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Abstract

Despite its widespread use for mitigating multicollinearity in count data models, Poisson
ridge regression (PRR) remains methodologically constrained by the choice of the ridge
parameter k. Existing studies predominantly evaluate ridge parameter estimators using
only the mean squared error (MSE) criterion, largely neglecting their distributional proper-
ties and estimation stability. Such a narrow evaluation framework may yield unreliable
inference, particularly under high correlation and small sample sizes. This study makes two
original contributions to the PRR literature. First, we conduct a comprehensive comparison
of 13 commonly used ridge parameter estimators and introduce two new estimators that
exhibit superior empirical performance. Second, we extend performance evaluation beyond
MSE by incorporating outlier ratios and conformity to normality, thereby establishing a
multidimensional framework that explicitly addresses distributional robustness and es-
timator stability. Monte Carlo simulations across 180 scenarios—varying the number of
predictors, sample size, correlation level, and intercept value—show that several estimators
deemed optimal under MSE perform poorly in terms of outlier prevalence and normality.
In contrast, the proposed estimators consistently achieve a balanced performance between
error minimization and distributional stability. Two real-data applications further support
these findings.

Keywords: Monte Carlo simulations; multicollinearity; Poisson regression; ridge estimator
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1. Introduction

Poisson regression (PR) is a special case of generalized linear models and is widely
used to model the relationship between one or more explanatory variables and a dependent
variable consisting of non-negative integer counts. For instance, in mortality studies, the
effects of factors such as age, sex, and lifestyle on the number of deaths can be analyzed
using PR. Similarly, in insurance applications, the impact of vehicle characteristics—such
as color, engine size, and prior claim history—on the number of insurance claims can be
examined within the PR framework [1]. Along the same lines, Osgood [2] investigated
the relationship between juvenile crime rates over a given period and socioeconomic
factors, including residential instability, ethnic heterogeneity, family disruption, poverty,
and unemployment, using several models, including PR.

In many empirical applications involving count data, high correlations among ex-
planatory variables are common. In this context, Herawati et al. [3] examined maternal
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mortality during pregnancy under severe multicollinearity and identified several statis-
tically significant predictors. Their findings further demonstrated that PRR substantially
improves predictive performance compared with the classical PR model.

Parameter estimation in PR is typically carried out using the maximum likelihood
(ML) method. However, multicollinearity—originally defined by Frisch [4] as the presence
of strong intercorrelations among explanatory variables—poses a serious challenge for
PR models. It can inflate standard errors, undermine the reliability of p-values, widen
confidence intervals, and increase the likelihood of Type Il errors. Consequently, some coef-
ficients may appear statistically insignificant, parameter estimates may become unstable,
and overall inferential power may deteriorate [5].

To address this issue, several remedial methods have been proposed in the literature.
In the context of multiple linear regression, Hoerl and Kennard [6] introduced the biased
ridge regression estimator:

Br = (XX+ K1) " Xy (1)

where g denotes the (p + 1) x 1 parameter estimate vector, X is the n x (p + 1) design
matrix, I, 1 is the identity matrix of order (p + 1), y is the n x 1 response vector, and k > 0
is the ridge parameter. By adding k to the diagonal elements of X X, this approach shrinks
the regression coefficients toward zero, reducing their variances and mitigating the effects
of multicollinearity.

The ridge estimator in Equation (1) depends on a single biasing (ridge) parameter, k.
Numerous methods for estimating k have been proposed, including those of Kibria [7],
Muniz et al. [8], Lukman and Ayinde [9], and Goktas et al. [10]. The extension of ridge reg-
ularization to PR was first introduced by Mansson and Shukur [11], adapting several ridge
parameter estimators from the linear ridge regression (LRR) literature to the PRR model.

Among single-parameter methods, the Poisson Liu estimator extends the Liu estimator
originally proposed by Kejian [12] to the PR framework [13]. The modified jackknifed
estimator, developed by Tiirkan and Ozel [14], builds on the almost unbiased jackknifed
approach introduced by Singh et al. [15]. Rashad and Algamal [16] proposed a new ridge
estimator specifically for PR. Lukman et al. [17] adapted the K-L estimator originally
developed by Kibria and Lukman [18] to PR, while Aladeitan et al. [19] introduced a
modified version of the K-L estimator. Regarding two-parameter approaches, Yang and
Chang [20] proposed a linear estimator that was later generalized to PR in Asar and
Geng [21]. Further developments of two-parameter ridge-type estimators for PR were
presented by Alkhateeb and Algamal [22], Lukman et al. [23], and Olakunle et al. [24].

The performance of these estimators has predominantly been evaluated using
the MSE:

MSE = %Zﬁl(ﬁi —B)°

where B denotes the estimator of 8 and R is the number of Monte Carlo replications. While

(2)

accurate estimation of k is crucial for reliable PRR parameter estimates, a desirable ridge
parameter estimator should not only achieve a low MSE but also generate stable estimates
with consistent distributional properties.

From this perspective, Kibria et al. [25] adapted several ridge parameter estimators
proposed for linear and logistic regression to PRR and compared their performance not
only in terms of MSE but also regarding the mean and standard deviation of the estimates.
They emphasized that, among estimators with similar MSE, those with smaller means
and standard deviations are preferable due to greater stability. Similarly, Mermi et al. [26]
examined 366 estimators proposed for multiple LRR, incorporating two additional criteria—
outlier ratios and conformity to normality—alongside MSE. Their findings showed that
some estimators performing well under MSE may fail regarding outlier prevalence and
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normality, limiting practical applicability. Ridge parameter estimators generating excessive
outliers or deviating substantially from normality pose risks for reliable inference.

The contributions of this study are twofold. First, we propose two new ridge param-
eter estimators that outperform the 13 most effective existing methods in terms of MSE,
outlier ratios, and normality. Second, within the PRR framework, we move beyond conven-
tional MSE-based evaluation by incorporating outlier ratios and normality as additional
criteria and systematically assessing all estimators under this extended framework. To
this end, an extensive Monte Carlo simulation study is conducted across 180 scenarios,
varying the number of predictors (p), sample size (1), correlation among regressors (o), and
model intercept (Bp). Thus, these additional criteria—applied for the first time in the PRR
context—capture distributional properties more effectively than the mean and standard
deviation measures considered by Kibria et al. [25], and lead to the identification of two
new estimators that consistently outperform existing methods.

The remainder of the paper is organized as follows. Section 2 presents the PRR method-
ology, the proposed ridge parameter estimators, and the additional performance criteria.
Section 3 reports the Monte Carlo simulation study evaluating estimator performance in
terms of MSE, outlier behavior, and normality. Section 4 provides two real-data applications
supporting the simulation results. Finally, Section 5 summarizes and discusses the main
findings and outlines directions for future research.

2. Methodology

This section first presents the methodological framework of the PR and PRR models.
It then introduces the two new ridge parameter estimators proposed in this study, along
with existing estimators available in the literature. Finally, the performance evaluation
criteria employed in the Monte Carlo simulation study are described.

2.1. Poisson Regression Model

In applied studies, it is common to encounter situations where the response variable
consists of non-negative integer values. For such count data structures, PR is one of the
most widely used modeling approaches. Accordingly, the response variable y; is assumed
to follow a Poisson distribution with parameter y; > 0, whose probability mass function is
given by

e My .
fyi)=—7— ¥i=012-;i=12---,n 3)
Yi:

A fundamental property of the Poisson distribution is the equality of its mean and
variance, that is, E(y;) = Var(y;) = p;. In the PR framework, the canonical link function is
used to express the relationship between the conditional mean of the response variable and
the predictors in a linear form. Specifically, the logarithmic link function is defined as

g() = In(p;) = x;B (4)

where x; denotes the ith row of the design matrix X. The use of the logarithmic link
function ensures that the estimated mean responses remain strictly positive. Equation (4)
can equivalently be expressed using the inverse link function as follows [27]:

pi=g" (xlil3> = exp (xlil3> (5)

The parameters of the PR model are typically estimated using the ML method. The ML
estimator can be obtained via the iteratively weighted least squares (IWLS) algorithm as:

A

BumL = (X'Wx) “XWz ©6)
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where W = diag(ji;) denotes the weight matrix and 2; = log(fi;) + (y; — f1;)/fi- The
quantities W and 2 are obtained through the Fisher scoring procedure.
The covariance matrix and asymptotic MSE of the ML estimator 3y are given by

cov(Ba) = (xwx) o )

MSE(Bar) = E[ (Bw — B)' (Bar — B)] = tr[(x’wX)l] sh ;j ®)

where A; denotes the jth eigenvalue of X WX [17].

2.2. Poisson Ridge Regression

When a high degree of multicollinearity exists among the predictors, the weighted

information matrix (X/ WX) becomes ill-conditioned. In such cases, the matrix approaches
singularity and its determinant tends toward zero. Consequently, the variances of the ML
estimates become excessively large, leading to unstable parameter estimates.

To address this issue, Mansson and Shukur [11] proposed the PRR model, which
extends LRR to the PR framework. The PRR estimator is defined as

~ /N =1, . . ~
Bprr = (X WX+ kl) XWXBmr = ZBmL )

I A 71 1A
where Z = (X WX +kI) X WXis the transformation matrix.
The asymptotic MSE of the PRR estimator can be derived as

MSE (Bprr) = [(BPRR B)/(é’PRR - [3)]
—E[(Bw— B) ZZ(Bww — B)] + (28~ B) (2B - B)
(z Z Var (B ) +BZ N (z-1)p 10)
= [ (X WX+kI XWX 412 p XWX s

z]”’“ TK2B (x’Wx+k1) Y

(Aj +k)2

In Equation (10), the first term represents the variance component of the parameter
estimates, while the second term corresponds to the squared bias induced by ridge regular-
ization. As in LRR, the primary objective is to select an optimal k such that the reduction in
variance outweighs the increase in bias. With an appropriate choice of k, a smaller MSE
than that of the ML can be achieved [6].

2.3. Proposed Shrinkage Estimators

Since Hoerl and Kennard [6], numerous estimators for the ridge parameter k have
been developed, particularly in the LRR context. Many of these have been adapted to
generalized linear models, including PRR. In this study, 13 ridge parameter estimators that
are frequently used in PRR-based Monte Carlo simulation studies and reported to perform
well are considered.

In this context, the pioneering study by Mansson and Shukur [11] introduced the
PRR model and compared eight estimators originally proposed for LRR using MSE. Under
various scenarios, the estimator ki, proposed by Muniz and Kibria [28], was shown to
substantially reduce MSE. This estimator is defined as

k1 = max <1>
mj
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where mj =, [62/ ﬁ]z, &2 denotes the variance estimate obtained from the PRR model

0 =Y (yi—pi)*/(n—p—1)) and &; represents the jth element of the transformed
coefficient vector T Bmr. Here, T denotes the matrix of eigenvectors of X WX. It should
be noted that, unlike the LRR model, the PRR model does not include an explicit error
variance parameter; therefore, 92 is taken to be equal to one in the PRR framework.

Kibria et al. [29] investigated the performance of 16 different estimators for the zero-
inflated PRR model using the MSE and mean absolute error criteria, and reported that the
following three estimators exhibited the best performance under both criteria:

1
p r
ky = max <1>, ks = H<l> , kg = med<1>
qj =0\ 4j qj

)\max

T = )0+ Al

where

The same estimators were later adapted directly to the PRR model and re-evaluated by
Kibria et al. [25]. Their findings suggest that k1 should be preferred when multicollinearity
among the explanatory variables is strong, whereas k3 and k4 are more suitable under weak
multicollinearity in terms of MSE, mean, and standard deviation criteria.

Kagiranlar and Dawoud [30] compared the performance of three ridge parameter
estimators for PRR and negative binomial ridge regression models using predictive MSE.
Their results indicate that the estimator ks, originally proposed by Hoerl et al. [31] and
defined as
_po?

BB

exhibits the most efficient performance in a large proportion of simulation scenarios.

ks

Algamal and Alanaz [32] examined the MSE performance of 20 ridge parameter
estimators proposed or adapted for the PRR model and recommended the use of the
following two estimators:

ke = max (m;)
ky = max(q;)

Lukman et al. [17] proposed two new ridge parameter estimators and compared their
MSE performance under different estimation methods. The estimators

. A
kg = max (O, min <1+2;\]a]2) )
kg = max(O,min( A; 2))
1207

were found to perform efficiently.

Oghenekevwe et al. [33] conducted a comprehensive MSE-based comparison by adapt-
ing 50 ridge parameter estimators to the PRR model. Among these, the estimators kg
and ki1, originally proposed for the LRR model by Lukman and Ayinde [9] and Muniz
and Kibria [28], were identified as performing effectively under many scenarios and are
therefore included in the present study:

_ A
k1o = med < EEERY > ,
1

_ ([ Aj ’
ky1 = <Hj_1 (n—p){i-/\]af)
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Mermi et al. [26] evaluated the performance of 366 ridge parameter estimators pro-
posed in the LRR literature using not only MSE but also outlier ratios and normality criteria.
In that study, the estimators ki, and k3, originally proposed by Alkhamisi et al. [34] and
Lukman et al. [35], were identified as the most effective across all three criteria:

52
k12 = max| %

Pj
2
k — 1 P Anax 0"
13 pzjzl (n_p)ﬁ'z"")‘jﬁ%nax

In addition, and unlike existing approaches, two new ridge parameter estimators
are proposed by combining robust dispersion measures of the transformed regression
coefficients with eigenvalue-based information, the number of predictors, and sample size
adjustments. The motivation is to incorporate structural factors that influence the behavior
and stability of ridge-type estimators. In particular, the eigenvalue structure of X WX plays
a central role in determining the severity of multicollinearity, and several estimators rely
on eigenvalue-based measures to regulate the magnitude of the ridge parameter [7,11].

At the same time, data-dependent characteristics of the regression coefficients may
provide additional information for determining an appropriate level of shrinkage. There-
fore, robust dispersion measures of the transformed regression coefficients are incorporated
to introduce data-adaptive scaling that reflects coefficient variability while limiting the
influence of extreme values. This approach aligns with the philosophy of data-driven ridge
parameter estimation [9].

Accordingly, the proposed estimators jointly incorporate eigenvalue information,
robust dispersion measures, model dimensionality, and sample-size adjustments to regulate
the magnitude and stability of the ridge parameter under severe multicollinearity. In
addition, logarithmic and exponential transformations are used to moderate the influence
of large eigenvalues or dispersion, contributing to more stable shrinkage behavior across
different settings.

These estimators, denoted by k14 and k5, are defined as

— \/mlog(/\mean)ﬁ

(1+&MAD)<1+ log(n))
- exp(1+\ﬁclm,-,,)log(/\fmx)p
v log(n)

k14

where «,,,; denotes the median absolute deviation (MAD) of the transformed regression
coefficients, defined as median ( ’&]- — median (& ]-) ).

2.4. Additional Skewness Criteria Beyond MSE

Outliers constitute a critical factor that can substantially undermine the reliability and
statistical power of empirical analyses and therefore should not be overlooked. In particular,
ridge parameter estimators that occasionally generate extremely small or large values of
the ridge parameter k across simulation replications may produce unstable shrinkage
effects. Extremely small values of k result in estimates close to the ML estimator under
multicollinearity, while excessively large values may cause over-shrinkage of the regression
coefficients. Both situations can lead to coefficient estimates that deviate substantially
from their true values, thereby inflating the MSE. This behavior reflects the well-known
bias-variance trade-off underlying ridge regression, where the magnitude of the ridge
parameter directly controls the amount of shrinkage applied to the coefficient estimates [6,
36]. Moreover, the presence of a large number of outlying estimates is often associated with
skewed and unstable sampling distributions.
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It is important to note that the outlier ratio and normality criteria are computed based
on the estimated ridge parameter values produced by each estimator across simulation
replications, rather than on the regression coefficient estimates.

In this study, the skewness properties of ridge parameter estimators in the PRR
framework are examined using the following inequality interval:

Med —3 xcx MAD < x; < Med+3xcx MAD,i=1,2,---,n (11

where MAD = Med(|x; — Med(x;)|), x denotes the n x 1 vector of observations generated
by a given ridge parameter estimator, and Med(.) represents the median operator. The con-
stant c is a correction factor that takes the value 1.4826 under the assumption of normality,
ensuring consistency of the MAD as a scale estimator [37]. Observations falling outside
this interval are classified as outliers, and the corresponding ratio is used as an indicator of
distributional skewness and instability.

In addition, to further assess whether the values produced by ridge parameter estima-
tors exhibit skewed behavior, a normality conformity criterion is incorporated as a second
skewness-related performance measure in the PRR model. Following Kim [38] and West
et al. [39], an estimator is considered approximately normal when the absolute skewness is
less than 2 and the absolute kurtosis is less than 7. Kim [38] notes that in large samples,
normality tests based on z-statistics tend to reject normality even for minor deviations.
Therefore, for sample sizes greater than 300, it is more appropriate to rely on skewness
and kurtosis magnitudes rather than formal tests. Since this study evaluates distributions
based on R = 5000 replications, these thresholds provide a practical guideline for detecting
substantial deviations from normality.

Similarly, the threshold value of 0.05 adopted for the outlier ratio serves as a practical
benchmark to identify ridge parameter estimators that frequently produce extreme values
across simulation replications. Estimators generating outlier proportions above this level
may indicate unstable behavior in the distribution of ridge parameter estimates. Accord-
ingly, the outlier ratio and normality criteria together provide complementary indicators for
assessing the distributional stability of ridge parameter estimators in the PRR framework.

By jointly evaluating MSE, outlier ratios, and normality conformity, the proposed
framework provides a more comprehensive assessment of ridge parameter estimators,
capturing not only estimation accuracy but also the distributional stability of the estimators,
which is often overlooked in existing PRR studies.

3. Monte Carlo Simulation

In this section, since an analytical comparison among the estimators is not feasible,
performance is evaluated via a Monte Carlo simulation study. First, the data generation
process under different parameter configurations is described in detail. Subsequently,
the performance of 15 ridge parameter estimators—including the two newly proposed
estimators—is compared in terms of MSE, outliers, and normality.

To facilitate interpretation of the simulation results, the relative efficiency (RE) of each
estimator with respect to the ML estimator is computed as

RE(By,) = E(( L)> r=1,2,---,15. (12)

Values greater than one indicate an improvement over the ML estimator.
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3.1. Experimental Design

The response variable y; is generated from a Poisson distribution with mean parameter
i, denoted by Po(y;), using pseudo-random numbers. The mean structure is specified as

ui =exp(Bo+ Prxii+ -+ /Bpxpi),i =12 ,n. (13)

The regression coefficients are specified to satisfy the constraints Z]P:l ﬁjz =1 and
B1 = B2 = -+ = By, following Mansson and Shukur [11]. To generate explanatory
variables with different levels of pairwise correlation p, the following data generation
process is employed [40]:

xij =/ (1—=p2)zij+pzipp1, i=12--,n j=1,2,...,p. (14)

Here, p denotes the correlation between any two explanatory variables, and z;;
represents mutually independent pseudo-random variables drawn from the standard
normal distribution.

The simulation study considers four correlation levels (p = 0.85, 0.90, 0.95, 0.99),
three values for the number of explanatory variables (p = 2, 4, 8), and five sample sizes
(n =30, 60, 120, 250, 500). Since decreasing the intercept By reduces the average level
of p;, three intercept values (Byp = —1, 0, 1) are examined. Consequently, the simulation
covers a total of 180 distinct scenarios.

For each scenario, the Poisson ML estimator in Equation (6), and the PRR estimators in
Equation (9), corresponding to 15 different ridge parameter estimators, are computed. The
simulation is conducted with R = 5000 replications per scenario. All parameter settings
are summarized in Table 1.

Table 1. Monte Carlo simulation parameter values.

Simulation Parameters Value(s)
p 2,4,8
n 30, 60, 120, 250, 500
[y 0.85, 0.90, 0.95, 0.99
Bo -1, 0, +1
R 5000

3.2. Evaluation in Terms of RE, Outliers, and Normality

In this section, the performance of the PRR model is comparatively evaluated for the
ML estimator and 15 ridge parameter estimators. In addition to the widely used RE criterion
defined in Equation (12), this study—for the first time in the PRR literature—conducts
a multidimensional performance assessment by jointly considering outlier behavior and
conformity to normality.

To evaluate the estimators with respect to outliers, the R = 5000 estimates obtained
for each scenario are examined using the inequality in Equation (11), and observations
classified as outliers are identified. The proportion of outliers is then computed. An upper
threshold of 0.05 is adopted as the acceptable outlier ratio. It should be emphasized that
the simulated datasets themselves do not contain outliers; rather, the outlier analysis is
applied to the distribution of ridge parameter estimates across Monte Carlo replications to
assess estimator stability.

Normality is assessed using the skewness and kurtosis criteria proposed by West
et al. [39] and Kim [38]. Specifically, for each estimator and scenario, the distribution of the
R = 5000 generated values is considered approximately normal if the absolute skewness is
less than 2 and the absolute kurtosis is less than 7.
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Tables 2—4 report the RE values, outlier ratios (OR), and normality results for all
combinations of n and p under By = —1, p = 2 (Table 2), By = 0, p = 2 (Table 3), and
By = 1, p = 2 (Table 4). Scenarios satisfying the normality criterion are highlighted in
blue, while those that do not are shown in orange. For each scenario, the estimator with
the maximum RE is indicated in bold. Results for the remaining scenarios are provided in
Appendix A.

From Table 2, for By = —1 and p = 2, the estimator k14 achieves the maximum RE in
16 out of 20 cases. Under large sample sizes and severe multicollinearity (e.g., n = 250,
p =099 and n = 500, p = 0.95, 0.99), k15 becomes the most efficient estimator in terms of
RE, with k4 ranking second. Although k; yields the maximum RE for n = 30 and p = 0.99,
k14 outperforms all alternatives when all three criteria are jointly considered, as it satisfies
both the outlier and normality conditions. Notably, k14 produces outlier ratios below 0.05
and approximately normal distributions across all scenarios in Table 2.

Across all 60 scenarios for By = —1, k14 achieves the maximum RE in 55 cases and
satisfies the normality criterion in 59 cases, failing only when p = 8, n = 30 and p = 0.99.
Moreover, its outlier ratio remains below 0.05 in all scenarios. These findings indicate that
k14 is the most effective estimator under By = —1 when all criteria are jointly considered.

For By = 0 and p = 2 (Table 3), k15 achieves the maximum RE in all scenarios except
n =30, p = 0.99, where k14 dominates across all three criteria. Importantly, k15 satisfies
both the outlier and normality conditions in all scenarios reported in Table 3.

Across all 60 scenarios for By = 0, k15 yields the maximum RE in 44 cases. In most
remaining scenarios—typically involving larger p, moderate-to-large n, and high p—ki3
attains higher RE values but fails to satisfy at least one distributional criterion. Therefore,
when all three criteria are considered jointly, k5 is preferred due to its superior stability.
Except for a few extreme cases (e.g., p = 4, 8, n = 30, p = 0.99), k15 consistently satisfies
both distributional criteria.

Finally, for By = 1 and p = 2 (Table 4), k5 outperforms all competing estimators in
terms of RE across all combinations of # and p. It maintains an outlier ratio below 0.05 in
all scenarios and satisfies the normality criterion in all but the most extreme case (1 = 30,
p = 0.99).

Across the 60 scenarios for By = 1, k15 achieves the maximum RE in 56 cases. Moreover,
it yields outlier ratios below the acceptable threshold of 0.05 in all scenarios and produces
estimates consistent with normality in all but the most extreme case (1 = 30, p = 0.99). In
the remaining scenarios, joint consideration of RE, outlier ratio, and normality still favors
k15 as the most robust estimator. Overall, these results clearly indicate that, for By = 1, k15
is the most effective estimator when all three criteria are jointly considered.

The findings derived from the tables are visually summarized in Figure 1. For each
value of By, the proportions of achieving the maximum RE across 60 scenarios are presented
in Figure 1a, the overall average outlier ratios are shown in Figure 1b, and the normality
ratios are reported in Figure 1c.
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Table 2. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = —1 and p = 2.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
RE 1854 2155 1526 1508 1637 1747 2072 1190 1360 1195 1265 2047 2117 2521 1201
30 0.85 OR 0014 0042 0049 0071 0035 0172 0078 0051 0017 0015 0026 0126 0077  0.005 0024
RE 2070 2726 1806 1804 1893 2374 2684 1253 1497 1275 1319 2404 2810  3.539  1.684
30 0.50 OR 0018 0044 0056 0079 0034 0162 0088 0041 0014 0014 002 0130 0080  0.006  0.025
RE 3590 4647 2633 2614 245 3770 4239 1381 1827 1480 1447 3565 4824 6578  2.8%
30 0.95 OR 0028 0055 0054 0078 0032 0159 0085 0035 0008 0011 002 0138 0084 0006  0.030
RE 32017 40367 22882 18773 3822 15519 10612 1596 3995 2995 1994 21244 25380  39.742  12.958
30 0.99 OR 0066 0124 0101 0132 0062 0168 0086 0031 0004 0016 0027 0130 0074 0008  0.101
RE 1254 1321 1129 1117 1298 1128 1452 1091 1142 1069 1116 1508 1501  1.628  0.785
60 0.85 OR 0.008 0024 0025 003 0017 0171 0068 0035 0014 0012 0032 0104 0069  0.009 0019
RE 1330 1424 1177 1170 1457 1435 1781 1132 1199 1092 1142 1774 1835 2075 1024
60 0.50 OR 0.008 0024 0028 0034 002 0173 0066 0027 0010 0013 0025 0109 0067 0008 0017
RE 1781 2016 1453 1456 1925 2231 2804 1243 1397 1196 1218 2436 3037 39029 1967
60 0.95 OR 0014 0031 0039 0053 0018 0163 0057 0028 0009 0010 0024 0135 0058  0.008 0033
RE 9997 15270 6597 5952 3357 8371 8048 1547 2557 2001 1523 9551 15601 26202  9.288
60 0.99 OR 0047 0082 0073 0112 0015 0166 0064 0010 0001 0010 0022 0151 0055  0.006  0.059
RE 1093 1109 1042 1037 1137 0965 1219 1043 1062 1028 1053 1193 1239 1270 0653
120 0.85 OR 0002 0011 0011 0018 0012 0166 005 0024 0010 0018 0032 0057 0058 0010  0.009
RE 1128 1146 1062 1058 1237 1172 1410 1069 1093 1039 1067 1370 1441 1574  0.888
120 0.50 OR 0005 0013 0018 0024 0009 0166 0054 0020 0006 0015 0021 0082 0058  0.008 0013
RE 1263 1308 1136 1130 1510 1588 1945 1136 1186 1079 1103 1875 2036 2525 1614
120 0.95 OR 0.005 0015 0025 0033 0010 0167/ 0049 0019 0007 0010 0017 0112 0056 0007  0.038
RE 3729 5035 2595 2513 2858 4922 5963 1430 1877 1474 1280 4988 8992  16.567  8.664
120 0.99 OR 0029 0056 0065 0069 0005 0159 0032 0011 0003 0010 0012 0164 0047 0006  0.040
RE 1038 1042 1017 1015 1062 0974 1105  1.020  1.028 1012 1024 1070 1118 1125  0.666
250 0.85 OR 0.001 0004 0005 0010 0009 0127 0046 0022 0008 0024 0034 0033 0039 0009 0003
RE 1050 1054 1023 1022 1109 1068 1201 1033 1041 1017 1030 1127 1226 1283 0882
250 0.50 OR 0002 0008 0011 002 0008 0122 0039 0016 0007 0017 0017 0052 0041 0006 0016
RE 1100 1108 1046 1045 1257 1356 1528 1068 1085 1034 1049 1358 1523 1782 1.565
250 0.95 OR 0002 0009 0017 0025 0006 0148 0037 0012 0005 0009 0015 0080 0041 0010 0028
RE 1857 2114 1464 1439 2243 3138 3814 1285 1453 1211 1144 3192 4644 9171 9.505
250 0.99 OR 0014 0023 0050 0031 0002 0148 0023 0005 0001 0012 0008 0163 0039 0005  0.067
RE 1018 1019 1008 1007 1030 0987 1052 1010 1013 1006 1012 1030 1062  1.062 0749
500 0.85 OR 0.003 0004 0003 0008 0006 009 0039 0018 0012 0033 0024 0025 0035 0010 0003
RE 1023 1024 1010 1009 1054 1077 1102 1015 1020 1008 1015 1049 1115 1147 _ 0930
500 0.50 OR 0.004 0005 0009 0015 0008 0076 0040 0015 0007 0012 0018 0030 0036 0009 0014
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Table 2. Cont.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
RE 1046 1048 1020 1019 1129 1226 1275 1033 104l 1016 1024 1132 1262 1409  1.462
500 0.95 OR 0.004 0007 0015 0024 0007 0107 0027 0010 0004 0015 0014 0063 0030 0009  0.020
RE 1333 1393 1156 1147 1736 2567 2712 1166 1231 1098 1077 2487 2659 4764 8449
500 0.99 OR 0005 0012 003 0041 0008 0150 0020 0004 0001 0012 0010 0135 0030 0004  0.074
Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
Table 3. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = 0 and p = 2.
n p kq k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k14 k15
RE 1246 1285 1179 1207 1327 1222 1558 1111 1161 1212 1140 1645 2127 2133 2.489
30 0.85 OR 0057 0066 0032 0075 0034 0161 0115 0054 0054 0238 0133 0118 0108 0006  0.028
RE 1428 1505 1340 1382 1484 1479 1774 1164 1252 1274 1170 1894 2983 3008  3.96
30 0.50 OR 0.064 0068 0034 0073 0038 0159 0110 0055 0055 0228 0128 0120 0108 0008  0.036
RE 1965 2178 1825 1911 1852 2051 2286 1280 1478 1453 1231 2488 5859 5926 7.961
30 0.95 OR 0.083 0084 0037 0087 0024 0170 0131 0068 0076 0225 0123 0137 0105 0009  0.032
RE 14820 229076 14214 16841 2755 8016  7.129 1446 2567 2689 1474 3728 44540 66951  37.016
30 0.99 OR 0241 0248 0041 0131 0000 0236 0242 0000 0000 0201 008 0110 0108  0.008  0.004
RE 1081 1086 1041 1055 1135 1012 1348 1041 1058 1122 1069 1182 1520 1441  1.985
60 0.85 OR 0.046 0044 0016 0042 0025 0161 0086 0046 0046 0248 0172 0074 0091 0009  0.017
RE 1125 1135 1069 1088 1204 1127 1505 1063  1.089 1147 1083 1326 1917 1716  2.836
60 0.50 OR 0.054 0053 0021 0042 0029 0158 0082 0051 0051 0254 018 0084 0088 0009  0.020
RE 1289 1320 1199 1229 1408 1438 1781 1134 1194 1213 1109 1867 3341 2801 6991
60 0.95 OR 0070 0062 0033 0061 0046 0156 0089 0063 0065 0239 0159 0111 0090 0008  0.038
RE 3863 4933 3637 3938 2349 3313 3313 1405 1862 1791 1222 2742 22564 22082  67.940
60 0.99 OR 0161 0154 0035 0115 0000 0189 0166 0068 0105 0214 0113 0101 0083 0007  0.002
RE 1030 1032 1012 1019 1054 098 1173 1015 1022 1080 1035 1053 1226 1176 1427
120 0.85 OR 0039 0038 0011 0028 002 0151 0072 0039 0040 0238 0211 0053 0074 0013  0.010
RE 1049 1052 1021 1031 108 1022 1295 1025 1035 1089 1041 1100 1404 1295  1.837
120 0.50 OR 0.049 0043 0018 0032 0023 0164 0068 0048 0050 0246 0220 0059 0076 0011  0.015
RE 1111 1119 1056 1074 1187 1195 1565 1055 1078 1125 1056 1284 2061 1721 3.607
120 0.95 OR 0060 0052 0033 0051 0046 0162 0064 0055 0056 0231 0202 0076 0073 0013  0.028
RE 1843 2008 1699 1765 1809 2016 2215 1268 1438 1382 1110 2595 10562 8083  48.156
120 0.99 OR 0.092 0081 004 0103 0038 0164 0078 0097 0106 0238 0167 0148 0060 0008  0.024
RE 1012 1013 1004 1007 1022 0932 1078 1006 1009 1045 1016 1019 1097 1074 1177
250 0.85 OR 0038 0034 0006 0014 0008 0121 0051 0039 0038 0227 0221 0037 0058 0013  0.007
RE 1020 1021 1007 1012 1037 1015 1154 1010 1014 1057 1021 1033 1188 1127  1.349
250 0.90 OR 0.043 0037 0008 0018 0018 0147 0053 0043 0044 0232 0230 004 0060 0015  0.007
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Table 3. Cont.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
RE 1044 1046 1017 1026 1081 1069 1363 1022 1031 1075 1028  1.083 1470 1292  1.894
250 0.95 OR 0051 0037 0018 0027 0035 0169 0049 0050 0049 0229 0227 0046 0058 0013  0.015
RE 1297 1320 1194 1225 1434 1558 1880  1.138 1200 1199 1054 2064 4932 3511  15.822
250 0.99 OR 0066 0051 0050 0086 0077 0161 0043 0074 0075 0223 0198 0109 0056 0011  0.048
RE 1006 1006 1002 1003 1011 1026 1033 1003 1004 1023 1008 1009 1048 1038  1.092
500 0.85 OR 0030 0025 0004 0011 0008 0081 0044 0031 0031 0235 023 0030 0057 0016  0.005
RE 1009 1010  1.003 1005 1018 099 1076 1005 1007 1032 1011 1015 1095 1063 1162
500 0.50 OR 0037 0026 0005 0008 0007 0107 0038 0037 003 0222 0222 0035 0049 0015  0.006
RE 1020 1021 1006 1011 1037 1004 1207 1010 1014 1048 1014  1.033 1231 1137 1374
500 0.95 OR 0.046 0032 0018 0018 0024 0161 0033 0045 0045 0216 0215 0037 0057 0016  0.010
RE 1131 1138 1064 1085 1225 1359 1725 1064  1.092 1118 1029 1350 2665 2041 5512
500 0.99 OR 0.055 0044 0048 0066 0073 0155 0018 0065 0066 0213 0211 0076 0043 0014  0.035
Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
Table 4. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = 1 and p = 2.
n p kq ko ks k4 ks ke k7 ks ko k1o k11 k12 ki3 kia kis
RE 1132 1142 1048 1.047 1291 1348 1694 1072 1.097 1116 1129 1450 1694  1.832  1.759
30 0.85 OR 0007 0016 0013 0002 0010 0167/ 0095 0013 0005 0029 0070 0101 0082 0007 0012
RE 1225 1250 1085 1083 1450 1653 2196 1107 _ 1151 1183 1186 1786 2197 2390  2.468
30 0.50 OR 0016 0032 0018 0005 0016 0169 0104 0009 0002 002 0065 0118 0082 0009  0.007
RE 1571 1687 1207 1207 1858 2793 4036 1184 1299 1356 1314 2563 3820 4382  4.945
30 0.95 OR 0.024 0048 0025 0015 0014 0168 0106 0003 0000 0012 0053 0138 0082 0007  0.003
RE 7765 11170 3574 3477 3403 10491 12743 1465 2309 2314 1753 9419 23653 31159  26.028
30 0.99 OR 0035 0079 0114 0103 0000 0171 0085 0004 0000 0002 0041 0147 0081 0006  0.041
RE 1040 1039 1013 1015 1112 1042 1284 1029 1036 1043 1052 1128 1281 1326  1.396
60 0.85 OR 0.003 0009 0003 0000 0006 0160 0066 0008 0003 0011 0094 0071 0062 0010 0011
RE 1068 1068  1.022 1023 1186 1236 1566 1045 1058 1069 1077 1243 1552 1569  1.892
60 0.50 OR 0011 0021 0004 0000 0009 0169 0079 0007 0003 0010 0065 0077 0068 0010  0.005
RE 1179 1195 1055 1050 1406 1776 2471 1088 1124 1155 1141 1691 2498 2471  3.855
60 0.95 OR 0021 0040 0010 0001 0016 0168 0084 0002 0002 0008 0056 0111 0060 0008  0.003
RE 2825 3556 15564 1531 2658 7181 12253 1296 1602 1733 1424 4450 13752 15545  25.580
60 0.99 OR 0020 0053 0043 0037 0000 0178 0072 0001 0000 0002 0030 0172 0057 0009  0.011
RE 1015 1014 1005 1007 1046 0836 1136 1012 1015 1018 1023 1038 1124 1139  1.168
120 0.85 OR 0.001 0006 0000 0000 0002 0170 0054 0006 0001 0002 0114 0044 0057 0010 0016
RE 1025 1023 1008 1010 1077 1046 1293 1020 1024 1029  1.033 1068 1263 1242 1431
120 0.90 OR 0010 0023 0001 0001 0004 0179 0065 0003 0003 0001 0119 0047 0057 0012  0.005
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Table 4. Cont.

n P k1 ka ks ky ks ke ky ks ko k1o k11 k12 k13 kg k1s
120 0.95 gﬁ
120 0.99 g]Ii
250 0.85 glli
250 0.90 glli
250 0.95 g];:{
250 0.99 gf{
500 0.85 g];:{
500 0.90 g];:{
500 0.95 g];:{
500 0.99 g];:{

Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
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Figure 1. First-place ratios in terms of RE (a), overall average outlier ratios (b), and normality ratios
(c) of the ML and ridge parameter estimators for By = —1, 0, 1.

An examination of Figure 1a clearly indicates that the most RE-efficient estimators
are k4 for By = —1, and ky5 for both By = 0 and By = 1. As illustrated in Figure 1b, the
outlier ratios of these estimators remain below the acceptable threshold of 0.05 across all
corresponding scenarios. Moreover, Figure 1c demonstrates that the normality conformity
ratios of k14 and kj5 are very close to unity, indicating strong performance with respect to
the normality criterion.
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In contrast, although Figure 1a shows that k3 attains the highest RE in some scenarios
for By = 0 and By = 1, a joint evaluation of the outlier and normality criteria reveals
that this estimator exhibits outlier ratios well above 0.05 for all values of By and produces
estimates that are almost never consistent with normality. Therefore, despite its occasional
RE superiority, the estimator proposed by Lukman et al. [35] is not recommended for use
within the PRR framework.

The remaining estimators can be summarized as follows. The ML estimator yields
the lowest RE values in the vast majority of the 180 simulation scenarios and consistently
underperforms relative to the PRR-based estimators. The estimators k», ks, and k7 achieve
the maximum RE only once across all scenarios; however, even in those cases, they fail to
satisfy at least one of the outlier or normality criteria. Furthermore, the estimators ky, k3, k4,
ke, ks, ko, k10, k11, and kq» do not attain RE optimality in any scenario.

With respect to the outlier criterion, the estimators ky, ko, k3, k4, ks, kg, ko, and ki
exhibit outlier ratios below 0.05 in the majority of scenarios. Conversely, k¢, k7, k11, k12, and
k13 demonstrate relatively poor performance, frequently producing outlier ratios exceeding
the 0.05 threshold. Among these, k¢ can be regarded as the least successful estimator under
this criterion, as it often yields outlier ratios above 0.10.

Regarding the normality criterion, ks, kg, and kg satisfy the normality condition in most
scenarios, whereas kg, ky, k17, and k13 produce approximately normal estimates only in a
very limited number of cases. The estimators ki, ky, k3, k4, k19, and ki1 can be considered to
exhibit moderate performance in terms of normality.

In addition, the overall trends in RE values were examined with respect to changes in
By, p, n, and p. As the correlation level p increases, the RE of the k1—k1, estimators decreases
regardless of the values of By, 1, and p. In contrast, the RE of k14 for By = —1, and that of
k15 and ki3 for By = 0 and By = 1, increases as p increases. These estimators were already
identified as MSE-efficient for the corresponding values of By. Thus, although the general
tendency is toward decreasing RE under stronger multicollinearity, efficient estimators
such as kq4 and ky5 exhibit greater robustness to high correlation levels.

In terms of the intercept parameter, a substantial increase in RE is observed for all
estimators when moving from By = —1to By = 0 and By = 1. However, when transitioning
from By = 0 to By = 1, the RE values of k1, k, k3, kg, k13, k14, and kq5 decrease, in contrast
to the remaining estimators. As the number of regressors p increases, the RE values of the
k1—ks and kg—kq3 estimators decrease, whereas an increasing trend is observed for k7. For
the remaining estimators, RE decreases when moving from p = 2 to p = 4, followed by
an increase when moving from p = 4 to p = 8. Finally, as the sample size n increases, a
general improvement in MSE performance is observed for the ML estimator and all ridge
parameter estimators, regardless of the values of By, p, and p.

In conclusion, when RE, outlier, and normality criteria are jointly considered, k14 for
By = —1 and kj5 for By = 0 and By = 1 are identified as the most effective estimators
within the PRR framework.

4. Empirical Applications

In this section, the performance of the proposed estimators is evaluated using two
real-life datasets. The first application considers a dataset with a relatively small number of
predictors, while the second application examines a more complex setting with a larger
number of predictors and a stronger multicollinearity structure.

4.1. Application 1: Recreation Demand Dataset

In this section, the performance of the Poisson ML estimator and the ridge parameter
estimators is empirically compared using the low-dimensional Recreation Demand dataset.
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The analysis is based on a dataset presented in Cameron and Trivedi [41], which has also
been used by Mansson and Kibria [42] and Abonazel and Dawoud [43].

The dataset originates from a survey conducted in 1980 to measure the demand for
recreational boating trips to Somerville Lake in the East Texas region. The response variable
y; represents the number of recreational boating trips undertaken by individuals. The
explanatory variables are defined as the cost of visiting Lake Conroe (X;), the cost of
visiting Lake Somerville (X3), and the cost of visiting Lake Houston (X3).

The original dataset consists of 201 observations. However, observations with absolute
standardized residuals greater than 2 were identified as outliers and excluded. Conse-
quently, all analyses were conducted using a reduced sample of 143 observations. This
step was taken to limit the influence of extreme observations on coefficient estimation. The
primary objective of the empirical application is to compare the behavior of ridge parameter
estimators under multicollinearity rather than to assess robustness to observation-level
outliers. Prior to estimation, the predictors were standardized to avoid potential scale
effects on the eigenvalues involved in the ridge-type estimators.

The Pearson correlation coefficients among the explanatory variables are computed as

0X,X, = 0.975, 0X,X3 = 0.984, 0X,,X3 = 0.946.

These high pairwise correlations clearly indicate the presence of severe multicollinear-
ity in the dataset. Accordingly, the maximum correlation value of 0.9842, observed between
X1 and X3, is taken as the representative correlation level in the subsequent analyses.

To formally assess multicollinearity, the eigenvalues A; of the matrix X WX and the
corresponding condition index C; = v/Ayax /Ay, are computed. The estimated eigenvalues
are A = 1101.485, Ay = 452.677, A3 = 24.262, and A4 = 3.867, yielding a condition index
value of C; = 284.842. Since this value exceeds the commonly accepted threshold of 30, it
confirms the presence of strong multicollinearity among the predictors.

Table 5 reports the performance rankings of the ML and ridge parameter estimators
based on the MSE criterion, along with the estimated ridge parameters k, and the corre-
sponding model parameter estimates. Since the true regression coefficients are unknown in
the real data application, the asymptotic MSE values are computed using Equation (10).
Moreover, to facilitate a direct comparison between simulation and empirical results, the
table also includes the MSE-based rankings obtained from a Monte Carlo simulation with
p=3,n=143,p =0.984, and By = 1, based on R = 5000 replications.

According to Table 5, the most efficient estimators in the empirical application, in
terms of MSE, are ks, k14, k7, k13, and kg, respectively. In contrast, the poorest-performing
estimators are the ML estimator, ky4, k3,k11, and kg. In the simulation results, the leading
estimators are kis, k13, k7, k14, and kg, whereas the least efficient estimators are the ML
estimator,ks, k4,k11, and kyg.

In practice, since By is unknown, practitioners may prefer k4 for datasets characterized
by relatively low counts and k5 for moderate to high counts, thereby aligning the choice of
estimator with the scale of the response variable.

Overall, these findings indicate strong agreement between the performance rank-
ings obtained from the simulation study and those observed in the empirical application.
Therefore, it can be concluded that the Monte Carlo simulation results are well supported
by the real data analysis and that the empirical findings are largely consistent with the
simulation-based evidence.
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Table 5. MSE-based performance rankings of ridge parameter estimators in simulation and empirical
application: Recreation demand dataset.

Simulation Results Application Results
p=3,n=143,p =0.984 p=3,n=143,p =0.984

ke MSE ke MSE ky Bo B1 B> Bs
k15 0.017 kis 0.024 39.546 1.071 —0.085 0.042 —0.104
ki3 0.023 k14 0.051 10.439 1.147 —0.148 0.139 —0.131
k7 0.037 k7 0.088 5.251 1.160 —0.199 0.185 —0.125
kia 0.042 ki3 0.105 4.062 1.163 —0.219 0.200 —-0.119
ke 0.074 ke 0.107 3.945 1.163 —0.221 0.201 —0.118
k1o 0.087 k1o 0.117 3.422 1.164 —0.232 0.209 —0.115
ks 0.113 ks 0.141 2.493 1.166 —0.257 0.225 —0.106
kq 0.155 k 0.182 1.456 1.169 —0.294 0.247 —0.090
ky 0.155 kq 0.199 1.153 1.170 —0.307 0.255 —0.084
ko 0.160 ko 0.237 0.613 1.171 —0.336 0.270 —0.071
kg 0.166 k1o 0.257 0.392 1.171 —0.350 0.278 —0.064
k1o 0.167 kg 0.259 0.376 1.171 —0.351 0.278 —0.063
k11 0.172 k11 0.261 0.352 1.171 —0.352 0.279 —0.063
ks 0.177 k3 0.262 0.347 1.171 —0.353 0.279 —0.063
ks 0.178 ky 0.274 0.232 1.172 —0.361 0.283 —0.059
ML 0.188 ML 0.303 - 1.172 —0.378 0.292 —0.050

4.2. Application 2: Fertil2 Dataset

In this section, unlike Application 1, the performance of the proposed estimators under
multicollinearity is further examined using a second real dataset with a larger number of
regressors. The analysis is conducted using the Fertil2 dataset available in the Wooldridge R
package (version 4.5.3), which is originally derived from Botswana’s 1988 Demographic
and Health Survey [44].

The dataset consists of 4361 observations and 27 variables, including fertility outcomes
(e.g., number of children) as well as various socioeconomic and demographic characteristics.
In line with the objective of the study, the number of children (y;) is taken as the dependent
variable, while the explanatory variables included in the PRR model are age (X}), years of
education (Xj), age at first birth (X3), year of first marriage (X4), age at first marriage (Xs),
ideal number of children (Xg), husband’s years of education (X7), urban x education (X3),
and age squared (Xo).

After removing observations with missing values, the sample size decreased to 1766.
From this subset, a random sample of 250 observations was selected without replacement.
To mitigate the influence of extreme observations, data points with absolute standardized
residuals greater than 2 were identified based on an initial regression model and subse-
quently excluded. As a result, the final analysis was conducted on 233 observations using
standardized predictors.

The Pearson correlation coefficients among the explanatory variables are reported in
Table 6.
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Table 6. Pearson correlation coefficients among predictors.
X X X3 Xy X5 X X7 Xs

X, —0.155 *

X3 0.325 ** 0.215 **

Xy —0.736 ** 0.163 * —0.023

X5 0.315 ** 0.012 0.400 ** 0.407 **

Xe 0.222 ** —0.264 ** —0.073 —0.156 * 0.084

X7 —0.140 * 0.647 ** 0.090 0.131* —0.009 —0.243 **

Xg —0.135* 0.724 ** 0.198 ** 0.144 * 0.012 —0.275 ** 0.580 **

X9 0.993 ** —0.148 * 0.335 ** —0.729 ** 0.316 ** 0.219 ** —0.136 * —0.122
* Significant at the 0.01-0.05 level. ** Significant at the 0.01 level.

According to Table 6, the presence of statistically significant correlations at varying
levels indicates the existence of multicollinearity in the dataset. For subsequent analy-
ses, the highest observed correlation, namely 0.993 between X; and Xy, is taken as the
representative correlation level.

To further assess multicollinearity, the eigenvalues of the matrix X WX were computed
as

A1 = 3204.869, A, = 1914.989, A3 = 1549.213, A4, = 817.315, A5 = 745.764,
Ae = 517.868, Ay = 7.178, Ag = 1.632, A9 = 220.717, and A9 = 320.805.

The corresponding condition index is calculated as C; = 1963.768, which is substan-
tially higher than commonly accepted threshold values, thereby providing strong evidence
of severe multicollinearity.

Table 7 presents the performance rankings of the estimators based on the asymptotic
MSE values for the real dataset, along with the estimated regression coefficients. In addition,
to ensure comparability with the empirical setting, Monte Carlo simulation results based
on R = 5000 replications are also reported for the parameter configuration p =9, n = 233,
p = 0.993,and By = 1.

Table 7. MSE-based performance rankings of ridge parameter estimators in simulation and empirical
application: Fertil2 dataset.
Simulation Application

p=9,n=233p=0993

p=9,n=233p=0993

kr  MSE  k,  MSE Ky Bo By B> Bs By Bs Bs B, Bs By
kis 0.013  kis 0.036  82.085 1.117 0.201 —0.016 —0.138 —0.137 0.079 0.066 —0.022 —0.073 0.044
ky 0.016 kg 0.045 51.615 1.166 0.233 —0.010 —0.142 —0.155 0.095 0.063 —0.021 —0.072 —0.009
k13 0.021 kg4 0.077  28.950 1.202 0.292 —0.006 —0.145 —0.189 0.122 0.061 —0.021 —0.070 —0.101
k14 0.034  kip 0.118 17.783 1.219 0.361 —0.005 —0.145 —0.226 0.150 0.060 —0.022 —0.067 —0.203
ke 0.056 k7 0.138 14.294 1.224 0.397 —0.004 —0.145 —0.244 0.163 0.060 —0.022 —0.066 —0.254
ki 0101  kq3 0225 4.601 1.237 0.622 —0.005 —0.145 —0.324 0.221 0.058 —0.024 —0.060 —0.545
ks 0.120 ks 0.273  2.528 1.238 0.750 —0.005 —0.144 —0.339 0.232 0.057 —0.025 —0.058 —0.681
ko 0214  ky 0.306  1.883 1.238 0.811 —0.006 —0.144 —0.337 0.231 0.057 —0.025 —0.057 —0.738
kg 0215  kqg 0.319 1.715 1.238 0.829 —0.006 —0.144 —0.335 0.230 0.057 —0.025 —0.056 —0.754
k1 0220 Kk 0.353  1.347 1.238 0.875 —0.006 —0.144 —0.329 0.225 0.057 —0.025 —0.056 —0.792
ko 0226 ki1 0.431 0.830 1.237 0.956 —0.007 —0.144 —0.311 0.213 0.057 —0.026 —0.055 —0.853
k11 0231 ko 0.510 0.515 1.237 1.021 —0.007 —0.144 —0.290 0.198 0.056 —0.026 —0.054 —0.896
k1o 0236 kg 0.605  0.265 1.236 1.084 —0.007 —0.144 —0.266 0.181 0.056 —0.026 —0.054 —0.934
ky 0247 k3 0.622  0.228 1.236 1.094 —0.007 —0.144 —0.262 0.178 0.056 —0.026 —0.053 —0.940
k3 0249  ky 0.630 0.213 1.236 1.099 —0.007 —0.144 —0.260 0.177 0.056 —0.026 —0.053 —0.943
ML 0252 ML 0.766 - 1.236 1.168 —0.008 —0.144 —0.228 0.155 0.056 —0.026 —0.053 —0.980
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According to Table 7, the best-performing estimators in the empirical application,
in terms of asymptotic MSE, are kis, k¢, k14, k12, and k7, respectively. In contrast, the
poorest-performing estimators are the ML estimator, k4, k3, kg, and k.

The simulation results indicate that the most efficient estimators are kis, k7, k13, k14,
and kg, whereas the least efficient ones are the ML estimator, k3, kg, k19, and k1.

Overall, these findings show a substantial agreement between the empirical and simu-
lation results, even in the presence of a larger number of predictors. The relatively greater
variation in ranking compared to Application 1 may be attributed to the more complex
correlation structure in the real dataset, where both positive and negative relationships
exist at varying magnitudes.

In conclusion, the results demonstrate that the proposed estimators maintain strong
and consistent performance not only in low-dimensional settings but also in models with a
larger number of predictors and more complex correlation structures.

5. Results and Discussion

Ridge regression is a widely used and powerful approach that enables more reliable
and stable estimation of model parameters in the presence of multicollinearity. The accurate
estimation of the ridge parameter k, which lies at the core of this method, is of critical
importance not only for the LRR model but also for the PRR model designed for count data.
However, in the existing literature, the performance of ridge parameter estimators for both
LRR and PRR models has predominantly been evaluated solely based on the MSE criterion.

In contrast, the distributional properties of the estimates produced by ridge parameter
estimators—particularly their tendency to generate outliers and the degree of skewness in
their distributions—are equally important for obtaining accurate and reliable coefficient
estimates. An estimator that appears successful in terms of MSE may still undermine the
reliability of statistical inference if it exhibits high outlier ratios or substantial deviations
from normality.

The contribution of this study is twofold. First, by considering 13 ridge parameter
estimators widely used in the literature for LRR and PRR models, two new estimators
(k14 and k15) are proposed, both of which demonstrate superior performance compared to
existing estimators as well as the classical ML estimator. Second, within the PRR framework,
estimator performance is systematically evaluated—for the first time—mnot only in terms of
MSE but also with respect to two additional distribution-based criteria: outlier ratios and
conformity to normality.

To this end, an extensive Monte Carlo simulation study is conducted across 180 distinct
scenarios defined by different combinations of key model parameters, including the number
of explanatory variables, sample size, correlation level, and intercept term. The results
clearly show that the performance of ridge parameter estimators varies substantially not
only in terms of MSE but also with respect to their distributional characteristics.

The simulation findings indicate that, for By = —1, the proposed estimator ky4 yields
higher RE values than all competing estimators in nearly all scenarios, while simultaneously
maintaining low outlier ratios and largely satisfying the normality criterion. This suggests
that ky4 is particularly effective in count data settings characterized by low mean levels,
offering advantages in both accuracy and stability. In contrast, for By = 0 and By = 1,
the estimator ki5 emerges as the most efficient estimator in terms of RE and also exhibits
consistently strong performance with respect to the outlier and normality criteria.

Although certain estimators in the literature (e.g., k13) perform well in terms of RE
under specific scenarios, they exhibit high outlier ratios and fail to satisfy the normal-
ity criterion in many cases. This finding clearly demonstrates that evaluations based
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solely on MSE may not adequately reflect the reliability of ridge parameter estimators in
practical applications.

The simulation findings are further supported by the empirical analyses on two real
datasets. In both applications, k14 and k15 are consistently ranked among the top estimators
in terms of MSE, while the overall ranking patterns closely align with the simulation
results. Notably, the second application—with more predictors and a more complex
multicollinearity structure—confirms that the proposed estimators remain effective and
stable under moderately high-dimensional settings. Overall, these results demonstrate that
the proposed estimators are effective not only in simulation settings but also in real-world
applications, highlighting their practical reliability.

In conclusion, this study demonstrates that the MSE criterion alone is insufficient
for evaluating ridge parameter estimators within the PRR framework. Distribution-based
criteria, such as outlier behavior and normality, should also be taken into account. Based
on the results, ky4 for Bo = —1 and kis5 for By = 0 and By = 1 are identified as the most
effective and reliable estimators when all criteria are considered jointly.

In the simulation literature, multicollinear predictors are typically generated using
formulations that impose a uniform correlation structure, where all variables are strongly
correlated at a predetermined level. However, in real-world datasets, the strength of
correlations among regressors usually varies across low, moderate, and high levels. This
heterogeneity makes it difficult to represent the overall dependence structure using a
single correlation level. Moreover, such variability is likely to influence the performance
of ridge parameter estimators. Therefore, an important direction for future research is the
development of data generation processes that more realistically reflect the correlation
patterns observed in real data.
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Appendix A
Table Al. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = —1 and p = 4.
n P k1 ks k3 kg ks ke k7 kg ko k1o ki k12 ki3 k1a k15
RE 1011 2080 1344 1355 2201 2876 3100 1254 1442 1281 1326 2835 3137 4026  2.337
30 0.85 OR 0027 0059 0064 0054 0008 0173 0109 0018 0003 0028 0030 0156 0114  0.009 0018
RE 2454 2804 1589 1607 2518 3884 4247 1208 1588 1353 1385 3502 4586 6202  3.595
30 0.90 OR 0029 0064 0067 0063 0010 0167 0106 0021 0004 0021 0035 0151 0123 0007 0017
RE 4170 5166 2206 2272 3141 7668 8961 1382 1931 1402 1463 6252 9414 13394  7.061
30 0.95 OR 0.043 0086 0083 009 0011 0172 0110 0025 0004 0025 0034 0149 0120 0005 0025
RE 34582 55160 12942 13338 4287  33.187 30386 1529 3765 1526 1693 32130 60299 95164  35.149
30 0.99 OR 004 0109 0115 0118 0066 0163 0125 0042 0007 0057 0045 0152 0126  0.013  0.079
RE 1200 1213 1053 1055 1508 1442 1545 1112 1149 1092 1121 1719 1563 2011 1152
60 0.85 OR 0.009 0028 0023 0019 0005 0170 009 0015 0003 002 0035 0135 0100 0012 0014
RE 1293 1315 1075 1079 1723 1942 2132 1147 1203 1108 1138 2050 2121 2773 1.658
60 0.90 OR 0013 0034 0028 0021 0004 0169 009 0012 0002 0020 0032 0140 0103 0009 0015
RE 1614 1688 1178 1192 2225 3315 4038 1230 1354 1140 1179 2974 4029 5334 3238
60 0.95 OR 0019 0048 0044 0037 0003 0169 0091 0014 0003 0023 0036 0140 0099 0011 0019
RE 6731 9168 2937 3144 3794 14897 20538 1458 2271 1190 1323 12157 26950 41287  18.001
60 0.99 OR 0033 0078 0083 0085 0010 0164 0097 0021 0002 0047 0030 0165 0104  0.007  0.045
RE 1057 1054 1012 1013 1201 0928 1021 1046  1.055 1034 1047 1248 1062 1355  0.784
120 0.85 OR 0.004 0013 0009 0004 0005 0165 0076 0011 0003 0022 0031 0078 008 0015 0015
RE 1081 1075 1017 1019 1311 1203 1345 1066 1077 1041 1055 1420 1383 1727  1.128
120 0.90 OR 0002 0012 0009 0005 0003 0163 0076 0008 0003 0020 0031 0104 008 0015 0017
RE 1174 1168 1040 1044 1622 1957 2492 1122 1151 1054 1074 1927 2502 2978  2.231
120 0.95 OR 0009 002 0018 0008 0005 0162 0075 0013 0003 0022 0041 0130 009 0013 0014
RE 2432 2714 1443 1507 2999 7450 13241 1352 1634 1073 1151 5403 16580 19.538 13464
120 0.99 OR 0.028 0058 0060 0054 0001 0168 0071 0013 0002 0041 0039 0168 0087 0011 0028
RE 1021 1018 1004 1005 1083 0767 0874 1019 1022 1014 1020 1073 0932 1145 0736
250 0.85 OR 0000 0007 0003 0000 0004 0169 0055 0007 0002 0021 0026 0043 0072 0013 0018
RE 1020 1025 1005 1006 1130 0883 1051  1.028 1031 1017 1023 1123 109 1314 0966
250 0.90 OR 0001 0008 0002 0000 0004 0160 0052 0006 0001 0018 0032 0063 0072 0013 0019
RE 1057 1048 1011 1013 1279 1346 1782 1057  1.063 1022 1031 1345 1846  1.897 1819
250 0.95 OR 0002 0012 0004 0001 0003 0168 0056 0006 0001 0019 0045 0091 0075 0016 0017
RE 1424 1432 1104 1121 2235 4139 8391 1227 1309 1029 1069 3079 10979  8.666  11.404
250 0.99 OR 0015 0028 0034 0021 0001 0166 0062 0008 0001 0034 0032 0149 0074 0017  0.027
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Table A1l. Cont.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
RE 1009 1008 1002 1002 1036 0625 085 1009 1010  1.006 1009 1027 0923  1.061 0797
500 0.85 OR 0000 0003 0000 0000 0004 0166 0040 0004 0000 0016 0027 0032 0058 0018 0022
RE 1012 1010 1002 1002 1057 0745 0969 1012 1013 1008 1011 1042 1030 1144 0963
500 0.50 OR 0000 0003 0001 0000 0005 0155 0046 0003 0000 0018 0030 0039 0062 0013 0022
RE 1023 1018 1004 1005 1129 1108 1425  1.028 1028 1010 1014 1110 1476 1422  1.504
500 0.95 OR 0000 0003 0001 0000 0005 0170 0043 0002 0000 0024 0047 0063 0063 0016  0.018
RE 1158 1142 1034 1039 1680 2637 5425 1130 1153 1013 1032 2029  7.194 4399  8.182
500 0.99 OR 0005 0017 0013 0005 0011 0173 0039 0008 0001 0034 0031 0136 0063 0015  0.018
Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
Table A2. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = —1 and p = 8.
n p k1 k> k3 kg ks ke k7 kg ko k1o k1 k1o ki3 k14 k15
RE 2975 3349 1560 1663 3381 8043 8531 1422 1824 1732 1756 6142 8416 11608 8350
30 0.85 OR 0.049 0094 0092 0091 0002 0168 0135 0020 0002 0035 0035 0158 0157  0.008 0013
RE 4191 4867 2009 2155 4113 11070 11770 1471 2133 1923 1951 10090 12.802  18.759 13326
30 0.50 OR 0057 0101 0102 0101 0002 016l 0159 0022 0003 0038 0038 0155 0161  0.009 0013
RE 8731 11249 3415 3832 4660 22693 26436 1552 2779 2145 2133 16194 30459 48245  31.549
30 0.95 OR 0062 0112 0116 0117 0017 0166 0158 0039 0005 0040 0034 0165 0169 0011 0022
RE 64566 121.041 18440 22225 5371 99857 119141 1604 4999 2315 2387 73725 165988 342.905 164.436
30 0.99 OR 0055 0125 0121 0120 0092 0159 0187 0067 0016 0060 0048 0160 0174 0021  0.047
RE 1191 1172 1026 1031 1917 2169 1756 1162 1187 1175 1199 2247 1718 2832 1915
60 0.85 OR 0018 0035 0029 0024 0000 0174 0127 0013 0001 003 0028 0151 0136 0011 0011
RE 1297 1280 1042 1052 2254 3089 2501 1206 1255 1211 1239 2891 2447 4166  2.900
60 0.50 OR 0.024 0045 0033 002 0001 0169 0134 0012 0002 0029 0027 0152 0145 0010 0013
RE 1631 1641 1107 1132 3018 5733 5201 1307 1437 1275 1303 4751 4722 8649 6105
60 0.95 OR 0.026 0055 0049 0045 0000 0166 0133 0009 0001 002 0034 0159 0145  0.009 0011
RE 5450 6823 2110 2336 4676 25777 33558 1478 2269 1388 1466 17326 26785 65134 38703
60 0.99 OR 0.044 0093 0085 0085 0015 0165 0142 0035 0008 0054 0041 0155 0146  0.009  0.020
RE 1038 1.028 1004 1005 1302 1082 _ 0686 1055 1053 1058 1069 1306 _ 0675 1490 0927
120 0.85 OR 0011 0030 0006 0006 0002 0166 0114 0009 0002 0027 0027 0105 0127 0014 0012
RE 1054 1041 1005 1007 1427 1435 0929 1074 1073 1067 1079 1468 0863 1927 1311
120 0.50 OR 0009 002 0011 0005 0009 0167/ 0116 0007 0001 0028 0030 0117 0124 0012 0011
RE 1115 1093 1012 1015 1798 2437 1853 1132 1138 1092 1108 2026 1601 3429  2.739
120 0.95 OR 0012 0032 0014 0006 0008 0160 0118 0010 0001 0026 0030 0139 0121 0013 0014
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Table A2. Cont.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
0 099 RE 1807 1834 1130 1167 3352 9368 11255 1345 1516 1138 1188 6399 8342  19.679 17913
: OR 0033 0062 0053 0043 0000 0163 0106 0007 0001 004 0035 0161 0130 0011 0013
RE 1010 1.007  1.001 1001 1090 0729 0364 1017 1015 1021 1024 1066 0370 1115 _ 0704
250 0.85 OR 0009 0024 0003 0002 0003 0168 0091 0005 0001 0022 0027 0057 0115 0019 0015
RE 1013 1009 1001 1001 1137 0921 0466 1024 1022 1024 1029 1105 0425 1297 0925
250 0.50 OR 0.008 0024 0002 0002 0007 0172 0089 0005 0001 0020 002 0070 0112 0020 0014
RE 1028 1.020 1003 1003 1284 1391 0886 1047 1043 1034 1040 1251 0731 1890 1723
250 0.95 OR 0.008 0023 0004 0003 0010 0171 0091 0005 0001 0025 0028 009 0110 0020 0014
RE 1184 1153 1019 1026 2159 4185 4983 1186 1203 1052 1072 2691 3488 7022  10.052
250 0.99 OR 0014 0036 0017 0011 0014 0166 009 0008 0002 003 0030 0151 0117 0014  0.015
RE 1003 1.002  1.000 1000  1.032 0615 0277 1006 1006 1009 1010 1018 0299 1024 0730
500 0.85 OR 0011 0028 0001 0000 0004 0166 0075 0004 0001 0018 0026 0039 009 0018 0017
RE 1004 1003 1000 1000 1050 0710 0327 1009 1008 1010 1012 1028 0307 1107 0877
500 0.50 OR 0.004 0020 0002 0001 0007 0165 0070 0002 0001 002 0026 0048 0108  0.022  0.022
RE 1000 1006 1001 1001 1104 1047 0548 1017 1015 1014 1017 1067 0443 1355 1331
500 0.95 OR 0.006 0021 0003 0001 0007 0156 0076 0005 0001 0024 0028 0066 0110 0026  0.021
RE 1056  1.040 1005  1.007 1551 2413 3201  1.089 1084 1023 1032 1548 2159 3445 5558
500 0.99 OR 0009 0024 0004 0002 0028 0172 0090 0004 0001 0030 0038 0129 0106 0020  0.017
Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
Table A3. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = 0 and p = 4.
n p k1 k> k3 kg ks ke k7 kg ko k1o kn k12 k13 k1a kis
RE 1355 1381 1105 1125 1781 2507 4005 1162 1233 1232 1240 2304 4394 3873 5031
30 0.85 OR 0014 0025 0029 0019 0018 0173 0133 0013 0002 0044 0051 0142 0134 0008  0.014
RE 1560 1637 1176 1212 2047 3413 6122 1209 1327 1261 1280 2879 7528 5882  9.160
30 0.50 OR 002 0041 0036 002 0007 0172 0139 0013 0002 0044 0056 0154 0138 0008  0.015
RE 2354 2632 1465 1567 2593 5877 11789 1301 1570 1309 1340 4184 21391 13573  26.221
30 0.95 OR 0.046 0077 0060 0051 0000 0167 0138 0008 0002 0046 0055 0143 0134 0005  0.019
RE 14264 22399 5767 7221 3658 20151 25893 1469 2778 1379 1467 10081 280.952 157.894 190.044
30 0.99 OR 0.048 0105 0108 0099 0008 0166 0152 0026 0002 0066 0068 0154 0150 0009  0.057
RE 1081 1078 1017 1020 1275 1467 2150 1057 1070 1078 1088 1390 2257 1915  2.599
60 0.85 OR 0001 0005 0007 0000 002 0175 0106 0008 0001 0039 0063 0098 0115 0013  0.014
RE 1128 1125 1028 1033 1404 1841 3029 1082 1105 1093 1107 1619 3563 2519 4233
60 0.50 OR 0.003 0007 0008 0002 002 0163 0112 0013 0002 0030 0052 0116 0114 0011  0.015
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Table A3. Cont.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
RE 1288 1299 1068  1.085 1738 2860 57390 1146 1203 1113 1141 2294 8748 4554  10.893
60 0.95 OR 0012 0020 0016 0007 0026 0165 0109 0011 0003 0033 0058 0143 0122 0012  0.013
RE 3441 4160 1847 2100 2905 8723 18612 1353 1780 1149 1220 5481 127009 36351  175.075
60 0.99 OR 0050 0088 0071 0066 0000 0170 0129 0006 0001 0052 0059 0151 0112 0010  0.033
RE 1024 1022 1004 1005 1097 1073 1363 1020  1.023 1030 1037 1085 1411 1321  1.536
120 0.85 OR 0000 0000 0000 0000 0024 0177 0084 0008 0001 0035 0056 005 0103 0014  0.018
RE 1038 1035 1007 1009 1152 1291 1792 1031  1.037 1037 1044 1163 1961 1541 2123
120 0.50 OR 0000 0001 0002 0000 0035 0166 0088 0009 0001 0030 0054 0070 0098 0015  0.019
RE 1087 1081 1017 1021 1311 1766 3127 1063 1077 1047 1061 1447 4378 2290  4.400
120 0.95 OR 0001 0003 0003 0000 0048 0164 0091 0008 0001 0024 0056 0104 0102 0015  0.015
RE 1632 1699 1176 1236 2170 4446 11399 1231 1361 1060 1102 3288 52906 10995  47.350
120 0.99 OR 0023 0040 0033 0028 0002 0174 0101 0014 0004 0042 0056 0144 0109 0013  0.020
RE 1009 1008 1001 1002 1036 0894 1090 1007  1.009 1012 1016 1025 1119 1125  1.202
250 0.85 OR 0.000 0000 0001 0000 0017 0163 0053 0007 0001 0035 0049 0037 0091 0019  0.028
RE 1013 1011 1002 1003 1056 1064 1273 1011 1013 1015 1019 1042 1317 1203  1.396
250 0.50 OR 0.000 0000 0000 0000 0024 0171 0071 0005 0000 0030 0055 0045 0092 0020  0.024
RE 1020 1025 1005 1007 1124 1314 1945  1.026 1030 1019  1.028 1113  2.364 1488 2175
250 0.95 OR 0.000 0001 0000 0000 0045 0164 0070 0004 0000 0032 0055 0060 0084 0014 0023
RE 1193 1186 1042 1055 159 2541 6180 1120 1156 1025 1047 2014 20967 4385  12.984
250 0.99 OR 0002 0006 0008 0002 0034 0163 0074 0012 0003 0040 0048 0125 0091 0013 0018
RE 1003 1003 1000 1001 1014 0774 0971  1.003 1003 1005 1007 1009 1015 1051  1.074
500 0.85 OR 0.000 0000 0000 0000 0011 0155 0040 0004 0000 0030 0049 0025 0075 0022  0.030
RE 1005 1.005  1.001 1001 1024 0919 1061 1005 1006 1007 _ 1009 1015 1098 108  1.165
500 0.50 OR 0.000 0000 0000 0000 0019 0159 0043 0004 0000 0025 0043 0033 0073 0022  0.030
RE 1011 1009 1002 1003 1051 1146 1395 1011 1012 1008 1013  1.035  1.554 1201 1449
500 0.95 OR 0.000 0000 0000 0000 0033 0158 0049 0003 0001 0026 004 0042 0076 0016  0.029
RE 1074 1065 1014 1018 1292 1824 3773 1060 1071 1011 1023 1375 9230 2410 _ 5.100
500 0.99 OR 0.000 0000 0001 0000 0047 0166 0056 0006 0001 0028 0039 0098 0072 0017 0022

Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
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Table A4. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = 0 and p = 8.
n P kq ks ks ky ks ke k7 ks ko k1o k11 k2 ks ks kis
RE 1850 1887 1.188 1234 3183 7318 14279 1335 1522 1599 1620 5421 14852 12137 15975
30 0.85 OR 0044 0072 0061 0052 0000 0168 0146 0007 0000 0.041 0044 0156 0170 0008  0.013
RE 2374 2508 1324 1401 3693 10775 26699 1393 1703 1692 1719  7.691 30382 21147 32471
30 090 OR 0043 0079 0070 0066 0000 0168 0155 0007 0000 0041 0037 0168 0169 0009  0.012
RE 4193 4816 1861 2055 4485 19826 64176 1468 2131 1825 1852 12787 105481 54641 107.030
30 0.95 OR 0057 0103 0100 0095 0000 0166 0167 0018 0001 0051 0046 0162 0177 0007  0.012
RE 27428 47008 8263 10177 5513 67825 164871 1558 3927  2.026  2.067 36587 1902.055 597.966 1352.926
30 0.99 OR 0053 0116 0107 0114 0064 0160 0195 0061 0016 0067 0062 0168 0183 0010  0.046
RE  1.095 1078 1010 1013 1630 2400 4155 1105 1111 1156 1172 1851 4190 3243  4.583
60 08  OrR 0008 0021 0010 0006 0031 0163 0133 0005 0001 0029 0032 0138 0155 0012  0.015
RE 1151 1128 1017 1023 1882 3348 7349 1146 1162 1186 1205 2273 7870 4655 7.933
60 090 OrR 0013 0026 0015 0012 0028 0165 0130 0006 0001 0033 0034 0145 0163 0012  0.010
RE 1381 1364 1058 1076 2499 5762 19845 1234 1304 1248 1275 3841 26342 9851  22.802
60 095 OrR 0026 0048 0030 0025 0008 0161 0141 0007 0002 0034 0037 0159 0159 0012  0.014
RE 3507 4013 1595 1764 4157 19544 107794 1440 1951 1334 1385 11964 541.444 72312 324929
60 099 OR 0047 009 0078 0077 0000 0161 0153 0020 0004 0051 0046 0163 0170 0010  0.021
RE  1.020 1014 1002 1002 1183 1362 1651 1031 1.029 1051 1058 1164 1638 1608  1.882
12008 or 0005 0019 0002 0001 0035 0171 0120 0005 0001 0028 0029 0084 0134 0014  0.012
RE  1.030 1022 1003 1004 1269 1685 2674 1045 1043 1063 1071 1261 2731 1969 2718
120 0.90 OR 0005 0020 0002 0001 0045 0169 0127 0004 0000 0029 0031 0100 0143 0016 0014
b0 0os RE 1068 1053 1007 1010 1519 2448 6740 1087 1088 1087 1099 1589 8476 3245  6.048
: OR 0008 0023 0006 0003 0047 0159 0132 0008 0001 0030 0029 0120 0139 0013  0.012
RE 1483 1477 1070 1098 2704 7262 45991 1267 1360 1126 1157 4439 168.398 15347 53916
12009 or 0034 0054 003 0028 0003 0160 0134 0006 0001 0038 0033 0159 0136 0013 0018
RE 1005 1004 1000 1001 1055 1036 0838 1009 1009 1019 1022 1032 0824 1186  1.203
250 085 or 0004 0022 0001 0000 0021 0163 009 0003 0000 0025 0034 0055 0126 0017  0.017
RE  1.007 1005 1001 1001 1077 1163 1196 1013 1012 1022 1025 1047 1.148 1280 1.423
250090 or 0005 0019 0002 0000 0033 0171 0103 0003 0000 0.026 0034 0056 0127 0018  0.018
RE 1015 1011 1001  1.002 1157 1468 2610 1026 1024 1031 1035 1123 2973 1650 2285
25009 or 0004 0021 0001 0000 0056 0166 0112 0002 0000 0024 0035 0079 0131 0019 0018
RE 1101 1080 1010 1014 1716 3313 16990 1119 1124 1047 1061 1854 52717 4737 11367
250 099 OR 0007 0022 0007 0004 0038 0169 0124 0004 0000 0031 0039 0137 0128 0020 0018
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Table A4. Cont.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
RE 1002 1001 1.000 1000 1019 0862 0571 1003 1003 1007 1008 1009 0597  1.063  1.047
500 0.85 OR 0.004 0025 0003 0000 0011 0174 0083 0003 0000 0030 0030 0040 0102 0022 0017
RE 1002 1002 1000 1000 1026 0970 0733 1004 1004 1009 1010 1013 0683 1100 1131
500 0.50 OR 0008 0029 0001 0000 0023 0171 0095 0002 0000 0023 0035 0051 0111 0025  0.017
RE 1005 1.003 1000 1001 1055 1198 1414 1009 1008 1013 1015 1031 1368 1240  1.445
500 0.95 OR 0003 0021 0001 0000 0047 0167 0105 0003 0000 0023 0035 0062 0125 0023  0.016
RE 1031 1021 1003 1004 1302 1957 6973 1051 1047 1020  1.027 1264  19.948 2417 4209
500 0.99 OR 0004 0015 0002 0001 0057 0164 0119 0002 0000 0031 0041 0105 0120 0025 0018
Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
Table A5. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = 1 and p = 4.
n p k1 k> k3 kg ks ke k7 kg ko k1o k1 k1> ki3 k14 k15
RE 1255 1259 1071 1076 1735 2315 3507 1148 1195 1203 1232 2224 3515 3490  4.062
30 0.85 OR 0015 0027 0030 0015 0021 0166 0110 0010 0002 0029 0035 0145 0117 0009  0.016
RE 1394 1411 1107 1119 1994 3150 5153 1194 1272 1245 1283 2786 5213 4904 6379
30 0.50 OR 0019 0040 0032 0021 0015 0163 0113 0011 0003 0029 0040 0148 0115 0007  0.011
RE 1972 2092 1304 1345 2612 5766 10960 1294 1501 1357 1407 4368 12593 10899  15.648
30 0.95 OR 0030 0057 0047 0043 0000 0164 0119 0013 0002 0034 0039 0158 0124 0007  0.013
n 099 RE 9739 13833 3805 4057 4002 21701 38030 1477 2570 1495 1670 17890 95889 92633  101.886
: OR 0044 0097 0104 0105 0001 0175 0135 0020 0003 0057 0042 0152 0126 0006  0.041
RE 1052 1.046 1009 1010 1247 135 1775 1049 105 1062 1076 1307 _ 1765 1768  2.083
60 0.85 OR 0.001 0006 0004 0002 0015 0176 0095 0008 0001 0027 004 0095 0101 0012  0.009
RE 1086 1076 1017 1018 1377 1728 2485 1074 1085 1082 1097 1550 2566 2294  3.157
60 0.50 OR 0002 0007 0007 0002 0023 0164 0091 0008 0002 002 0039 0115 0098 0013  0.015
RE 1205 1196 1042 1051 1723 2659 4869 1138 1173 1123 1152 2200 5338 4061 6977
60 0.95 OR 0.007 0018 0012 0011 0021 0176 0090 0007 0001 0030 0039 0137 0098 0014 0015
RE 2738 3119 1469 1547 3153 9876 24117 1349 1682 1181 1307 6702 40995 28468  57.957
60 0.99 OR 0030 0063 0069 0056 0000 0166 0092 0011 0002 0049 0037 0157 009 0009  0.022
RE 1016 1013 1003 1003 1088 1029 1186 1017 1019 1023 1029 1072 1209 1277  1.369
120 0.85 OR 0.000 0001 0001 0000 0008 0168 0076 0005 0001 0028 0038 0060 0091 0011  0.019
RE 1026 1022 1004 1005 1142 1216 1535 1028 1030 1032 1039 1138 1583 1480  1.819
120 0.50 OR 0.000 0002 0002 0000 0017 0169 0066 0005 0000 0019 004 0071 0078 0013  0.021
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Table A5. Cont.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
RE 1061 1.052 1010 1012 1305 1707 2743 1059  1.066 1047 1061 1388 2936  2.159  3.489
120 0.95 OR 0001 0003 0003 0001 0026 0166 0066 0003 0000 0030 0041 0098 0088 0014  0.018
RE 1477 1503 1093 1108 2289 5096 13881 1217 1312 1071 1142 3224 22187 10338  28.340
120 0.99 OR 0018 0042 0029 0020 0002 0165 0070 0007 0001 0042 0028 0152 0084 0012  0.022
RE 1006 1005  1.001 1001 1032 0877 0966 1006 1007 1009 1012 1020 1024 1103  1.118
250 0.85 OR 0000 0000 0000 0000 0006 0167 0047 0003 0001 0025 004 0038 0067 0016  0.021
RE 1009 1007 1001 1002 1052 0972 1142 1010 1011 1013 1016 1035 1186 1181  1.301
250 0.50 OR 0000 0001 0000 0000 0007 0164 0043 0002 0000 0016 0047 0039 0069 0016  0.017
RE 1021 1016 1003 1004 1123 1294 1762 1025 1026 1019 1024 1102 1919 1461  2.005
250 0.95 OR 0000 0003 0001 0000 0021 0170 0047 0003 0000 0031 0047 0068 0068 0017  0.019
RE 1157 1143 1027 1034 1665 2793 7119 1119 1143 1028 1062 2011 12523 4475  11.693
250 0.99 OR 0010 0021 0009 0006 0027 0171 0055 0006 0001 0039 0033 0131 0077 0016 0013
RE 1002 1002 1000  1.000 1014 0862 0940 1003 1003 1004 1005 1008 1004 1046  1.050
500 0.85 OR 0.000 0000 0000 0000 0004 0166 0035 0001 0000 0023 004 0025 0052 0014  0.021
RE 1004 1003 1001 1001 1022 0854 1007 1005 1005 1006 1007 1013 1058 1077 1119
500 0.50 OR 0.000 0009 0000 0000 0006 0165 0035 0002 0000 0013 0039 0025 0062 0018  0.025
RE 1009 1007 1001 1002 1054 1109 1366 1011  LO01l 1008 1011 1034 1451 1205 1433
500 0.95 OR 0.000 0003 0000 0000 0015 0171 0033 0004 0000 0023 004 0048 0065 0020 0025
RE 1050 1049 1010 1012 1321 185 4078 1062 1067 1013 1028 1392  7.040 2496  5.148
500 0.99 OR 0.001 0006 0002 0001 0047 0169 0034 0002 0000 0032 0032 009 0062 0017 0023
Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
Table A6. RE values, outlier ratios, and normality classification of ridge parameter estimators for By = 1 and p = 8.
n p kq k> ks k4 ks ke k7 ks ko k1o k11 ki ki3 k14 kis
RE 1764 1781 1175 1203 3134 7035 12933 1333 1502 1632 1650 5399 12992 1159  14.721
30 0.85 OR 0038 0065 0057 0051 0000 0168 0150 0008 0003 0035 0030 0162 0156 0006  0.010
RE 2165 2244 1271 1328 3644 10414 21975 1397 1662 1737 1751 7537 22282 18500  26.061
30 0.50 OR 0052 0083 0075 0064 0000 0177 0147 0008 0000 0029 0034 0155 0170 0008  0.009
RE 3768 4216 1739 1876 4430 18629 46199 1474 2072 1931 1952 12823  59.896 45808  72.090
30 0.95 OR 0055 0104 0102 0098 0000 0159 0160 0014 0001 0043 0041 0163 0166 0010  0.016
RE 22347 35486 6735 7884 5839 69314 181957 1592  3.837 2243 2337 49427 470025 386391 545.405
30 0.99 OR 0054 0116 0109 0123 0059 0166 0191 0056 0015 0055 0050 0158 0171 0010  0.032
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Table A6. Cont.
n Iy ky k> k3 kg ks ke k7 kg ko k1o k11 k12 ki3 k1a k15
RE 1076 1059 1008 1010 1598 2348 3315  1.098  1.098  1.140 1158 1791 3210 3014  3.951
60 0.85 OR 0011 0027 0011 0007 0024 0163 0124 0007 0001 0030 0028 0141 0132 0011  0.011
RE 1123 1101 1013 1017 1837 3210 5380 1134 1143 1178 1199 2200 5166 4303  6.464
60 0.50 OR 0013 0030 0016 0010 0026 016l 0127 0007 0001 0030 0031 0146 0148 0011  0.013
RE 1285 1258 1038 1048 2415 5214 11767 1221 1265 1250 1271 3485 11447 8301  15.024
60 0.95 OR 0021 004 0029 0023 0012 0164 0137 0007 0002 0029 0033 0154 0161 0012  0.014
RE 3026 3328 1426 1548 4245 20164 72515 1434 1867 1375 1450 12454 80309 58560  130.398
60 0.99 OR 0045 008 0075 0075 0000 0168 0146 0018 0002 0054 0042 0167 0149 0008  0.015
RE 1016 1011 1001 1002 1171 1282 1297  1.028  1.025 1045 1052 1147 1261 1556  1.730
120 0.85 OR 0004 0018 0002 0002 002 0171 0110 0003 0000 0024 0031 0079 0118 0015  0.013
RE 1023 1016 1002 1003 1250 1594 1857 1041  1.038 1055 1064 1220 1749 1874  2.387
120 0.50 OR 0007 0022 0002 0003 0028 0165 0107 0005 0000 0024 0031 0093 0128 0017  0.013
RE 1055 1038 1005 1006 1491 2286 3918 1081 1077 1084 1094 1518 3583 2972  4.854
120 0.95 OR 0007 0021 0005 0003 004 0167 0118 0004 0000 0023 0027 0122 0132 0015  0.013
RE 1400 1375 1054 1072 2740 7160 24607 1266 1338 1137 1175 4272 22633 14127  37.912
120 0.99 OR 0028 0052 0035 0029 0004 0166 0118 0008 0001 003 0038 0158 0137 0016  0.017
RE 1004 1003 1000 1000 1051 0992 0656 1008 1007 1016 1018 1027 0667 1167  1.146
250 0.85 OR 0.008 0025 0002 0002 0012 0151 0090 0003 0000 0023 0029 0047 0107 0016 0013
RE 1006 1004 1000 1001 1072 1085 0853 1012 1010 1019 1022 104 0784 1256  1.343
250 0.50 OR 0.008 0025 0002 0000 002 0169 0097 0004 0001 0023 0027 0061 0120 0023  0.020
RE 1013 1008 1001 1001 1153 1406 1661 1025  1.022 1029 1034 1116 1451 1615  2.136
250 0.95 OR 0.008 0026 0002 0001 0032 0174 0110 0002 0000 0024 0032 009 0117 0017  0.019
RE 1090 1068 1009 1012 1746 3225 9608 1123 1122 1051 1066 1851 8148 4705  10.626
250 0.99 OR 0013 0030 0009 0005 0043 0170 0109 0004 0001 0032 0034 0128 0126 0021  0.015
RE 1001 1001 1000  1.000 1017 0827 0463  1.003 1002 1006 1007 1008 0519  1.053 1017
500 0.85 OR 0.008 0024 0001 0001 0007 0173 0075 0002 0000 002 0033 0041 0092 0020 0018
RE 1002 1001 1000 1000 1025 0968 0537 1004 1004 1008 1009 1012 _ 0523 1090  1.098
500 0.50 OR 0.007 0023 0004 0001 0011 0167/ 0080 0003 0000 0021 0031 0044 0108 0020  0.014
RE 1004 1003 1000 1000 1056  Li11l 0933 1009 1008 1012 1014 1029 0797 1233  1.402
500 0.95 OR 0007 0021 0002 0001 002 0162 0091 0003 0000 002 0032 0063 0111 0023  0.017
RE 1027 1018 1002 1003 1313 1962 4777 1052 1046 1021 1028 1272 4360 2429 4168
500 0.99 OR 0.007 0024 0002 0001 0053 0168  0.099 0002 0000 002 0037 0104 0113 0017 0018

Note: Bold: Maximum RE in each scenario; Blue: Normality criterion satisfied; Orange: Normality criterion violated; RE: Relative efficiency; OR: Outlier ratio.
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