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Abstract

Multi-group linear models with measurement errors are frequently employed in situations
where covariates cannot be precisely measured, thereby compromising the validity of
between-group comparisons. However, the study of experimental design theory for these
models is currently at an underdeveloped stage. This paper is concerned with the problem
of constructing locally c-, DA- and D-optimal designs of multi-group linear models with
measurement errors for estimating parameters or contrasts in the model parameters. Equiv-
alence theorems are established to confirm the optimality of the designs for such models
under each criterion, and the generalization of Elfving’s theorem is proved to describe the
geometrical characterization of locally c-optimal designs for such models. Furthermore,
the locally D-optimal designs for a class of multi-group linear models with measurement
errors can be explicitly determined. It is shown that the locally D-optimal design for such
models is given by the product of the locally D-optimal designs for linear measurement
error models corresponding to those groups. To illustrate these concepts, several examples
are provided.

Keywords: optimal design; equivalence theorem; Elfving’s theorem; multi-group linear
models with measurement errors

MSC: 62K05; 62K99

1. Introduction
In fields such as clinical medicine, agricultural science, and ecology, comparative

analysis of parameters in multi-group linear models is a widely used analytical approach.
This method quantifies differences in model parameters across various sub-groups (e.g.,
patient cohorts, crop varieties, and treatment phases) to investigate systematic variations
among them. For instance, ref. [1] examined efficacy differences between two racial groups
using the two-group linear dose–response regression model:

yl = βl1 + βl2xl + el , l = 1, 2, (1)

where xl denotes the drug dose for the lth group, yl represents the corresponding observed
efficacy, and βl1 and βl2 are the intercept and slope parameters of the model for that group,
respectively. The intercept indicates the baseline effect, while the slope reflects the treatment
effect. The difference in treatment effects between the two racial groups in model (1) can
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be quantified as β12 − β22. For further information on analytical methods for comparing
parameters in classical multi-group linear models, please refer to [2–4].

In practice, however, covariates are often subject to measurement errors (MEs) due to
human negligence, instrument inaccuracies, and systematic errors. For example, if there
is an error in the measurement of drug dosage in model (1), the data can be modeled and
estimated using the following two-group linear model with MEs:

yl = βl1 + βl2xl + el ,

zl = xl + ul ,
l = 1, 2, (2)

where zl denotes the observed value of the true covariate xl . Such multi-group linear
models with MEs (2) have been applied in various fields, such as agriculture, chemistry,
and medicine. As an illustration, ref. [5] employed this model to test for a significant
difference in proficiency between two operators in measuring human lung capacity. Similar
applications can be found in [6,7] and others. The existing literature on multi-group linear
models with MEs has proposed several modeling and data analysis methods (see [8–10]).
Nonetheless, the accuracy of these methods depends critically on the experimental settings
used to collect the data.

Currently, the theory of experimental designs for multi-group linear models is primar-
ily articulated within the framework of mixed models. For example, ref. [11] investigated
this issue within the scope of random intercept models, while [12] constructed optimal
designs for estimating model parameters and predicting individual treatment effects in
multi-group linear random coefficient regression models without covariates. Additionally,
ref. [13] derived optimal designs for estimating parameter contrasts in a linear mixed
model incorporating group-specific treatment effects, as proposed by [14].

In contrast to mixed models, multi-group linear models with MEs are distinguished
because both the response variable and the covariates are subject to errors. This funda-
mental distinction leads to significant differences in their theoretical foundations, such
as the information matrix. Therefore, this paper aims to develop and evaluate optimal
experimental designs for multi-group linear models with MEs. Specifically, we focus on
local c-, DA-, and D-optimality criteria, which are essential for estimating linear combi-
nations of model parameters. This paper is organized as follows: Section 2 introduces
a mathematical framework for multi-group linear models with MEs. Sections 3 and 4
explore the concepts of locally c-, DA-, and D-optimal designs within the context of these
models. This exploration includes the derivation of equivalence theorems to evaluate the
optimality of approximate designs under each criterion and extends Elfving’s theorem
to provide a geometrical characterization of locally c-optimal designs. Furthermore, for
a class of multi-group linear models with MEs where the regression functions share an
identical structure across groups, we demonstrate that the locally D-optimal design is the
product of the locally D-optimal designs for the corresponding linear ME models. Finally,
concluding remarks are presented in Section 5, and some proofs of theorems are deferred
to Appendix A.

2. Model Specification and Preliminaries
In this paper, we focus on a general form of multi-group linear models with MEs,

formulated as follows:

yij = f T(xij)Kiβ + eij, i = 1, . . . , n, j = 1, . . . , ri, (3)

where yij is a real-valued response, xij ∈ X indicates the jth true observation of the ith indi-
vidual, with X ⊂ R denoting the design space, n signifies the number of individuals and ri
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is the number of observations from individual i. The known regression function vector is
f (xij) = ( f1(xij), . . . , fp(xij))

T and β is a q-dimensional unknown model parameter vector
supposed to be the same for all individuals. The matrix Ki denotes the group membership
of individual i, independent of the experimental setting xij chosen. Consequently, the
individual parameter vector for individual i is expressed as Kiβ, and eij is the ME in the
response yij. The true observation xij, which is unknown, is also subject to ME uij. In
particular, it is assumed that we observe

zij = xij + uij, i = 1, . . . , n, j = 1, . . . , ri. (4)

The vectors εij = (eij, uij)
T of response errors eij and covariate errors uij for i = 1, . . . , n

and j = 1, . . . , ri are considered to be independent and normally distributed with mean
02×1 and a covariance matrix of the form

Σeu =

(
σ2

e σeu

σeu σ2
u

)
,

where σeu = σeu. To clarify models (3) and (4), we take model (2) from the introduction
as an illustrative example, defining f (xij) = (1, xij)

T and β = (β11, β21, β12, β22)
T . Thus,

model (2) can be expressed as follows:

yij = f T(xij)Kiβ + eij,

zij = xij + uij,
i = 1, 2, j = 1, . . . , ri, (5)

where K(1) =

(
1 0 0 0
0 0 1 0

)
and K(2) =

(
0 1 0 0
0 0 0 1

)
correspond to the first and

second groups, respectively.
Since the vector of MEs is normally distributed, the maximum likelihood estimator β̂

is defined as the value of β that minimizes Formula (6),

n

∑
i=1

ri

∑
j=1

(
yij − f T(xij)Kiβ, zij − xij

)
Σ−1

eu
(
yij − f T(xij)Kiβ, zij − xij

)T . (6)

This is based on the following assumptions:

(i) The function f T(x)Kiβ is continuous and has continuous first- and second-order
derivatives with respect to both β and x for each individual i;

(ii) For every ζ > 0, there exists a constant δζ > 0 such that

Qr(β) =
1
r

n

∑
i=1

ri

∑
j=1

inf
yij= f T(xij)Ki β

(yij − f T(xij)Kiβ, zij − xij)Σ−1
eu (yij − f T(xij)Kiβ, zij − xij)

T > δζ ,

for β satisfying |β − β⋆| > ζ, where β⋆ denotes the true value of the model
parameter vector.

Let Fi = ( f T(xi1), . . . , f T(xiri ))
T and Yi = (yi1, . . . , yiri )

T ; from Theorem 3.2.1 of [8],
we can obtain the asymptotic property of the maximum likelihood estimator β̂ for the
model parameter vector β:

√
r(β̂ − β⋆)

L→ N(0, M−1
all (ξ, β⋆)),

where β⋆ denotes the true value of the model parameter vector, r is the total number of

trials, L→ denotes convergence in distribution and Mall(ξ, β) is called the information matrix
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of design ξ. Here we assume that there exists a design ξ, such that Mall(ξ, β) is nonsingular.
The information matrix Mall(ξ, β) is given by

Mall(ξ, β) =
(GK)TV−1(β)GK

r
, (7)

where K =
(
KT

1 , . . . , KT
n
)T , Y =

(
YT

1 , . . . , YT
n
)T , G is block diagonal with the matrices Fi as

blocks and V(β) is block diagonal with the matrices Vi(β) as diagonal elements,

Vi(β) = diag
{

σi(xi1, β), σi(xi2, β), . . . , σi(xiri , β)
}

,

σi(xij, β) =

(
1,

∂ f T(xij
)

∂xij
Kiβ

)
Σeu

(
1,

∂ f T(xij
)

∂xij
Kiβ

)T

,

for i = 1, . . . , n, j = 1, . . . , ri, and we require that both the matrices K and GK have a full
column rank.

For the sake of generality, we assume that there are only L distinct groups, that is, L
versions of Ki: K(1), . . . , K(L) with sizes n(1), . . . , n(L), summing up to n, and the number of
observations is the same for all individuals of one group, hereafter denoted by r(1), . . . , r(L)
for these groups, which is a common practice. In this circumstance, we study the group-wise
identical designs, which require that all members of the same group follow the identical
design settings, see [14]. In this paper, the group-wise identical design for the lth group is
denoted by

ξ(l) =
(

xl1, . . . , xlkl
; wl1, . . . , wlkl

; r(l)
)

, l = 1, 2, . . . , L,

where xl1, . . . , xlkl
are different experimental settings, with rl1, . . . , rlkl

denoting the number

of observations made at each corresponding setting, such that ∑kl
j=1 rl j = r(l). Moreover,

wl j = rl j/r(l) signifies the proportion of observations taken at the setting xl j.
Therefore, the overall information matrix in (7) for design ξ = (ξ(1), . . . , ξ(L)) is

Mall(ξ, β) =
L

∑
l=1

ω̃(l)K
T
(l)M(l)(ξ(l), β)K(l), (8)

where ω̃(l) = n(l)r(l)/r for l = 1, . . . , L. This term represents the proportion of individual
observations within the lth group relative to the total number of trials, and it is evident that
∑L

l=1 ω̃(l) = 1. The matrix M(l)(ξ(l), β) = FT
(l)W(l)V

−1
(l) (β)F(l) denotes the information ma-

trix for the design ξ(l) in the lth group under maximum likelihood estimation. Additionally,
W(l) and V(l)(β) are diagonal matrices with wl j and σ(l)(xl j, β) as their diagonal elements,
respectively, for j = 1, . . . , kl . The design matrix F(l) is evaluated at the experimental
settings xl1, . . . , xlkl

(see [15]).
When comparing the difference in drug efficacy between groups, such as the treatment

difference β12 − β22 in model (5), a natural objective is to minimize the variance of its
estimate Var(cT β̂) = cT M−1

all (ξ, β)c/r or equivalently minimize the function

ψc(ξ, β) = cT M−1
all (ξ, β)c. (9)

In general, for fixed ω̃(1), . . . , ω̃(L), the design ξ∗ = (ξ∗(1), . . . , ξ∗(L)) is called c-optimal
if it minimizes the function ψc(ξ, β) over the space of all approximate groups of designs
(ξ(1), . . . , ξ(L)) on X L. Note that the information matrix of the multi-group linear model
with MEs defined in (3) and (4) typically depends on the values of the parameters. One
way to overcome this dependence is to replace these parameters by their ‘best guesses’,
which could be based on prior experiments. The resulting optimal designs are known as
locally optimal designs, see [16].
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3. Locally c-Optimal Design
In this section, we focus on constructing locally c-optimal designs for some given

contrast cT β. The following equivalence theorem establishes the sufficient and necessary
condition to verify whether a design is locally c-optimal.

Theorem 1. For the multi-group linear models with MEs defined in (3) and (4), let

ϕc(x1, . . . , xL, ξ) =
L

∑
l=1

ω̃(l)

 f T(xl)√
σ(l)(xl , β)

N(l)(ξ, β)c

2

(10)

and
N(l)(ξ, β) = K(l)M−1

all (ξ, β),

Then a design ξ∗ =
(
ξ∗1 , ξ∗2 , . . . , ξ∗L

)
is locally c-optimal if and only if the inequality

ϕc(x1, . . . , xL, ξ∗) ≤ cT

(
L

∑
l=1

ω̃(l)NT
(l)(ξ

∗, β)M(l)(ξ
∗
(l), β)N(l)(ξ

∗, β)

)
c (11)

holds for all x1, . . . , xL ∈ X . Moreover, the equality in (11) is achieved for any (x∗1 , . . . , x∗L) ∈
supp(ξ∗(1))× . . . × supp(ξ∗(L)), where supp(ξ(l)) denotes the support points of design ξ(l) on X ,
l = 1, . . . , L.

In addition, geometric characterization is also a highly effective tool for identifying
optimal designs. The most celebrated geometric result in the theory of optimal design is
attributed to [17], which offered a characterization of c-optimal designs, known as Elfving’s
theorem. This theorem asserts that the optimal design is located at the intersection of vector
lines and the boundary of a convex set, referred to as the Elfving set. Elfving’s theorem
is recognized for its importance in various scientific fields, as evidenced by its citation in
notable works such as [18–20]. In this paper, we will extend Elfving’s theorem to the case
of multi-group linear models with MEs. To achieve this goal, let us give the definition of
the generalized Elfving set

R = conv



(
KT
(1), . . . , KT

(L)

)


√
ω̃(1) f (x1)√
σ(1)(x1, β)

0 · · · 0

...
...

. . .
...

0 0 · · ·

√
ω̃(L) f (xL)√
σ(L)(xL, β)


ε

∣∣∣∣∣x1, . . . , xL ∈ X , ∥ε∥2 = 1


, (12)

where 0 represents the p × 1 zero matrix, conv(B) denotes the convex hull of the set B,
and ∥ε∥ refers to the Frobenius norm of the vector ε; i.e., ∥ε∥2 = εTε. Hence we obtain the
following result.

Theorem 2. A design ξ∗ =
(
ξ∗1 , ξ∗2 , . . . , ξ∗L

)
is locally c-optimal for multi-group linear models with

MEs defined in (3) and (4) if and only if there exists a positive constant γ and an L × 1-dimensional
vector ε satisfying

∥ε∥2 = 1, (13)

such that the point γc ∈ Rq lies on the boundary of the generalized Elfving set R defined in (12)
and has the representation
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γc = ∑k1
u=1 · · ·∑kL

v=1 ω∗
1u × · · · × ω∗

Lv

(
KT
(1), . . . , KT

(L)

)


√
ω̃(1) f (x∗1u)√
σ(1)(x∗1u, β)

0 · · · 0

...
...

. . .
...

0 0 · · ·

√
ω̃(L) f (x∗Lv)√
σ(L)(x∗Lv, β)


ε. (14)

Example 1. In the case described in model (5), we wish to find the locally c-optimal designs
for comparing baseline and treatment effects in model (5) respectively, where the design space is
X 2 = [a, b]2 ⊂ R2

+.

1. Construction of the locally c-optimal design for comparing baseline effects.
The c-optimal design for comparing baseline effects in this model was obtained by direct
calculation in [21]. We now determine the c-optimal design using Theorem 2. The generalized
Elfving set in (12) for this model is

R = conv





√
ω̃(1)√

σ2
e + 2β12σeu + β2

12σ2
u

0√
ω̃(1)x1√

σ2
e + 2β12σeu + β2

12σ2
u

0


ε1 +



0√
ω̃(2)√

σ2
e + 2β22σeu + β2

22σ2
u

0√
ω̃(2)x2√

σ2
e + 2β22σeu + β2

22σ2
u


ε2

∣∣∣∣∣x1, x2 ∈ X , ε = (ε1, ε2)
T , ∑2

l=1 ε2
l = 1


and the boundary of R is obtained from the endpoints of the design region, a and b. Conse-
quently, the optimal design for the lth group takes the form ξ∗(l) = (a, b; 1 − ωl , ωl ; r(l)). In
what follows, we define

q1 =
ω̃(1)

σ2
e + 2β12σeu + β2

12σ2
u

and q2 =
ω̃(2)

σ2
e + 2β22σeu + β2

22σ2
u

(15)

to simplify some expressions.
For ξ∗ = (ξ∗(1), ξ∗(2)) and c = (1,−1, 0, 0)T , we have

ψc(ξ
∗, β) =

ω1(b2 − a2) + a2

q1(a − b)2ω1(1 − ω1)
+

ω2(b2 − a2) + a2

q2(a − b)2ω2(1 − ω2)
. (16)

A direct calculation shows that the weights ω∗
1 and ω∗

2 of the locally c-optimal design at x = b
are

ω∗
1 = ω∗

2 =
a

a + b
,

and

ϕc(x1, x2, ξ∗) =
(a + b)2(a + b − 2x1)

2

q1(a − b)4 +
(a + b)2(a + b − 2x2)

2

q2(a − b)4 .

Obviously, ϕc(x1, x2, ξ∗) attains its maximum
(a + b)2(q1 + q2)

(a − b)2q1q2
at the four vertexes of

[a, b]2. Hence, ξ∗ is locally c-optimal by Theorem 1.
2. Construction of the locally c-optimal design for comparing treatment effects.

Similarly to the above operations in part (i), let ξ∗(l) = (a, b; 1 − ωl , ωl ; r(l)). For

ξ∗ = (ξ∗(1), ξ∗(2)) and c = (0, 0, 1,−1)T , we have

ψc(ξ
∗, β) =

1
q1(a − b)2ω1(1 − ω1)

+
1

q2(a − b)2ω2(1 − ω2)
. (17)

It is straightforward to show that the weights ω∗
1 and ω∗

2 of the locally c-optimal design at
x = b are
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ω∗
1 = ω∗

2 =
1
2

.

From Theorem 1, it can be easily verified that ξ∗ is the locally c-optimal design for the second
part of Example 1.

4. Locally DA-Optimal Design
In practical applications, such as drug discovery, the functional estimation of model

parameters, particularly for specific linear contrasts of these parameters, has garnered
significant interest. Suppose we are concerned with s important linear contrasts, which are
represented by rows in AT β, and A is a q× s user-specified matrix with rank s < q. A simple
calculation reveals that the covariance matrix for these s estimated linear combinations
AT β̂ is Cov(AT β̂) = AT M−1

all (ξ, β)A/r.
We now define the local DA-optimality criterion for estimating the s contrasts AT β

as follows

ψDA(ξ, β) = log
{∣∣∣AT M−1

all (ξ, β)A
∣∣∣}, (18)

and a design that minimizes ψDA(ξ, β) is termed the locally DA-optimal design. Such a
design will ensure that all these contrasts are estimated as precisely as possible given the
total sample size for this study. The following theorem provides a characterization of a
locally DA-optimal design.

Theorem 3. For the multi-group linear models with MEs defined in (3) and (4), let

ϕDA(x1, . . . , xL, ξ) = ∑L
l=1

ω̃(l)

σ(l)(xl , β)
f T(xl)N(l)(ξ, β)A

(
AT M−1

all (ξ, β)A
)−1

AT NT
(l)(ξ, β) f (xl), (19)

Then a design ξ∗ =
(
ξ∗1 , ξ∗2 , . . . , ξ∗L

)
is locally DA-optimal if and only if the inequality

ϕDA(x1, . . . , xL, ξ∗) ≤ s (20)

holds for all x1, x2, . . . , xL ∈ X . Moreover, the equality in (20) is achieved for any (x∗1 , x∗2 , . . . , x∗L) ∈
supp(ξ∗(1))× . . . × supp(ξ∗(L)), where supp(ξ(l)) denotes the support points of the design ξ(l) on
X , l = 1, . . . , L.

The proof follows from similar arguments to those in Theorem 1 and is therefore
omitted for brevity.

Example 2. We now explore a more complex scenario than the one presented in Example 1, where
our interest extends beyond the difference in the mean of the intercept, β11 − β21, to also include the
difference in the mean of the slope, β12 − β22. The matrix A, which characterizes these contrasts, is
as follows:

A =

(
1 −1 0 0
0 0 1 −1

)T

.

Let ξ∗(l) be defined as (a, b; 1/2, 1/2; r(l)) for l = 1, 2, and ξ∗ = (ξ∗(1), ξ∗(2)). We aim to demonstrate
that ξ∗ is locally DA-optimal for the model in Example 2. For ξ∗, it is evident that

ϕDA(x1, x2, ξ∗) =
q2(2x1 − (a + b))2 + q1(2x2 − (a + b))2 + (q1 + q2)(a − b)2

(q1 + q2)(a − b)2 ,
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in which q1 and q2 are as defined in (15). Moreover, it follows that ϕDA(x1, x2, ξ∗) reaches its
maximum at the four vertexes of [a, b]2 and equals 2. Consequently, ξ∗ is locally DA-optimal,
according to Theorem 3.

Now we investigate a special case of Theorem 3 in which the estimations of all model
parameters are considered. This is D-optimality, where A = Iq. From Theorem 3, a direct
calculation reveals the following corollary.

Corollary 1. For the multi-group linear models with MEs defined in (3) and (4), let

ϕD(x1, . . . , xL, ξ) =
L

∑
l=1

ω̃(l)

σ(l)(xl , β)
f T(xl)K(l)M−1

all (ξ, β)KT
(l) f (xl), (21)

Then a design ξ∗ is locally D-optimal if and only if the inequality

ϕD(x1, . . . , xL, ξ∗) ≤ q (22)

holds for all x1, . . . , xL ∈ X . Moreover, the equality in (22) is achieved for any (x∗1 , . . . , x∗L) ∈
supp(ξ∗(1))× . . . × supp(ξ∗(L)), where supp(ξ(l)) denotes the support points of the design ξ(l) on
X , l = 1, . . . , L.

In the aforementioned cases, we have obtained the closed-form formulas of the locally
c- and DA-optimal designs for the simple multi-group linear model with MEs and applied
the equivalence theorems to ascertain the optimalities of the above designs. However, when
dealing with more complex settings, numerical approaches must be employed to determine
the optimal design under each criterion. To this end, we utilized the CVX package [22] in
MATLAB R2023a, which is specifically designed for disciplined convex programming. In
the context of nonlinear models, CVX-based algorithms are widely recognized as more
practical and flexible for solving optimal design problems under convex criteria compared
to conventional statistical approaches. The specific algorithmic implementation is detailed
on page 5 of [23]. It is also worth noting that for a class of multi-group linear models with
MEs, the locally D-optimal design can be clearly determined.

Theorem 4. If K = (KT
(1), . . . , KT

(L))
T is an orthogonal matrix and ξ∗(l) is the locally D-optimal

design for the linear ME model in the lth group, l = 1, . . . , L, then design ξ∗ = (ξ∗(1), . . . , ξ∗(L))

is locally D-optimal for multi-group linear models with MEs defined in (3) and (4), which is not
influenced by the proportion of individual observations within each group relative to the total number
of trials.

The optimal design theory for multi-group linear models with MEs is used not only in
estimating parameters or contrasts in the model parameters from various populations, but
also in estimating them from paired data, as Example 3 will show.

Example 3. This example involves a dataset (cf., [24]) from an ecological study of heavy metal
contamination, where twenty-five tanks contained twenty trout, which were exposed to various
doses of copper in mg/L. The response variables, denoted as y1 and y2, represent the proportions
of dead fish after 8 and 24 h, respectively. The predictor variable, x, is the dose of copper, which
was transformed into a logarithmic scale. Based on the dataset, two fitted quadratic polynomial
regression models as in (23) were proposed by [25] to compare whether the proportions of dead fish
after 8 and 24 h are different over the interval x ∈ [5.6, 7.3],

yl j = (1, xl j, x2
l j)Kl β + el j, l = 1, 2, j = 1, . . . , kl , (23)
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where Kl equals either K(1) for the survival status of trout after 8 h or K(2) for the survival status of
trout after 24 h with

K(1) =

 1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0

 and K(2) =

 0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1

.

Suppose that prior information regarding the model parameter value is available from prelimi-
nary experiments; that is

β = (5.7779,−16.2031,−1.9381, 4.6715, 0.1622,−0.3163)T .

In what follows, we consider the construction of the locally D-optimal design over the interval
X = [5.6, 7.3] for the model (23) but with MEs. The MEs are assumed to be

zl j = xl j + ul j, l = 1, 2, j = 1, . . . , kl , (24)

For the sake of simplicity, the covariance matrix of el j and ul j is assumed to be a 2 × 2
diagonal matrix, i.e., Σeu = diag(σ2

e , λσ2
e ), where λ = σ2

u/σ2
e is referred to as the error-variances

ratio, see [8,26]. It is remarkable that (7) reduces to the information matrix of the corresponding
multi-group linear regression model if λ = 0.

Locally D-optimal designs. According to the existing conditions, we know that

K =

(
K(1)

K(2)

)
=



1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1


is an orthogonal matrix. The locally D-optimal design for two-group polynomial models with
MEs as defined in (23) and (24) can be found straightforwardly using Corollary 1, which is of the
following form:

ξ∗ = (ξ∗(1), ξ∗(2)).

Here ξ∗(l) = (xl1, xl2, xl3; 1/3, 1/3, 1/3) must be the locally D-optimal design for the corresponding
polynomial ME model of the lth group for l = 1, 2, which can be solved by [15]. Table 1 lists the
support points of locally D-optimal designs ξ∗ = (ξ∗(1), ξ∗(2)) for models (23) and (24) with the
given β for various λ.

Figure 1 presents plots of the function ϕD(x1, x2, ξ∗) defined in (21) for locally D-optimal
designs ξ∗. These plots illustrate the expected properties of an optimal design, specifically, the
function ϕD(x1, x2, ξ∗) being less than or equal to the value on the right-hand side of inequality (22)
across the design space, with equality at the support points of ξ∗. By the equivalence theorem, the
plots confirm the local D-optimalities of the designs ξ∗.

The D-efficiency. In the process of numerical calculation, we note that the locally D-optimal
designs are closely related to the values of λ for fixed β. To compare the performance of the different
designs for two-group polynomial models with MEs as defined in (23) and (24), we employ the
D-efficiency defined for a design ξ as

effD(ξ; ξλ) =

(
|Mall(ξ, β)|∣∣Mall(ξ

∗
λ, β)

∣∣
)1/ν

, (25)
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where ν is the number of the model parameters and ξ∗λ is the locally D-optimal design for two-group
polynomial models with MEs using the given error-variance ratio λ. We have conducted a systematic
calculation of the efficiencies of the locally D-optimal designs for two-group polynomial models
with MEs as defined in (23) and (24) when the error-variance ratio deviates from the true value.
Table 2 shows that the optimal design ξ∗λ is sensitive to the error-variance ratio λ, where λmis is
the misspecified error-variance ratio and λ∗ is the true error-variance ratio. It is observed that
effD(ξ

∗
λmis

; ξ∗λ∗
) decreases moderately as the error-variance ratio deviates from the true value λ∗.

Ulteriorly, this characterization becomes more pronounced if the dose range of copper is larger.

Table 1. The support points of locally D-optimal designs ξ∗ = (ξ∗(1), ξ∗(2)) for two-group polynomial
models with MEs as defined in (23) and (24) with λ = 0, 0.5, 1, 5, 10, 50 and the given β.

λ Support Points with Equal Weights

0 {(5.60, 5.60), (5.60, 6.45), (5.60, 7.30), (6.45, 5.60), (6.45, 6.45), (6.45, 7.30), (7.30, 5.60), (7.30, 6.45), (7.30, 7.30)}
0.5 {(5.60, 5.60), (5.60, 6.50), (5.60, 7.30), (6.44, 5.60), (6.44, 6.50), (6.44, 7.30), (7.30, 5.60), (7.30, 6.50), (7.30, 7.30)}
1 {(5.60, 5.60), (5.60, 6.54), (5.60, 7.30), (6.43, 5.60), (6.43, 6.54), (6.43, 7.30), (7.30, 5.60), (7.30, 6.54), (7.30, 7.30)}
5 {(5.60, 5.60), (5.60, 6.69), (5.60, 7.30), (6.38, 5.60), (6.38, 6.69), (6.38, 7.30), (7.30, 5.60), (7.30, 6.69), (7.30, 7.30)}

10 {(5.60, 5.60), (5.60, 6.76), (5.60, 7.30), (6.33, 5.60), (6.33, 6.76), (6.33, 7.30), (7.30, 5.60), (7.30, 6.76), (7.30, 7.30)}
50 {(5.60, 5.60), (5.60, 6.89), (5.60, 7.30), (6.17, 5.60), (6.17, 6.89), (6.17, 7.30), (7.30, 5.60), (7.30, 6.89), (7.30, 7.30)}

Figure 1. The plots of the function ϕD(x1, x2, ξ∗) defined by (21) for locally D-optimal designs ξ∗ in
Example 3 with λ = 0, 0.5, 1, 5, 10, 50 and the given β.
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Table 2. Efficiencies of the locally D-optimal designs for two-group polynomial models with MEs
as defined in (23) and (24) with the misspecified error-variance ratio λmis compared to the true
error-variance ratio λ∗.

λ∗
λmis

0 0.5 1 5 10 50

0 1.0000 0.9988 0.9961 0.9705 0.9472 0.8674
0.5 0.9985 1.0000 0.9993 0.9808 0.9602 0.8841
1 0.9955 0.9990 1.0000 0.9872 0.9692 0.8966
5 0.9697 0.9804 0.9875 1.0000 0.9952 0.9459

10 0.9472 0.9608 0.9705 0.9961 1.0000 0.9697
50 0.8622 0.8795 0.8933 0.9420 0.9672 1.0000

5. Concluding Remarks
This paper delves into the optimalities for multi-group linear models with MEs under

maximum likelihood estimation, including local c-, DA- and D-optimalities. We present
the corresponding equivalence theorems and demonstrate their application in evaluating
the optimalities of designs through illustrative examples. It is worth noting that our
primary focus is on the assumption of normally distributed errors in multi-group linear
models with MEs. However, similar results can also be obtained using the methodology
introduced in this paper under alternative distributional assumptions. As previously noted
by [13], optimal design problems for multi-group linear models are prevalent in practical
applications. Our findings can be beneficial for design problems when multi-group linear
models with MEs are employed.

The construction method of the locally D-optimal designs for a class of multi-group
linear models with MEs has been provided. This approach is helpful when the model
structure is identical across groups, as shown in Example 3. In addition, the numerical
results show that the locally D-optimal designs for the multi-group linear models with
MEs are sensitive to the error-variance ratio. Hence, it is of particular importance to take
MEs into account for planning the experiments in the presence of MEs in variables.

The newly obtained designs are usually locally optimal; that is, they often depend
on the model parameter vector and the error-variance ratio. To avoid these, Bayesian
and maximin approaches could be alternative ways to overcome the dependence of the
information matrix on the model parameter vector and the error-variance ratio; these can
be considered in the future.
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Appendix A. Proofs
Proof of Theorem 1. To illustrate the idea, we present a proof for the case of two dis-
tinct groups, i.e., L = 2. The argument for the general case will follow the same line.
Let Ξl encompass all possible approximate designs, where each individual from group
l contributes a predetermined number of r(l) observations for l = 1, 2, and define for
ξ = (ξ(1), ξ(2)) ∈ Ξ1 × Ξ2

M(ξ, β) =M(ξ(1), ξ(2), β)

=

(
ω̃(1)M(1)(ξ(1), β) 0p×p

0p×p ω̃(2)M(2)(ξ(2), β)

)
. (A1)

Obviously, the set M(2) =
{

M
(

ξ(1), ξ(2), β
)

:
(

ξ(1), ξ(2)

)
∈ Ξ1 × Ξ2

}
is a convex subset of

the set NND (2p) of all non-negative definite 2p × 2p matrices. Moreover, if δx denotes the
Dirac measure at the point x ∈ X , it is easy to see that M(2) is the convex hull of the set
D(2) =

{
M(δx1 , δx2 , β) : x1, x2 ∈ X

}
. Note that for a matrix M(ξ, β) ∈ M(2), the function

ψc(ξ, β) in (9) can be written as

ψ̃c
(

M(ξ, β)
)
= cT

(
KT M(ξ, β)K

)−1
c,

where

K =

(
K(1)

K(2)

)
. (A2)

To demonstrate the convexity of the function ψc(ξ, β), it is equivalently necessary to
show that the modified criterion ψ̃c(M(ξ, β)) exhibits convexity. Hence we first let
ξα = αξ + (1 − α)ξ̄, where ξ and ξ̄ are any two approximate designs in Ξ1 × Ξ2 and
α ∈ [0, 1]. Then

M(ξα, β) = αM(ξ, β) + (1 − α)M(ξ̄, β)

and
(KT M(ξα, β)K)−1 ≤ α(KT M(ξ, β)K)−1 + (1 − α)(KT M(ξ̄, β)K)−1.

Consequently,

ψ̃c
(

M(ξα, β)
)
=cT

(
KT M(ξα, β)K

)−1
c

≤αcT
(

KT M(ξ, β)K
)−1

c + (1 − α)cT
(

KT M(ξ̄, β)K
)−1

c

=αψ̃c
(

M(ξ, β)
)
+ (1 − α)ψ̃c

(
M(ξ̄, β)

)
.

Due to the convexity of ψc, the design ξ∗ = (ξ∗(1), ξ∗(2)) is considered locally c-optimal if

and only if the derivative of ψ̃c(M), evaluated at M∗
= M(ξ∗, β) = M(ξ∗(1), ξ∗(2), β), is

non-negative for all directions E∗
0 = E − M∗, where E ∈ M(2); i.e., the Fréchet derivative

∂ψ̃c(M∗, E∗
0 ) = lim

α→0+

ψ̃c

(
M∗

+ αE∗
0

)
− ψ̃c

(
M∗)

α
≥ 0.

Since M(2) = conv
(
D(2)

)
, it suffices to verify the inequality for all E ∈ D(2). For the locally

c-optimal design ξ∗ = (ξ∗(1), ξ∗(2)), let ξα = (1 − α)(ξ∗(1), ξ∗(2)) + α(δx1 , δx2), where α ∈ (0, 1).

Note that Mα = (1 − α)M∗
+ αM(δx1 , δx2 , β) and

Mall(ξα, β) = KT MαK.
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Assuming that integration and differentiation are interchangeable, the derivative at
M∗

= M(ξ∗(1), ξ∗(2), β) in the direction of E∗
0 = E − M∗

= M(δx1 , δx2 , β)− M∗ is given by

∂ψ̃c

(
M∗, E∗

0

)
= lim

α→0+

ψ̃c

(
M∗

+ αE∗
0

)
− ψ̃c

(
M∗)

α

= lim
α→0+

ψ̃c

(
M∗

+ α(E − M∗
)
)
− ψ̃c

(
M∗)

α

= lim
α→0+

ψ̃c

(
(1 − α)M∗

+ αE
)
− ψ̃c

(
M∗)

α

= lim
α→0+

ψ̃c

(
(1 − α)M∗

+ αM(δx1 , δx2 , β)
)
− ψ̃c

(
M∗)

α

=
d

dα
ψ̃c
(

Mα

)∣∣∣∣
α=0+

=
d

dα
cT M−1

all (ξα, β)c
∣∣∣
α=0+

=− cT M−1
all (ξα, β)

(
d

dα
Mall(ξα, β)

)
M−1

all (ξα, β)c
∣∣∣
α=0+

=cT M−1
all (ξ

∗, β)
(

KT M∗K − KT M(δx1 , δx2 , β)K
)

M−1
all (ξ

∗, β)c

=cT

(
2

∑
l=1

nlr(l)NT
(l)(ξ

∗, β)M(l)(ξ
∗
(l), β)N(l)(ξ

∗, β)

)
c

−
2

∑
l=1

nlr(l)

 f T(xl)√
σ(l)(xl , β)

N(l)(ξ
∗, β)c

2

.

Consequently, the design ξ∗ = (ξ∗(1), ξ∗(2)) is locally c-optimal if and only if the inequality

2

∑
l=1

nlr(l)

 f T(xl)√
σ(l)(xl , β)

N(l)(ξ
∗, β)c

2

≤ cT

(
2

∑
l=1

nlr(l)NT
(l)(ξ

∗, β)M(l)(ξ
∗
(l), β)N(l)(ξ

∗, β)

)
c

is satisfied for all x1, x2 ∈ X .
For the proof of the equality part of Theorem 1, let us assume that

ϕc(x1, x2, ξ∗) < cT

(
2

∑
l=1

nlr(l)NT
(l)(ξ

∗, β)M(l)(ξ
∗
(l), β)N(l)(ξ

∗, β)

)
c,

Then

∫
X

∫
X

ϕc(x1, x2, ξ∗)dξ∗(1)(x1)dξ∗(2)(x2) < cT

(
2

∑
l=1

nlr(l)NT
(l)(ξ

∗, β)M(l)(ξ
∗
(l), β)N(l)(ξ

∗, β)

)
c.

Now for any design ξ = (ξ(1), ξ(2)), from expression (10), we have
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∫
X

∫
X

ϕc(x1, x2, ξ)dξ(1)(x1)dξ(2)(x2)

=
∫
X

∫
X

2

∑
l=1

nlr(l)

 f T(xl)√
σ(l)(xl , β)

N(l)(ξ, β)c

2

dξ(1)(x1)dξ(2)(x2)

=
2

∑
l=1

∫
X

∫
X

nlr(l)

 f T(xl)√
σ(l)(xl , β)

N(l)(ξ, β)c

2

dξ(1)(x1)dξ(2)(x2)

=
2

∑
l=1

∫
X

nlr(l)

 f T(xl)√
σ(l)(xl , β)

N(l)(ξ, β)c

2

dξ(l)(xl)

=
2

∑
l=1

nlr(l)c
T NT

(l)(ξ, β)

(∫
X

f (xl) f T(xl)

σ(l)(xl , β)
dξ(l)(xl)

)
N(l)(ξ, β)c

=
2

∑
l=1

nlr(l)c
T NT

(l)(ξ, β)M(l)(ξ(l), β)N(l)(ξ, β)c

=cT

(
2

∑
l=1

nlr(l)NT
(l)(ξ, β)M(l)(ξ(l), β)N(l)(ξ, β)

)
c.

This contradiction shows that equality in (11) must hold whenever (x1, x2) ∈ supp(ξ∗(1))×
supp(ξ∗(2)), which proves the assertion.

Proof of Theorem 2. Similarly to Theorem 1, we provide a proof for the case of two
different groups, as the proof for scenarios with L ≥ 3 is analogous. Suppose design
ξ∗ =

(
ξ∗(1), ξ∗(2)

)
minimizes cT M−1

all (ξ, β)c or equivalently satisfies Theorem 1, where

ξ∗(1) =

(
x∗11 · · · x∗1k1

ω∗
11 · · · ω∗

1k1

)
and ξ∗(2) =

(
x∗21 · · · x∗2k2

ω∗
21 · · · ω∗

2k2

)
.

Based on Equations (A1) and (A2), the function Mall(ξ
∗, β) defined in Equation (8) can be

written as
Mall(ξ

∗, β) = KT M(ξ∗, β)K,

and the support points of ξ∗ can be denoted by supp(ξ∗) =
{
(x∗1u, x∗2v) | u = 1, . . . , k1,

v = 1, . . . , k2}. We define γ2 =
(

cT M−1
all (ξ

∗, β)c
)−1

and d = γM−1
all (ξ

∗, β)c ∈ Rq; then,
according to c ∈ Range(Mall(ξ

∗, β)), it follows that

γc = Mall(ξ
∗ , β)d

= KT M(ξ∗ , β)Kd

=

KT

 ω̃(1) ∑
k1
u=1 ω∗

1u
f (x∗

1u) f T(x∗
1u)

σ(1)(x∗
1u , β)

0p×p

0p×p ω̃(2) ∑
k2
v=1 ω∗

2v
f (x∗

2v) f T(x∗
2v)

σ(2)(x∗
2v , β)

K

d

=

 k1

∑
u=1

k2

∑
v=1

ω∗
uvKT

 ω̃(1)
f (x∗

1u) f T(x∗
1u)

σ(1)(x∗
1u , β)

0p×p

0p×p ω̃(2)
f (x∗

2v) f T(x∗
2v)

σ(2)(x∗
2v , β)

K

d

=
k1

∑
u=1

k2

∑
v=1

ω∗
uvKT



√
ω̃(1) f (x∗

1u)√
σ(1)(x∗

1u , β)
0p×1

0p×1

√
ω̃(2) f (x∗

2v)√
σ(2)(x∗

2v , β)

εuv ,
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where we have used the notation

ω∗
uv = ω∗

1u × ω∗
2v and εuv =



√
ω̃(1) f T(x∗1u)√
σ(1)(x∗1u, β)

01×p

01×p

√
ω̃(2) f T(x∗2v)√
σ(2)(x∗2v, β)


Kd,

and by Theorem 1

∥εuv∥2 =εT
uvεuv

=dT

(
ω̃(1)K

T
(1)

f (x∗1u) f T(x∗1u)

σ(1)(x∗1u, β)
K(1) + ω̃(2)K

T
(2)

f (x∗2v) f T(x∗2v)

σ(2)(x∗2v, β)
K(2)

)
d

=γ2cT

(
ω̃(1)NT

(1)(ξ
∗, β)

f (x∗1u) f T(x∗1u)

σ(1)(x∗1u, β)
N(1)(ξ

∗, β)+

ω̃(2)NT
(2)(ξ

∗, β)
f (x∗2v) f T(x∗2v)

σ(2)(x∗2v, β)
N(2)(ξ

∗, β)

)
c

=γ2cT M−1
all (ξ

∗, β)c

=1,

for u = 1, . . . , k1, v = 1, . . . , k2. Consequently, the conditions (13) and (14) are satisfied and
it remains to show that γc lies on the boundary of the generalized Elfving set R defined
in (12). For this purpose, by Cauchy’s inequality and Theorem 1, we have

dTKT


√

ω̃(1)
f (x1)√

σ(j)(x1, β)
0p×1

0p×1

√
ω̃(2)

f (x2)√
σ(j)(x2, β)

ε


2

≤
(

εTε
)

dTKT


√

ω̃(1)
f (x1)√

σ(1)(x1, β)
0p×1

0p×1

√
ω̃(2)

f (x2)√
σ(2)(x2, β)



√

ω̃(1)
f T(x1)√

σ(1)(x1, β)
01×p

01×p

√
ω̃(2)

f T(x2)√
σ(2)(x2, β)

Kd

=∥ε∥2γ2cT

(
ω̃(1)NT

(1)(ξ
∗, β)

f (x1) f T(x1)

σ(1)(x1, β)
N(1)(ξ

∗, β) + ω̃(2)NT
(2)(ξ

∗, β)
f (x2) f T(x2)

σ(2)(x2, β)
N(2)(ξ

∗, β)

)
c

≤∥ε∥2

=1

for all x1, x2 ∈ X and ε satisfying (13). Moreover, dTγc = 1 by the definition of the constant
γ and the vector d. Consequently, the vector d defines a supporting hyperplane to the
generalized Elfving set R at the point γc, which implies that γc lies on the boundary of the
generalized Elfving set R defined in (12).

In order to prove the converse, suppose γc lies on the boundary of the generalized
Elfving set R defined in (12), and (13) and (14) are satisfied. In this case, there exists a
supporting hyperplane, say d ∈ Rq, to the generalized Elfving set R at the boundary point
γc; that is,

dTγc = 1 (A3)
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and the inequality

∣∣∣∣∣∣∣∣∣∣
dTKT


√

ω̃(1)
f (x1)√

σ(1)(x1, β)
0p×1

0p×1

√
ω̃(2)

f (x2)√
σ(2)(x2, β)

ε

∣∣∣∣∣∣∣∣∣∣
≤ 1 (A4)

holds for all x1, x2 ∈ X and ε satisfying (13). Defining

ε(x) = (ε1(x1), ε2(x2))
T ,

where

ε l(xl) =

√
ω̃(l)

σ(l)(xl , β)
f T(xl)K(l)d√√√√dT

(
ω̃(1)KT

(1)
f (x1) f T(x1)

σ(1)(x1, β)
K(1) + ω̃(2)K

T
(2)

f (x2) f T(x2)

σ(2)(x2, β)
K(2)

)
d

, l = 1, 2, (A5)

we have ∥ε(x)∥2 = 1 and obtain from the inequality (A4)

dT

(
∑2

l=1 ω̃(l)KT
(l)

f (xl) f T(xl)

σ(l)(xl , β)
K(l)

)
d =

∣∣∣∣∣∣∣∣∣∣
dTKT


√

ω̃(1)
f (x1)√

σ(1)(x1, β)
0p×1

0p×1

√
ω̃(2)

f (x2)√
σ(2)(x2, β)

ε(x)

∣∣∣∣∣∣∣∣∣∣

2

≤ 1 (A6)

for all x1, x2 ∈ X . On the other hand, using the Cauchy–Schwarz inequality from (14)
and (A3), we obtain

1 =
(

dTγc
)2

=

dT
k1

∑
u=1

k2

∑
v=1

ω∗
uvKT


√

ω̃(1)
f (x∗1u)√
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√
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f (x∗2v)√
σ(2)(x∗2v, β)

εuv


2

≤

 k1

∑
u=1

k2

∑
v=1

ω∗
uvdTKT


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f (x∗1u) f T(x∗1u)
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0p×p

0p×p ω̃(2)
f (x∗2v) f T(x∗2v)

σ(2)(x∗2v, β)

Kd
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(

k1

∑
u=1

k2

∑
v=1

ω∗
uv ∥ εuv ∥2

)

=

dTKT


ω̃(1) ∑k1

u=1 ω∗
1u

f (x∗1u) f T(x∗1u)

σ(1)(x∗1u, β)
0p×p

0p×p ω̃(2) ∑k2
v=1 ω∗

2v
f (x∗2v) f T(x∗2v)

σ(2)(x∗2v, β)

Kd


= γ2cT M−1

all (ξ
∗, β)c

= 1,

and the above equality holds if and only if

εuv = κuv


√

ω̃(1)
f T(x∗1u)√

σ(1)(x∗1u, β)
01×p

01×p

√
ω̃(2)

f T(x∗2v)√
σ(2)(x∗2v, β)

Kd, u = 1, . . . , k1, v = 1, . . . , k2. (A7)
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Combining (A5) and (11), we obtain (A8)

κuv =
1√√√√dT

(
ω̃(1)KT

(1)
f (x∗1u) f T(x∗1u)

σ(1)(x∗1u, β)
K(1) + ω̃(2)K

T
(2)

f (x∗2v) f T(x∗2v)

σ(2)(x∗2v, β)
K(2)

)
d

= 1,
(A8)

where u = 1, . . . , k1, v = 1, . . . , k2.
Consequently, (14) gives

γc =
k1

∑
u=1

k2

∑
v=1

ω∗
uvKT


ω̃(1)

f (x∗1u) f T(x∗1u)

σ(1)(x∗1u, β)
0p×p

0p×p ω̃(2)
f (x∗2v) f T(x∗2v)

σ(2)(x∗2v, β)

Kd

= Mall(ξ
∗, β)d.

It follows from [27] that there exists a generalized inverse G of the matrix Mall(ξ
∗, β) such

that d = γGc, and from (A6), we have for all x1, x2 ∈ X

γ2cTG

(
∑2

l=1 ω̃(l)KT
(l)

f (xl) f T(xl)

σ(l)(xl , β)
K(l)

)
Gc ≤ 1. (A9)

By (A3), we have γ2 =
(
cTGc

)−1
=
(

cT M−1
all (ξ

∗, β)c
)−1

and the inequality (A9) reduces
to (11). Consequently, the c-optimality of the design ξ∗ follows from Theorem 1, which
proves the assertion.

Proof of Theorem 4. If K is an orthogonal matrix, then

K−1
= KT , K(l)K

T
(l) = Ip, K(l)K

T
(t) = 0, l ̸= t, l, t = 1, . . . , L, (A10)

and rank(K(l)) = p = q/L for l = 1, . . . , L, which means the number of unknown parame-
ters in each group of models is p.

Since ξ∗(l) is the locally D-optimal design for the linear ME model in the lth group, it
yields the inequality based on Theorem 1 in [15],

1
σ(l)(xl , β)

f T(xl)M−1
(l) (ξ

∗
(l), β) f (xl) ≤ p (A11)

for any xl ∈ X , l = 1, . . . , L.
Let ξ∗ = (ξ∗(1), . . . , ξ∗(L)); from (21), (22), (A10) and (A11), we obtain

ϕD(x1, . . . , xL, ξ∗)

=
L

∑
l=1

ω̃(l)

σ(l)(xl , β)
f T(xl)K(l)M−1

all (ξ
∗, β)KT

(l) f (xl)

=
L

∑
l=1

ω̃(l)

σ(l)(xl , β)
f T(xl)K(l)K

−1M−1
(ξ∗, β)

(
KT
)−1

KT
(l) f (xl)

=
L

∑
l=1

ω̃(l)

σ(l)(xl , β)
f T(xl)K(l)K

T M−1
(ξ∗, β)KKT

(l) f (xl)

=
L

∑
l=1

1
σ(l)(xl , β)

f T(xl)M−1
(l) (ξ

∗
(l), β) f (xl)

≤Lp

=q

for all (x1, . . . , xL) ∈ X L. Here
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Mall(ξ
∗, β) = KT M(ξ∗, β)K

and

M(ξ∗, β) =


ω̃(1)M(1)(ξ

∗
(1), β) 0p×p · · · 0p×p

...
...

. . .
...

0p×p 0p×p · · · ω̃(L)M(L)(ξ
∗
(L), β)

,

which completes the proof by means of Corollary 1.
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