
Academic Editors: Ching-Sung Liu

and Xiaobing Feng

Received: 5 February 2026

Revised: 2 March 2026

Accepted: 10 March 2026

Published: 11 March 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

Fourth-Order Compact Finite-Difference Scheme with Discrete
Sine Transform for Solving 2D Heat Conduction Equation
with DBCs
Chunming Liu 1 and Xiaozhong Tong 1,2,*

1 School of Geosciences and Info-Physics, Central South University, Changsha 410083, China;
liuchunming@csu.edu.cn

2 Key Laboratory of Metallogenic Prediction of Nonferrous Metals and Geological Environment
Monitoring (Ministry of Education), Central South University, Changsha 410083, China

* Correspondence: csumaysnow@csu.edu.cn

Abstract

Finite-difference approaches are widely employed to solve partial differential equations in
numerous practical applications. However, their computational efficiency is often limited
by the need to solve linear systems through matrix inversion or iterative solvers, a challenge
that is particularly acute in high-dimensional problems. Consequently, there is a growing
demand for methods that ensure both high accuracy and computational efficiency. To
address the two-dimensional (2D) heat conduction problem, we propose a novel hybrid
technique that integrates a fourth-order implicit compact finite-difference approach with
the discrete sine transform (DST). The incorporation of the DST significantly reduces
the computational burden associated with solving the heat conduction equation on large
grids. Detailed numerical experiments were conducted to evaluate this solver for 2D heat
conduction equations subject to homogeneous Dirichlet boundary conditions (DBCs). The
results demonstrate that the proposed method not only achieves substantial reductions in
computational cost but also maintains a high level of numerical accuracy. All numerical
experiments were performed on a computer running MATLAB R2024b.

Keywords: heat conduction equation; Dirichlet boundary conditions (DBCs); implicit
finite-difference; fourth-order compact scheme; discrete sine transform (DST)

MSC: 86A25

1. Introduction
In the fields of mathematics and physics, the heat conduction equation is a significant

time-dependent parabolic partial differential equation (PDE). It is commonly employed
to model the distribution of temperature or heat within a specified region as it changes
over time [1]. Transient heat conduction problems involve variables in both the spatial
domain and the time domain. Numerical methods for approximating solutions to the
heat conduction equation are essential for addressing a wide range of mathematical and
physical problems. Currently, the spatial-domain discretization methods primarily include
the finite-difference approach [2,3], the finite-element scheme [4–6], the finite-volume
technique [7–9], the boundary-element method [10–12], the meshless method [13–15],
and the Fourier or Chebyshev spectral method [16,17]. For discretizing the time-domain
variable, the time derivative is typically approximated using a finite difference [18]. These
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numerical approaches often rely on different discretization schemes in the spatial domain.
However, solving large-scale systems of equations is typically required when addressing
complex numerical models. Furthermore, the computational cost increases substantially
when tackling higher-order heat conduction problems.

The finite-difference method (FDM) approximates partial derivatives in partial dif-
ferential equations (PDEs) using differential operators, thereby enabling the computation
of numerical solutions through the resulting linear system [19]. As a specific variant, the
finite-difference, time-domain (FDTD) approach discretizes both space and time, applying
finite-difference approximations to derivatives in each domain. This method offers notable
advantages in efficiency due to its straightforward formulation, conceptual simplicity, and
ease of implementation [20]. Despite its widespread use, the conventional FDM exhibits
significant limitations in computational precision. A common approach to enhancing
accuracy involves mesh refinement; however, this strategy inevitably increases storage
requirements and computational effort, particularly in high-dimensional scenarios. More-
over, solving the resulting large linear or nonlinear systems via direct matrix inversion or
iterative solvers incurs substantial computational costs. These challenges have motivated
the exploration of alternative techniques to achieve more efficient solutions. Consequently,
a crucial objective for improving the computational efficiency of the FDM is to avoid the
computational burden associated with large-scale matrix inversion. Significant research
efforts have been directed toward addressing these limitations, with notable advance-
ments reported in improving the efficiency and accuracy of finite-difference approaches for
solving heat equations in two- or three-dimensional spaces [21–24].

Fourier-related transforms play a fundamental role in solving PDEs [25–28]. Many
PDE problems, including Poisson equations with constant or variable coefficients, can be
efficiently solved using these transforms. Based on the signal’s time continuity, discreteness,
and periodicity, Fourier-related transforms are generally categorized into two types: the
continuous-time Fourier transform (CFT) and the discrete-time Fourier transform (DFT).
The rapid advancement of digital technology, particularly in computer hardware and soft-
ware, has provided abundant resources for discrete signal processing. Notably, the fast
Fourier transform (FFT) has emerged as a prevalent tool for computing the DFT, which
calculates the discrete-time Fourier series for periodic signals. Fourier-related transforms
are particularly effective for solving the Poisson equation under various boundary condi-
tions, including periodic, Dirichlet, Neumann, and Robin types [29]. When combined with
the finite-difference method (FDM), these transforms enable the derivation of solutions
through distinct discrete Fourier transformations. For example, the discrete sine trans-
form (DST) is well-suited for problems with homogeneous Dirichlet boundary conditions
(DBCs), while the discrete cosine transform (DCT) is applicable to Neumann boundary
conditions [30]. These transforms have been previously utilized to efficiently solve the
linear systems arising from finite-difference discretizations of PDEs, offering an attractive
alternative to direct matrix inversion or iterative solvers [31,32].

The paper aims to develop a novel hybrid technique that integrates a fourth-order
implicit compact finite-difference approach with the DST. To demonstrate our proposed
methodology, we focus the analysis on the 2D heat conduction equation governed by DBCs
on rectangular domains. The inherent nature of DBCs eliminates specialized approximation
formulas near boundaries, thereby ensuring the validity of the method after boundary
treatment. The technical foundations are documented in references [33–35]. The formalism
of the proposed method is also highly similar for parabolic equations.

The remainder of the paper is organized as follows. Section 2 presents a detailed
formulation of the fourth-order compact finite-difference scheme. Section 3 explains the de-
velopment and implementation of the DST-accelerated compact finite-difference algorithm
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for 2D heat conduction equations with homogeneous DBCs. Section 4 presents numerical
experiments demonstrating the application of the proposed DST-accelerated method to 2D
heat conduction equations. Finally, Section 5 summarizes the main conclusions.

2. Fourth-Order Compact Finite-Difference Scheme
The second-order derivative is approximated using the following centered compact

finite-difference scheme [36]:

βu′′
i−2 + αu′′

i−1 + u′′
i + αu′′

i+1 + βu′′
i+2 =

c ui−3−2ui+ui+3

9(∆x)2 + b ui−2−2ui+ui+2

4(∆x)2 + a ui−1−2ui+ui+1

(∆x)2
(1)

where u′′
i denotes the approximation of the second-order derivative at node i, and ∆x

represents the spatial mesh size along the x-direction. The relations among the coefficients
a, b, c, α, and β are established by aligning the coefficients of the Taylor series across
different orders. Specifically, these coefficients are computed by employing the Taylor
series expansions of the components in Equation (1):

u′′
i+1 = u′′ (xi + ∆x) = u′′

i + ∆x · u(3)
i + (∆x)2

2! u(4)
i + (∆x)3

3! u(5)
i + (∆x)4

4! u(6)
i

u′′
i−1 = u′′ (xi − ∆x) = u′′

i − ∆x · u(3)
i + (∆x)2

2! u(4)
i − (∆x)3

3! u(5)
i + (∆x)4

4! u(6)
i

u′′
i+2 = u′′ (xi + 2∆x) = u′′

i + 2∆x · u(3)
i + 22(∆x)2

2! u(4)
i + 23(∆x)3

3! u(5)
i + 24(∆x)4

4! u(6)
i

u′′
i−2 = u′′ (xi + 2∆x) = u′′

i − 2∆x · u(3)
i + 22(∆x)2

2! u(4)
i − 23(∆x)3

3! u(5)
i + 24(∆x)4

4! u(6)
i

(2)

and 

ui+1 = u(xi + ∆x) = ui + ∆x · u′
i +

(∆x)2

2! u′′
i + (∆x)3

3! u(3)
i + (∆x)4

4! u(4)
i

ui−1 = u(xi − ∆x) = ui − ∆x · u′
i +

(∆x)2

2! u′′
i − (∆x)3

3! u(3)
i + (∆x)4

4! u(4)
i

ui+2 = u(xi + 2∆x) = ui + 2∆x · u′
i +

22(∆x)2

2! u′′
i + 23(∆x)3

3! u(3)
i + 24(∆x)4

4! u(4)
i

ui−2 = u(xi − 2∆x) = ui − 2∆x · u′
i +

22(∆x)2

2! u′′
i − 23(∆x)3

3! u(3)
i + 24(∆x)4

4! u(4)
i

ui+3 = u(xi + 3∆x) = ui + 3∆x · u′
i +

32(∆x)2

2! u′′
i + 33(∆x)3

3! u(3)
i + 34(∆x)4

4! u(4)
i

ui−3 = u(xi − 3∆x) = ui − 3∆x · u′
i +

32(∆x)2

2! u′′
i − 33(∆x)3

3! u(3)
i + 34(∆x)4

4! u(4)
i

(3)

Substituting Equations (2) and (3) into Equation (1) and rearranging yields
a + b + c = 1 + 2α + 2β

a + 22b + 32c = 4!
2!
(
α + 22β

)
a + 24b + 34c = 6!

4!
(
α + 24β

) (4)

Different subsystems can be constructed by selecting some or all of the equations from
Equation (4), which enables the determination of the coefficients a, b, c, α, and β.

In this paper, we focus on the system derived from the first two equations of Equation
(4). With five unknowns present, we can assign arbitrary values to two of the variables and
subsequently determine the others using the Gaussian elimination method. For simplicity,
we take β = 0 = b = c, then we can obtain α = 1

10 , and a = 6
5 . Consequently, we can obtain

the following fourth-order accurate compact finite-difference scheme:

1
10

u′′
i−1 + u′′

i +
1
10

u′′
i+1 =

6
5

ui−1 − 2ui + ui+1

(∆x)2 (5)
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3. Numerical Algorithm
3.1. An Implicit Fourth-Order Compact Finite-Difference Scheme for 2D Heat
Conduction Equation

Consider the 2D heat conduction problem within the rectangular domain [0, a]× [0, b]
defined as follows:

∂u
∂t = κ

(
∂2u
∂x2 +

∂2u
∂y2

)
+ f (x, y, t), 0 < x < a, 0 < t < T

u(0, y, t) = u(a, y, t) = 0, 0 ≤ x ≤ b, 0 ≤ t ≤ T
u(x, 0, t) = u(x, b, t) = 0, 0 ≤ x ≤ a, 0 ≤ t ≤ T
u(x, y, 0) = φ(x, y), 0 ≤ x ≤ a, 0 ≤ x ≤ b

(6)

where u(x, y, t) denotes the unknown temperature distribution, κ is the positive coefficient
called the thermal diffusivity, f (x, y, t) represents the thermal source term, and φ(x, y)
is the initial temperature distribution. The computational domain [0, a]× [0, b]× [0, T]
is divided into an Nx × Ny × Nt mesh with uniform spatial step sizes ∆x = a/Nx and
∆y = b/Ny in the x- and y-directions, respectively, and a time step size ∆t = T/Nt. The
computational grid points

(
xi, yj, tp

)
are defined by

xi = i∆x, i = 0, 1, 2, · · · , Nx

yj = j∆y, j = 0, 1, 2, · · · , Ny

tp = n∆t, p = 0, 1, 2, · · · , Nt

(7)

in which Nx, Ny and Nt are positive integers.
We use u

(
xi, yj, tp

)
to denote the approximated solution at the grid point

(
xi, yj

)
and time level p∆t. Considering the fourth-order compact finite-difference scheme from
Equation (5), we can derive the following approximations:

1
10 uxx

(
xi−1, yj, tp

)
+ uxx

(
xi, yj, tp

)
+ 1

10 uxx
(
xi+1, yj, tp

)
=

6
5

u(xi−1,yj ,tp)−2u(xi ,yj ,tp)+u(xi+1,yj ,tp)
(∆x)2

(8)

1
10 uyy

(
xi, yj−1, tp

)
+ uyy

(
xi, yj, tp

)
+ 1

10 uyy
(
xi, yj+1, tp

)
=

6
5

u(xi ,yj−1,tp)−2u(xi ,yj ,tp)+u(xi ,yj+1,tp)
(∆y)2

(9)

where i = 2, 3, · · · , Nx, j = 2, 3, · · · , Ny, and p = 1, 2, · · · , Nt + 1.
Using the Kronecker tensor product ⊗, Equations (8) and (9) can be reformulated in

the following matrix form:

Ax ⊗ I · uxx =
6

5(∆x)2 Bx ⊗ I · u (10)

I ⊗ Ay · uyy =
6

5(∆x)2 I ⊗ By · u (11)

where u =
(

u11, · · · , u1,Nx−1, u21, · · · , u2,Nx−1, · · · , uNy−1,1, · · · , uNy−1,Nx−1

)T
is the solu-

tion vector at the interior mesh nodes, and uxx and uyy are defined as the approximations
of the second-order partial derivatives uxx

(
xi, yj, tp

)
and uyy

(
xi, yj, tp

)
, respectively, I is the

identity matrix, and Ax, Bx ∈ R(Nx−1)×(Nx−1), Ay, By ∈ R(Ny−1)×(Ny−1) with Ax, Ay and
Bx, By taking the general form of A and B, respectively:
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A =



1 1
10 0 · · · 0 0

1
10 1 1

10 · · · 0 0
0 1

10 1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 1

10
0 0 0 · · · 1

10 1


, B =



− 12
5

6
5 0 · · · 0 0

6
5 − 12

5
6
5 · · · 0 0

0 6
5 − 12

5 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · − 12

5
6
5

0 0 0 · · · 6
5 − 12

5


(12)

In addition, setting
A1 = Ax ⊗ I, A2 = I ⊗ Ay,
B1 = Bx ⊗ I, B2 = I ⊗ By.
Equations (10) and (11) can be written as

A1uxx =
6

5(∆x)2 B1u (13)

A2uyy =
6

5(∆x)2 B2u (14)

from which it follows that
uxx =

6

5(∆x)2 A−1
1 B1u (15)

uyy =
6

5(∆x)2 A−1
2 B2u (16)

Using the Crank–Nicolson implicit scheme for the 2D heat conduction equation in
Equation (6), we have

up+1 − up

∆t
= κ

(
up

xx + up
yy

2
+

up+1
xx + up+1

yy

2

)
+

f p + f p+1

2
(17)

where up = u
(

xi, yj, tp
)

and f p = f
(
xi, yj, tp

)
. Combining Equations (15)–(17), we have

up+1−up

∆t = κ

[
3

5(∆x)2 A−1
1 B1 +

3
5(∆y)2 A−1

2 B2

]
up

+κ

[
3

5(∆x)2 A−1
1 B1 +

3
5(∆y)2 A−1

2 B2

]
up+1 + f p+ f p+1

2

Having defined M = 3
5(∆x)2 A−1

1 B1 +
3

5(∆y)2 A−1
2 B2, the resulting linear system is ob-

tained as follows

(I − κ∆t · M)up+1 = (I + κ∆t · M)up + ∆t
f p + f p+1

2
(18)

Solving the linear system given by Equation (18) yields the numerical solution for the
temperature distribution at the next time level.

3.2. Accelerated Strategy with DST

Traditional matrix inversion methods for solving Equation (18) face significant compu-
tational challenges when dealing with fine meshes. To overcome this limitation, we propose
a more efficient approach that utilizes the DST in the x- and y-directions, which provides
an accelerated solution method for the fourth-order compact finite-difference formulation.

https://doi.org/10.3390/math14060949

https://doi.org/10.3390/math14060949


Mathematics 2026, 14, 949 6 of 17

It is noteworthy that the DST for u
(
xi, yj, tp

)
and the inverse DST for ũ

(
ki, k j, tp

)
are

defined as follows

u
(

xi, yj, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũ
(
ki, k j, tp

)
sin
(

ikiπ

Nx

)
sin
( jk jπ

Ny

)
(19)

ũ
(
ki, k j, tp

)
=

2
Nx

2
Ny

Nx−1

∑
i=1

Ny−1

∑
j=1

u
(
xi, yj, tp

)
sin
(

ikiπ

Nx

)
sin
( jk jπ

Ny

)
(20)

In addition, we note that

u
(

xi−1, yj, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũ
(
ki, k j, tp

)
sin
(
(i − 1)kiπ

Nx

)
sin
( jk jπ

Ny

)
(21)

u
(

xi+1, yj, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũ
(
ki, k j, tp

)
sin
(
(i + 1)kiπ

Nx

)
sin
( jk jπ

Ny

)
(22)

and

uxx
(

xi, yj, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũxx
(
ki, k j, tp

)
sin
(

ikiπ

Nx

)
sin
( jk jπ

Ny

)
(23)

uxx
(

xi−1, yj, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũxx
(
ki, k j, tp

)
sin
(
(i − 1)kiπ

Nx

)
sin
( jk jπ

Ny

)
(24)

uxx
(

xi+1, yj, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũxx
(
ki, k j, tp

)
sin
(
(i + 1)kiπ

Nx

)
sin
( jk jπ

Ny

)
(25)

Substituting them into Equation (5) yields

Nx−1
∑

ki=1

Ny−1

∑
kj=1

ũxx
(
ki, k j, tp

){ 1
10

sin
(
(i − 1)kiπ

Nx

)
sin
( jk jπ

Ny

)
+ sin

(
ikiπ

Nx

)
sin
( jk jπ

Ny

)
+ sin

(
ikiπ

Nx

)
sin
( jk jπ

Ny

)
+

1
10

sin
(
(i + 1)kiπ

Nx

)
sin
( jk jπ

Ny

)}
=

6

5(∆x)2

Nx−1
∑

ki=1

Ny−1

∑
kj=1

ũ
(
ki, k j, tp

){
sin
(
(i − 1)kiπ

Nx

)
sin
( jk jπ

Ny

)
− 2 sin

(
ikiπ

Nx

)
sin
( jk jπ

Ny

)
+ sin

(
(i + 1)kiπ

Nx

)
sin
( jk jπ

Ny

)}
Applying elementary trigonometry, we have a simple form:

Nx−1
∑

ki=1

Ny−1

∑
kj=1

ũxx
(
ki, k j, tp

)(1
5

cos
(

kiπ

Nx

)
+ 1
)

sin
(

ikiπ

Nx

)
sin
( jk jπ

Ny

)
=

6

5(∆x)2

Nx−1
∑

ki=1

Ny−1

∑
kj=1

ũ
(
ki, k j, tp

)(
2 cos

(
kiπ

Nx

)
− 2
)

sin
(

ikiπ

Nx

)
sin
( jk jπ

Ny

)

Finally, we have

ũxx
(
ki, k j, tp

)
=

6
(∆x)2

(
2 cos

(
kiπ
Nx

)
− 2
)

cos
(

kiπ
Nx

)
+ 5

ũ
(
ki, k j, tp

)
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Here, we define the modified wavenumber λxi =
6

(∆x)2

2 cos
(

kiπ
Nx

)
−2

cos
(

kiπ
Nx

)
+5

, then

ũxx
(
ki, k j, tp

)
= λxi · ũ

(
ki, k j, tp

)
(26)

Similarly, we know that

u
(

xi, yj−1, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũ
(
ki, k j, tp

)
sin
(

ikiπ

Nx

)
sin
(
(j − 1)k jπ

Ny

)
(27)

u
(

xi, yj+1, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũ
(
ki, k j, tp

)
sin
(

ikiπ

Nx

)
sin
(
(j + 1)k jπ

Ny

)
(28)

and

uyy
(

xi, yj, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũyy
(
ki, k j, tp

)
sin
(

ikiπ

Nx

)
sin
( jk jπ

Ny

)
(29)

uyy
(

xi, yj−1, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũyy
(
ki, k j, tp

)
sin
(

ikiπ

Nx

)
sin
(
(j − 1)k jπ

Ny

)
(30)

uyy
(

xi, yj+1, tp
)
=

Nx−1

∑
ki=1

Ny−1

∑
kj=1

ũyy
(
ki, k j, tp

)
sin
(

ikiπ

Nx

)
sin
(
(j + 1)k jπ

Ny

)
(31)

Substituting these into Equation (5) will yield

ũyy
(
ki, k j, tp

)
= λyj · ũ

(
ki, k j, tp

)
(32)

where λyj =
6

(∆y)2

2 cos
(

kjπ

Ny

)
−2

cos
(

kjπ

Ny

)
+5

.

Applying 2D DST in the x-direction and y-direction, Equation (17) can be written as

ũ(ki ,kj ,tp+1)−ũ(ki ,kj ,tp)
∆t

= κ ·
[

ũxx(ki ,kj ,tp)+ũxx(ki ,kj ,tp+1)
2 +

ũyy(ki ,kj ,tp)+ũyy(ki ,kj ,tp+1)
2

]
+

f̃ (ki ,kj ,tp)+ f̃ (ki ,kj ,tp+1)
2

= κ ·
[

λxi
ũ(ki ,kj ,tp)+ũ(ki ,kj ,tp+1)

2 + λyj
ũ(ki ,kj ,tp)+ũ(ki ,kj ,tp+1)

2

]
+

f̃ (ki ,kj ,tp)+ f̃ (ki ,kj ,tp+1)
2

= κ · λxi+λyj
2

[
ũ
(
ki, k j, tp

)
+ ũ

(
ki, k j, tp+1

)]
+

f̃ (ki ,kj ,tp)+ f̃ (ki ,kj ,tp+1)
2

ũ(ki ,kj ,tp+1)−ũ(ki ,kj ,tp)
∆t

= κ ·
[

ũxx(ki ,kj ,tp)+ũxx(ki ,kj ,tp+1)
2 +

ũyy(ki ,kj ,tp)+ũyy(ki ,kj ,tp+1)
2

]
+

f̃ (ki ,kj ,tp)+ f̃ (ki ,kj ,tp+1)
2

= κ ·
[

λxi
ũ(ki ,kj ,tp)+ũ(ki ,kj ,tp+1)

2 + λyj
ũ(ki ,kj ,tp)+ũ(ki ,kj ,tp+1)

2

]
+

f̃ (ki ,kj ,tp)+ f̃ (ki ,kj ,tp+1)
2

= κ · λxi+λyj
2

[
ũ
(
ki, k j, tp

)
+ ũ

(
ki, k j, tp+1

)]
+

f̃ (ki ,kj ,tp)+ f̃ (ki ,kj ,tp+1)
2
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where f̃
(
ki, k j, tp

)
can be calculated from

f̃
(
ki, k j, tp

)
=

2
Nx

2
Ny

Nx−1

∑
i=1

Ny−1

∑
j=1

f
(

xi, yj, tp
)

sin
(

ikiπ

Nx

)
sin
( jk jπ

Ny

)
(33)

Finally, we have

ũ
(
ki, k j, tp+1

)
=

2 + κ∆t
(
λxi + λyj

)
2 − κ∆t

(
λxi + λyj

) ũ
(
ki, k j, tp

)
+ ∆t

f̃
(
ki, k j, tp

)
+ f̃

(
ki, k j, tp+1

)
2 − κ∆t

(
λxi + λyj

) (34)

Thus, from Equation (34), we can obtain ũ
(
ki, k j, tp+1

)
. Additionally, using the 2D

inverse DST calculation, we can derive the temperature distribution u
(
xi, yj, tp

)
in the

spatial domain, for all i = 2, 3, · · · , Nx, j = 2, 3, · · · , Ny, and p = 1, 2, · · · , Nt + 1, as
defined in Equation (6).

4. Numerical Experiments and Discussion
To illustrate the application of the fourth-order compact finite-difference scheme with

DST acceleration for solving the two-dimensional heat conduction equation subject to
homogeneous DBCs, we present two numerical examples in this section that demonstrate
the accuracy and efficiency of the proposed method. For our numerical experiments, we
set Nx = Ny = N and then define the mesh size ∆x = ∆y. We calculate both the maximum
absolute error and the relative root-mean-square error, which is defined using the discrete
L2 norm as follows [37]:

E =

√√√√Nx+1
∑

i=1

Ny+1

∑
j=1

(
up

i,j − ũp
i,j

)2

√√√√Nx+1
∑

i=1

Ny+1

∑
j=1

(
ũp

i,j

)2

× 100 % (35)

where up
i,j and ũp

i,j denote the 2D approximated solution and analytical solutions at the
point

(
xi, yj

)
with t = tp, respectively.

Additionally, the asymptotic convergence rate is estimated by [38]:

Order :=
log(EN1 /EN2)

log(N1/N2)
(36)

where N1 and N2 represent distinct numbers of discrete meshes.

4.1. Example 1: 2D Homogeneous Heat Conduction Equation

In this numerical example, we consider the 2D homogeneous heat conduction equation
subject to homogeneous DBCs:

∂u
∂t = 1

8π2

(
∂2u
∂x2 +

∂2u
∂y2

)
, 0 < x < 1, 0 < y < 1, 0 <t ≤ 1

u(0, t) = u(1, t) = 0, 0 ≤ t ≤ 1
u(x, y, 0) = sin(2πx) sin(2πy), 0 ≤ x ≤ 1, 0 ≤ y ≤ 1

The analytical solution of this problem is known as u(x, y, t) = sin(2πx) sin(2πy)e−t. Ob-
viously, the analytical solution u(x, y, t) becomes very small when t is large. Its temperature
distribution at t = 1 is shown in Figure 1.
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Figure 1. The temperature distribution of the 2D heat conduction homogeneous equation with
homogeneous DBCs at t = 1.

In our computation, we take 41 equally spaced sampling points along the x- and
y-directions, respectively, and the time step is taken as 0.001. The numerical results show
excellent agreement between the DST-CNCFD numerical solution and the corresponding
analytical solution for t = 1 at all discrete nodes

(
xi, yj

)
(i, j = 1, 2, · · · , 41), as depicted in

Figure 2. For this test case, a maximum absolute error of 9.03 × 10−7 is achieved.

Figure 2. DST-CNCFD numerical solution for the 2D heat conduction homogeneous equation subject
to homogeneous DBCs with 41 × 41 at t = 1.

Moreover, the numerical error analysis for this 2D heat conduction equation has been
conducted. We computed this problem with the present DST-CNCFD solver and compared
the results with the traditional CNFD method [39]. Table 1 presents the numerical results
with ∆t = 0.001, N = 10, 20, 40, 80, and t = 1. The results confirm that fourth-order
accuracy is achieved. Refining the spatial mesh in this numerical experiment leads to
a corresponding decrease in the relative root-mean-square error, thereby confirming the
stability of both the proposed scheme and the conventional CNFD method. Furthermore,
the DST-CNCFD method exhibits higher numerical accuracy compared to the conventional
CNFD approach. These numerical findings demonstrate that our DST-CNCFD technique
achieves high accuracy for solving the two-dimensional heat conduction equation subject
to homogeneous DBCs.
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Table 1. Relative root-mean-square error of our proposed DST-CNCFD scheme and the traditional
CNFD scheme for Example 1.

Mesh Size
DST-CNCFD Scheme Traditional CNFD Scheme

Error (Per Cent) Order Error (Per Cent) Order

10 × 10 6.59 × 10−2 – 3.30 –
20 × 20 4.06 × 10−3 4.021 8.23 × 10−1 2.004
40 × 40 2.46 × 10−4 4.045 2.06 × 10−1 1.998
80 × 80 7.52 × 10−6 4.008 5.14 × 10−2 2.003
160 × 160 7.32 × 10−6 4.003 1.28 × 10−2 2.006

Furthermore, we compare the computational efficiency of the proposed method
with that of the traditional CNFD method in Table 2. From this table, it is evident that
the DST-CNCFD method requires significantly less computational time than the mesh
Nx = Ny = 160 is refined. The traditional CNFD method, however, requires additional
computational time to solve the 2D heat conduction equation.

Table 2. Comparison of computational time between the DST-CNCFD scheme and the traditional
CNFD technique for the 2D heat conduction equation.

Mesh Size DST-CNCFD Scheme Traditional CNFD Scheme

10 × 10 0.03 s 2.15 s
20 × 20 0.06 s 2.65 s
40 × 40 0.18 s 7.28 s
80 × 80 0.30 s 54.14 s
160 × 160 0.99 s 278.19 s

4.2. Example 2: 2D Non-Homogeneous Heat Conduction Equation

In this numerical example, the DST-CNCFD solver is employed to solve the 2D
non-homogeneous heat conduction equation subject to homogeneous DBCs. The 2D initial-
boundary value problem is formulated as follows:

∂u
∂t = 1

π2

(
∂2u
∂x2 +

∂2u
∂y2

)
+ sin(πx) sin(πy)e−t, 0 < x < 1, 0 < t < 1

u(0, t) = u(1, t) = 0, 0 ≤ t ≤ 1
u(x, y, 0) = sin(πx) sin(πy), 0 ≤ x ≤ 1

The analytical solution to this problem is known as u(x, y, t) = sin(πx) sin(πy)e−t. Its
temperature distribution at t = 1 is shown in Figure 3.

In our computation, we take 41 equally spaced sampling points along the x- and y-
directions, respectively, and the time step is taken as 0.001. The results demonstrate excellent
agreement between the numerical solutions obtained using the DST-CNCFD solver and
the analytical solutions for time t = 1 at all discrete grid points

(
xi, yj

)
(i, j = 1, 2, · · · , 41),

as depicted in Figure 4. A maximum absolute error of 5.44 × 10−8 is achieved.
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Figure 3. Temperature distribution obtained from the 2D heat conduction non-homogeneous equation
subject to homogeneous DBCs at time t = 1.

 

Figure 4. DST-CNCFD numerical solution for the 2D heat conduction non-homogeneous equation
with homogeneous DBCs with 41 × 41 at t = 1.

4.3. Example 3: 2D Heat Conduction Equation with Variable Thermal Diffusivity

To evaluate the adaptability of the proposed DST-CNCFD solver, a geothermal model
was designed. We consider the parabolic heat equation with variable thermal diffusivity
(κ = k/ρcp), see Equation (6). Here, ρ represents the density of the medium, cp is the
thermal capacity under constant pressure, and k is the thermal conductivity. Then, the
solution in the wavenumber domain for the DST-CNCFD scheme can be written as follows:

ũ
(
ki, k j, tp+1

)
=

2 + κi,j∆t
(
λxi + λyj

)
2 − κi,j∆t

(
λxi + λyj

) ũ
(
ki, k j, tp

)
+ ∆t

f̃
(
ki, k j, tp

)
+ f̃

(
ki, k j, tp+1

)
2 − κi,j∆t

(
λxi + λyj

) (37)

In this example, the geometric computational domain is designed as 1000 km × 1000
km, and the density ρ = 3000 kg/m3 and the heat capacity cp = 1000 J/kg/K are constant
for the entire model. The DBCs at the right, the left, the bottom, and the top boundaries of
the model are all zero. The initial condition represents a background temperature of 1000 K,
with a rectangular thermal wave at 1300 K positioned in the center (where ‘wave’ means
perturbation in the temperature field), as illustrated in Figure 5. The thermal conductivity
is defined as k = 10 W/m/K within the region of the thermal wave and k = 3 W/m/K for
the surrounding medium.
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Figure 5. The initial temperature distribution of Example 3.

For solving this heat initial-boundary value problem with the DST-CNCFD solver, the
time step is fixed at ∆t = 5 Myr. We set discrete elements in a given domain as 51 × 51
(i.e., Nx = Ny = 51). The numerical temperature distributions of this model are shown in
Figure 6. Modeling results show that the temperature decreases as time increases, which is
consistent with the theoretical expectation.

  

  

  

Figure 6. Cont.
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Figure 6. Numerical temperature distributions simulated by the DST-CNCFD method for Example 3.

5. Conclusions
The present work introduces and applies an innovative numerical technique, referred

to as the DST-CNCFD method, aimed at overcoming the limitations of the traditional
CNFD approximation when addressing high-dimensional heat conduction equations. The
proposed approach utilizes DST technology to convert 2D heat conduction problems into
algebraic problems independently, contrasting with the standard finite-difference method-
ology. Although this technique requires an inverse DST step for dimensionality reduction,
it successfully circumvents the computational challenges associated with large-scale matrix
inversion or iterative solvers. The accuracy and efficiency of the DST-CNCFD method are
demonstrated through the resolution of 2D heat conduction equations with homogeneous
DBCs. Numerical experiments confirm that this method substantially reduces computa-
tional costs while delivering highly accurate approximate results, which are in excellent
agreement with the exact analytical solutions.

Although the DST-CNCFD algorithm presented in this paper primarily addresses
the 2D heat conduction equation with homogeneous DBCs, our fast solver can be read-
ily adapted to tackle heat conduction equations with non-homogeneous DBCs through
appropriate modifications [40]. This versatility is particularly advantageous for compact
finite-difference schemes used in the discretization of PDEs, such as the wave equation. As
an illustration, we provide the MATLAB (R2024a) code for Example 1 in Appendix A. The
numerical solutions generated using this code are achieved in a reduced timeframe.
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Appendix A. DST-CNCFD Code
function Example1 ()
t1 = cputime;
xsize = 1;
ysize = 1;
tsize = 1;
xnum = 41;
ynum = 41;
tnum = 41;
dx = xsize/(xnum-1);
dy = ysize/(ynum-1);
dt = tsize/(tnum-1);
x = 0:dx:xsize;
y = 0:dy:ysize;
t = 0:dt:tsize;
Nx = xnum-1;
Ny = ynum-1;
M = tnum-1;
kx = 1:Nx-1;
ky = 1:Ny-1;
% Modified wavenumber
mwx = ((6/dxˆ2)*(2*cos(kx*pi/Nx)-2))./(cos(kx*pi/Nx) + 5);
mwy = ((6/dyˆ2)*(2*cos(ky*pi/Ny)-2))./(cos(ky*pi/Ny) + 5);
[MWX, MWY] = meshgrid(mwx,mwy);
Lambda = 1/8/pi/pi;
u = zeros(ynum,xnum,tnum);
% Initial conditions
for i = 1:ynum

for j = 1:xnum
u(i,j,1) = sin(2*pi*x(j))*sin(2*pi*y(i));

end
end
u_in = u(2:end-1,2:end-1,1);
uhat(:,:,1) = dst(dst(u_in).’).’;
for k = 1:M

uhat(:,:,k + 1) = uhat(:,:,k).*(2 + Lambda*dt*(MWX + MWY)). . .
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./(2-Lambda*dt*(MWX + MWY));
end
for k = 1:M + 1

uu(:,:,k) = idst(idst(uhat(:,:,k)).’).’;
end
u(2:end-1,2:end-1,:) = uu;
consuming_time = cputime-t1;
figure(1)
for k = 1:tnum

surf(x,y,u(:,:,k));
colorbar;
title([‘Numerical solution: t = ‘,num2str((k-1)*dt)]);
xlabel(‘x’);
ylabel(‘y’);
zlabel(‘u’);
colormap(‘jet’);
drawnow;
pause(0.1);

end
figure(2)
[X,Y] = meshgrid(x,y);
tt = 1;
u_exact = sin(2*pi*X).*sin(2*pi*Y)*exp(-tt);
surf(x,y,u_exact);
xlabel(‘x’);
ylabel(‘y’);
zlabel(‘u’);
colormap(‘jet’);
colorbar;
title(‘Analytical solution’);
figure(3)
mesh(x,y,u(:,:,tnum)-u_exact);
xlabel(‘x’);
ylabel(‘y’);
zlabel(‘u’);
colormap(‘jet’);
colorbar;
title(‘Absolute error’);
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