —uH, H). Set

1

0 .
Ay = A, —uH = (0 v) = diag(1,v).

L= (Ay H) = <diag(1,v), (‘1) é) >

For (a : B) € P!(FF,) we have

Thus,

det(a Ay + BH) = det (; fv) = a’v — B2
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The condition £(L) = @ is equivalent to a*v — B # 0 for all (« : ) € P!(F,), which holds
if and only if v is a nonsquare in IF*. Therefore, L is congruent to the span of

(3) (3) 01
A(Zz)—dlag(l 9), B(22> H= (1 O)'

where ¢ € F is the fixed nonsquare. This yields the canonical anisotropic ring Rg,)z) with

2

relations x? = z, y?> = 9z, xy = w (and wA = 0 as before).

Step 7: The values |[E(L)| € {2,1,0} are mutually exclusive, and X(L) is an isomorphism
invariant; hence, the three canonical rings are pairwise non-isomorphic. Conversely, every
commutative type (2,2) ring yields a 2-dimensional subspace L C Sym,(IF;) with an
invertible element by Lemma 4, so exactly one of the three cases occurs, and the above

reductions show that R is isomorphic to the corresponding canonical representative.
O

Remark 2. The matrix-pair framework of Lemma 3 and the basis-change description in Lemma 5
are valid in all characteristics. However, when char(IF;) = 2, the classification of symmetric bilinear
forms differs. For this reason, the explicit canonical lists in both Theorem 2 and Theorem 3 are stated
only for char(IF;) # 2.

Remark 3. The classification in this section (see Table 1) is governed by natural invariants arising
from the induced multiplication on N'/ N'?. For type (3,1) rings, multiplication on V.= N/ N? is
encoded by a nonzero symmetric matrix A € Symy(IFy) via x;x; = a;jw, and the isomorphism class
depends only on the projective congruence class of A, namely A ~ 0UT AU with U € GL3(F,)
and 6 € F;*. In odd characteristic, this projective class is determined by the rank of A, and in
rank 2 by the square class of the determinant of the nondegenerate 2 x 2 part. For type (2,2)
rings, multiplication induces a symmetric bilinear map y : V. x V.— W, where V.= N /N? and
W = N?; equivalently, there is a two-dimensional subspace L C Sym,(F,) up to congruence.
In odd characteristic, the projective zero set

(L) = {(a: B) € P'(F,) : det(xA + BB) = 0} (23)

is a complete invariant for the type (2,2) classification described in Theorem 3 (in the odd-
characteristic setting assumed there).

Table 1. Summary of local rings of order ¢°> with N = 0 # A2 for odd 4.

Radical Type Classification Invariant Canonical Representatives (Odd ¢) Cardinality

projective congruence class of diag(1,0,0); diag(1,1,0); diag(1, ¢,0);
(3,1) 4

A € Symy(FF,) \ {0} dlag(l 1,1)

congruence class o 2) 2
(2,2) L = (A, B) C Sym,(IF;); invariant (L) |Z(L)| L (A(z,z)'B(z,z)) 3

®) B
(Z(L)| = 0: (A3, B3,)

4. Constacyclic Codes over Local Rings of Order g° with N/ = 0

In this section, we analyze the ring

Ay =R[X]/(X" =), AERX, (24)
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under the standing hypotheses, ged(n,p) = 1 and (p1,02) € {(3,1),(2,2)}, where
p1 = dimg, (N/N?) and p; = dimp, (N2). Our goal is to describe A-constacyclic codes,
i.e., ideals of A, via the radical filtration of A, and to obtain a residual-torsion decomposi-
tion that will later permit explicit enumeration. Set A for the image of A in [, and

S = Fy[X]/ (X" = A). (25)

Since the derivative of X" — A is nX"~! # 0 in IF;[X], the polynomial X" — A is square-free.
Hence

S

1

t
[TF . (26)
! qt
i=1
is a finite semisimple Fq—algebra.

Proposition 1. The ring A, is local, and

(i) J(A) =M=NA,.

(i) M?*=N?Ay and M3 =0 £ M.

(iii)) Ay/ M= (R/N)[X]/(X"—A) =S

(iv) One has dimy, (R) = 1+ py + pp and hence

dimg, (Ay) = (14p1+p2)n,  dimg, (M/M?) = p1n,  dimg, (M?) = ppn.
In particular, dimg, (A,) = 5n.

Proof. Consider the natural surjection

R[X]
(X" — A, NR[X])

1

H:A/\—>

Fy[X]/ (X" — 1) =5, (27)

whose kernel is ker(71) = N'A,.

(i) Since S is a finite product of fields, J(S) = 0. Hence 7t(J(A,)) € J(S) =0,s0J(A,) C
ker(rr) = N'A). Conversely, N'A, is nilpotent because (N'A,)> = N?A, =0, so
every element of N'A, lies in the Jacobson radical. Therefore, J(A)) = NA), = M.
This means that A, is local.

(ii) Since A, is commutative, (NA,)¥ = N*A, for k > 1, hence M? = N2A, and
M3 = N3A, = 0. Moreover, M? # 0 because N? # 0.

(iii) This is exactly the isomorphism induced by 7.

(iv) Asan R-module, A, is free of rank n with basis {1, X, ..., X”’l} ; hence dimﬂ:q (A)) =
ndimg, (R). Also, M = N'A; and M? = N?A, satisfy dimg, (M) = n dimg, (V)
and dimp, (M?)=n dimp, (N 2). Thus,

dimg, (M/M?) = n(dimg, (V) — dimg, (N?)) = p1n,  dimg, (M?) = pon.
Finally, dimp, (R) = 1+ p1 + p2 follows from the filtration 0 C N2 C A C R and

R/N =F,.
O

We now relate A, to the factorization of X" — A over ;. Since ged(n, p) = 1, the poly-
nomial X" — A is square-free and hence factors into distinct monic irreducibles

X" A= fi(X)---fi(X)  inFy[X]. (28)
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Lemma 6. Let R be a finite local ring with maximal ideal N" and residue field F,. Let F(X) € R[X]
and write F(X) for its reduction modulo N'. Suppose F = f1 - - - fy with f; monic and pairwise
coprime in Fy[X]. Then there exist monic polynomials Fy, ..., F; € R[X] with F; mod N = f;
such that F = Fy - - - Fy in R[X], and the ideals (F;) are pairwise comaximal in R[X].

Proof. Since the f; are pairwise coprime in Fy[X] = (R/N)[X], there exist a;, b; € F,[X]
with a;f; + b;(F/f;) = 1. Lifting a;,b; to a;,b; € R[X] gives a;f; + bj(F/f;) = 1
(mod N'R[X]), and since N is nilpotent, one can iteratively correct the lifts to obtain
exact factorizations and comaximality. This is the standard coprime factorization lifting
(Hensel lifting) over a local ring with a nilpotent maximal ideal; see, e.g., McDonald [2],
Ch.IX. O

Apply Lemma 6 to F(X) = X" — A and (28). Let F;(X) € R[X] be monic Hensel lifts
of f;(X) such that
X"-A=F(X) - FE(X) inR[X].

Theorem 4. With the notation as above, the ideals (F;(X)) are pairwise comaximal in R[X],
and there is a ring isomorphism:

Ay = TTRX)/(E(X). 29)

Under this isomorphism, A-constacyclic codes correspond bijectively to products of ideals in the
factors. Moreover,

£ t
S = HFQ[X]/<fZ(X)> = H]quegfi, (30)
i=1 i=1
so S is a finite principal ideal ring (indeed, a finite product of fields).

Proof. According to Lemma 6, the ideals (F;) are pairwise comaximal and X" — A =[], F;.
Hence

and the Chinese remainder theorem yields

RIX]/(X"=A) = [ [RIX]/(F),

t
i=1

which is (29). Ideals in a finite product are products of ideals in the components. Reducing
modulo A sends F; to f; and commutes with finite products. Using Proposition 1(iii)
(namely, A,/ M = S with M = N A,), we obtain (30). The last isomorphism follows since
each F,[X]/(f;) is a finite field of size g4¢8/i. [

The quotient map Ay — S = A, /M induces S-module structures on the radical
layers M/M? and M?: fors =a € Sand x € M, sets- (x + M?) = ax + M?, and for
y € M?, sets-y = ay. These actions are well-defined since (a — a’) M C M? whenever
a=a (mod M),and (a—a')M? C M3 =0.

Remark 4. The ring S is canonically an [Fy-algebra via the composition Fy — R — Ay — S.

Hence, the tensor products (N /N?) ®r, S and N? ®r, S are well-defined and carry natural
S-module structures.
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Proposition 2. There are canonical S-module isomorphisms
M/ M = (N/N?)®g, S,  M> = N?@p,S.

In particular, M/ M? 22 SP1and M? = SP2 gs S-modules. Moreover, multiplication in A,
induces an S-bilinear map

o (M/M2) x (M/M?) = M?

which corresponds, under the above identifications, to the scalar extension to S of the F-bilinear

product map (N'/N?) x (N/N?) — N2,

Proof. Define

¥ (N/N?) @5, S - M/M2,  (0)®F = of,

wherev € N and f € A, are lifts and bars denote quotient classes. If v is replaced by v + v,
with vp € N?, then vf € N2Ay = M2, If f is replaced by f + h withh € M = N'A,,
then vh € NNA), = N?A, = M?2. Hence, ¥ is well-defined. It is S-linear by construction.

Surjectivity: any class in M /M? has a representative in M = AN'A,, so it is a sum of
terms vf withv € N, f € A), and hence lies in the image. Injectivity follows by comparing
[F;-dimensions:

diqu ((N/NZ) ®Fq S) =01 diqu (S) = p1n = dimlpq (M/Mz),

~

using Proposition 1(iv). Thus, ¥ is an isomorphism. The proof for M? = N2 ®F, S
is identical.

Finally, since M3 = 0, multiplication satisfies M - M C M?2, and changing either
factor by an element of M? changes the product by an element of M? = 0. Therefore,
multiplication induces a well-defined S-bilinear map p : (M /M?) x (M/M?) — M?,
which is precisely the scalar extension of the F,-bilinear product on A/ N2 with values in

N2 O

Remark 5. With |R| = g°, we have (p1,02) € {(3,1),(2,2)}. Consequently,
M/M> =S, MP =S or M/M>=S?, M> =82,

corresponding to the two radical types classified in Section 3.

Let C C A, be a A-constacyclic code, i.e., an ideal. The interaction of C with the
filtration Ay D M D M? D 0 is recorded by residual and torsion layers.

Definition 1. For an ideal C C A, define

Co=C LM cs, cW=cnmMm, C@=cnm (31)
and @ X
Ci = % CM/M,  Cp=C@ M (32)

We call Cy the residual code and Cq, C; the first and second torsion codes.
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Lemma 7. Each C; is an S-submodule of its ambient space. In particular, Cy is an ideal of S and
hence an A-constacyclic code over Fy. Moreover, under the natural maps induced by the filtration,

1
G cc@®cclc, giz; ~ % >~ (. (33)
Proof. The S-module structures on M/ M? and M? are described above. Since C 1) =
C N M is an ideal of A, the submodule C(!) + M? C M is stable under multiplication by
Aj); hence, its image C; = (C (1) + M?2)/ M? is stable under the induced S-action. Thus, C;
is an S-submodule. Similarly, C; = C N M? is an ideal contained in M? and hence stable
under the S-action.
Finally, Cyp = (C + M)/ M is an ideal of S. The quotient identifications follow from
the isomorphism theorems:

C C+M ch W4 m2

com - M S Came s v

andCONMZ=CnM2=CcPD =C,. O

Theorem 5. Let C C A, be a A-constacyclic code and set CV) = C N M and C? = Cn M2
Then there are natural short exact sequences of S-modules

0 —s C(l)/c(z) - C/C(Z) — Cy — 0, (34)

0—C —CY—c—0, (35)

and one has the canonical identification CV) /C(2) 2 C; as S-modules.

Proof. Consider the natural surjection
$p:C— (C+ M)/ M =C, c—c+ M.

Its kernel is CN M = C(1), s0 ¢ induces a surjection ¢ : C/C® — Cy with kernel CV) /C@),
giving (34). For (35), restrict the quotient map M — M/ M? to C @: its image is C; and
its kernel is C) N M2 = €@ = G, yielding (35). The induced map cW/c@ - ¢yisan
S-module isomorphism by construction. []

Since S is a finite product of fields, it is a semisimple Artinian ring (hence a principal
ideal ring). In particular, every S-submodule of a free module S is generated by at

~

most ¢ elements: indeed, S' = I1; K]t., and submodules correspond componentwise to
vector subspaces.

Theorem 6. Let C C Ay be a A-constacyclic code and let Cy, Cq, Co be as shown in Definition 1.
Assume |R| = q°. Then there exist polynomials

Go(x) eRx], GWY(x),...,.¢"x)erx], cM(x),...,6%x)eRr[x],

withr < p1 and s < py such that:

(i) Go(X) mod N = go(X), where go(X) € Fy[X] generates the ideal Cy C S;
(i)  The images of ng) (X) in M/ M? generate Cy as an S-module;

(iii) The images of Géé) (X) in M? generate Cy as an S-module;

and

C=(Go(X), G (X),...,G"(X), GV(X),...,G (X)) , -
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In particular, every A-constacyclic code over R is generated by at most 1 4 p1 + pp = 5 polynomials.

Proof. By Proposition 2, M/M? = SP1 and M? = SP2. Since S is semisimple (a finite
product of fields), any S-submodule of S’ is generated by at most ¢ elements. Hence, C;
is generated by at most p; elements and C, by at most p, elements as S-modules. Since
Cp is an ideal of the principal ideal ring S, choose gy € S such that Cy = (gp). Choose
Go(X) € R[X] lifting go modulo N. Choose S-generators i, ..., i, of C; withr < py,
and choose lifts u; € C N M representing ii; modulo M?. Let Gij ) (X) € R[X] represent
ujin A,. Similarly, choose S-generators vy, ...,vs of C; C M2 with s < 02, and choose

representatives Gée) (X) € R[X] of vy in A). Let I < A) be the ideal generated by these
polynomials. Clearly, I C C. We show that C C .

Step 1. Forc € C, itsimagein S = A, /M lies in Cyp = (go), so ¢ + M = spgo for some
so € S. Liftsgtoag € Ay. Thenc —agGy € CNM = CD).

Step 2. Put ¢c; = c —apGp € cM. Its image in M/ M? lies in Cy, so ¢; + M? = 2]7-21 sjllj
for somess; € S. Lift sj toa; € A). Then

r .
c1 — Z LZJ'GY) € Mz.
=1

Setcy =c1 — E] a]ng) eCNM?= Cy.
Step 3. Since vy, ..., vs generate Cp as an S-module, write c; = Z}Zl tyv, with t, € S. Lift
t; to by € A,. Because the S-action on M? is induced from A, the element ¥, bgGéé) rep-
resents Y, tyv; = cp in M? (the choice of lifts is immaterial since (by — b%)/\/l2 C M3 =0).
Thus ¢, € 1.
Step 4. Combining the steps yields c € I. Hence, C C I, and therefore, C = I. The generator
bound1+7+s <14 p; + p2 =5 follows.

O

Remark 6. Since M/ M? = SP1 and M? =2 SP2, the torsion layers C1 and C; require at most
01 and py generators as S-modules, respectively. Therefore, if C1 and Cy are generated by r and s
elements, then T(C) <1471 +s < 1+ p1 + p2 = 5, where T(C) denotes the minimal number of
generators of C as an A,-module. Hence, the bound in Theorem 6 is global but not always sharp.
In particular, C is principal if C; = Cp = 0, and the number of generators decreases whenever one
of the torsion layers is trivial or cyclic. Also, in type (3,1) one has s < 1, while in type (2,2) both
torsion layers may be nontrivial.

Remark 7. Assume that R is Frobenius. Then A, = R[X]/(X" — A) is Frobenius as a finite
R-algebra, and its Frobenius functional induces a nondegenerate associative bilinear form (-,-) :
A) X Ay — R. Passing to quotients yields perfect pairings on the successive radical layers,
compatible with the filtration Ay > M D M? D 0. In particular, the induced pairing on
A/ M = S recovers the classical duality for A-constacyclic codes over Fy. Moreover, the induced
pairings on M/ M? and on M? are perfect S-bilinear pairings (via the action of S = A,/ M), so
the dual code C can be described layer by layer: its residual and torsion layers are the annihilators
of Co, C1, C under the corresponding pairings (Table 2). This observation will be used in later
duality results.

Under the standing hypotheses, write
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with f; distinct monic irreducible over IF; and F; their Hensel lifts. Set
A =R[X]/(F(X)),  Ki=F,X]/(fi(X)),  Qi=IKi|.

Let
m; = J(A;), V; =m;/m?, W; = m?.

Then V; = Kfl and W; & Kf *. For a A-constacyclic code C; C A;, define
ri = dimg, (Cy), s; = dimg, (Cy,i),

where C;; < V; and C;; < W; are the first and second torsion layers of C;. Further-
more, define
Uy={i: GCm}, U={i:C=A4} (36)

Theorem 7. Let C C A, be a A-constacyclic code. Then {1, ...,t} = Uy U Uy. Moreover,

(i)  Foreachi € Uy, fix reduced row echelon matrices over K; representing the subspaces
Ci<Vi Gi<W.

Choose lifts
cY(x),...clx),  6Rx),....cx)

ceey 1,2

whose images generate Cy; and Cy ;, respectively. Let e;(X) be the CRT idempotent corre-
sponding to A; and set

Fuy(X) = [T E(X).

i€ UO
Then

C =(Fuy(X), {e(X)G(X) i€ Up 1< <r},

o (37)
{e(X)GE(X) ity 1< <5 }).

In particular, each local component C; is generated by at most p1 + p2 < 4 elements, and hence,
every A-constacyclic code over R is generated by at most five polynomials globally.
(ii) Fori€ Uy, onehas |C;| = |A;| = g>. For i € Uy, one has

‘Ci| — QZTH-SI' — qdi(n—i—si).
Consequently,
cl=T1 7% IT gilritsi), (38)

iell iely
Proof. Because X" — A = []/_, f;(X) is square-free, the f; are pairwise coprime in Fy[X].
By Hensel lifting, the monic lifts F; are pairwise comaximal in R[X] and satisfy X" — A =
IL; ;. Hence

and the Chinese remainder theorem yields

t
Ay =R[X]/(X"-)) =] ]A. (39)
i=1
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Thus, constacyclic codes of a finite direct product are exactly products of constacyclic codes
in the components. For uniquely determined ideals C; < A;, we have

C

1%

t
C;. (40)

i=1

Lete; € A, denote the corresponding CRT idempotents, so 1 = };e;, ejej = 0 fori # j,

and ¢;A) = A;.

Step 1. Define
Ulz{i: Ci:Ai}/ ng{l,...,t}\ulz{ii Clg](Al)}

For i € Uy, the residual layer of C; in A;/J(A;) = K; is 0, whereas for i € Uj it is K;. Hence

the residual code t
CH+J(Ay)
0 J(Ay)  — E l

is exactly [T;cy, Ki X ITiey, 0, so Cp is the principal ideal of S generated by the CRT idem-
potent Yy, €. Equivalently, Cp is generated by the product of the complementary fac-
tors, namely

s(X) =[] fix) es.
iely
Let Fp, (X) = [Ticuy, Fi(X); then Fy; mod N = go in S.
Step 2. Fix i € Uy. Apply the residual-torsion framework inside A;: with m; = J(4;),
the code C; has residual layer 0 and torsion layers

(G <V (Ci)2 < W,

which are K;-subspaces of V; = Kf "and W; & Kfz. Choose K;-generators of these subspaces
and lift them to polynomials

G (%), G (X) € RIX),  G(X),...,G3(X) € RIX],

so that their images generate (C;); in V; and (C;), in W;. Then, Theorem 6 (applied to the
local ring A;) yields
_/cM (ri) ~(1) (i)
Ci=(Gy,.-.GY1, G,,....G3)

L,

A (41)

since the residual layer is 0. For i € Uy, we have C; = A;, and hence, no generators are
needed beyond 1.

Step 3. Under the isomorphism (39), the element ¢; € A, projects to 1 in the ith factor and
to 0 in all others. Therefore, the ideals

e;C C Ay correspondexactlyto 0x:---x0xC;x0x---x0.
Hence, C = Zle ¢;C and, using (41) for i € Uy and C; = A, for i € U;, we obtain (37).
Step 4. For each i, the additive group of A; has size |A4;| = |R|% = ¢* since A; is free of
rank d; over R. If i € Uy, then |C;| = |A;| = ¢%i. If i € Uy, the residual layer of C; is 0,

and the successive quotients in the filtration

OQCiﬂm?QCiﬂmigCigmi
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identify as
G o Gnw PR
Cinm; O Ci ﬂmlz = (G Cinmi = (Gj)a.

Thus |C;| = [(Ci)1| - [(Ci)2|- Since (C;)1 and (C;); are K;-vector spaces of dimensions r; and
si, we have |(C;)1| = Q' and |(C;)2| = Q7, hence

|Ci| — QTH-S;' — qd,-(r,-+sl-)

1

Finally, |C| = [1; |C;| because C = []; C; as an additive group under the CRT, giving (38).
O

Table 2. Structural layers of Ay = R[X]/(X" — A) with |R| = g%, N3 =0 # N?, and gcd(n, p) = 1.

Object Description F;-Dimension
M=](A)) NA, ndimy, (V) = n(p1 + p2)
Mz NZA)\ _ pan
Ay/ M S =Ty [X]/(X" = A) n
M/ M? (N/N?) ®F, S = 5”1 on
Co Residual layer (C+ M)/ M < S dimp, (c/c)
G First torsion layer (C() + M?2)/ M2 < 51 dimp, (cM/c@)
C Second torsion layer C N M? < Sf2 dimg, (C 2))
Generator bound (C = (G, G§l),, .., GY), Gél), ..., G§S)>, withr < pjands < pp <5 generators

5. Enumeration of A-Constacyclic Codes

This section determines the exact number
N)(R,n) = |{A—constacyclic codes of length 1 over R}|.

By the structural results established earlier, every such code is an ideal of

and the enumeration problem reduces to counting the ideals of A). Assume ged(n, p) = 1.
Then X" — A is square-free in Fy[X], so

X' — A= Hﬁ(X), deg fi =di,

with distinct monic irreducible factors. Let F;(X) denote the corresponding Hensel lifts.
By Theorem 4,

Consequently,

NA(R,n) = ﬁN(Ai)r (42)

https:/ /doi.org/10.3390/math14081251


https://doi.org/10.3390/math14081251

Mathematics 2026, 14, 1251

23 of 32

where N(A;) denotes the number of constacyclic codes over the local ring A;.

The remainder of this section is devoted to computing N(A;). The answer depends
only on the residue field size
Qi=q"

and on the canonical class of R. For each radical type, (3,1) and (2,2), we determine the
local ideal counts explicitly. Substituting these into (42) yields closed formulas for N (R, n).

Lemma 8. For each i, reduction modulo N induces an isomorphism
A/ NA; = (R/IN)IX]/(B(X)) = Fg[X]/(fi(X)) = K.

Moreouver,
J(A) =mi =NA;, mf=N?4;, w=0,

and m; /m? and m? are naturally K;-vector spaces with

dimg, (m;/m?) = py,  dimg,(m?) = py.

Proof. Reducing the defining relation modulo N gives
A/ NA; = (R/N)X]/ (F(X)) = Fy[X]/(fi(X)) = Ki,

so N'A; is a maximal ideal of A;. Since N® = 0, we have (N'A;)?> = N3A; = 0,s0 N'A; is
nilpotent and hence contained in J(A;). Conversely, J(A;) maps to J(K;) = 0, which implies
J(A;) € NA;. Thus, J(A;) = m; = N'A;. Commutativity yields m¥ = (V'A;)F = N*A; for
k > 1, and hence ml2 = N?A; and mf’ = 0. Since A;/m; = K;, the A;-module structures on
m;/m? and m? factor through K;, so these are K;-vector spaces.

Finally, A; is free of rank d; over R (since F; is monic of degree d;). Hence,
dimp, (NIA) = d; dimp, (NT) for j = 1,2. As [K; : Fy] = d,, this implies the stated
K;-dimensions. [

Remark 8. Each local factor A; has the same radical type (o1, 02) as R, now viewed over K;.

Fix i and abbreviate
A=A, m=]J(A), K=A/m=K,, Q=|Kl=Q;.

Set
V=m/m? W = m?.

Through Lemma 8, V = Kt and W = K2 as K-vector spaces, and multiplication in A
induces a well-defined K-bilinear map:

u:VxVv-osw, #(%,7) = xy (mod m® = 0). (43)

Lemma 9. The ideals I of A satisfying m?> C I C m are in bijection with K-subspaces U < V via
U « Y (U), where 7t : m — V is the quotient map. Consequently,

{I<A: m2CICm}| =G,(Q) = pzl <‘2)Q.

k=0

After choosing a K-basis of V = KP1, the k-dimensional subspaces U < V are parametrized by
k x o1 matrices over K in reduced row echelon (RRE) form.
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Proof. Because m(m/m?) = 0, the action of A on V = m/m? factors through A/m = K.
Hence, A-submodules of V are precisely K-subspaces. The correspondence theorem for
7 gives the desired bijection with ideals I satisfying m?> C I C m. Counting such sub-
spaces, through (11), yields the Gaussian number G, (Q), and the RRE parametrization
is standard. [

Lemma 10. The ideals | of A with | C m? are precisely the K-subspaces of W = m?. Consequently,

02
<A:]Cwm? = Gp, = P2 .
=as ey =6 =1 (%),

k=0

2

Proof. Since mm2 = m3 = 0, the action of A on m? factors through A/m = K. Hence,

A-submodules of m? are precisely the K-subspaces of W. []

Remark 9. Lemmas 9 and 10 account for all ideals containing m? and all ideals contained in m?.
The remaining ideals are those I C m with I Nm? = 0; these are governed by the multiplication
constraints imposed by y in (43).
5.1. Type (3,1)

Assume that R has radical type (3,1),1i.e., p; = 3and p, = 1, and assume char(FF;) # 2.

Fix a local CRT factor

A:Ai/ m:](A)r K:A/mgKll Q:‘K|
Then
m? = (w)g =K, V =m/m? =K

Multiplication in A induces a symmetric K-bilinear form
bs : VxV =K, uv = bs(u,v) w,
belonging to one of the four canonical projective congruence classes represented by

1 . 2 . 3 . 4 .
Al = diag(1,0,0), A =diag(1,1,0), A{J) = diag(1,8,0), A}, = diag(1,1,1),

where ¢ € F is a fixed nonsquare.
Let
Rad(bs) ={u e V: bs(u,v) =0forallv e V}

denote the radical of the bilinear form.

Proposition 3. Every proper ideal I C A satisfies exactly one of the following:

(i)  w €l Thenwm? C I Cm,and I is uniquely determined by the K-subspace U = 7t(I) < V
via [ = 7~ 1(U).

(i) w¢l ThenI Cmand I Nm?=0. Writing U = 7t(I) <V, one has U C Rad(bs).
Conversely, fix a K-linear section s : V. — mof 7 (so w o s = idy). For every K-subspace
U < Rad(bs) and every K-linear map ¢ : U — K, the subset

(U, @) ={su)+eum)w:uecl}

is an ideal of A with 7t(I(U,¢)) = U and I(U,p) Nm? = 0. Moreover, for fixed U,
the ideals (U, @) are pairwise distinct, and there are exactly QU™ of them.
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Proof. If w € I, then m?> = (w)x C I C m, and the correspondence theorem yields
I = 7~ 1(U) uniquely. Assume w ¢ I. Since m®> = (w) is the unique minimal nonzero
ideal, one has INm? = 0. Let U = 7r(I) < V. Forany x € mand y € I, we have xy € m?
and xy € I, hence xy € I Nm2 = 0. Thus, bs(m(x),u) = 0forallu € Uand all x € m, so
U C Rad(bs). Conversely, let U < Rad(bs) and ¢ : U — K be K-linear. The set I(U, ¢) is
a K-subspace of m, and 7(I(U, ¢)) = U by construction. Also, I(U, ¢) Nm? = 0 since 7
restricts to an isomorphism I(U, ¢) 25 U. To see that it is an ideal, note that A = K & m as
K-vector spaces, so it suffices to check stability under multiplication by m. For x € m and
u e U,
x(s(u) + p(u)w) = xs(u) € m? = (w)k,

and the coefficient of w equals bs(7(x),u) = 0 because u € Rad(bs). Hence, x(s(u) +
p(u)w) =0 € I(U, ¢), somI(U, ¢) = 0and I(U, ¢) is an ideal. Finally, if ¢ # 1, choose

u € Uwith ¢(u) # (u); then, s(u) + ¢(u)w # s(u) + p(u)w, so I(U, ¢) # I(U, ). Since
Homg (U, K) has size Q4™ U, the stated count follows. [

Theorem 8. Let A be as above and let rs = dimg Rad(bs). Then the number of ideals of A equals
N(A) =14 G3(Q) + Hs(Q),

where
3

G5(Q) =Y (i)Q — 202420 +4,

k=0

For the four canonical classes, one has

s=1(rank1): r; =2, N(A)=4Q*+3Q+6,
s=2(rank2): r =1, N(A)=20Q*+3Q+6,
s=3(rank2): r3=1, N(A)=2Q>+3Q+6,
s=4(rank3): r, =0, N(A)=2Q%+2Q+6

Consequently,

Proof. The ideals split into (i) those containing w, counted by G3(Q) (together with A itself);
(ii) those not containing w, counted by pairs (U, ¢) with U < Rad(bs) and ¢ € Homg (U, K).
Hence,

N(A)=1+Gs3(Q)+ Z |[Homg (U, K)| =1+ G3(Q) + rzs (:{S) Qk.
k=0 Q

U<Rad(bs)

The explicit evaluations follow from G3(Q) = 2Q* +2Q + 4 and rs € {2,1,1,0} for the
four classes. O

Example 1. Let R be a finite commutative local ring with residue field R/ N = T,
IR|=3°,  N3=0+#MN?
and radical type (3,1), i.e.,

dimp,(N/N?) =3,  dimp,(N?) =1.
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Set

A=R[X]/(X*-1), M=]J(A)=NA.

Since ged(4,3) = 1, the polynomial X* — 1 is separable over F3.
Step 1: Factorization over F3 and CRT. Over F3 we have

Xt 1= (X2-1)(X2+1) = (X -1)(X+1)(X>+1),

and X? + 1 is irreducible over F3 since —1 = 2 is a nonsquare in F3. Thus,

3
X-1=T[H(X),  (Afofs)=(X—1, X+1, X2+1),  (di,do,d3) = (1,1,2).
j=1
Let
K; = F3[X)/(fi(X)),  Qj=IKjl =37
Then,

K1 =2 Ky 23, K3 = IFy, (Q1,Q2,Q3) = (3,3,9).

Let F; be monic Hensel lifts of f; to R[X] and set

Step 2: Local counts for the four canonical classes. In type (3,1) (with char(F3) # 2), the number
of ideals of each local factor AU) depends only on the canonical class index s € {1,2,3,4} of the
induced bilinear form on J(AD)) /J(A1))2 = K;’ By Theorem 8, for Q = |K;| one has

4Q%*+3Q+6, s=1((diag(1,0,0)),
2 _ .
N(A(j)) _ 2Q0°+3Q+6, s=2(diag(1,1,0)),
202 +3Q+6, s=3(diag(1,4,0)),
202 +2Q+6, s=4(diag(1,1,1)).

In particular, no quadratic character conditions occur in the ideal counts for type (3,1).

(i)  Class R(;), (rank 1: diag(1,0,0)). For (Q1,Q2,Q3) = (3,3,9):
N(AW)=4.3243.3+6=51, N(A®)=51, N(A®))=4.9243.946=2357.

Hence

Ni(R(3),,4) =512 357.

(ii) Class R%}U (rank 2: diag(1,1,0)).
N(AW)=2.3243.3+6=33, N(A®)=33 N(A®))=2.9243.946=195.

Hence

2 _ 232
() 4) = 337195,
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(iii) Class Rg)l) (rank 2: diag(1,9,0)). This class has the same rank as (ii), hence the same local
ideal counts:
N(AW) =33, N(A®)=33 N(A®) =195

SO

(iv) Class RE;L,)l) (rank 3: diag(1,1,1)).

N(AM)=2.3242.34+6=30, N(A®)=30, N(A®))=2.9242.946=186.

Hence
4
Ny (Rgs,)l)'
This example illustrates that, for fixed (q,n,A) = (3,4,1) and CRT degrees (1,1,2), the total
number of A-constacyclic codes varies substantially with the canonical type (3,1) class, i.e., the

rank class s of the induced bilinear form.

4) = 30% - 186.

5.2. Type (2,2)
Assume that R has radical type (2,2), i.e.,

o1 = dimp, (N/N?) =2, p, = dimp, (A?) =2,

and assume throughout that char(FF;) # 2. In odd characteristic, Theorem 3 yields
three canonical isomorphism classes, Rgé)z)' Rg)z)' Rg)z)' distinguished by the invariant

|Z(L)| € {2,1,0}.

Theorem 9. Assume that char(IF;) # 2 and let R be a commutative type (2,2) ring of order
q°. Fix an index i and set K = K; and Q = |K|. Let A; be the i-th local CRT factor. Then, A; is
a commutative type (2,2) local ring over K, and the number of ideals of A; depends only on the
canonical class of R (equivalently, on |Z(L)|) as follows:

40+6, R R&% (IZ(L)| = 2),
~ p(2) _
iy ]3QF6 RERGL (2L =1),
40+6, R= Rg)z) (IZ(L)| = 0and xx(8) = 1),
2Q+6, R Rg?z) (I=(L)| = 0and xx(8) = —1),

where ¢ € I is the fixed nonsquare parameter appearing in the canonical presentation of Rg,)z) in
Theorem 3, and x denotes the quadratic character of K* (extended by xx(0) = 0). Consequently,

t
Ni(R,n) = []N(4)).
i=1
Proof. Fixiand set K = K;, Q = |K|. By Lemma 8, A; has residue field K and radical type

(2,2) over K. Equivalently, after scalar extension, one may identify A; with a type (2,2)
local K-algebra R having maximal ideal m = J(R) satisfying

md =0, mm? =0, V =m/m? = K?, W = m? = K2.
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Multiplication induces a symmetric K-bilinear map:
u:VxVv-ow, 1(%,7) = xy (mod m® = 0).

Choose a K-linear section s : V. — m so that m = s(V) @ W as K-vector spaces and
s(u)s(v) = u(u,v) € Wiorallu,v € V.

Step 1. Let I C R be a proper ideal. Then I C m. Define
U=nr(I) <V, =INW<W,

where 77 : m — V is the quotient map. Fix a pair (U, U,). Any K-subspace I < m with
n(I) = Uand INW = U, is the graph of a K-linear map ¢ : U — W/U,. Hence,
the number of such subspaces is

|Homg (U, W/U)| = QiimU-(2-dimb) (44)
Step 2. Since Wm =0and m = s(V) @ W, for u € U and v € V one has
m- (s(u)+W)=s(V)-s(u) =u(V,u) CW.
Therefore, the condition mI C [ is equivalent to
u(U, V) C U, (45)

which depends only on the pair (U, Uy).
Step 3. Combining Steps 1 and 2, the number of proper ideals of R equals

u<sv, hp<w
V(U/V)QUZ
Finally,
N(A;) =N(R)=1+|{I<R: ICm}|

Case Rg?z) (|IZ(L)| = 2). Choose bases V = (x,y)x and W = (z,w)g such that x> = z,
y?> = w, and xy = 0. Equivalently, u((a,b), (c,d)) = acz + bdw. Then, u(U, V) = 0 if and
only if U = 0; u(U, V) is one-dimensional if and only if U is one of the two coordinate lines;
and otherwise, j(U, V) = W. Evaluating (46),

(i) dimU = 0: contribution G2(Q) = Q + 3.

(i) dimU = 1: the two special lines contribute 2(Q + 1); the remaining Q — 1 lines
contribute (Q — 1) - 1. The total contribution is 3Q + 1.

(iii) dimU =2: U =V, and only U, = W is admissible, contributing 1.

Hence, [{ICm}|=(Q+3)+ (3Q+1)+1=4Q+5,s0 N(A;) =4Q + 6.

Case Rg,)z) (IZ(L)| = 1). Choose bases such that x> = w, y*> = 0, and xy = z, i.e.,

u((a,b),(c,d)) = (ad + bc)z + acw. Then u({y),V) = (z), and u(U,V) = W for every

line U # (y). Evaluating (46) gives [{I Cm}| = (Q+3) + (2Q+1) +1 =3Q + 5, hence

N(A;) =3Q +6.

Case Rg?z) (IZ(L)| = 0). Choose bases such that x> = z, y> = 0z, and xy = w, i.e.,

u((a,b),(c,d)) = (ac+ 8bd)z + (ad + bc)w. For a line U = ((a,b)) < V, one has

dim (U, V) = 1if and only if there exists (c,d) # 0 with u((a,b), (c,d)) = 0, equivalently

a? — 9b* = 0. (47)
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Thus, if xx(#) = —1, then (47) has no nontrivial solution and every line satisfies u(U, V) =
W; if xx(9) = 1, then there are exactly two solution lines and all other lines satisfy
(U, V) = W. Evaluating (46) yields

Ny - {206 m) =1,
40 +6, X[((l9)=1.

The global product formula follows from Equation (42).
O

Remark 10. Let ¢ € Fj be a fixed nonsquare and let K = F
Equivalently, ¢ is a square in K if and only if d is even.

g4

In all cases,

Ny(R,n) = HN(Ai)r Qi = q".

t
i=1
Example 2. Let R be a finite local ring with
IR| =5, N3 =0+#MN?
and radical type (2,2):
dimp (N /N?) =2,  dimg (N?) =2.

Set
A =R[X]/(X®+1).

Since ged(6,5) = 1, the polynomial X® + 1 is separable over Fs.
Step 1: Factorization over F5 and CRT degrees. In F5[X], we have
X6 4+1=(X24+1)(Xx*—X>+1).
Because —1 = 4 is a square in [F's, one has
X2 +1=(X-2)(X+2).

Moreover,
Xt X2 +1=(X2+2X -1)(X?-2X - 1),

and each quadratic factor is irreducible over Fs (its discriminant equals 4 — 4(—1) = 8 = 3, which
is a nonsquare in Fs). Thus,

4
X6+1:1—{f]-(X), (i, fo fa, fa) = (X =2, X+2, X2 +2X —1, X2 —2X - 1),
]:

with degrees
(d1,d2,d3,dy4) = (1,1,2,2).

Let
K =TFs[X]/(f(X)), Q= |Kj| =5%.

Then
Ki =K, =5, K3 = Ky = [Fps, (Q1,Q2,Q3,Q4) = (5,5,25,25).
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Let F; be monic Hensel lifts of f; to R[X] and set
AY) = R[X]/(F;(X)).

By the Chinese remainder theorem,

A ﬁ N_1(R,6) = [T N(AD).
j=1

4
j=1

Step 2: Quadratic character values over K. Let xk; denote the quadratic character on K ].X (extended

by x;(0) = 0). Fix a nonsquare ¢ € F5 (so & € {2,3}), as in the canonical presentation of

Rg)z) in Theorem 3. For Ky = Ky = Fs, we have xy () = —1 by the definition of . For

K3 =2 Ky =2 5 (a degree-2 extension), every element of F2 becomes a square in Fo;, hence
XFys(a) =1 foralla € Fe, in particular ~ xp,, (¢) = 1.

Step 3: Local ideal counts. By Theorem 9, the number of ideals of a local factor AU) depends on the
canonical class of R (equivalently, on |£(L)|) and on Q; = |K;l.

(i) IfR= R 2) (50 |X(L)| = 2), then

N(AV) = 4Q; +6.

N(A<1>) =NA®)=4.5+6=26  N(A®)) = N(AW) =4.25+6 = 106.
(ii) IfR= R 2) (50 |Z(L)| = 1), then
N(AV) =3Q; +6.
Hence,
N(A<1>) =N(A®)=3.5+6=21, N(A®)=NAW)=3.25+6=81

(iii) IfR = R 2) (50 |Z(L)| = 0), then

Using xx, () = xk,(9) = —1and xi,(9) = xk,(9) = 1, we obtain

N(AV) = N(A®) =2.5+6=16, N(A®)) = N(AW) =4.25+6 = 106.

Step 4: Global enumeration. Combining the local counts yields

262106, R Ry, (IZ(L)| =2),
N.(R6) =4212-81%, R=R3, (=(L)]=1),
1621062, R R, (I(L)] =0).
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This example shows that for fixed (g,1,A) = (5,6, —1), the CRT degrees are (1,1,2,2)

and the total number of negacyclic codes depends on the canonical class of the underlying
type (2,2) ring. In particular, in the anisotropic class Rg,)z)'

ing to whether the CRT residue field degree is odd or even, via the quadratic character

the local counts split accord-
values xk; (8).

6. Conclusions

In this work, we obtained a structural and enumerative description of A-constacyclic
codes of length n over finite commutative local rings R of order ¢g° with A® = 0 # N?,
under the standing assumption ged(n, p) = 1. Exactly two radical types occur, namely
(3,1) and (2,2), both fitting into a unified residual-torsion framework arising from the
radical filtration of

Ay = R[X]/(X" —A). (48)

Every A-constacyclic code is realized as an ideal of A,, encoded by a residual compo-
nent over the semisimple algebra S = A) /J(A,) together with two torsion layers inside
J(A,). This layered description provides explicit generating sets and reduces global enu-
meration to local computations over finite extensions of [, via the Chinese remainder
decomposition Ay = Ti_; A;.

For radical type (2,2), the local ideal counts depend only on the field sizes Q; = g%
and the determinant-locus invariant |X(L)|, with an additional quadratic-character split in
the anisotropic class. For type (3, 1), the counts are governed by the induced symmetric
bilinear form on J(A;)/J(A;)% equivalently, they are governed by the rank class of a
canonical matrix representing multiplication on the top radical layer (or, equivalently,
by rs = dimg, Rad(bs)). Combining the local formulas yields the closed product expression

t
NA(R,n) = [TN(4:), (49)
i=1
explicitly in terms of the factor degrees d; and the canonical isomorphism class of R.

For convenience, we summarize the local counts N (A4;) in Table 3, where Q = Q; = qdi
and K; = Fy[X]/ (f,(X))-

Table 3. Local ideal counts N(A;) for the CRT factors A;.

Type of R Canonical Class Local Count N(A;)

RE;,)U . diag(1,0,0) 4Q% +3Q+6

31) Ré'il) . diag(1,1,0) 20 +3Q+6
REM) . diag(1,8,0) 202 +3Q+6
Ry« diag(1,1,1) 2Q%+2Q+6
Rgi?z) (=(L)] =2) 4Q+6

(2,2) Ré,)z) (IZ(D)=1) 3Q+6
RY, (1Z(L)] =0) {49 6, xig(0) =1,

20+6, xg(9)=-1

The methods developed here provide a unified framework for constacyclic codes
over cube-zero local rings of order ¢° and suggest several natural extensions. These
include analogous classifications for larger orders (e.g., 4°) and for higher nilpotency
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indices (V! = 0 with £ > 3), where additional radical layers and multilinear structures are
expected to play a decisive role.
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