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Abstract

This article explores the oscillation properties of solutions for higher-order nonlinear neutral
functional differential equations. This study sought to establish applicable oscillation
conditions for nonlinear NDDEs when a # f. Our analysis focused on identifying the key
asymptotic characteristics of positive solutions in the noncanonical case. Based on these
properties, we developed a multi-conditional criterion that guarantees oscillation, thereby
extending previously established results for second-order equations. Unlike previous
results, which involved arbitrary constants and were thus difficult to apply, the criteria
derived in this work do not contain such constants, making them directly applicable.
Moreover, to overcome the complexity introduced by the multiple constraints of this
criterion, we propose a new and previously unreported simplified oscillation condition. The
effectiveness of this simplified criterion is demonstrated through an illustrative example.

Keywords: differential equations; oscillatory properties; noncanonical higher-order;
neutral delay

MSC: 34C10; 34K11

1. Introduction

Linear approximations fail to provide accurate descriptions. These equations capture
behaviors such as bifurcation, chaos, and self-regulation. These behaviors commonly occur
in fields such as physics, biology, engineering, and economics. Unlike linear systems,
nonlinear differential equations often exhibit multiple equilibria and sensitivity to initial
conditions. They also have rich dynamical structures. This makes their analysis both
challenging and essential. As a result, they provide a robust mathematical framework
for understanding real-world systems where interactions and responses deviate from
linearity [1,2].

Neutral differential equations constitute a significant subclass of functional differential
equations. In these equations, the derivative of the unknown function is influenced by both
its delayed values and delayed derivatives. This formulation enables neutral equations
to describe systems in which the present rate of change is affected by previous rates.
This is a characteristic frequently encountered in control theory, population dynamics,
electrical networks, and mechanical systems with memory-dependent damping. Due
to their inherent complexity, neutral differential equations often necessitate advanced
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analytical tools. Their behavior—such as stability, boundedness, and oscillation—differs
significantly from that of standard delay equations (see [3,4]).

Higher-order differential equations extend traditional models by incorporating second,
third, or even higher derivatives. This allows for the representation of more detailed
dynamic behavior. They arise naturally in the study of elastic beams, mechanical vibrations,
fluid dynamics, and electromagnetics. In these systems, acceleration, curvature, or higher-
level physical responses influence system evolution. Analyzing higher-order equations
is essential for capturing complex interactions among multiple physical variables. Their
solutions often reveal sophisticated patterns, including resonance, dispersion, and multi-
scale dynamics [5,6].

The study of oscillation in differential equations focuses on determining whether
solutions exhibit repeating fluctuations or indefinitely changing signs over time. Oscillatory
behavior is crucial in modeling periodic motions, wave phenomena, biological rhythm:s,
population cycles, and electrical oscillators. Understanding the conditions that guarantee
oscillation—especially in nonlinear, neutral, and higher-order systems—helps researchers
characterize system stability. It also helps predict long-term dynamics and design control
mechanisms. Consequently, oscillation theory has become a central topic in qualitative
analyses. It offers deep insights into the behavior of complex differential systems; see [7].

This work focusex on the analysis of the nonlinear, noncanonical neutral delay differ-
ential equation

(r() (20 @))") + g (o)) = 0, )
where u > 1y, n > 4 is an even integer,
z(u) = x(u) + p(u)x(t(u)),
and we assumed that
1 a, B are the ratio of odd positive integers and a # ;
2 r € CY(Jug, ),[0,00)), r(u) > 0, 7' (1) > 0and 5(u) < oo, where

molw) = [ )ds @

3 p,q € C([uo,0),[0,00)), 0 < p(u) < Tand p(u) <n(u)/n(t(u));
41,0 € C(lup,o)R), t(u) < u, c(u) < u, o
limy, 00 0 (1) = oo0.

"(u) > 0 and limye T(u) =

A solution to Equation (1) is defined as a real-valued function x thatis (n — 1) times
differentiable and satisfies Equation (1) for sufficiently large values of u,. In this work, we
restricted our attention to solutions to Equation (1) that fulfilled the condition

sup{|x(us)| : ux > 1u,} > 0forall uy > u,.

Definition 1. A solution to Equation (1) is said to be non-oscillatory if it is eventually positive
or eventually negative; otherwise, it is termed oscillatory. The equation itself is called oscillatory if
every solution exhibits oscillatory behavior.

Definition 2. A neutral delay differential Equation (1) is called canonical if 7o(1) = oo. On the
other hand, it is called noncanonical if 5o(u) < oo.
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Previous Works

Numerous investigations have addressed the analysis of nonlinear differential equa-
tions and delay differential equations, with particular emphasis on higher-order cases
and oscillatory properties. Early research focused on second-order nonlinear equations,
establishing oscillation criteria (see [8-10]). Later, the attention shifted to neutral and
delay differential equations, where the presence of delays in the derivatives introduced
new challenges in the study of oscillation. In particular, refs. [11-17] provide key con-
tributions on the oscillatory behavior of such equations and the development of related
analytical techniques.

Higher-order differential equations have also been extensively investigated due to
their applications in mechanical, electrical, and physical systems, leading to the devel-
opment of multi-conditional oscillation criteria. More recently, studies have emphasized
oscillatory behavior in nonlinear, neutral, and higher-order systems, proposing simplified
and generalized criteria to guarantee oscillation under various conditions. In particu-
lar, refs. [18-22] present key results on simplified oscillation criteria, generalizations to
higher-order systems, and applications to practical examples.

In the following, we highlight a number of earlier results that have played a substantial
role in advancing the research on differential equations of orders two through four.

In 1997, Agarwal et al. [23] established that the delay differential equation

(rl2 )" (0)' + (0o )P x(o(w)) =0,

is oscillatory in the canonical case, provided that « >  and

[aw([ r”“<s>ds)ﬁdp .

In the noncanonical case, Baculikova [24] investigated the oscillatory behavior of the DDE

(r(u)(zl(u))a>’ n q(u)xﬁ(g(u)) —0,

for both @ > B and a < B. The results in [24] present several multi-condition criteria that
guarantee the oscillation. Many studies in the literature have examined the compulsory
nonlinear case involving arbitrary constants; see, for example, refs. [25-27].

Onose [28] examined the oscillatory behavior of certain fourth-order functional differ-
ential equations, specifically those given by

()" (u) + f(x(o(u)),u) =0

for f(u,x) > q(u)xP, and

(rx")" (u) + q(u) f(x(o () = o (u),

while working under the condition [;°7~!(s)ds = co. Subsequent to this study, a con-
siderable research effort has been directed toward the investigation of oscillatory and
non-oscillatory properties of fourth-order and higher-order functional differential equa-
tions. Using a variety of analytical techniques, the researchers identified several qualitative
properties of solutions across different equation classes. For instance, Agarwal and co-
authors [29] established notable results for fourth-order equations of the form

l“’_ <[ ([()})D

!/

(1) £gq(u)f(x(c(u))) =0,
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under the condition f o, “i(l?) dd = oo, i = 1,2,3. Grace and collaborators [30] analyzed

i
the oscillatory nature of a fourth-order differential equation given by

(r(x)*)" () + ) fx(o())) = 0,

while assuming that condition (2) is satisfied. In related studies, Wu [31] as well
as Kamo and Usami [32] investigated the oscillation characteristics of the nonlinear
fourth-order equation

(1 1%7) () + gl )P x(w) = o,

where $ and « are positive parameters and the same condition (2) is imposed.
Several works, including [33-38], have contributed to the advancement of oscillation
theory for even-order neutral differential equations of the form

2 (u) + q(u)x(0(u)) = 0.

For broader oscillation results concerning neutral equations involving canonical operators,
reference may be made to [39-42].

Among the studies examining Equation (1) for all combinations of & and S, one
work [43] established a criterion governing the oscillatory behavior of its solutions:

u v10

n—2 B a lrfl/oc
imsup [ <p<s>q<s><1 —peO () ) - M)a o

for some constant v; € (0,1) and for any ¢; and cp, which are positive constants, where

B—u .

c ifa >

p(u) = { B—a . - ‘B .
Y] ifa <p

It can be noted that arbitrary constants appear in the scenario where a # B. This requires
that conditions be satisfied for all positive real values of c; and c;. Although the original
work presents additional oscillation conditions within the same theorem, here we refer to
only one of them for illustrative purposes.

In examining the oscillatory behavior of neutral differential equations in the noncanon-
ical case, a central objective is to identify conditions that rule out the existence of posi-
tive, monotone-decreasing solutions—namely, solutions satisfying (—1)k(x +p-(xo T))(k)
(u) > 0fork =0,1,2,3, u € [up,o0). This direction of research is particularly important
because many standard relations used in the canonical case no longer apply here. In a
notable contribution, Bohner et al. [44] explored this issue and derived a condition that
must be satisfied by any positive decreasing solution x and an associated function, namely

- (rote)

where the auxiliary function 7 is defined by #(u) := |, :o r~1/%(s)ds. This relation enabled
the authors to establish several new criteria that both refined and strengthened earlier
findings in the literature. A natural next question arising from their work is how Bohner’s
results in [44] can be generalized to neutral differential equations of an even order.

The following lemmas are required in order to demonstrate the primary results.
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Lemma 1 ([45]). Let f € C" ([ug, ), (0,00)). If the derivative f(") () is eventually of one sign
for all large u, then there exist a uy such that uy > ug and an integer I, 0 < I < n, with n + [ even
for f") (u) > 0 or n+1odd for f")(u) < 0 such that

l>0impliesf(k)(u) >0foru>uy, k=0,1,...,1—1,

and
I <n—1implies (1) fO () > 0foru>uy, k=114+1,...,n—1.

Lemma 2 ([46]). Suppose that y € C"([ug, %), (0,00)) and y\") is of one sign for u > uy > uy,
y") £ 0 on a subray of [uq,0), y" =V (u)y"™ (u) < 0 for u > uy, and y does not converge to
zero. Then, there is a u, > uq such that

y(u) > ﬁu”*y“*%),

forv e (0,1) and u > u,.

The main contributions and novel aspects of this work can be summarized as follows:

e  Extension to Higher-Order Neutral Equations:
The study generalizes existing oscillation results, such as those of Baculikova [24],
from second-order to higher-order neutral functional differential equations.

¢ Multi-Conditional Oscillation Criteria:
New criteria are proposed that involve multiple conditions, allowing for a
more comprehensive analysis of oscillatory behavior in nonlinear, neutral, and
higher-order systems.

e  Simplified Analytical Approach:
A simplified oscillation condition is introduced, providing easier verification of oscil-
lation criteria compared to previous general forms.

*  Notably, our results are free of arbitrary constants, in contrast to many previous studies
in the literature.

The paper is organized as follows:

* In Section 1, we present the introduction, where the motivation of the study is dis-
cussed and the differential equation under consideration is introduced.

*  Section 2 is divided into two subsections. In the first subsection, entitled Auxiliary
Lemmas, we collect several lemmas that are essential for the subsequent analysis. The
second subsection, Theorems Concerning Oscillations, is devoted to establishing the
main oscillation theorems of the paper.

*  InSection 3, Examples and Discussion, illustrative examples are provided to demon-
strate the applicability of the obtained results, together with relevant discussion.

¢  Finally, Section 4 concludes the paper with a summary of the main findings and
remarks on possible future research directions.

2. Main Results

To facilitate the analysis, we assumed that

Nj1(u) = /uoo 1i(s)ds,

forj=0,2,...,n-3,
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and

u p
b(u) = g(u) (1 - p(a(u))m> |

Remark 1. From the definition of the function no(u), we observed that it is positive and monotoni-
cally decreasing, and
lim #o(u) = 0.

Uu—r oo

Consequently, there exists ug > 0 such that no(u) < 1 for all u > ug. Therefore, the condition
no(u) < 1is automatically satisfied by the basic properties of 1.

2.1. Auxiliary Lemmas
We begin by introducing a set of preliminary results that serve as essential tools for

establishing the main results.

14

Lemma 3. Let x € C([ug, ), (0,00)) be a solution to (1). Then, z(u) > 0, r(u) (z(”’l)(u)) <
0, and one of the following cases holds for u € [uq,00), uy > uy:

I z'(u) >Oz" D(u) > 0and 2" (u) < 0;
I 2/ (u) >0,z2"2(u) > 0and z(”_l)(u) <0;
1 (—1)z0 (u) are positive fori = 1,2,...,n — 1.

Proof. Let x denote a solution of (1) that eventually remains positive. Then, there exists
some uj > g for which x(u), x(t(u)) and x(c(u)) remain positive for all u > u;. Con-
sequently, z(u) is also positive for every u > uj. It then follows from Equation (1) that

!/
(r(u) (z(”’l) (u)) a) < 0. Applying Lemma 1 in the case where n is even, the conclusions
in cases (I)—(III) follow directly. [

Lemma 4. Suppose that x € C([ug, 00), (0,00)) is a solution of (1) and z(u) satisfies case I and
II stated in Lemma 3. Under these assumptions, we eventually have

(rw) (21 () ") + @)= (o)) < 0. ®

Proof. Given that x fulfills case II and 7(u) < u, we have z/(u) > 0 and x(t(u)) <
z(t(u)) < z(u). It immediately follows from the definition of z that x(u) > (1 — p(u))z(u).
Therefore, Equation (1) becomes as follows:

)’y

IN

—q(u)(1 = p(o(u)))PzP(o(u))
~®(u)zP (o (u)).

IN

O

Lemma 5. Suppose that x € C([ug,o0), (0,00)) is a solution to (1) and z(u) satisfies case III
stated in Lemma 3. Under these assumptions, we eventually have

(=120 () < 1 ()20 () (), )
PN Z(”*]‘*Z)(u) !
( 1)]<;7,-(u> ) >0, ®)
and .
() (20 @)") + ()P (o) <0, ©)
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forj=1,2,...,n—2, eventually.

!/
Proof. Suppose that z fulfills case III. From Equation (1), we have (r(u) (z(”_l) (u)) a) <0,
and therefore,

rl/"‘(u)z("_l)(u)/wr_l/"‘(s)ds > /oor_l/"‘(s)rl/"‘(u)z(”_l)(s)ds
= 1lim 2" (s) — 2("2) (u). )

S—00

Since z("~2) (1) is a positive and decreasing function, it converges to a non-negative constant
as u — oo. Therefore, (7) can be written as

—z(”_2)(u) < rl/“(u)no(u)z(”_l) (u). 8)

By noting that (—1)z() (u) for i = 1,2,...,n — 1, integrating the inequality in (8) along
with the resulting successive inequalities a total of n — 2 times from u to oo yields

(=102 ) < )20 () g (),

forj=1,2,...,n — 2. This directly leads to the result stated in (4). Now, it follows from (8)

that ,
(n-2)
(W) >0, ©)
yielding
0 (n—2) (n—2)
_y(n=3) 2" (s) 2" (u)
V) > [ nols) T s > T ()

As a result, ,
(n-3)
A OR NS
11 (u)

By applying the same approach iteratively, we arrive at (5). Using (5) withj = n -2,
we obtain

z(t(u 7;7"_2(1—@[))2 u
(vt < 22T,

Therefore, combining the definition of z with the above inequality yields

Mn—2(T(1))
x(u) > (1 - p(u)ﬂn_z(u)>z(u).

Therefore, Equation (1) becomes as follows:
!
(rw) (2 D w)") < ~dzP(o(w)).
Hence, the proof is complete. [J

Lemma 6. Suppose that x € C([ug,0),(0,00)) is a solution of (1) and z(u) satisfies case II.
Then,
(i) limy, 00 22 (1) = 0 if

- L P B(n—2) )1/zx .
/M1 (r(p) '/111 v (s)@(s)ds dp = )
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(i1) limy o0 (z(”_2) (u)/iyo(u)) =ooif
/oo 05(”_2)(5)115(0(5))@(5)@ = oo. (11)

Proof. Suppose that z fulfills case II. Consequently,

—z(2 () < /m P4 () r V% (5) 2 (5)ds < # % (u) o (u) 2D (w).

z(”’z)(u) '
( 7o (1) > =0

Now, by applying Lemma 2 with y = z and n = n — 1, Equation (1) simplifies to

Thus,

() (2 V@) + TR ”ﬁz)!),ga““)(u) (22 @w)) e <0. @2

By defining ¥ (1) = z("~2) (1), we see that ¥ is a positive decreasing solution of

/ a)’ vP
(ra (¥ )*) +

Because Y is positively decreasing, it converges to a non-negative constant ¢ as u — oo.

oPU2) ()P (o (1)) @(u) < 0. (13)

Given that ¢ > 0, we have ¥ > ¢ for u > u; > uy. Applying integration to (13) on the
interval [u7, u] gives

B u
r(u) (¥ (u))* r(u M) — — P(n=2) (s WP (o (s s)ds
() (¥'(u)" < r(u) (¥ (u1)) (1_2))f w (s)¥P(0(s))P(s)d
Y L Ty ;
(o 2)!)/5 5 o (s)P(s)ds. (14)
Thus, 5 y
¥ < _<(n Q_vz)!> (r(lu) /1 o (S)q)(s)ds> ' (1)

Integration of (15) over the interval [u1, c0) gives

This leads to a contradiction with (10), implying that ¢ = 0.
It follows from (9) and (14) that

Y vP “ Bn— Y (o(s))
r(u) (Y (u < —_— P=2) ()P (o (s ——2®(s)ds
(W) (¥'(w)" < (= 2)0F (s)71p ( ())ng(a(s)) (s)
vP (o) \P [ a2y, B
- <<n_z>!>ﬁ(no<a<u1>>> [, P @)
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which, when combined with (11), results in limy, e (—7(1) (¥ (1))") = oco. With the
application of L'Hopital’s rule, we get

lim Flu) _ lim (—r”"‘(u)‘l”(u)) =00

1—>00 ;70(1,[) 1—>00

O

Lemma 7. Suppose that x € C([ug, o), (0,00)) is a solution of (1) and z(u) satisfies case IIL.
Then,
(z(u) /1pn—2(u))" = 0

holds. Moreover, we obtain the following results:
(i) imy 0 z(u) = oo, if

o) 1/«
/u1 Nn—3(p0) (/: Ci>(s)ds> dp = o0; (16)

(i) limu%oo(z(u)/rln72(u)) = o, lf
u ’B N
| a(e(s)s)ds = e 17)
1
Proof. Suppose that z fulfills case III. Consequently,

2D () > — /oo /8 (s)r /()2 D (s)ds > —rV % (u)po(u)z" V(). (18)

u

Thus,

z(1=2) (u) '

Integrating (18) a total of n — 2 times over [u, o) yields
(=122 ) = 2 () ()2 (), 20)

forj=1,2,...,n—2. It follows from (19) that

© (n—2)

/
which leads to (z(”’3) (u)/m (u)) < 0. Continuing this process, we obtain

(i) 20 @

Next, observing that z(u) is positively decreasing, we conclude that lim; . z(1) = v > 0.
Assuming v > 0, there is a 17 > 1o such that z(u) > v for u > u;. By integrating (6) from
uq to u, we arrive at

) (200 w) < - [" @) (o(s)ds

1

https:/ /doi.org/10.3390/math14071221
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By employing (20) when j = n — 3, we conclude that

/ u 1/a
A O B R e I ( / é(s)z%(s))ds) . (22)
777173(”) u
As another possibility,
u 1/«
()2 s ([ be)as) 23)
uq

Performing the integration of the above inequality on [u1, o) gives

2w) =P [ °° s (p) ( / @(S)ds)”“dp,

1

Together with (16), this shows that v = 0.
Next, based on (21) and (23), we derive

_ Z,(u) Z(U’(ul)) B/ u B R 1/a
() <’7nz(0(u1))> ( ’7"—2<"<S>>“’<5>d5) :

which, in conjunction with (17), implies

Jim 204 —hm( Z(u) );

1—00 17n_2(u) - 7;7,1_3(14)

This concludes the proof. [

Here, we derive conditions that rule out the existence of positive solutions within
certain categories.

Lemma 8. Suppose that x € C([ug, %), (0,00)) is a solution to (1) and z(u) satisfies case IL. If
(i) « > B, (10) is fulfilled and

lim sup <178‘(u) / ! aﬁ<"2>(s)<1>(s)ds) > 0. (24)

U—r0o 1

(ii) & < B, (11) is fulfilled and

u
lim sup <176‘(u)17§“((7(u))/ oPn=2) (s)CD(s)ds> > 0. (25)
U—ro0 ui

Then, case II contains no positive solutions.

Proof. Suppose that z fulfills case II. Using the same reasoning as in the proof of Lemma 6,
we conclude that (14) holds. As a result,

, B/a 1 U . 1/a
¥z i ([ v o)

Upon integrating the above inequality over [u, c0), we deduce

U,B/ﬂé ) 1 0 . 1/a
v > g ([ 2o ¥esneas)  a

pla u 1/a
g ([ ereees)

https:/ /doi.org/10.3390/math14071221
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Therefore, we find

vﬁ 4 " n—
o) 2 ¥ ) 2 b 0¥ o) [ AP e

In the following, we analyze the two cases « > § and « <  separately.
(i) For &« > B, take into account that ¥ (#) — 0 and (26) simplifies to

((1)52)')5’73((@ /“ oP2) (s)®(s)ds < ¥*F(o(u)) — Oasu — oo,

which is in contradiction with (24).
(ii) For & < B, take into account from Lemma 6 that ¥ /79 — oo and (26) simplifies to

viﬁ u p-u u ! p(n—2) S 7‘}((0(”)) o asu S
et LoDt < (TEERT) T 0w

which is in contradiction with (25). This concludes the proof. [

Lemma 9. Let x € C([ug, o0), (0,00)) be a solution to (1) and z(u) satisfy case IIL. If
(i) o > B, (16) is fulfilled and

lim sup (qu(u) / ”&(s)ds) > 0. 27)

U—00 1
(ii) « < B, (17) is fulfilled and

u

lim sup (ﬂﬁ,‘_z(u)m’f? (o(w) |

U—»00 U

é(s)ds) > 0. (28)
Then, case I11 contains no positive solutions.

Proof. Suppose that z fulfills case III. By applying the argument presented in Lemma 7, it
follows that (22) is satisfied. Integration of (22) from u to co yields

o0 1/«
2w = [Tnea) ([ eF ) b
u 1/a
> uo(u) (/11 é(s)zﬁ(a(s))ds> .
Thus, .
#(o(w) 2 3o (WP ow)) [ bls)ds. )

In the following, we analyze the two cases & >  and & < 3 separately.
(i) For « > B, noting that z(u) — 0, (29) simplifies to

U

Plow) > (1) '/”1 (s)ds;

hence,

https:/ /doi.org/10.3390/math14071221
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which is in contradiction with (27).
(ii) For « < B, take into account from Lemma 7 that z/#,,_p — oo and (29) simplifies to

u

>ty ()t 5 (o(u)) / &(s)ds;

uq

hence,

u

z(o(u))

a—p
o B—u
T2 3 o) [ D) S vasu e,

uq

d(s)ds < <
which is in contradiction with (28). This concludes the proof. [

2.2. Theorems Concerning Oscillations

From the preceding results, one can derive criteria ensuring no solutions exist in
classes I, II, and III, implying that all solutions to Equation (1) are oscillatory.

Theorem 1. Assume that 1,5 (uy) < co. Then, Equation (1) is oscillatory under each of the
following scenarios:

(i) & > B and conditions (10), (16), (24), and (27) hold;

(ii) & < B and conditions (11), (16), (17), (25), and (28) are satisfied.

Proof. Let x denote a solution of (1) that eventually remains positive. Lemma 3 states that
one of the three cases I-III must apply to the function z. Lemmas 8 and 9 give us that cases
IT and III contain no positive solutions. Therefore, the remaining case is case I.

Ha>p:

By integrating Equation (3) from u; to co and taking into account that z is nondecreasing,

we obtain
[ee]

) (2D () > zﬁ(a(u))/ ®(s)ds (30)

i
By applying (16) and considering that #,,_»(119) < oo, the right-hand side of (30) becomes
unbounded, leading to a contradiction.
(ii) « < B : The proof proceeds analogously to the case « > B and is thus omitted. This
concludes the proof. [

Theorem 2. Assume that 1,5 (ug) < oo and that

timinf (r'/* () ()2 () () ) > 0, (31)
x+1
1152%5&(%@(@) >0, (32)

where k = max{w, B}. Then, Equation (1) is oscillatory.

Proof. From (31) and (32), it follows that there exist positive constants x; and %, such that

)yl ()P DD (1) > ki, (33)
and )
M 2(1) 4
17”_3(u)cl>(u) > KiK. (34)
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It follows from (33) that
" k(n—2) /u K1
s)P(s)ds > ——————ds
GG N TR
= w1 " () =1y " (u)]. (35)

In view of the fact that #o(u) is decreasing and lim,_,« #9(#) = 0, there exists 11 > u
such that

o " (u) =19 " (1) = v " (1),
forall 6; € (0,1). Therefore, (35) simplifies to

/uu UK(”_z) (5)®(s)ds > x16117, " (u). (36)

1
Equation (34) implies that
u u
/ d(s)ds K2 17,1;;1»,(5) ds
u uy My 5(8)

= K[, 55 (w) — 1,55 (u1)].

v

In view of the fact that #,,_»(u) is decreasing and lim, s 17,2 (1) = 0, there exists 17 > 1
such that

Mo () = 1,55 (1) = 0217, %5 (), (37)
for all 6, € (0,1). Therefore, (37) simplifies to
u
/ & (s)ds > a0017, %, (u). (38)
up

We shall now demonstrate that all the constraints of Theorem 1 are satisfied. For
condition (10), it follows from (36) that

[y o20a) "

00 K/
> (o [T 0S)
> (161) W 1) &
0 e _ _ )
G i [ ) g )] i = p
(1101)"/* limy -y | In 2202 ifx = a
— 0Q.

Regarding condition (16), it follows from (38) that

0 o . 1/a
[T ([ @) ao
Uy Uuq
> (g /e [ 1n=3(5)
> (x202) w 77 (s)
1/«
_ { el limy oo 135/ () — a5/ (1) ife = B

(1262) "% limy 500 {In %] ifk =a

= 00,
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Let x = a > B. By applying (36), condition (24) is automatically satisfied because

lim sup (176‘(“) /‘u oP1=2) (S)<1>(S)ds> > K161 > 0.

U—00 Juy

Moreover, it follows from (38) that

lim sup (q,‘;‘z(u) /u é(s)ds) > 1360, >0,
U—r 00 u

which confirms the validity of condition (27). Therefore, invoking Theorem 1 leads to the

conclusion that Equation (1) exhibits oscillatory behavior.

Let « < B; the same argument verifies conditions (11), (17), (25), and (28). This concludes

the proof. O

Remark 2. Although Theorem 1 provides sufficient criteria ensuring the oscillation of all solutions,
it involves several conditions (four conditions in scenario (i) and five in scenario (ii)). To address
this complexity, Theorem 2 presents simplified oscillation criteria. Unlike previous results in the
literature, which involved arbitrary constants and were therefore difficult to apply in practice, the
criteria derived in this work are free of such constants and hence are directly applicable. Moreover,
to overcome the difficulty caused by the multiple constraints in Theorem 1, we propose in Theorem 2
a new and previously unreported simplified oscillation condition that preserves effectiveness while
significantly improving applicability.

3. Examples and Discussion
Example 1. Consider the following NDDE:

aN !
(4 () + poxha))™) ")+ L) = , )
where u > ug. Assume that qo > 0,6 > a, A € (0,1],¢ > 0, u € (0,1], and pg € {0, )\3—5/“}'
Observe that - N
mo(u) =/ r~1/%(s)ds :/ s9/nds — %ul—ﬁ/a,
u u

—
2

_ [ [T /ey, & 2-6/u
111(11)—/” ”O(s)ds_é—a/u s ds = (5—0()(5—2&)” ,

and

o s ® S s/a B o3 —b/a
’72(u)=/u m(s)ds:—(é—zx)(&—zfx)/u s270/%ds = (570()(572“)(57306)# o/

which ensures that 11 (ug) < oo. It can also be verified that

and

One can easily verify that

liminf(rl/”‘(u)ﬁ(’)“rl (u)oP=2) (u)@(u)) >0

u—00

1/ x+1
= liminf<(u‘5> ¢ <5 & ul‘s/“) (yu)zﬁ%(l — p0)5> > 0;

UuU—r00 —
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hence, )
a \*T o Nk ]
q()((s_a) w2 (1 —po)ﬁhﬂgf(u‘s/“(ul ‘5/"‘) uQﬁE> >0,
which is fulfilled when
) )
E+(K—|—1)<1—E>—|—2ﬂ>e. (40)
Also, p
3k+1 _ 23=6/a
QODC (1 /\ po) hm lnf u3K—K5/lX+1 l > 0
[(6 — ) (6 —2a)]* (6 — 3a)*H! u—eo u '
which is fulfilled when
3k —xdé/a+1>c¢. 41)

According to Theorem 2, the oscillation of Equation (39) is guaranteed whenever conditions (40)
and (41) hold.

Remark 3. Figure 1 shows the parameter region where the oscillation conditions are satisfied. The
shaded area represents feasible values of a and B, with the blue boundary indicating the threshold
between non-oscillatory and oscillatory behavior. The figure also illustrates that larger 6 values
require a more restricted combination of x and B to meet the oscillation criteria.

Region ot Oscillation

Figure 1. The joint feasible region of parameters («, ).

Remark 4. For the particular case n = 2, the characterization of positive solutions does not conform
to the classification presented in Lemma 3, as none of the solution classes fulfill the requirements
of class I1. Consequently, the solution set is restricted to classes I and II1. Hence, the oscillatory
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nature of the considered equation depends solely on the validity of condition (32).
Furthermore, when Equation (39) is examined with n = 2 and 6 = 2, condition (41) simplifies to

a>e+1

ifa > B, and
B<a(l—e)/(2—a)

if & < B, which coincides with the criteria obtained in [24] (Example 1).

4. Conclusions

This research investigated the asymptotic behavior of positive solutions to higher-order
nonlinear neutral functional differential equations in the noncanonical case. It culminated
in the development of a multi-condition criterion that ensures oscillation and generalizes
classical results to higher-order equations. The reason behind this is the scarcity of results
that address this aspect. Most recent studies in oscillation theory have focused on advancing
the analysis of linear and half-linear equations rather than the nonlinear case. To overcome
the complexity arising from this multi-condition structure, a new simplified oscillation
criterion was proposed. It was demonstrated to be effective through an illustrative example.
The findings confirm that the proposed criterion offers a valuable and original contribution.
It broadens the scope of oscillation theory in nonlinear differential equations. Although
the results presented in this paper represent a direct extension of previous findings in the
literature, this research area still requires further in-depth study. In particular, additional
investigation is needed to address certain parameter constraints more effectively. For
instance, in the illustrative example, it would be beneficial to explore the possibility of
establishing oscillation conditions in cases where § < a. Such future work would not
only enhance the applicability of the proposed criteria, but also contribute to a more
comprehensive understanding of oscillatory behavior in higher-order nonlinear neutral
differential equations. Extending these results to third-order equations represents another
intriguing direction for further research.
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