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Abstract

In this paper, we extend some existing models of the Ebola virus disease through a hybrid
impulsive conformable approach. The base of the introduced model is a class of partial
differential equations that incorporate diffusion terms to describe the development of
the Ebola virus disease in time and space. In the extended model, we have considered
impulsive effects at fixed moments of time, which is of high significance in investigating
opportunities for impulsive vaccination strategies and impulsive control drug treatment on
disease evolution. In addition, conformable setting is proposed, which provides modeling
flexibility without the complications inherent in classical fractional derivatives. Instead
of studying the global stability of an equilibrium, the more general notion of stability of
sets is introduced and analyzed. The main stability of sets results are obtained by using
the impulsive conformable Lyapunov technique and comparison principle. The proposed
framework, concepts and techniques may serve as effective tools for analyzing numerous
phenomena in medicine and biology.

Keywords: Ebola virus disease models; conformable derivatives; impulses; reaction–
diffusion terms; stability of sets
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1. Introduction
The Ebola virus that caused Ebola virus disease (EVD) is a member of the Filoviri-

dae family and can be a source of severe hemorrhagic fever in humans and nonhuman
primates. An EVD was first located in 1976 near the Ebola River (Africa) in the Democratic
Republic of the Congo [1,2]. Since then, several Ebola outbreaks have affected West African
countries [3]. This is a disease that has been proven fatal. The high mortality rate caused
by the EVD makes the Ebola virus a major problem for public health. This motivates a
relevant attention of the researchers in the study of adequate EVD mathematical models
and methods.

In fact, mathematical models play an essential role in understanding the behavior of
numerous problems in virology [4]. Most of the existing EVD models are in the form of
ordinary differential equations (ODEs). These models commonly categorize populations
into classes such as susceptible, infected, recovered, dead, and some others. For example,
the paper [3] proposed a mathematical model with ODEs that included susceptible, infec-
tious, recovered, dead, and environmental classes. The authors of [5] proposed a two-host
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model for Ebola with indirect transmission in the format of an ODE system in order to
study the impact of the spillover event on the dynamics of EVD. The consideration of an
environmental compartment is initiated by considering a second mode of transmission
from a dead person to a living person [6]. The authors in [7] investigated a model in the
form of a system of ODEs with six subpopulations named susceptible, exposed (infected
but not yet infective), symptomatic infectious, recovered, asymptomatic infectious (charac-
terized by small or null level of infection, with acquired immunity, but can transmit the
infective disease to others) and dead-infective. The research [8] introduced a common SIR
(susceptible-infectious-recovery) epidemic model that describes the 2014 Ebola outbreak
in Liberia.

In all models mentioned above, since the authors used ODEs, the spatiotemporal
dynamics of EVD has been ignored. However, due to different problems connected with
mobility of the population and losing the control of the spread of EVD it is necessary
to consider the evolution of EVD in space. Assuming that populations follow Fickian
diffusion, the authors in [3] introduced a model using a system of PDEs

∂ζ1(t, z)
∂t

= d1∆ζ1 + A − µζ1(t, z)− f (ζ1(t, z), ζ2(t, z))ζ2(t, z)

−g(ζ1(t, z), ζ3(t, z))ζ3(t, z)− h(ζ1(t, z), ζ4(t, z))ζ4(t, z),

∂ζ2(t, z)
∂t

= d2∆ζ2 + f (ζ1(t, z), ζ2(t, z))ζ2(t, z) + g(ζ1(t, z), ζ3(t, z))ζ3(t, z)

+h(ζ1(t, z), ζ4(t, z))ζ4(t, z)− (µ + d + r)ζ2(t, z),

∂ζ3(t, z)
∂t

= d3∆ζ3 + (µ + d)ζ2(t, z)− bζ3(t, z),

∂ζ4(t, z)
∂t

= d4∆ζ4 + σζ2(t, z) + γζ3(t, z)− ηζ4(t, z),

(1)

where ζ1, ζ2, ζ3 and ζ4 are susceptible, infectious, dead, and environmental classes, respec-
tively, at time t and location z ∈ Ω. The time t ∈ R+ and the location Ω ⊆ Rn, and it was
assumed that the domain Ω is bounded with a smooth boundary ∂Ω not crossed by the
four populations moves. Here, R+ = [0, ∞), and Rn is the Euclidean n-dimensional space
with elements z = (z1, z2, . . . , zn)T ∈ Rn. The constants dj, j = 1, 2, 3, 4 are the diffusion co-
efficients for the four classes and ∆ is the Laplace’s operator. A susceptible individual may
become infected by contact with an infectious individual at a rate f (ζ1, ζ2), contact with a
deceased individual at a rate g(ζ1, ζ3), or by exposure to a contaminated environment at a
rate h(ζ1, ζ4). The constant A represents the growth rate of susceptible individuals, and
the positive constant µ denotes the natural death rate. The population of infectious indi-
viduals increases with the total Ebola infection rate f (ζ1, ζ2)ζ2 + g(ζ1, ζ3))ζ3 + h(ζ1, ζ4)ζ4

and decreases due to the natural death rate µ or due to the death rate of EVD d. r is the
natural mortality rate of recovered individuals. The constant b denotes the rate of buried
deceased individuals who are carriers of the Ebola virus. The constants σ and γ represent
the rates at which the virus is generated in the environment by infected and deceased
people, respectively, and η is the decay rate.

It is important to note that considering diffusion effects in processes studied by
virology is biologically meaningful. That is why numerous diffused models have
been introduced and studied in virology, bioinformatics, computational biology, and
immunology [9,10]. However, the existing literature on the topic does not offer enough
EVD models with diffusion coefficients [11,12]. Hence, this area is subject to development.
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Fractional-order modeling is another effective mathematical approach that has recently
been applied in biology and medicine. The use of this modeling approach is motivated by
its ability to capture the phenomenon of memory effects and long-term predictions. The
flexibility of the proposed models that improves the reliability of the integer-order models
and allows a better understanding of the complex dynamics of viruses and diseases is also
a well known advantage [13,14]. To create efficient fractional-order models, fractional-order
derivatives of Caputo, Riemann–Liouville, and other types are mainly used [15]. Fractional-
order EVD models are also proposed in few published works [16,17]. Such models use the
non-integer-order derivatives to improve upon classical integer-order models, providing
better fit to real-world outbreak data by capturing memory effects and nonlocal dynamics.
Reaction–diffusion terms have also been considered in some existing fractional-order
models proposed in biology and virotherapy [18]. However, fractional-order diffusion EVD
models have not yet been established, which is a challenging open problem.

In addition, since the application of the classical fractional calculus leads to some
difficulties in the qualitative analysis of the corresponding models, many researchers
proposed new fractional operators in their models [19,20]. Some of the difficulties affected
the use of the Lyapunov function method as one of the most powerful qualitative methods,
mainly due to the complex chain rule.

One of the directions in which fractional operators have been extended is related to
the introduction of the local type of conformal operator [21,22]. Since the definition of the
conformable derivative is limit based, it avoids many of the complications in the use of
the classical fractional-order derivatives. As a result, the recently introduced conformable
calculus has attracted significant research attention [23–25]. Some researchers initially
used the name “fractional-like” instead of “conformable” for the new operator. See, for
example, [26], where a physical interpretation of this derivative is presented. Furthermore,
the benefits of conformal derivatives have expanded their applicability in mathematical
modeling, including epidemic models [27,28]. The existence of a few conformable math-
ematical models of EVD [29–31] introduced very recently demonstrates the importance
of this modeling approach in studying virus and disease behavior, as well as in virology
and epidemic modeling in general. In fact, conformable derivatives enable growth rates
and population interactions to be influenced by past states, which is essential for accu-
rately modeling biological systems. Particularly in epidemiological modeling, conformable
derivatives are employed to represent the transmission dynamics of infectious diseases,
capturing the complex interactions among the defined subpopulations.

Another effective approach used in the mathematical modeling of biological and
medical phenomena is the incorporation of discrete, sudden changes (impulses) into the
models and the study of so-called impulsive models. It is well known that short-term
impulsive perturbations are very common in the evolution of processes investigated in
ecology, epidemiology, biology, and medicine. Their reflection made impulsive models
more adequate, and therefore they gained increasing attention [32–34], including impulsive
models with reaction–diffusion terms [35]. Due to the creation of impulsive models in
science, medicine, and engineering, impulsive differential equations play an important
role [36].

In addition, impulsive models can be effectively used to simulate impulsive control
strategies [37,38], as discrete short-term impulsive perturbations can often influence the
behavior of a real process. This motivates the existence of the large number of results
on appropriate treatment strategies based on impulse control theory [39,40]. In [41], an
impulsive control strategy in the form of impulsive immigration of infectives is proposed
for an EVD model without using conformal calculus techniques. In order to refine the
mathematical modeling in biology, neurobiology and medicine, impulsive control strategies
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have also been proposed to fractional-order models [42,43], as well as to some conformable
biological models proposed very recently [44–46]. However, to the best of our knowledge,
the impulsive conformable modeling approach has not been used for the construction of
EVD models, which is one of the aims of this research.

The study of the stability of mathematical models in biology and medicine has im-
portant practical implications. This is due to the fact that stability is fundamental to the
efficiency of models’, which explains the existence of the large number of studies devoted to
the stability of biological, virological and epidemic models [4,6–8,14,17–19,40,42,43,45,46]

However, in most existing studies, researchers focus on the stability of single states
of the model. The single-state stability strategies cannot be applied in the case of multi-
stable systems. For such systems, an extended notion of stability, namely, set stability, is
more appropriate. The concept is introduced in [47] and generalizes several particular
stability cases when the sets are in the forms of integral manifolds, invariant sets, or
include just individual states. The practical importance of the stability of sets concept
motivates its application to numerous systems [48–50], including virotherapy models [51].
The observation that this concept has not been studied for impulsive conformable EVD
models prompted our investigation and serves as a central objective of this study.

Motivated by the foregoing considerations, in this paper, we introduce and analyze a
class of EVD models using the impulsive conformable approach.

The main novelty of the paper is in the following points:

(i) The conformable caluclus modeling approach is applied to introduce an EVD model,
which extends the existing integer-order models studied in [3,6–8,11,12]. The use of
this approach is motivated by its ability to incorporate memory effects, maintain useful
properties of classical calculus, improve modeling flexibility, and facilitate analytical
and stability analysis of the epidemic dynamics.

(ii) The model further integrates impulsive controllers to capture sudden health inter-
ventions and epidemic control policies, thus providing a more realistic and practical
framework for the analysis and control of Ebola epidemic dynamics.

(iii) Unlike the existing conformable EVD models reported in [29–31], diffusion terms
are considered to account for the natural dependence of system dynamics on both
temporal and spatial variables.

(iv) Different from previous stability results for EVD models, this study introduces the con-
cept of set stability and develops efficient criteria based on the impulsive conformable
Lyapunov method.

The rest of this paper is structured as follows. In the preliminary Section 2, we
recall basic definitions and facts related to the impulsive conformable calculus. The new
EVD model with diffusion terms, impulsive perturbations, and conformable derivatives is
proposed. The stability of sets definition is adopted to the newly introduced model. Some
fundamental definitions and lemmas from the conformable Lyapunov technique are also
given. Section 3 is devoted to the main stability of sets results. The conditions obtained
are proved using the conformable impulsive Lyapunov function method. In Section 4,
a discussion is proposed and an example is presented to demonstrate the validity and
efficiency of the new results obtained. Finally, Section 5 contains the concluding remarks
and some future directions.

2. Preliminaries
2.1. Impulsive Conformable Approach

Some notation and properties of the conformable derivatives will be given in this
subsection. Let a ∈ R+, t ∈ (a, ∞) and α ∈ (0, 1].
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Definition 1 ([21,22]). The conformable derivative of order α at the point t for a function f :
(a, ∞) → R is defined by

T α
a f (t) = lim

ε→0

f (t + ε(t − a)1−α)− f (t)
ε

, t > a. (2)

The point a is called the lower limit [21,22] or the lower terminal [24] of the conformable
derivative (2).

In the case where the conformable derivative of f of order α exists in some interval
(a, a + θ), then [24]

T α
a f (a) = lim

t→a+
T α

a f (t).

If the conformable derivative (2) for a function f of order α exists at t ∈ [a, ∞), we
will say that f is α conformable differentiable on this interval, which will be denoted by
f ∈ Cα

a [[a, ∞),R].

Definition 2 ([24,44,46,51]). For t > a, the conformable integral of order 0 < α ≤ 1 with a lower
limit a ∈ R+ of the function f (t) is given by

Iα
a f (t) =

t∫
a

(s − a)α−1 f (s)ds, t > a.

We will also recall the following properties of the conformable derivatives.

Lemma 1 ([21,24,44,46,51]). Let the function f : [a, ∞) → R, f ∈ Cα
a [(a, ∞),R], and 0 < α ≤ 1.

Then, we have:
(i) Iα

a (T α
a f (t)) = f (t)− lim

t→a+
f (t);

(ii) If u( f (t)) : [a, ∞) → R is differentiable with respect to f (t), then for any t ∈ (a, ∞) and
f (t) ̸= 0, we have

T α
a u( f (t)) = u′( f (t))T α

a f (t),

where u′ is the derivative of u(·);
(iii) If f is differentiable, then T α

a f (t) = (t − a)1−α f ′(t).

Note that if the function f (t) is continuous from the right at a, then [24]

Iα
a (T α

a f (t)) = f (t)− f (a), t > a.

In order to incorporate the impulsive control approach, we consider the discrete points

0 < η1 < η2 < · · · < ηk < . . . , (3)

such that
lim
k→∞

ηk = ∞.

We have [44,46,51],
T α

ηk
f (ηk) = lim

t→η+k

T α
ηk

f (t),

for a function f : [ηk, ηk+1) → R, k = 1, 2, . . . .
Next, for a function ζ : [a, ∞)× Ω → R, ζ = ζ(t, z), the conformable derivative with

respect to time is defined as follows.
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Definition 3 ([44,51]). The limit

T α
a ζ(t, z) = lim

ε→0

ζ(t + ε(t − a)1−α, z)− ζ(t, z)
ε

, t > a, z ∈ Ω

is the conformable derivative of the function ζ = ζ(t, z) along t of order α, 0 < α ≤ 1.

If a = ηk, k = 1, 2, . . . , then

T α
ηk

ζ(ηk, z) = lim
t→η+k

T α
ηk

ζ(t, z).

Remark 1. For the time conformable derivative defined by Definition 3, we have the same properties
as the properties given in Lemma 1 for α-conformable differentiable functions [44,46,51].

Definition 4 ([21,22]). For 0 < α ≤ 1, the conformable exponential function Eα(ξ, τ) is defined by

Eα(ξ, τ) = exp
(

ξ
τα

α

)
, ξ ∈ R, τ ∈ R+.

Remark 2. More results of the conformable calculus can be found in [21–23,25,26], and for more
details related to the impulsive conformable calculus, we refer to [44,46,51] and the references
cited therein.

2.2. Model Formulation

In this section, we will formulate an extended EVD model using the hybrid impulsive
conformable approach. The impulses will be considered at the discrete instances (3).
The model will generalize the equation introduced in [3] model (1) and will incorporate
diffusion effects and concentration gradients of the subpopulations. Consider the following
impulsive conformable EVD model:

T α
ηk

ζ1(t, z) = d1∆ζ1 + A − µζ1(t, z)− f (ζ1(t, z), ζ2(t, z))ζ2(t, z)

−g(ζ1(t, z), ζ3(t, z))ζ3(t, z)− h(ζ1(t, z), ζ4(t, z))ζ4(t, z), t ̸= ηk,

T α
ηk

ζ2(t, z) = d2∆ζ2 + f (ζ1(t, z), ζ2(t, z))ζ2(t, z) + g(ζ1(t, z), ζ3(t, z))ζ3(t, z)

+h(ζ1(t, z), ζ4(t, z))ζ4(t, z)− (µ + d + r)ζ2(t, z), t ̸= ηk,

T α
ηk

ζ3(t, z) = d3∆ζ3 + (µ + d)ζ2(t, z)− bζ3(t, z), t ̸= ηk,

T α
ηk

ζ4(t, z) = d4∆ζ4 + σζ2(t, z) + γζ3(t, z)− ηζ4(t, z), t ̸= ηk,

ζ j(η
+
k , z) = ζ j(ηk, z) + Jjk(ζ j(ηk, z)), j = 1, 4, k = 1, 2, . . . ,

ζ j(η
+
k , z) = ζ j(ηk, z), j = 2, 3, k = 1, 2, . . . ,

(4)

where 0 < α < 1, ζ1(t, z), ζ2(t, z), ζ3(t, z), and ζ4(t, z) are the same subpopulations as in
(1) for t ∈ R+, z ∈ Ω. The model’s parameters dj, ∆ζ j, j = 1, 2, 3, 4, A, µ, f , g, h, d, r, b,
σ, γ, and η, will be used with the same meanings as in (1), too. Impulsive perturbations
in instances {ηk}, k = 1, 2, . . . are considered only for the susceptible and environmental
classes. In these instances, impulsive control functions Jjk, j = 1, 4, k = 1, 2, . . . are applied,
so that abrupt changes of the states ζ j(t, z), j = 1, 4 from the states ζ j(η

−
k , z) = ζ j(ηk, z) to
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the states ζ j(η
+
k , z) are observed. The functions Jjk, regulate the controlled outputs ζ j(η

+
k , z),

j = 1, 4, k = 1, 2, . . . .
To help readers, Table 1 provides descriptions of the parameters and operators used in

the proposed model (4).

Table 1. Descriptions of the parameters and operators in model (4).

Description of the parameters and operators in the introduced model (4).

ζ1 The class of susceptible individuals
ζ2 The class of infectious individuals
ζ3 The class of deceased individuals
ζ4 Environmental class
A The growth rate of susceptible individuals

d1, d2, d3, d4 Diffusion coefficients
∆ Laplace’s operator

f (ζ1, ζ2) The rate of contact (effective) of infected individual
g(ζ1, ζ3) Rate of contact (effective) of deceased individual
h(ζ1, ζ4) Rate of contact (effective) of Ebola virus in the environment

µ Natural death rate
d Rate of deaths of human individuals due to EVD
r The natural mortality rate of recovered individuals
b The rate of buried deceased individuals who are carriers of the Ebola virus
σ The rates at which the virus is generated in the environment by infected individuals
γ the rates at which the virus is generated in the environment by deceased individuals
η The decay rate
ηk The impulsive control instances
Jjk The impulsive control functions

ζ j(t, z), The states before an impulsive perturbation
ζ j(t+, z) The states after an impulsive perturbation

Remark 3. The proposed model (4) extends the model (1) studied in [3] considering conformable
derivatives and impulsive perturbations at the moments {ηk}, k = 1, 2, . . . . The conformable
framework offers modeling flexibility compared with the modeling by the integer-order derivatives,
and at the same time avoiding the complications inherent to classical fractional derivatives. The
consideration of diffusion terms is motivated by the fact that EVD evolves not only in time but also
in the space that was considered in [3]. Impulsive perturbations in the susceptible subpopulation
ζ1(t, z) can be in the form of impulsive vaccinations or other impulsive treatments such as quaran-
tining. Impulsive effects on ζ4(t, z) may be due to environmental sanitation as in [40]. Taking such
impulsive control allows for a rapid reduction in the number of susceptible individuals, as well as
the introduction of disinfectant into the environment.

Remark 4. Although some previously proposed EVD models have incorporated aspects such as
reaction–diffusion terms, conformable derivatives, and impulsive effects to some extent, substan-
tial gaps still remain. Some reaction–diffusion models do not involve impulsive perturbations
and conformable derivatives [11,12]. The existing very limited number of studies on conformable
EVD models do not consider the synergistic impact of impulsive treatment strategies and diffusion
terms [29–31]. Impulsive treatment strategies for virus diseases’ mathematical models have been pro-
posed by numerous authors [39,40], including EVD models [41], without considering conformable
derivatives. Thus, the introduced model (4) generalizes some existing impulsive, reaction–diffusion,
and conformable EVD models, as well as numerous models introduced in virology and medicine.
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Remark 5. Impulsive perturbations can also be considered for the population of infected individuals
ζ2(t, z) as in [41], which is a subject of our future research. In this case, we plan to analyze the
impact of their migration.

We will study model (4) under the assumption that the four subpopulations do not
move across ∂Ω. Hence, the following boundary and initial conditions hold:

∂ζ j(t, z)
∂ν

= 0, t ≥ η0, z ∈ ∂Ω, j = 1, 2, 3, 4, (5)

ζ j(η
+
0 , z) = Φ0j(z) ≥ 0, z ∈ Ω, j = 1, 2, 3, 4, (6)

where η0 is the initial time, 0 ≤ η0 < η1 < · · · < ηk < . . . , Φ0j(z) are continuous real-

valued, defined on Ω functions, Φ0 = (Φ01, Φ02, Φ03, Φ04)
T , and

∂

∂ν
is the outward normal

derivative on ∂Ω.
According to the theory of impulsive conformable systems [44,46,51], the solution

ζ(t, z) of the initial boundary value problem (IBVP) (4)–(6),

ζ(t, z) = ζ(t, z; η0, Φ0),

is a piecewise continuous function with points of discontinuity of the first kind ηk at which
it is left continuous and has time α-conformable derivatives on R+ for z ∈ Ω.

For the purposes of our analysis, we will assume that the solution ζ(t, z) =

ζ(t, z; η0, Φ0) exists and is uniquely determined by the initial data η0 ∈ R+ and Φ0 ∈ R4
+.

For some existence and uniqueness criteria of impulsive conformable models, we refer
to [44,46,51] and the references cited therein.

Finally, some results for diffusion systems will be given.
We introduce the following notation

||ζ(t, ·)||2 =

[ ∫
Ω

4

∑
j=1

ζ2
j (t, z)dz

]1/2

for a function ζ(t, z) ∈ R4, ζ(t, z) = (ζ1(t, z), ζ2(t, z), ζ3(t, z), ζ4(t, z))T , t ∈ R+, z ∈ Ω, and
recall the next Poincaré-type integral lemma [44,51].

Lemma 2. For a bounded domain Ω ⊆ Rn with a smooth boundary ∂Ω, and a real-valued function

U : Ω → R+ belonging to H1(Ω), such that
∂U (z)

∂ν

∣∣∣∣
∂Ω

= 0, we have

θ1

∫
Ω
|U (z)|2 dz ≤

∫
Ω
|∇U (z)|2 dz,

where ∇ is the gradient operator and θ1 is the smallest positive eigenvalue of the boundary problem −∆χ(z) = θχ(z), z ∈ Ω,
∂χ(z)

∂ν
= 0, z ∈ ∂Ω.

2.3. Stability of Sets Concepts

Since our aim is to adopt the concept of stability of sets to the proposed model (4),
in this subsection, definitions related to this concept introduced in [47] and applied
in [36,49–51] will be stated.
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Let R4
+ = {(ζ1, ζ2, ζ3, ζ4)

T : ζ j ≥ 0, j = 1, 2, 3, 4}. We will consider a set Θ ⊂
R+ × Ω ×R4

+, and related sets, defined by:

• Θ(t, z) =
{

ζ ∈ R4
+ : (t, z, ζ) ∈ Θ, t ∈ R+, z ∈ Ω

}
;

• Θ(t, z)(ρ) =
{

ζ ∈ R4
+ : d(ζ, Θ(t, z)) < ρ

}
(ρ > 0);

• Θ(t, z)(ρ) =
{

ζ ∈ R4
+ : d(ζ, Θ(t, z)) ≤ ρ

}
;

• Sρ = {ζ ∈ R4 : ||ζ||2 < ρ},

where
d(ζ, Θ(t, z)) = inf

ζ̃∈Θ(t,z)
||ζ − ζ̃||2

denotes the distance between ζ ∈ R4
+ and Θ(t, z).

Assuming that for any t ∈ R+ and z ∈ Ω, the set Θ(t, z) is not empty and Θ(t, z) ⊂ B
for a compact set B ⊂ R4

+, we first state the definition of boundedness [51].

Definition 5. The solutions of the impulsive conformable EVD model (4) are:
(a) Equi-Θ-bounded, if for any η0 ∈ R+ and any positive constants ρ, ϕ > 0 there exists a

constant β = β(η0, ρ, ϕ) > 0 such that z ∈ Ω and Φ0 ∈ Sρ ∩Θ(η+
0 , z)(ϕ) imply ζ(t, z; η0, Φ0) ∈

Θ(t, z)(β), t ≥ η0;
(b) Uniformly Θ-bounded, if the number β in (a) depends only on ϕ.

The concepts of set stability are defined by the next definition [51].

Definition 6. The set Θ is said to be:
(a) Stable with respect to system (4), if for any η0 ∈ R+ and for any positive constants ρ > 0

and υ > 0, there exists a constant δ = δ(η0, ρ, υ) > 0 such that z ∈ Ω and Φ0 ∈ Sρ ∩Θ(η+
0 , z)(δ)

imply ζ(t, z; η0, Φ0) ∈ Θ(t, z)(υ), t ≥ η0;
(b) Uniformly stable with respect to system (4), if the number δ in (a) depends only on υ;
(c) Uniformly globally attractive with respect to system (4), if for any positive constants λ > 0

and υ > 0, there exists a constant ι = ι(λ, υ) > 0 such that η0 ∈ R+, ρ > 0, z ∈ Ω and
Φ0 ∈ Sρ ∩ Θ(η+

0 , z)(λ) imply ζ(t, z; η0, Φ0) ∈ Θ(t, z)(υ), t ≥ η0 + ι;
(d) Uniformly globally asymptotically stable with respect to system (4), if Θ is uniformly stable

and uniformly globally attractive set of system (4), and if the solutions of system (4) are uniformly
Θ-bounded;

(e) Uniformly globally exponentially stable with respect to system (4), if there exist a strictly
positive constant N and a nonnegative constant ψ such that

d(ζ(t, z; η0, Φ0), Θ(t, z)) ≤ Nd(Φ0, Θ(η+
0 , z))(Eα(−ψ, t − η0))

ω, t ≥ η0, z ∈ Ω, ω > 0.

Remark 6. Existing studies on EVD models investigated the stability behavior only of single states
of the models [3,6–8,29–31,41]. For example, the paper [3] studied the global asymptotic stability
of two individual states of (1), namely, the disease-free equilibrium E f (

A
µ , 0, 0, 0) and the endemic

equilibrium E∗(ζ∗1 , ζ∗2 , ζ∗3 , ζ∗4), where ζ∗1 ∈ (0, A
µ ), ζ∗j > 0, j = 2, 3, 4. The proposed Definition 6

generalizes the stability of individual states to the stability of a more general set Θ. In special cases,
where Θ(t, z) = {E f } or Θ(t, z) = {E∗}, the definition can be reduced to stability definitions for
such single states. Note that the set Θ is of a very general nature. Thus, Definition 6 extends and
generalizes numerous single-state stability notions. In addition, it can be specified to stability of
moving invariant sets of integral manifolds [32,35] for particular choices of the set Θ.
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2.4. Impulsive Conformable Lyapunov Method

We first define the following sets:

Ψk = {(t, ζ) : t ∈ (ηk−1, ηk), ζ ∈ R4
+}, k = 1, 2, . . . , Ψ =

∞⋃
k=1

Ψk.

The main method that will be used in the proofs of our main results is the Lyapunov
function method extended to the impulsive conformable approach. To this end, we will
apply Lyapunov functions, defined by the next definition.

Definition 7 ([44,51]). A nonnegative Lyapunov-type function Υ belongs to class ΘΥα
ηk

, if:
(i) Υ(t, ζ) = 0 for ζ ∈ Θ(t, z), (t, z) ∈ R+ × Ω, t ≥ ηk, k = 1, 2, . . . ;
(ii) Υ is continuous in Ψ, α-conformable differentiable in t and locally Lipschitz continuous

with respect to ζ on each of the sets Ψk;
(iii) For each k = 1, 2, . . . and ζ ∈ R4

+, there exist the finite limits

Υ(η−
k , ζ) = Υ(ηk, ζ) = lim

t→ηk
t<ηk

Υ(t, ζ), Υ(η+
k , ζ) = lim

t→ηk
t>ηk

Υ(t, ζ).

In order to present some main definitions and lemmas related to the impulsive con-
formable Lyapunov function technique, we will introduce the following notations:

κζ = (d1∆ζ1, d2∆ζ2, d3∆ζ3, d4∆ζ4)
T ,

F(ζ(t, z)) = (F1(ζ(t, z)), F2(ζ(t, z)), F3(ζ(t, z)), F4(ζ(t, z))),

where

F1(ζ(t, z)) = A − µζ1(t, z)− f (ζ1(t, z), ζ2(t, z))ζ2(t, z))− g(ζ1(t, z), ζ3(t, z))ζ3(t, z)

−h(ζ1(t, z), ζ4(t, z))ζ4(t, z),

F2(ζ(t, z)) = f (ζ1(t, z), ζ2(t, z))ζ2(t, z) + g(ζ1(t, z), ζ3(t, z))ζ3(t, z) + h(ζ1(t, z), ζ4(t, z))ζ4

−(µ + d + r)ζ2(t, z),

F3(ζ(t, z)) = (µ + d)ζ2(t, z)− bζ3(t, z),

F4(ζ(t, z)) = σζ2(t, z) + γζ3(t, z)− ηζ4(t, z),

and
Jk(ζ(ηk, z)) = (J1k(ζ1(ηk, z)), 0, 0, J4k(ζ4(ηk, z)))T , k = 1, 2, . . . .

Using the above notations, we can rewrite model (4) in the following form
T α

ηk
ζ(t, z) = κζ(t, z) + F(ζ(t, z)) = F̄(ζ(t, z)), t ̸= ηk,

ζ(η+
k , z) = ζ(ηk, z) + Jk(ζ(ηk, z)), k = 1, 2, . . . .

(7)

We will define the α-time-conformable derivative of a function Υ ∈Θ Υα
ηk

with respect
to the solution ζ = ζ(t, z; η0, Φ0) of the problem (4) (or (7)) as [44,51]

+T α
ηk

Υ(t, ζ) = lim
ε→0+

sup
Υ(t + ε(t − ηk)

1−α, ζ + ε(t − ηk)
1−α F̄(ζ))− Υ(t, ζ)

ε
. (8)
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If Υ(t, ζ(t, ·)) = Υ(ζ(t, ·)), 0 < α ≤ 1, Υ is differentiable on ζ, and ζ(t, ·) is α-
conformable differentiable with respect to t, we have

+T α
ηk

Υ(t, ζ) = Υ′(ζ(t, ·)) T α
ηk

ζ(t, ·). (9)

When using the impulsive conformable Lyapunov technique, the following compari-
son lemma will be also useful [44,51].

Lemma 3. If for t ∈ R+ and ζ ∈ R4
+ the function Υ ∈Θ Υα

ηk
satisfies

(i)
Υ(η+

k , ζ(ηk, ·) + Jk(ζ(ηk, ·))) ≤ Υ(ηk, ζ(ηk, ·)), k = 1, 2, . . . ,

(ii)
+T α

ηk
Υ(t, ζ(t, ·)) ≤ −ϖΥ(t, ζ(t, ·)), ϖ ≥ 0, t ̸= ηk, k = 1, 2, . . . ,

then, the following estimate

Υ(t, ζ(t, ·)) ≤ Υ(η+
0 , Φ0)Eα(−ϖ, t − η0), t ≥ η0

holds.

3. Main Stability of Sets Criteria
Introduce the following hypotheses:

Hypothesis 1. The functions f (ζ1, ζ2), g(ζ1, ζ3), and h(ζ1, ζ4), are continuously differen-
tiable and

f (0, ζ2) = 0,
∂ f
∂ζ1

(ζ1, ζ2) > 0,
∂ f
∂ζ2

(ζ1, ζ2) ≤ 0, for all ζ1, ζ2 ≥ 0,

g(0, ζ3) = 0,
∂g
∂ζ1

(ζ1, ζ3) > 0,
∂g
∂ζ3

(ζ1, ζ3) ≤ 0, for all ζ1, ζ3 ≥ 0,

h(0, ζ4) = 0,
∂h
∂ζ1

(ζ1, ζ4) > 0,
∂h
∂ζ4

(ζ1, ζ4) ≤ 0, for all ζ1, ζ4 ≥ 0

in the interior of R2
+.

Hypothesis 2. The functions f (ζ1, ζ2), g(ζ1, ζ3), and h(ζ1, ζ4), are bounded and Lipschitz, i.e.,
there exist positive constants constants Bi, i = 1, 2, 3 and constants Li, i = 1, 2, 3, with

f (ζ1, ζ2) ≤ B1, g(ζ1, ζ3) ≤ B2, h(ζ1, ζ4) ≤ B3,

| f (ζ1, ζ2)− f (ζ1, ζ2)| ≤ L1
(
|ζ1 − ζ1|+ |ζ2 − ζ2|

)
,

|g(ζ1, ζ3)− g(ζ1, ζ3)| ≤ L2
(
|ζ1 − ζ1|+ |ζ3 − ζ3|

)
,

|h(ζ1, ζ4)− g(ζ1, ζ4)| ≤ L3
(
|ζ1 − ζ1|+ |ζ4 − ζ4|

)
,

for all ζ j, ζ j ∈ R+, ζ j ̸= ζ j, j = 1, 2, 3, 4.

Hypothesis 3. The functions ζ j(t, z), j = 1, 2, 3, 4 are such that for t ̸= ηk, k = 1, 2, . . . ,

ζ j(t, z) ≤ ζ̂ j, ζ̂ j = const > 0, (t, z) ∈ R+ × Ω.
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Hypothesis 4. The impulsive control functions Jjk, j = 1, 4, k = 1, 2, . . . are such that

Jjk(ζ j(ηk, z)) = −δjkζ j(ηk, z), 0 < δjk < 1,

where δjk are constants, j = 1, 4, k = 1, 2, . . . .

Remark 7. The biological meaning of the restrictions in H1–H3 is the same as in [3]. These
hypotheses provide the existence and uniqueness of the solutions of the impulse-free model (1) and
the references cited therein. The bounds in H3 are justified by the habitat’s carrying capacity. Adding
the Hypothesis H4, we guarantee the existence and uniqueness of the solutions of system (4).

Consider a nonempty set Θ ⊂ R+ × Ω ×R4
+. Since some concepts of stability of sets

require the Θ-boundedness of the solution, we first propose the next boundedness result.

Theorem 1. Under Hypotheses H1–H4, if the model’s parameters satisfy

ϖ1 = Θ1 −
(1

2
(

B1 + B2 + B3
)
+ 2
(
ζ̂2L1 + ζ̂3L2 + ζ̂4L3

))
≥ 0,

ϖ2 = Θ2 +
1
2
(µ + d + 2r − σ

)
−
(1

2
(3B1 + B2 + B3) + 2ζ̂2L1 + ζ̂3L2 + ζ̂4L3

)
≥ 0,

ϖ3 = Θ3 + b −
(1

2
(µ + d + γ) + B2 + ζ̂3L2

)
≥ 0,

ϖ4 = Θ4 + η −
(1

2
(σ + γ) + B3 + ζ̂4L3

)
≥ 0,

where Θj = nθ1dj, j = 1, . . . , 4, then the solutions of system (4) are uniformly Θ-bounded.

Proof. Assume that η0 ∈ R+, z ∈ Ω and Φ0 is the continuous initial function in (6). Let
ζ = (ζ1, ζ2, ζ3, ζ4)

T ζ(t, z) = ζ(t, z; η0, Φ0) be the solution of model (4) that satisfies the
boundary and initial conditions (5) and (6), i.e.,

ζ(t, z) = ζ(t, z; η0, Φ0).

The fact that the set Θ(t, z) is not empty implies the existence of at least one solution
of (4) ζ = ζ(t, z) = (ζ1(t, z), ζ2(t, z), ζ3(t, z), ζ4(t, z))T ∈ Θ(t, z) that satisfies the boundary
condition (5).

Then, for any t ̸= ηk, k = 1, 2, . . . , for the time conformable derivative of order α of
the function

Υ(t, ζ(t, ·)) = 1
2

∫
Ω

4

∑
j=1

(
(ζ j(t, z)− ζ j(t, z)

)2dz,

we have

T α
ηk

Υ(t, ζ(t, ·)) =
∫

Ω

(
ζ1(t, z)− ζ1(t, z)

)[
d1∆

(
ζ1(t, z)− ζ1(t, z)

)
− µ

(
ζ1(t, z)− ζ1(t, z)

)
− f (ζ1(t, z), ζ2(t, z))ζ2(t, z)− g(ζ1(t, z), ζ3(t, z))ζ3(t, z)− h(ζ1(t, z), ζ4(t, z))ζ4(t, z)

+ f ζ1(t, z), ζ2(t, z))ζ2(t, z) + g(ζ1(t, z), ζ3(t, z))ζ3(t, z) + h(ζ1(t, z), ζ4(t, z))ζ4(t, z)
]
dz

+
∫

Ω

(
ζ2(t, z)− ζ2(t, z)

)[
d2∆

(
ζ2(t, z)− ζ2(t, z)

)
+ f (ζ1(t, z), ζ2(t, z))ζ2(t, z)

+g(ζ1(t, z), ζ3(t, z))ζ3(t, z) + h(ζ1(t, z), ζ4(t, z))ζ4(t, z)− f (ζ1(t, z), ζ2(t, z))ζ2(t, z)

−g(ζ1(t, z), ζ3(t, z))ζ3(t, z)− h(ζ1(t, z), ζ4(t, z))ζ4(t, z)− (µ+ d+ r)
(
ζ2(t, z)− ζ2(t, z)

)]
dz
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+
∫

Ω

(
ζ3(t, z)− ζ3(t, z)

)[
d3∆

(
ζ3(t, z)− ζ3(t, z)

)
+(µ + d)

(
ζ2(t, z)− ζ2(t, z)

)
− b
(
ζ3(t, z)− ζ3(t, z)

)]
dz

+
∫

Ω

(
ζ4(t, z)− ζ4(t, z)

)[
d4∆

(
ζ4(t, z)− ζ4(t, z)

)
+σ
(
ζ2(t, z)− ζ2(t, z)

)
+ γ

(
ζ3(t, z)− ζ3(t, z)

)
− η

(
ζ4(t, z)− ζ4(t, z)

)]
dz.

We apply the boundary conditions (5) to the difference ζ(t, z)− ζ(t, z), and using the
Gauss formula and Lemma 2, we obtain∫

Ω

(
ζ j(t, z)− ζ j(t, z)

)[
dj∆
(
ζ j(t, z)− ζ j(t, z)

)]
dz

≤ −dj

n

∑
i=1

∫
Ω

(
ζ j(t, z)− ζ j(t, z)

∂zi

)2

dz = −ndj

∫
Ω

(
ζ j(t, z)− ζ j(t, z)

∂zi

)2

dz

≤ −Θj

∫
Ω

(
ζ j(t, z)− ζ j(t, z)

)2dz, j = 1, . . . , 4. (10)

From (10) and the Hypotheses H1–H3, we also have∫
Ω

(
ζ1(t, z)− ζ1(t, z)

)[
d1∆

(
ζ1(t, z)− ζ1(t, z)

)
− µ

(
ζ1(t, z)ζ1(t, z)

)
− f (ζ1(t, z), ζ2(t, z))ζ2(t, z)− g(ζ1(t, z), ζ3(t, z))ζ3(t, z)− h(ζ1(t, z), ζ4(t, z))ζ4(t, z)

+ f (ζ1(t, z), ζ2(t, z))ζ2(t, z) + g(ζ1(t, z), ζ3(t, z))ζ3(t, z) + h(ζ1(t, z), ζ4(t, z))ζ4(t, z)
]
dz

≤ (−Θ1 + ζ̂2L1 + ζ̂3L2 + ζ̂4L3)
∫

Ω

(
ζ1(t, z)− ζ1(t, z)

)2dz

+(B1 + ζ̂2L1)
∫

Ω

∣∣ζ1(t, z)− ζ̃1(t, z)
∣∣∣∣ζ2(t, z)− ζ2(t, z)

∣∣dz

+(B2 + ζ̂3L2)
∫

Ω

∣∣ζ1(t, z)− ζ̃1(t, z)
∣∣∣∣ζ3(t, z)− ζ3(t, z)

∣∣dz

+(B3 + ζ̂4L3)
∫

Ω

∣∣ζ1(t, z)− ζ̃1(t, z)
∣∣∣∣ζ4(t, z)− ζ4(t, z)

∣∣dz

≤
(
− Θ1 +

1
2
(

B1 + B2 + B3
)
+

3
2
(
ζ̂2L1 + ζ̂3L2 + ζ̂4L3

)) ∫
Ω

(
ζ1(t, z)− ζ1(t, z)

)2dz

+
1
2
(B1 + ζ̂2L1)

∫
Ω

(
ζ2(t, z)− ζ2(t, z)

)2dz +
1
2
(B2 + ζ̂3L2)

∫
Ω

(
ζ3(t, z)− ζ3(t, z)

)2dz

+
1
2
(B3 + ζ̂4L3)

∫
Ω

(
ζ4(t, z)− ζ4(t, z)

)2dz.

Using the same hypotheses and argumentation, we obtain∫
Ω

(
ζ2(t, z)− ζ2(t, z)

)[
d2∆

(
ζ2(t, z)− ζ2(t, z)

)
+ f (ζ1(t, z), ζ2(t, z))ζ2(t, z)

+g(ζ1(t, z), ζ3(t, z))ζ3(t, z) + h(ζ1(t, z), ζ4(t, z))ζ4(t, z)− f (ζ1(t, z), ζ2(t, z))ζ2(t, z)

−g(ζ1(t, z), ζ3(t, z))ζ3(t, z)− h(ζ1(t, z), ζ4(t, z))ζ4(t, z)
]
dz

≤
(
− (Θ2 + µ + d + r) + ζ̂2L1 + B1

) ∫
Ω

(
ζ2(t, z)− ζ2(t, z)

)2dz
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+
(
ζ̂2L1 + ζ̂3L2 + ζ̂4L3

) ∫
Ω

∣∣ζ1(t, z)− ζ1(t, z)
∣∣∣∣ζ2(t, z)− ζ2(t, z)

∣∣dz

+
(
ζ̂3L2 + B2

) ∫
Ω

∣∣ζ3(t, z)− ζ3(t, z)
∣∣∣∣ζ2(t, z)− ζ2(t, z)

∣∣dz

+
(
ζ̂4L3 + B3

) ∫
Ω

∣∣ζ4(t, z)− ζ4(t, z)
∣∣∣∣ζ2(t, z)− ζ2(t, z)

∣∣dz

≤
(
− (Θ2 + µ + d + r) +

1
2
(2B1 + B2 + B3) +

3
2

ζ̂2L1 + ζ̂3L2 + ζ̂4L3

) ∫
Ω

(
ζ2(t, z)− ζ2(t, z)

)2dz

+
1
2
(
ζ̂2L1 + ζ̂3L2 + ζ̂4L3

) ∫
Ω

(
ζ1(t, z)− ζ1(t, z)

)2dz

+
1
2
(

B2 + ζ̂3L2
) ∫

Ω

(
ζ3(t, z)− ζ3(t, z)

)2dz +
1
2
(

B3 + ζ̂4L3
) ∫

Ω

(
ζ4(t, z)− ζ4(t, z)

)2dz,

and ∫
Ω

(
ζ3(t, z)− ζ3(t, z)

)[
d3∆

(
ζ3(t, z)− ζ3(t, z)

)
+(µ + d)

(
ζ2(t, z)− ζ2(t, z)

)
− b
(
ζ3(t, z)− ζ3(t, z)

)]
dz

≤
(
− (Θ3 + b) +

1
2
(µ + d)

) ∫
Ω

(
ζ3(t, z)− ζ3(t, z)

)2dz

+
1
2
(µ + d)

∫
Ω

(
ζ2(t, z)− ζ2(t, z)2)dz,

and ∫
Ω

(
ζ4(t, z)− ζ4(t, z)

)[
d4∆

(
ζ4(t, z)− ζ4(t, z)

)
+σ
(
ζ2(t, z)− ζ̃2(t, z)

)
+ γ

(
ζ3(t, z)− ζ3(t, z)

)
− η

(
ζ4(t, z)− ζ4(t, z)

)]
dz

≤
(
− (Θ4 + η) +

1
2

σ +
1
2

γ
) ∫

Ω

(
ζ4(t, z)− ζ4(t, z)

)2dz

+
1
2

σ
∫

Ω

(
ζ2(t, z)− ζ2(t, z)

)2dz +
1
2

γ
∫

Ω

(
ζ3(t, z)− ζ3(t, z)

)2dz.

Then, from all the above estimates and the condition of Theorem 1, we get for t ̸= ηk,
k = 1, 2, . . . ,

T α
ηk

Υ(t, ζ(t, ·)) ≤ −
∫

Ω

4

∑
j=1

ϖj
(
(ζ j(t, z)− ζ j(t, z)

)2dz ≤ 0. (11)

For t = ηk, k = 1, 2, . . . , using H4, we get 0 < 1 − δjk < 1, j = 1, 4, and hence

∫
Ω

(
ζ j(t+, z)− ζ j(t

+, z)
)2 dz=

∫
Ω

(
ζ j(t, z)− δjkζ j(t, z)− ζ j(t, z) + δjkζ j(t, z)

)2 dz

=
∫

Ω
(1 − δjk)

2(ζ j(t, z)− ζ j(t, z)
)2 dz

<
∫

Ω

(
ζ j(t, z)− ζ j(t, z)

)2 dz, j = 1, 4, (12)

and ∫
Ω

(
ζ j(t+, z)− ζ j(t

+, z)
)2 dz =

∫
Ω

(
ζ j(t, z)− ζ j(t, z)

)2 dz, j = 2, 3. (13)
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Define a Lyapunov-type function

Υ(t, ζ) =
1
2

d2(ζ, Θ(t, z)) =
1
2

(
inf

ζ∈Θ(t,z)
||ζ − ζ||2

)2

. (14)

It is clear that Υ ∈ ΘΥα
ηk

. Also, from the fact that (inf x)2 = inf(x2) for x ≥ 0, for
function (14), we have

Υ(t, ζ) = inf
ζ∈Θ(t,z)

1
2

∫
Ω

4

∑
j=1

(
(ζ j(t, z)− ζ j(t, z)

)2dz. (15)

Then, from (12), (13) and (11), for t ≥ η0 and ζ ∈ R4
+, we obtain

Υ(η+
k , ζ(ηk, ·) + Jk(ζ(ηk, ·))) ≤ Υ(ηk, ζ(ηk, ·)), k = 1, 2, . . . , (16)

and
+T α

ηk
Υ(t, ζ(t, ·)) ≤ 0, t ̸= ηk, k = 1, 2, . . . . (17)

Hence, (16), (17) and Lemma 3 imply that

Υ(t, ζ(t, ·)) ≤ Υ(η+
0 , Φ0), t ≥ η0. (18)

Finally, let ϕ > 0, and the constant β = β(ϕ) > 0 be chosen so that ϕ < β. For a ρ > 0,
let Φ0 ∈ Sρ ∩ Θ(η+

0 , z)(ϕ).
We can conclude from (14) and (18) that for t ≥ η0,

1
2

d2(ζ, Θ(t, z)) = Υ(t, ζ(t, z)) ≤ Υ(η+
0 , Φ0) =

1
2

d2(Φ0, Θ(η+
0 , z)) ≤ 1

2
ϕ2 <

1
2

β2.

Therefore, ζ(t, z; η0, Φ0) ∈ Θ(t, z)(β) for t ≥ η0, z ∈ Ω, which according to
Definition 5(b), means that the solutions of model (4) are uniformly Θ-bounded.

Next, we will propose uniform global asymptotic stability of sets criteria.

Theorem 2. If conditions of Theorem 1 hold and, in addition, there exists a function ψ ∈
C[R+,R+] : ψ is strictly increasing, ψ(0) = 0, such that

min{ϖ1, ϖ2, ϖ2, ϖ4} ≥ 1
2

ψ(d(ζ, Θ(t, z))), ζ ∈ R4
+, z ∈ Ω, t ̸= ηk, k = 1, 2, . . . , (19)

then the set Θ is uniformly globally asymptotically stable with respect to model (4).

Proof. Assume again that η0 ∈ R+, z ∈ Ω and Φ0 is the continuous initial function in (6).
Let ζ = (ζ1, ζ2, ζ3, ζ4)

T , ζ(t, z) = ζ(t, z; η0, Φ0) be the solution of model (4) which satisfies
the boundary and initial conditions (5) and (6), i.e.,

ζ(t, z) = ζ(t, z; η0, Φ0).

Since all the conditions of Theorem 1 are satisfied, the solutions of model (4) are
uniformly Θ-bounded.

Next, we have to prove that Θ is uniformly stable and uniformly globally attractive
set with respect to system (4).

Let υ > 0, and choose δ = δ(υ) > 0 so that δ < υ. For given ρ > 0 and z ∈ Ω, we have
Φ0 ∈ Sρ ∩ Θ(η+

0 , z)(δ).
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For the Lyapunov-type function defined by (14), using the same steps as in the proof
of Theorem 1, we get (18) and

1
2

d2(ζ, Θ(t, z)) = Υ(t, ζ(t, z)) ≤ Υ(η+
0 , Φ0) =

1
2

d2(Φ0, Θ(η+
0 , z)) ≤ 1

2
δ2 <

1
2

υ2, t ≥ η0.

Hence,
ζ(t, z; η0, Φ0) ∈ Θ(t, z)(υ), t ≥ η0,

which proves the uniform stability of the set Θ with respect to (4).
The last part is the proof of the uniform global attractivity of the set Θ with respect

to (4).
From (11) and (19), we obtain

+T α
ηk

Υ(t, ζ(t, ·)) ≤ −ψ(d(ζ, Θ(t, ·))), t ̸= ηk, k = 1, 2, . . . . (20)

For given λ > 0 and υ > 0, let Φ0 ∈ Sρ ∩ Θ(η+
0 , z)(λ) for ρ > 0. Let the number

δ = δ(υ) > 0 be such that δ < υ.
We will show that there exists an ι = ι(λ, υ) > 0 such that for some t̄ ∈ [η0, η0 + ι] and

for z ∈ Ω, the following inequality holds

d(ζ(t̄, z), Θ(t̄, z)) < δ. (21)

If we assume that inequality (21) does not hold, then for any ι > 0, there exists a
solution ζ(t, z; η0, Φ0) of model (4) such that for η0 ∈ R+, ρ > 0, z ∈ Ω, Φ0 ∈ Sρ ∩
Θ(η+

0 , z)(λ),
d(η(t, z), Θ(t, z)) ≥ δ, t ∈ [η0, η0 + ι], z ∈ Ω.

Using (11) and (20) and applying Lemma 1, we have

Υ(t, ζ(t, ·))− Υ(η+
0 , Φ0) = Iα

η0
+T α

η0
Υ(t, ζ(t, ·)) ≤ −

t∫
η0

(s − η0)
α−1ψ(d(ζ(s, ·), Θ(s, ·)))ds.

Since the Lyapunov-type function Υ(t, ζ(t, ·)) is such that

lim
t→∞

Υ(t, ζ(t, ·)) = Υ∗ ≥ 0,

then
∞∫

η0

(t − η0)
α−1ψ(d(ζ(t, ·), Θ(t, ·)))dt ≤ 1

2
λ2 − Υ∗.

From the fact that Υ∗ ≤ 1
2 λ2, it follows that the number ι = ι(λ, υ) > 0 can be chosen

so that

ια

α
=

η0+ι∫
η0

(t − η0)
α−1dt >

1
2 λ2 − Υ∗ + 1

ψ(δ)
.

Then, we obtain the next contraction

1
2

λ2 − Υ∗ ≥
∞∫

η0

(t − η0)
α−1ψ(d(ζ(t, ·), Θ(t, ·)))dt
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≥
η0+ι∫
η0

(t − η0)
α−1ψ(d(ζ(t, ·), Θ(t, ·)))dt ≥ ψ(δ)

η0+ι∫
η0

(t − η0)
α−1dt >

1
2

λ2 − Υ∗ + 1.

Hence, there exists an ι = ι(λ, υ) > 0 such that for some t̄ ∈ [η0, η0 + ι] and for z ∈ Ω,
inequality (21) is satisfied.

Then, for t ≥ t̄ (hence, for any t ≥ η0 + ι as well), we have

1
2

d2(ζ, Θ(t, z)) = Υ(t, ζ(t, z)) ≤ Υ(t̄, ζ(t̄, z))

=
1
2

d2(ζ(t̄, z), Θ(t̄, z)) ≤ 1
2

δ2 <
1
2

υ2.

Therefore, η0 ∈ R+, ρ > 0, z ∈ Ω and Φ0 ∈ Sρ ∩ Θ(η+
0 , z)(λ) imply ζ(t, z; η0, Φ0) ∈

Θ(t, z)(υ), t ≥ η0 + ι, which, according to Definition 6(c) means that the set Θ is uniformly
globally attractive with respect to system (4).

Since all the requirements of Definition 6(d) are met, the set Θ is uniformly globally
asymptotically stable with respect to model (4).

Remark 8. Given that establishing rigorous stability results is a problem of both theoretical and
practical importance, the stability properties of mathematical models studied in biology and medicine
are the most investigated qualitative properties. Particularly, numerous researchers offered stability
results for integer-order, fractional-order or conformable EVD models [3,6–8,17,19,29–31,40].
However, all these existing stability results consider only individual states. The stability criteria
offered by Theorem 2 extend and generalize the existing stability results to the stability of sets case.
For the specific cases, when the set Θt contains only single states studied in [3,29–31], the results
there can be obtained as corollaries of Theorem 2.

Remark 9. Stability is also a fundamental issue in control systems, such as impulsive control
systems [37,38]. Impulsive control strategies for virus diseases’ mathematical models have been
proposed by some researchers in [39–41]. However, in all existing impulsive control results, the
restrictions on the impulsive control instances and impulsive control functions are very rigorous.
For example, the authors in [41] considered constants restricted on the open interval (0, 1), while
the proposed condition H4 is less restrictive. Also, the stability criteria offered by Theorem 2 do not
require any conditions on the distance between impulsive control instants as in [39–41]. Hence, the
proposed technique improves several recently developed impulsive control strategies.

Finally, we will propose criteria for uniform global exponential stability of the set Θ. It
is well known that the concept of exponential stability is a specific case of the asymptotic
stability notion, which is also demonstrated by the next result.

Theorem 3. If conditions of Theorem 2 hold, and in addition, ψ is a nonnegative constant, then the
set Θ is uniformly globally exponentially stable with respect to system (4).

Proof. Let t ≥ η0, z ∈ Ω and ζ = ζ(t, z; η0, Φ0) be the solution of the IBVP (4)–(6) corre-
sponding to a continuous initial function Φ0.

For the Lyapunov-type function Υ, defined by (14), we again obtain (16).
In addition, for a constant function ψ, inequality (20) takes the form

+T α
ηk

Υ(t, ζ(t, ·)) ≤ −ψd(ζ, Θ(t, ·)) = −2ψ Υ(t, ζ(t, ·)), t ̸= ηk, k = 1, 2, . . . . (22)
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Then, (16), (22) and the comparison Lemma 3 imply

Υ(t, ζ(t, ·)) ≤ Υ(η+
0 , Φ0)Eα(−2ψ, t − η0), t ≥ η0,

or

d(ζ(t, z; η0, Φ0), Θ(t, z)) ≤ d(Φ0, Θ(η+
0 , z))E1/2

α (−2ψ, t − η0), t ≥ η0, z ∈ Ω. (23)

Therefore, the set Θ is uniformly globally exponentially stable with respect to
system (4).

Remark 10. For α = 1, estimate (23) becomes

d(ζ(t, z; η0, Φ0), Θ(t, z)) ≤ d(Φ0, Θ(η+
0 , z)) exp1/2(−2ψ, t − η0), t ≥ η0, z ∈ Ω,

which guarantees the global exponential stability of the set Θ with respect to the integer-order
model (1). Hence, with this research, we generalize and improve existing stability results for
EVD models [3,4,6–8,41] to the impulsive conformable setting considering diffusion effects and the
extended stability of sets concept.

4. Discussion and an Illustrative Example
The reliance on integer-order ODE [3,6–8] and PDE models [3,11,12] can be restrictive,

as it limits the ability to effectively capture the complex dynamics associated with infectious
diseases such as EVD. Unlike classical integer-order differential models, fractional models
incorporate memory and hereditary effects, which are important in describing disease
transmission and progression [16,17]. However, most of the classical fractional derivatives
are inconvenient in applications. The conformable derivative provides a relatively simple
and mathematically consistent definition of fractional differentiation. Furthermore, the
conformable operator simplifies the stability analysis and qualitative study of epidemic
models compared with classical fractional derivatives, making it particularly attractive for
researchers studying equilibrium points, reproduction numbers, and long-term disease
behavior. As the conformable calculus approach provides a more realistic and flexible
framework for describing the transmission dynamics and control of Ebola outbreaks, it has
been recently applied in a few research papers [29–31].

In addition, the modeling of infectious diseases often requires incorporating realis-
tic intervention strategies that occur suddenly or at discrete time intervals rather than
continuously. Impulsive control frameworks facilitate the analysis of long-term disease
eradication strategies. By studying the stability of disease-free equilibria under impulsive
interventions, researchers can determine optimal intervention schedules and thresholds
required to suppress or eliminate outbreaks of EVD [41].

In this study, we propose a hybrid impulsive conformable framework for modeling
the spread of the EVD is provided. Different form all existing EVD studies, which inves-
tigate the qualitative behavior of single equilibrium states, the stability of sets concept is
introduced and criteria are established. Table 2 highlights the comparison between the
proposed approach and existing EVD models.
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Table 2. Comparison between the proposed approach and existing EVD models.

EVD Models DTs CDs IC SS

[6–8] × × × ×
[3,11,12]

√
× × ×

[29–31] ×
√

× ×
[41] × ×

√
×

The proposed
EVD model (4)

√ √ √ √

The abbreviations used in Table 2 are as follows:

• DTs = Diffusion Terms
• CDs = Conformable Derivatives
• IC = Impulsive Control
• SS = Stability of Sets

Since the criteria are formulated as inequalities involving the model parameters, their
implementation is relatively straightforward. The following simple algorithm can make
the modeling and stability analysis approaches easier to follow and potentially useful for
researchers who wish to apply the framework to other epidemiological models.

Algorithmic Procedure for Modeling and Stability Analysis

• Phase 1: Mathematical Modeling

– Step 1: Identify system variables.
– Step 2: Introduce diffusion terms.
– Step 3: Introduce conformable derivatives.
– Step 4: Introduce impulsive controllers.
– Step 5: Obtain impulsive conformable equations with diffusion terms describing

system dynamics.

• Phase 2: Stability Concept

– Step 6: Define the stability of sets concept.
– Step 7: Determine the Set Θ.

• Phase 2: Stability Analysis

– Step 8: Assess the stability conditions H1–H3 and conditions of Theorems 1–3
for the system’s parameters in the continuous part.

– Step 9: Introduce suitable impulsive controllers which satisfy H4.

The accurate stability analysis and behavioral prediction of the proposed model are
expected to accelerate medical and biotechnological studies, as computational predictions
are significantly faster and more cost-effective than experimental laboratory procedures.

Example 1. We consider the impulsive conformable EVD model (4) for t ∈ R+, z ∈ Ω ⊂ R3
+,

Ω-bounded, with the following particular values of the model’s parameters A = 50, µ = 0.5,
f (ζ1, ζ2) = β1ζ1, g(ζ1, ζ3) = β2ζ1, h(ζ1, ζ4) = β3ζ1, β1 = 0.005, β2 = 0.001, β3 = 0.001,
d = 0.05, r = 0.06, b = 0.8, σ = 0.02, γ = 0.01, η = 0.8, diffusion coefficients d1 = 0.5,
d2 = 0.56, d3 = 0.0034, d4 = 0.00034, and impulsive control functions determined by δjk = 1

k ,
j = 1, 4, k = 1, 2, . . . .

Define the set Θ ⊂ R+ × Ω ×R4
+ such that

ζ = (ζ1, ζ2, ζ3, ζ4)
T ∈ R4

+ : ζ1 ≤ 100, ζ2 ≤ 100, ζ3 ≤ 68.75, ζ4 ≤ 3.359375,
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and

Θ = {ζ = (ζ1, ζ2, ζ3, ζ4)
T ∈ R4

+ : ζ1 + ζ2 < 100, ζ3 ≤ 68.75, ζ4 ≤ 3.359375}.

Hence, we have that condition H3 is satisfied for

ζ̂1 = ζ̂2 = 100, ζ̂3 = 68.75, ζ̂4 = 3.359375.

In addition, condition H4 is satisfied for the impulsive functions, and Hypotheses H1
and H2 are satisfied for the functions f , g and h for

B1 = 0.5, B2 = 0.1, B3 = 0.1,

L1 = β1 = 0.005, L2 = β2 = 0.001, L3 = β3 = 0.001.

Now, we have that

ϖ1 = Θ1 −
(1

2
(

B1 + B2 + B3
)
+ 2
(
ζ̂2L1 + ζ̂3L2 + ζ̂4L3

))
= 0.00578125,

ϖ2 = Θ2 +
1
2
(µ+ d+ 2r− σ

)
−
(1

2
(3B1 + B2 + B3)+ 2ζ̂2L1 + ζ̂3L2 + ζ̂4L3

)
= 0.082890625,

ϖ3 = Θ3 + b −
(1

2
(µ + d + γ) + B2 + ζ̂3L2

)
= 0.36145,

ϖ4 = Θ4 + η −
(1

2
(σ + γ) + B3 + ζ̂4L3

)
= 0.682660625.

According to Theorem 1, the solutions of system (4) are uniformly Θ-bounded.
Moreover, a nonnegative constant ψ exists such that

0 ≤ ψ ≤ min{ϖ1, ϖ2, ϖ3, ϖ4}

for which inequality (22) holds.
Therefore, according to Theorem 3, the set Θ is uniformly globally exponentially stable

with respect to system (4).

Remark 11. The proposed Example illustrates our theoretical boundedness and stability criteria.
As the notions of stability of individual states such as equilibria are particular cases of the stability of
sets concept, the applicability of the proposed results is extended. For example, our results generalize
the boundedness and stability results in [3] to the stability of sets case considering impulsive
perturbations and conformable derivatives. In fact, the model’s parameters used in our Example
are similar to those in [3] and the set Θ(t, z) includes the equilibrium states studied in [3]. In
addition, the proposed new model and the corresponding extended stability results generalize some
earlier results on the topic [5,41]. Furthermore, our results have universal applicability and can
be easily expanded to the study of many other conformable diffusion processes studied in virology
and medicine.

5. Conclusions
In this paper, we extend existing EVD models by formulating a model using the

impulsive conformal approach. Diffusion effects are also taken into account to consider
the evolution of the disease not only in time but also in space. To better study the stability
behavior of multi-stable systems and answer the question to what extent the initial con-
ditions can be changed without compromising the stability properties established near
the steady states, we adapted the concept of set stability to the introduced model. By
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utilizing the impulsive conformable Lyapunov function method along with a comparison
lemma, sufficient condition for achieving uniform boundedness, uniform global asymp-
totic stability and uniform global exponential stability of a set of a general nature with
respect to the proposed model are established. The criteria are expressed as inequalities
between the model’s parameters and are convenient for verification. An example is also
presented to illustrate the theoretical results. Since the concept of stability of sets is far
more general than that for equilibrium points, our results extend and generalize many
existing boundedness and stability criteria for EVD models. In addition, the generalized
framework and the results obtained can be applied to investigate other classes of impulsive
control conformable models. Our future research will be focused on the consideration
of models with distributed delays and non-instantaneous impulses based on this study.
Discretization of the proposed model, numerical simulations, optimal impulsive vaccina-
tion strategies, parameter estimation from epidemiological data, and applications to other
infectious diseases are also important and interesting topics for future investigations.
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