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Abstract

This paper introduces a new explicit integration method for second-order ordinary differ-
ential equations (ODEs) commonly encountered in engineering applications. Traditionally,
these problems are solved either by reformulating them as first-order systems to apply one-
step methods such as Runge-Kutta schemes, or by using direct second-order approaches
widely adopted in linear dynamics, including the generalized-«, central difference, and
Newmark methods. The proposed method is derived from a Taylor series expansion trun-
cated at the third derivative, resulting in a fully explicit algorithm that requires only one
function evaluation per time step. Similar to Newmark’s formulation, it includes adjustable
parameters that allow the user to balance accuracy and stability. For a specific parameter
choice, the method exhibits convergence and stability properties comparable to those of
the central difference scheme. An important advantage is that it remains explicit even
when nonlinearities depend on first-derivative terms. The paper presents a theoretical
analysis covering stability, local truncation error, spectral properties, numerical damping,
and period elongation. The method is validated through four test cases from multibody
dynamics, including linear and nonlinear problems. Results demonstrate that the Explicit
Integration Grade 3 (EIG-3) method achieves accuracy comparable to existing explicit
second-order integrators while significantly reducing computational cost, particularly in
nonlinear applications.

Keywords: second-order differential equations; explicit integration; numerical stability;
convergence analysis; multibody dynamics

MSC: 65L03; 65L05; 65L07; 65L.20

1. Introduction

The numerical integration of Ordinary Differential Equations (ODEs) is a foundational
pillar of computational mathematics, with its theoretical framework rigorously established
in the classic monographs of Butcher [1], Lambert [2], and Hairer et al. [3,4]. These works
establish the theoretical underpinnings for various classes of integration schemes, spanning
from Runge-Kutta and linear multistep families to extrapolation and Taylor-based methods,
which collectively define the standard for solving initial value problems across diverse
scientific domains. In the fields of structural mechanics and multibody dynamics, these
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ODEs, typically second-order systems, emerge from the spatial semi-discretization of
continuous domains. While the finite element method (FEM) is the most common source
of such systems [5-7], they also arise frequently when applying boundary element (BEM),
spectral, or collocation methods to partial differential equations.

For stiff systems where low-frequency modes dominate the response, implicit integra-
tors such as the Newmark, Hilber-Hughes-Taylor (HHT), and generalized-« methods are
the preferred choice [8-11]. These schemes offer unconditional stability and controllable
numerical dissipation, properties that have been extensively analyzed for constrained
mechanical systems and penalty formulations [12-15]. Conversely, explicit methods are
mandatory for scenarios involving high-frequency phenomena, such as wave propaga-
tion, impact dynamics, and complex nonlinear multibody systems [16-19]. In these high-
dimensional applications, including railway engineering and vehicle trackside simula-
tions [20,21], the iterative overhead required by implicit solvers to ensure convergence
becomes computationally prohibitive [22].

Despite their maturity, existing explicit integrators face a severe algorithmic trade-off
between computational cost and physical consistency. The standard central difference
(CD) method, while robust for linear systems, becomes implicitly coupled when velocity-
dependent nonlinearities, such as nonlinear damping or Coriolis forces, are present, re-
quiring iterative solvers that destroy its strictly explicit advantage [23,24]. Furthermore,
while second-order explicit Runge-Kutta (RK2) methods handle nonlinearities effectively,
they require multiple function evaluations per step, doubling the cost in large-scale sim-
ulations [25,26]. Simultaneously, explicit linear multi-step (LMM) methods, such as the
Adams-Bashforth family, suffer from shrinking absolute stability regions as their order
of accuracy increases, often failing in high frequency applications where robust stability
is critical [27,28].

To address these limitations, the present work proposes EIG-3, a novel explicit integra-
tion method grounded in Nordsieck’s polynomial approximations [29] and the framework
of Taylor-based high-order expansions. EIG-3 is designed to achieve second-order accuracy
through a strictly single-stage, single-function evaluation architecture. Unlike RK2, EIG-3
provides a self-starting structure that achieves the same convergence order with half the
evaluations per time step. Furthermore, by utilizing local higher-order information at the
current integration point rather than historical data, it overcomes the stability degradation
inherent to LMM schemes. Crucially, EIG-3 remains strictly explicit even in the presence
of velocity-dependent nonlinearities, avoiding the iterative overhead of the CD method.
Moreover, EIG-3 features a parametric framework that allows the user to modulate the
algorithm’s stability boundaries and spectral properties. By selecting specific parameter
values, the method’s stability limits and convergence characteristics can be tuned to suit the
requirements of the physical system, offering a level of flexibility similar to the Newmark
family, without sacrificing its single evaluation efficiency.

The remainder of this paper is structured as follows: Section 2 presents the mathemati-
cal derivation of the EIG-3 formulas. Section 3 details the stability boundaries and converge
and spectral analysis [30-33]. Section 4 evaluates the algorithm’s performance, energy
conservation, and computational efficiency through numerical benchmarks in multibody
dynamics, and Section 5 concludes the work.
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2. Explicit Integrator Algorithm
2.1. Generating Function by Taylor Series Expansion

Second-order ordinary differential equations (ODEs) appear in numerous engineering
fields, such as mechanical, thermodynamic, and electronic engineering. Despite their
different forms, they can be expressed in the general form:

x@ (t) = g(xV (1), x(1), 1), 1)
with the initial conditions:
x(ty) = xp and x(l)(to) = x(()l),

where g(x(V)(#),x(t), t) is a general function defining the system.

Typically, the independent variable is time, and differentiation is indicated by dots.
However, in this work, we adopt Lagrange notation, where derivatives are represented as
x(t) = x( (). The task consists of determining a function x(t) that meets the differential
Equation (1) forall t € [0,¢f], tf > 0 while fulfilling the initial conditions.

Following an explicit integration scheme, the Taylor series expansion of the unknown
variables is performed around time ¢, and truncated at the second derivative term:

At?
Xp+1 = Xn + XEzl)Af + Xz(12) - )
)= x4 xPat, 3)

wheren € {0, 1, ..., N — 1}, N represents the number of time steps, At = tf/N, and x;;,
xV and x?) are the approximations to x(t,), x(t,) and x(?)(t,,) respectively, in which
t, = nAt. Considering Equations (2) and (3), x,(f) is needed to advance.

,(12), that are three terms with only

the two Equations (2) and (3). The third equation that completes the system will obviously

The unknowns of the system are x,, 1, xf}ll, and x

be the equilibrium expression (1). Note that all terms belong to the interval [t,_1, ;1]
To control the convergence and stability properties of the method, the highest-order
derivative is interpolated using a parameters «;, leading to the modified equations:

At?
X1 = Xpn + XA+ ["‘OXSzZ) +(1- lxo)xgl} 2 4)
X;(11+)1 = xfll) + [oclxslz) + (1 — al)xﬁl{)l} At. (5)

We clarify that these are the linear interpolation coefficients used to approximate
the second derivative within the time interval [t,_1,t,]. Specifically, ag is used for the
displacement (x(t)) update formula, while & is used for the velocity (x(t)) update formula.
This distinction is crucial for controlling the convergence and stability properties of the
EIG-3 method.

2.2. Algorithm Implementation
(2)

The equations above are reorganized to isolate, x;; ’, ensuring numerical stability and

minimizing round-off errors. The equilibrium equation is rewritten as:
2 1) (2
x}(’l ) = gl (xi’l/xi(’l )/xi_)lztn)- (6)

The computational procedure consists of the following steps:
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(1)

Initialization: At each time step n, the values x;;, x;;  and x

(2)

Compute x;; ’: Use the equilibrium Equation (6) to determine it.

1
n+1

@)

1 are known.

Update x,,11 and x, ,: Compute them using Equations (4) and (5).

(2)

For the first time step, where x,;

is unknown, it can be computed directly from the
equilibrium equation:

X((Jz) = g(XO, X((]l),i'()). (7)

Thus, the initialization process follows these steps:

Compute x(()z) using the equilibrium Equation (7).

2. Use the Taylor series expansion to estimate x; and xgl), Equations (2) and (3).

For computational efficiency and numerical robustness, polynomials in Equations (2) and (4)
are evaluated using Horner’s method, which reduces the number of arithmetic operations and
minimizes floating-point errors.

3. Analysis of the New Explicit Algorithm

The characteristics of the proposed explicit algorithm can be analyzed by considering
the free vibration equation for a single degree of freedom (SDOF) undamped system:

¥ (t) = —w?x(t) + (1), (®)

and x(to) = d, x(V(ty) = v, where w is the undamped natural frequency of the system.
To examine the stability and accuracy properties, it is sufficient to consider an arbitrary
function f(t) = 0forallt € {to, tf].

3.1. Stability

The amplification matrix describes how the unknown variables (including derivatives)
evolve over time. It is a fundamental tool for assessing the stability of numerical integration
algorithms [34]. For the proposed explicit algorithms applied to Equation (8), the numerical
scheme can be expressed as:

Zy 11 = Azy. &)

To evaluate the stability, the advancement Formulas (4) and (5) and the equilibrium
Equation (8) are reformulated. The objective is to group the unknown state variables at the
next time step into a vector z, 1 and the known values into z,. Given that

Xn41 Xn
Zyi] = Atqulll and z, = Atx,(p ,
A2x!?) At‘zxﬁl{)1

the following coupled linear system is obtained by rearranging these equations:
Uz, ;1 = Pz,.

The amplification matrix A is then derived as A = U~!P, which allows for the
recursive calculation with Equation (9). The explicit components of matrices U and P are
given by:

10 %
U=[0 1 -n |,
00 1
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1 1 1;&0
P=| 0 1 1-w],
-0? 0 0

where () = wAt. It can be easily verified that matrix U is always invertible. Thus, the
amplification matrix is:

_ D(()Qz 17060
1 2 1 2

A= *0(102 1 1-— o |- (10)
-0* 0 0
The properties of an explicit algorithm can be inferred from the spectral characteristics

of this matrix [11,35].

3.1.1. Stability Condition

A numerical method is stable if the spectral radius of the amplification matrix satisfies:
0(A) = max|A(A)] < 1.

If A remains stable for every Q) € [0, )], with Q). a positive constant, the scheme is
considered conditionally stable. Conversely, if A is stable for any Q) € [0, ), it is termed
unconditionally stable.

The amplification matrix also gives information about the numerical damping intro-
duced by the integration method. To assess this, we define two key measures:

e  Relative period error er:

T-T
L

where the exact period is T = 271/w and the numerically obtained period is T = 2n/ .
e  Algorithmic damping ratio ¢, which measures the numerical dissipation.

The spectral properties of the method are characterized by the eigenvalues of the
amplification matrix A. These eigenvalues can be expressed in terms of the numerical
frequency @ and the algorithmic damping ratio ¢ as follows:

A; = exp[—CwAt £ iwAt] = exp[—EQ +iQ)]. (11)

3.1.2. Characteristic Polynomial

The characteristic polynomial of the amplification matrix is computed using the
Faddeev-LeVerrier’s method [30,31], which provides:

3 .
pa(A) =) ciM.
j=0
The polynomial coefficients are computed recursively as follows:
B; =ABj_1 +c3-j1l,

o5 = _],1tr(ABj) =123,

with Bp = 0and c3 = 1.
Thus, the characteristic polynomial has the following form:

pA(/\) = C3)\3 + C2/\2 + 1A + ¢, (12)
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where R
e = 2+ 15%,
o =1+ (% ~ & +a1)02, (13)
co=(14+ay— 2041)072.

The conditions that keep the spectral radius below one can be obtained by substituting
A = ¢ into (12), where 6 € [0,27]. Separating the real and the imaginary parts of the
resulting equations, one obtains:

c039<c0329 + ¢ cos @ +C1> +co=0,

sir19(sir12 0 + cpsinf + c1> =0.

For the limiting case 8 = 0, corresponding to A = 1, the resulting equation is:
c3+cr+c1+¢o =0>=0.

In this limiting case the eigenvalues of A are A = Ap = 1and A3 = 0.
Similarly, for the other limiting case 6 = 7, corresponding to A = —1, one reaches:

—c34cp—c1 4o = —4+ (209 — 207) Q% = 0.

In this limiting case, the condition is:

1 4
A< — (| —m8—. 14
~ w\ 209 — 201 (14)

To better illustrate the stability criteria derived in (14), Figure 1 presents the stable
region in the agp — a1 plane for w = 10 and w = 1. It can be observed that the maximum
allowable time step At decreases as the frequency w increases, but this effect can be
“dumped” with an intelligent election of the parameters, restricting the stability zone
to the shaded area defined by the inequality.

Stability Bound for A t in Parameter Space (aq, a;)

| a1

=D w = 10
045
04
035
0.3 —
03 9
)
0.25 — ]
E
3
025§
0.2 <E’§
02
0.15 —| //" 0
s 0.15
0.1 —
/
/ 10 01
0.05 —|
= = 15
/ / 0.05
0 2 a - v Parameter

o 7 7
8 10 12 14 & - 2
Parameter a;

(@)
Figure 1. Cont.
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Stability Bound for A t in Parameter Space (ag, a4}

LBy
=>w=1

Max allowable A t

= 05

]

T
o™

| [ 10

0 2 4 [ 8 10

12 14 16 Parameter a
Parameter aq . 20 .

(b)
Figure 1. Stable region in the oy — a1 plane for (a) w = 10 and (b) w = 1.

3.2. Consistency and Accuracy

The conventional approach to determining the local order of convergence using the
amplification matrix is not the most straightforward in this case [10,11,32,35]. Instead, a
more practical method is to approximate the exact solution by expanding the variables
in a Taylor series truncated at the third derivative term. Under this framework, the
proposed algorithm can be categorized based on the highest-order derivative included in
its formulation, which is the third derivative. Consequently, the method introduced in this
work is referred to as the explicit integration method of grade 3 (EIG-3).

Assuming that the truncation error in the second derivative term is negligible,

(2)

— X’ = 0, we can express the approximation as:

2

n—1 n—1

x,(lz) —7512) = [x(z) + xglAt] - [azfﬁz) +(1- ocz)x(z) },

where terms with an overbar represent approximate values. Specifically, ay is the pa-

rameter defining the linear interpolation for the second-derivative approximation, con-

sistent with the formulation previously established in Equations (4) and (5). Given that
(2) (2) (3)

X, =Xy — x,(f’) At and xfﬂl = x;,’/, the local error 1512) for the second derivative term is

given by:
10— @ _ 3@ _ <1 _ le)x;%t 0.
2

Using these expressions, the local errors for displacement 1,, and velocity l,(ql) are:

L= (2= %)®a8 L o(ar
"\ 2" '

As observed, the local error in velocity is at least second order, ensuring the consistency
of the method. A numerical integration method is only valuable if it achieves at least second-
order accuracy. As demonstrated in the convergence analysis, this condition is met when
a1 = 3/2, as reflected in Equation (15).
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3.3. Comparison of Algorithms
A set of parameters is sought to satisfy three key properties:

1. Maximizing stability: ensuring the algorithm has the largest possible stability region.
Minimizing numerical damping: reducing artificial energy dissipation.

3.  Optimizing convergence: selecting parameters that maximize the order of accuracy.
The parameter set is defined by the vector & = [, a1].
Fixing a1 = 3/2, the condition that ensures a real eigenvalue of modulus 1 is:

At <

T (16)

glr

This equation provides a stability boundary, assuming no other eigenvalues have a
modulus greater than 1. For specific values of &g, simple expressions can be derived to
determine the maximum stable step size At. For instance:

e  When g( = 3, stability is given for At < 1.154/w.
e  When gy = 5, stability holds for At < 0.756/w.
e  The most favorable case is when &g = 2, yielding stability for At < 2/w.

This last configuration offers an extended stability range, making it an optimal choice
in terms of stability.

3.3.1. Spectral and Accuracy Comparisons

The numerical stability and performance of the EIG-3 method are evaluated through
its spectral characteristics. Figure 2 illustrates the spectral radius (p), Figure 3 shows the
algorithmic damping ratio (¢), and Figure 4 presents the relative period error (-1=1).

Spectral radius

EIG-3 a=[4/3, 3/2]
EIG-3 0=[2, 3/2]
115 EIG-3 0=[3, 3/2]
EIG-3 a=[5, 3/2]

1.1 —

21.05 -
(=1

0.95 -

09 | | |
0 0.5 1 1:5 2

Q

Figure 2. Comparison of spectral radius of different parameters for EIG-3 configurations.
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Algorithmic damping ratios

EIG3 0=[4/3, 3/2]
0.4 H EIG-3 a=[2, 3/2]
EIG-3 a=[3, 3/2]
EIG-3 o=[5, 3/2]
0.2 -
wr () ——
-0.2 -~
-04
| | | | |
0 0.05 0.1 0.15 0.2 0.25

AUT

Figure 3. Comparison of algorithm damping ratio for different EIG-3 configurations.

Relative period errors

EIG-3 0=[4/3, 3/2]
0.4 EIG-3 0=[2, 3/2]
EIG-3 0=[3, 3/2]
EIG-3 a=[5, 3/
02
=
T 0
-
=
~02 -
—04
| | | | |
0 0.05 0.1 0.15 0.2 0.25

AYT

Figure 4. Comparison of the relative period error for different EIG-3 configurations.

These illustrations provide visual confirmation of the stability conditions derived in
Section 3.1. Specifically, Figure 2 demonstrates that for the chosen parameter sets, the
spectral radius remains below or equal to unity within the stable range of (), preventing
the artificial growth of the solution. For & = [2,3/2], the spectral radius is exactly equal
to unity throughout the stable range, indicating a non-dissipative behavior. In this case,
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the term cg associated with the third eigenvalue in the characteristic polynomial is zero,
meaning the amplification matrix A has only two nontrivial eigenvalues:

(@22 02 —2\?

As observed in Figure 3, this specific case results in zero algorithmic damping (¢ = 0),
which is ideal for preserving energy in undamped systems. If Q% < 4, the eigenvalues
remain complex conjugates, ensuring stability. This agrees with Equation (16), confirming
the stability boundary Q) € [0,2] for &« = [2,3/2].

Furthermore, Figure 4 clarifies the dispersion characteristics; while « = [2,3/2]
exhibits a slight period shrinkage, other configurations allow for controllable period elon-
gation, providing the user with flexibility to tune the method according to the problem’s
requirements. For other parameter choices, such as « = [4/3,3/2], the figures reveal
that stability is only achieved in a limiting case, without a continuous stable range of
Q€ [0,Q].

3.3.2. Comparison with Other Explicit Methods

The performance of the EIG-3 method is benchmarked against several classical explicit
integrators, including one-step methods (RK2, RK3), multistep methods (AB2, AB3), and
the central difference (CD) method.

Figure 5 compares the spectral radii of these integrators. It is evident that higher-order
methods like RK3 and AB3 possess significantly smaller stability regions. In contrast, EIG-3
and CD demonstrate superior stability boundaries, extending up to Q) € [0,2], whereas
RK3 is limited to Q) € [0,1.732]. This makes EIG-3 highly efficient for problems requiring
larger time steps.

Spectral radius

— EIG-3 a=[2, 3/2] |
— RK2
1.15 P
—— RK3
[ 1 L|= AB3
—  CD
<1.05
Q.
1
0.95 -
0.9 | | | |
0 0.5 1 1.5 2

Figure 5. Comparison of spectral radius for different explicit integrator methods.

As shown in Figure 6, EIG-3 (with « = [2,3/2]) and CD are the only methods that
introduce zero artificial damping across their entire stability region. Other methods, partic-
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ularly RK2, AB2 and AB3, introduce numerical dissipation that can prematurely attenuate
the high-frequency response of the system.

Algorithmic damping ratios

0.1

EIG-3 a=[2. 3/2]
RK2
AB2
RK3
AB3
cD

|
<
(FS)
I

|
o
I
I

f i | | |
0 0.05 0.1 0.15 0.2 0.25
AYT

Figure 6. Comparison of algorithm damping ratio for different explicit integrator methods.

Figure 7 illustrates the relative period errors. EIG-3 and CD exhibit identical dispersion
characteristics, with a slight period shrinkage as At/T increases. While other methods like
AB3 show period elongation, they do so at the cost of much stricter stability limits and
higher dissipation.

Relative period errors

EIG-3fa=[2, 3/2]
RK2

AB2
RK3
AB3
CD

I | | | I
0 0.05 0.1 0.15 0.2 0.25
AYT

Figure 7. Comparison of relative period errors for different explicit integrator methods.
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3.3.3. Key Advantages of EIG-3 over Central Difference (CD)

As shown in Figure 5 through Figure 7, the CD method and EIG-3 exhibit identi-
cal spectral radii, damping behavior, and dispersion characteristics when &« = [2,3/2].
This equivalence stems from their similar amplification matrices, meaning they share the
same vector space representation for linear systems. However, EIG-3 offers three crucial
advantages over CD in practical engineering applications:

e  If the ODE contains a nonlinear term dependent on the first derivative, f(x, x, t), the
standard CD scheme requires an iterative solution to preserve second-order accuracy.
Because the central difference approximation for x, involves the unknown x,,,1, the
value cannot be computed directly. EIG-3 remains strictly explicit for any second-
order ODE, avoiding iterative procedures and significantly improving computational
efficiency in nonlinear problems.

e  While CD can be forced to be explicit by using a backward difference for the first
derivative, this reduces the global convergence rate of that variable to O(At). EIG-3
maintains second-order convergence for both the state variable and its derivative
while remaining fully explicit.

e Standard CD is a rigid, non-dissipative scheme. EIG-3 can be “tuned” via its pa-
rameters to introduce controlled numerical dissipation. This is vital for stabilizing
simulations or filtering high-frequency noise in complex dynamical systems where a
purely non-dissipative approach like CD may lead to numerical instability.

4. Numerical Examples

In this chapter, four numerical examples of second-order differential equations are
presented to validate the properties of the proposed explicit integration method (EIG-3).
All the test cases involve mechanical system models. The results are compared with those
obtained using the Runge-Kutta (RK2), Adams-Bashforth (AB2), and central difference
(CD) methods. The examples include:

1.  Asingle degree of freedom (DoF) system.
2. An elastic hardening spring system.

3. An elastic softening spring system.

4. A spring pendulum system.

In the case of the spring pendulum problem, where the central difference method
encounters nonlinearity, Newton’s second-order method is applied for solution refinement.
The accuracy of the simulations is evaluated using the analytical solution for the single
DoF case and by checking the conservation of mechanical energy for the other examples.
Computational efficiency is assessed by averaging the runtime over ten simulations.

All simulations were implemented in C/C++ and executed on an Intel Xeon E5345 at
2.33 GHz (Clovertown architecture) running Windows 10. The source code was compiled
using the -O3 optimization flag. The algorithm was programmed with a single thread (just
one core was used, without hyperthreading).

To evaluate the performance of the EIG-3 method, two complementary metrics are
employed. In Section 4.1, where an analytical solution is available, the relative L* error
norm is used to measure absolute numerical precision. For the subsequent nonlinear and
high-dimensional cases (Sections 4.2—-4.4), the relative mechanical energy drift is periodized.
The ability of an integrator to maintain the system’s total energy is a fundamental indicator
of its physical consistency and long-term numerical stability.

https://doi.org/10.3390 /math14061036
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4.1. Single Degree of Freedom Model

The single degree of freedom (single DoF) model is widely used in structural dynamics
to study vibration modes in discretized systems. This model consists of a spring, a point
mass, and a damping element, representing different energy transfer mechanisms. The
system is governed by the following equation:

x® £ 2z0x ™ + w2 = £ (18)

where w = v/k/m is the natural frequency of the vibration mode, ¢ is the damping rate
and f is the external force. In this example, x(0) = 1, x()(0) = 0, & = 0, and f = 0.
Furthermore, the natural frequency of the system will be w = 4 rad/s.

A schematic representation of this model is shown in Figure 8.

V! .

-
LL

Figure 8. Single degree of freedom problem.

According to Equation (16), the maximum time step ensuring stability for the EIG-3
method with & = [2,3/2] is:

Atmax =2/ Wmax =2/4=05s.

To illustrate stability behavior, Figure 9 presents the solutions obtained using the EIG-3
method for four different time steps. The results confirm that the stability threshold is
At = 0.5 s. Solutions with smaller time steps remain stable, while those exceeding this
threshold become unstable.

Single DoF
6 —
At=0.01s
e At=().49 §
4 - At=0.5s
At=0.51 s

1 | | |
0 1 2 3 4

Time (s)

Figure 9. Single degree of freedom problem with EIG3 with At = 0.01, At = 0.49, At = 0.5 and
At =051s.
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The analytical solution of Equation (18) for the given conditions is:
x(t) = cos(4t). (19)

Comparison of Methods

The problem was solved using the EIG-3, CD, AB2, and RK2 methods for different time
steps, with a simulation duration of 1000 s. The accuracy was assessed using the analytical
solution. The results are summarized in Table 1, where “Time” refers to the computational
time in seconds, and L? represents the relative error norm to the analytical solution.

Table 1. Results for single DoF with EIG-3, DC, AB2 and RK2.

Time Step Methods
A EIG-3 CD AB2 RK2
t Time L2 Time L2 Time L2 Time L2
1x 107! 0.0 1.9 0.0 1.99 0.0 7.32 x 10% 0.0 6.9 x 10
1x1072  31x1073 0.26 31x1073 0.26 7.8 x 1073 2.0 0.015 1.03
1x107° 41x102 26x10°  4x102 26x10° 69x10%2 26 x 102 0.109 1.07 x 102
1x107* 0.45 27 %x107° 0.39 27 x107° 0.74 26 x10°* 1.15 1L1x107*

The results confirm that EIG-3 and CD produce identical accuracy and computational
cost, which is expected given their similar stability characteristics. On the other hand, the
AB2 and RK2 methods exhibit smaller stability regions. For example, when using At = 0.1
both methods become unstable when the algorithm becomes unstable. Although AB2 and
RK2 are both second-order accurate methods, they perform less accurately than EIG-3 and
CD at the same time step. The RK2 method incurs higher computational costs since it
requires two function evaluations per time step.

4.2. Elastic Hardening Spring

This example is based on the work of Xie [33]. The equation governing the motion of
a hardening elastic spring is given by:

x? +100(1 + 10x2)x = 0,
with the initial conditions x(0) = 1.5 and x(1)(0) = 0.

The period of oscillation for this system is T = 0.15153 s, and the simulation runs for
100T seconds. Since this is a conservative system, accuracy is evaluated based on the drift
in mechanical energy (energy drift), calculated as:

2
E = 0.5(xM)” + 50x2 + 500x*.

Table 2 presents the accuracy and computational cost for the different integration

schemes across various time step sizes.

Table 2. Results for elastic hardening spring with EIG-3, DC, AB2 and RK2.

Time Step Methods
At EIG-3 cD AB2 RK2
Time Energy Drift Time Energy Drift Time Energy Drift Time Energy Drift

1% 1073 0.0 2.6 0.0 1.03 0.0 101.0 0.0 493
1x107* 31x1073 2.6 x 1072 15x 1072 1.03 x 1072 15x 102 9.3 %1072 1.6 x 1072 5.7 x 1072
1x10°5 72x1072 2.6 x10°* 6.3 %102 1.03 x 10~ 0.12 5x10°* 0.19 14x10°*
1x10°° 076 2.6 x107° 0.61 7.7 x10°° 118 51x10°¢ 19 1.05 % 10°°
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The results indicate that all four methods provide similar accuracy when a sufficiently
small time step is used. However, for At = 1 x 107> the AB2 and RK2 methods ex-
hibit significantly larger errors compared to EIG-3 and CD. This is due to the fact that
AB2 and RK2 become unstable at this step size. When the time step is reduced and all
methods operate within their stability regions, their accuracy aligns with their expected
order of convergence.

In terms of computational cost, EIG-3 and CD perform similarly, although CD is
slightly more efficient. Since the given ODE is linear with respect to velocity, CD remains
fully explicit in this case. AB2, despite only requiring one function evaluation per step, is
slightly more expensive computationally. This effect is more pronounced for RK2, which
requires two function evaluations per step, leading to a noticeable increase in cost, even
though the function being evaluated is relatively simple.

4.3. Elastic Softening Spring

The elastic softening spring problem, also discussed in [33], is governed by the follow-
ing differential equation:
x 4+ 100tanh(x) = 0,

with the initial conditions x(0) = 4 and x1) (0) = 0. The period of this nonlinear oscillator
is T = 1.14 s. The simulation is run for a total time of 100T. As this system is conservative,
the accuracy of the numerical methods is evaluated based on the drift in mechanical energy,
which is computed as:

2
E= 0.5(x<1)) +100 Infcosh(x)].

Due to the longer period of oscillation compared to the previous (hardening) example,
the integration step sizes can be relatively larger. As shown in Table 3, all methods are
stable for At =1 x 1073, but only EIG-3 and CD remain stable for At =1 x 10~2 while
AB2 and RK2 become unstable. These results are consistent with the stability boundaries
illustrated earlier in Figures 5-7.

Table 3. Results for elastic softening spring with EIG-3, DC, AB2 and RK2.

Time Step Methods
A EIG-3 CD AB2 RK2
t Time Energy Drift Time Energy Drift Time Energy Drift Time Energy Drift
1x1072 0.0 2.7 0.0 0.59 0.0 452 1.5 x 1072 20.4
1x1073 1.7 x 1072 2.7 x 1072 1.6 x 1072 5.9 x 1073 1.9 x 1072 6.4 x 1072 3.8 x 1072 2x1072
1x107* 0.16 2.7 x 1074 0.25 59 x107° 0.23 2.8 x 1074 041 47x107°
1x10°° 1.57 2.7 x107° 15 8.4 x 1077 2.29 24x10°° 4.1 4.7 x 1077

Although all methods display second-order convergence based on the evolution of
the error, EIG-3 and CD consistently yield more accurate results for larger time steps.
Interestingly, EIG-3 and CD also outperform AB2 and RK2 in precision at smaller time
steps, even though the latter two methods are also nominally second order.

Regarding computational cost, this example demonstrates a higher function evaluation
overhead compared to the elastic hardening case. This is partly due to the evaluation of the
hyperbolic tangent function, which is computationally more expensive. Nevertheless, the
system remains linear with respect to velocity, meaning CD retains its explicit nature and
exhibits similar efficiency to EIG-3.

4.4. Spring Pendulum

The spring pendulum problem is a two degrees of freedom system composed of a
massless rod, a linear spring, and a point mass, as illustrated in Figure 10. The system moves
under the influence of gravity, with acceleration due to gravity taken as g = 9.81 m/s?.
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Figure 10. Spring pendulum problem.

Given a mass 1 kg, a rod length of 0.5 m and a spring stiffness 98.1 N/m, the governing
equations of motion are:

2
x(2 — (0.5 + x) (9(1)) —9.81cos0+98.1x =0,

(266 +9.81sin0)
05+x

with initial conditions: x(0) = 0.25, 8(0) = 7r/2 and x(1)(0) = 6(1)(0) = 0. This problem,

detailed in [28], is conservative, and energy is conserved over time. The system’s total

mechanical energy is calculated as:

0 +

:O,

E = 05(x1)’ 405005+ x)2(6M)° — 9.81(0.5 + x) cos x + 0.5 - 98.1x2.

The simulation is run for 100 s. The performance of each method is summarized in
Table 4, showing both accuracy (via energy drift) and computational time for different
time steps.

Table 4. Results for spring pendulum with EIG-3, DC, AB2 and RK2.

Time Step Methods
A EIG-3 CD AB2 RK2
t Time Energy Drift Time Energy Drift Time Energy Drift Time Energy Drift
1x1072 0.0 1.67 1.7 x 1072 3.9 x 1072 1.5 x 1073 3.4 1.5x 1073 1.27
1x1073 1.6 x 1072 25x1073 8.8 x 1072 39 x107* 1.5x 1072 42 %1073 2.8 x 1072 1.1x10°3
1x107* 0.16 1.6 x 1075 0.89 39x10°° 0.19 24x107° 0.29 2x107°
1x107° 1.6 1.5 x 1077 8.9 8x 1078 1.8 22 %1077 29 1.1x 1078

The results show that RK2 and CD achieve greater accuracy than EIG-3 and AB2,
particularly at smaller time steps. For EIG-3, the slightly lower precision could stem from
the initial error propagation. Nevertheless, all methods show a consistent convergence rate
compatible with their theoretical order.

In terms of computational cost, EIG-3 proves to be more efficient than CD in this
example. Despite CD often being classified as an explicit method, here it behaves as
implicit due to the nonlinear velocity terms. Consequently, an iterative solution is required.

To handle this, Newton’s method was applied with the previous time step’s values
as an initial guess. Each iteration involved solving a linear system using LDU factoriza-
tion with Rook’s pivoting strategy, following [36]. This introduces a significantly higher
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computational cost compared to EIG-3, which remains strictly explicit and does not require
solving any system of equations.
A further comparison of EIG-3 with finer time steps is shown in Table 5.

Table 5. Results for spring pendulum with EIG-3 for different time steps.

Method Time Step
EIG-3 8 x 10 6x10°° 4 x10°° 2 x10°° 1x 106
Time 1.9 2.54 3.8 7.6 15.2

Energy drift 9.7 x 1078 54 x 1078 24 x 1078 6.1 x 1077 1.5 x 107

As seen, a time step of 2 x 107° s achieves better accuracy than CD at a higher step
(1 x 107°) but with less computational cost. This demonstrates the advantage of EIG-3 in
handling nonlinear systems explicitly and efficiently.

5. Conclusions and Future Works

A new explicit integrator for second-order ordinary differential equations has been
developed in this work. The proposed algorithm is based on a Taylor series expansion
and allows for flexibility through the adjustment of a set of parameters. This parametric
framework enables the custom tuning of stability and accuracy, offering a versatility
typically associated with implicit structural integrators but within a strictly explicit context.
Among the various configurations, a particular set of parameters has been identified that
yields properties, both in terms of stability and convergence order, comparable to those of
the central difference (CD) method. Notably, the new method only requires a single function
evaluation per time step, making it simple to implement and computationally efficient.

To validate the theoretical foundations of the method, four numerical examples
drawn from multibody dynamics have been solved. The performance of the new in-
tegrator (EIG-3) has been compared with three standard second-order explicit methods:
Runge-Kutta 2 (RK2), Adams—Bashforth 2 (AB2), and central differences. In problems
where the system is linear with respect to velocity, EIG-3 and CD exhibit similar computa-
tional costs, outperforming RK2 in efficiency, which is expected given RK2’s requirement
for two function evaluations per step. Furthermore, the single evaluation of EIG-3 facilitates
variable time-stepping, as it avoids the overhead of intermediate stages in RK methods. In
addition, EIG-3 demonstrated a more robust stability range compared to the AB2 multistep
method, validating the advantage of using local higher-order derivatives instead of distant
previous points.

Although all methods analyzed are formally second-order, differences in precision
were observed, with CD and RK2 showing slightly better accuracy in some linear cases.
However, in problems involving nonlinear terms in velocity, CD requires the use of iterative
solvers, such as Newton’s method, to maintain accuracy, which increases the computational
cost. EIG-3, by contrast, remains strictly explicit even in the presence of such nonlin-
earities, thereby preserving its low computational overhead. In these scenarios, EIG-3
demonstrates superior performance compared to CD. When compared to RK2, EIG-3 typi-
cally completes the simulation in about half the time, depending on the complexity of the
evaluated function.

Overall, EIG-3 emerges as a competitive and novel alternative to existing explicit
integration methods for second-order ODEs. It offers a stability region comparable to that
of the CD method while avoiding the need for iterative solvers in nonlinear problems.
Additionally, within its stability limits, EIG-3 introduces no numerical damping, preserving
the fidelity of the solution.
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The Taylor-based derivation presented here serves as a modular foundation for a new
family of integrators. Future work will focus on the development of higher-order versions
of this integrator by incorporating higher-order derivative terms from the Taylor expansion.
Further research will explore alternative parameter combinations to enhance both stability
and convergence. Another promising direction is the extension of this approach to the
solution of differential-algebraic equations (DAEs).
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