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Abstract

We propose a coupled gas—particle two-phase model for particle transport in a compress-
ible carrier gas with interphase momentum and energy exchange, and we incorporate a
diffusion-based mechanism to represent gas—particle reactions. The governing equations
are discretized in an Arbitrary Lagrangian—Eulerian (ALE) finite-volume framework using
an HLLC-type two-dimensional Riemann solver (HLLC-2D). The solver employs a nodal-
conservation construction that enforces consistency between numerical fluxes and nodal
contact velocities, which helps reduce spurious oscillations near discontinuities on moving
meshes. In addition, a particle-search-based Courant-Friedrichs-Lewy(CFL)-like time-step
restriction is introduced to enhance robustness in coupled simulations. Numerical tests are
presented to assess the method and to illustrate particle-induced modifications of wave
dynamics, as well as reaction-driven variations in velocity and temperature fields.
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1. Introduction

The modeling and numerical simulation of gas—particle multiphase flows in com-
pressible media have long been an important topic in computational fluid dynamics. Such
problems arise in a wide range of engineering and natural applications, including internal
flows in solid rocket motors (nozzle problems), combustion in engine chambers, plume
dynamics of ballistic weapons, and volcanic eruptions. In these scenarios, particles are
entrained by the background flow and may also act as reactive constituents, leading to
complex two-way interactions with the surrounding gas.

A common modeling strategy employs the compressible Euler equations for the carrier
gas, augmented by interphase momentum and energy exchange terms that represent drag
and heat transfer between the gas and particles. These interphase couplings typically
enter the Euler system as source terms, while the particle phase is described by additional
equations whose specific form depends on the particle loading regime (e.g., dilute versus
dense). The resulting coupled system provides a unified framework for the evolution of
both phases. Furthermore, particles may undergo chemical reactions during transport
and generate new species. Such reactions are highly sensitive to local thermodynamic
conditions (e.g., high temperature, high pressure, and gas reactivity), which increases
model complexity and requires careful formulation of the reactive source mechanisms.
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From the numerical viewpoint, solutions of the compressible Euler equations generally
contain shock waves and contact discontinuities, whose accurate and stable resolution
remains a central challenge in computational mathematics. The presence of a particle phase
further complicates the problem: stiff or strongly varying source terms associated with
interphase exchange may destabilize the flow solver and amplify spurious oscillations
near discontinuities. Consequently, numerical methods for gas—particle systems must
balance physical fidelity, conservation, and robustness, particularly in the presence of
strong nonlinearities and discontinuous solutions.

The nomenclature “two-phase flow” was first introduced in the literature [1]. Dur-
ing the formative period of this topic, systematic research predominantly centered on
experimental investigations and phenomenological characterization. Guided by these
experimental findings, researchers progressively formulated physical frameworks and
governing equations for two-phase flow problems [2-6], including the work of Campbell
et al. [7], who conducted a series of studies on particle dynamics.

Through various experimental configurations, researchers have carried out systematic
observations and analyses of transport dynamics and interphase interactions in shock-
induced ejecta and gas—particle mixing flows. Buttler et al. [8] employed photonic Doppler
velocimetry (PDV) to quantify the velocity evolution of metal ejecta, and subsequent
developments in PDV-based diagnostics have enabled improved recovery of ejecta velocity
and size distributions [9]. Chemical reactions between phases in reactive gases constitute
another important aspect of these flows. Buttler et al. [10] investigated the transport and
breakup of reactive cerium ejecta in reactive gases, and more recent numerical studies have
further examined solid cerium ejecta transporting in vacuum as well as in non-reactive and
reactive gas environments [11].

However, due to the intrinsic complexity of gas—particle systems and the high cost
of experimental investigations, the development of physical models and numerical meth-
ods has increasingly become a primary research focus, both as predictive tools and as
complementary approaches for interpreting and validating experimental observations.
Recent reviews have emphasized the multi-scale challenges in high-speed compressible
particle-laden flows, including shock—particle interactions and interphase coupling mecha-
nisms [12]. As representative numerical approaches, smoothed particle hydrodynamics
(SPH) has been used to simulate shock-induced ejecta formation and microjetting from
shocked metal surfaces under extreme loading [13]. A particle model, referred to as multi-
phase particle-in-cell (MP-PIC), was introduced in [14-16] and has continued to be extended
toward broader compressible regimes; for example, compressible MP-PIC (CMP-PIC) for-
mulations have been proposed to improve applicability across flow patterns [17], and
related developments have been reported in recent studies [18]. MP-PIC has also been
applied to shock interaction with particle curtains [19]. In addition, ejecta source and trans-
port modeling capabilities have been developed in the FLAG hydrocode framework [20].
Chertock et al. [21] introduced a low-dissipative hybrid finite-volume—particle method for
dusty gas flows. In [22], we investigated a discontinuous Galerkin (DG) scheme on moving
meshes for the ejecta-mixing equations.

While the aforementioned studies have significantly advanced the understanding
of gas—particle interactions, several limitations remain and motivate further refinement.
Two issues are particularly relevant to coupled, shock-dominated regimes. First, in many
particle-trajectory-focused studies, comparatively less emphasis is placed on accurately
resolving the background compressible flow; consequently, the fluid solvers adopted in
practice may exhibit insufficient resolution and nonphysical oscillations in the presence
of shock waves, and quantitative validation against reference solutions or experiments is
often limited. Second, energy exchange associated with temperature variation and chemical
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reactions is sometimes neglected or treated in a simplified manner, and numerical tests
frequently provide insufficient diagnostics on temperature evolution, which restricts the
reliable computation and assessment of the gas internal energy budget.

Building upon previous research, we develop a coupled gas—particle trajectory trans-
port model for particle motion in compressible gas, with explicit attention to interphase
interactions and energy exchange. The model accounts for three primary physical processes:
(i) drag induced by viscosity and relative velocity, which governs interphase momentum
exchange; (ii) heat transfer driven by temperature differences; and (iii) reaction-induced en-
ergy variation modeled through a diffusion-based framework, without imposing temporal
consistency between reactions and fluid motion. By emphasizing gas—particle coupling,
the model further investigates how these effects modify the background compressible flow.
Notably, particle loading introduces additional complexity in shock dynamics and yields
nontrivial variations in both flow motion and energy distribution, which places stringent
demands on the accuracy and stability of the numerical discretization.

To address these challenges, we propose a cell-centered Arbitrary Lagrangian—-Eulerian
(ALE) finite-volume framework for reactive gas—particle flows, combining a coupled
particle-trajectory transport model with interphase drag/heat exchange and a diffusion-
based reaction treatment. The gas-phase equations are discretized on moving meshes using
an HLLC-2D nodal Riemann solver, and the time step is further constrained by a particle-
search-based CFL-like condition to ensure consistent particle transport and coupling. The
main novelty is a genuinely two-dimensional, node-compatible flux construction: a nodal
contact velocity is determined from local conservation and used to build discontinuous
edge fluxes, which improves robustness on moving meshes and mitigates shock instabilities
observed in ALE schemes based on one-dimensional Riemann solvers. Numerical tests are
presented to assess accuracy and stability and to quantify particle-induced modifications of
the carrier-gas dynamics.

The rest of the paper is organized as follows. In Section 2, we introduce the coupled
gas—particle trajectory transport model with chemical reactions between phases. A cell-
centered ALE scheme and a two-dimensional nodal solver are presented in Section 3.
In Section 4, we describe the time discretization and a particle-searching strategy that
provides a CFL-like condition to restrict the time step. In Section 5, we present numerical
tests, analyze the results, and draw conclusions.

2. Particle Trajectory Model with Enthalpy
2.1. Problem Statement, Notation and Assumptions

Consider the following problem in a region () of two-dimensional space that multiple
particles are mixed in the fluid (the total volume is less than a certain percentage). Regard
each particle as an individual, interacting with the fluid separately and research the motion
of each particle independently. Since our particle concentration is less than a certain ratio,
the particle flow is considered to be dilute particle flow, so it is assumed that particles do
not affect each other. And the fluid has initial density, velocity, pressure and interacts with
particles to exchange momentum and energy at the same time.

In the following, the subscript p denotes particle-phase quantities, while the subscript
g denotes gas-phase quantities. Let g, vg = (vg,, g, ), Eg, pig, Tg, Cg denote the gas density,
velocity, energy, viscosity, thermal conductivity, respectively; P denotes the pressure of the
fluid. up = (up,, upy), 0pr Vp = (Vpy, vpy), Ty, cp, rp denote the coordinate, density, velocity,
temperature, specific heat capacity and radius of particle, respectively. In particular, if there
are multiple particles in the region () with different physical quantities, we can additionally
use a subscript m to identify them. Namely uy,,, 04,,, ©p,u, Tp,us Cpyu Tp, denote the variable
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of the different particles, in which m = 1,...,m(Q)), m(Q) is the total number of particles
in the region ().

To investigate the interactions between two phases, the force analysis of the particles in
the system is essential. During the motion, particles are subject to gravity, drag, differential
pressure, Basset force, Magnus force, Saffman force, etc. In general, not all of these forces
are equally important. It is necessary to compare the magnitude of the above forces in
order to estimate the relative importance of the various forces. Under normal conditions,
other forces are several orders of magnitude smaller than the drag. So for the convenience
of analysis, above forces except drag are not considered in the following model.

In addition to the force analysis, the exchange of heat between the particles and the
fluid is also significant. In general, interphase heat transfer may involve conduction, con-
vection, radiation, and reaction-induced energy exchange. In this work, the interphase
heat exchange is modeled by the convective heat-transfer law hA(T; — T,); the interfa-
cial conductive contribution is effectively embedded in the coefficient &, and radiative
transfer is neglected since it remains much smaller than convection over the temperature
range considered.

Throughout, give the following assumptions:

(1) Consider ideal compressible gas with ideal gas equation of state P = (y — 1)pe, where
7 is the adiabatic index.

(2) Viscosity and heat transfer are only considered in interactions.

(8) The particles are ideal round or spherical, uniform in diameter.

(4) There are no collisions and interactions among particles.

(5) The reaction between the ejecta and fluid is homogeneous which only depends on the
diffusion efficiency K.

2.2. Governing Equations

According to the above assumptions, we introduce the equation of the system.
For the fluid phase, the equations for two-dimensional compressible particle trajectory
model with enthalpy are as follows:

oU | oF(U)  9G(U)

PR p— 1
o T ax ay v @
where the state vector and flux vectors are
Pg PgUg, PgVgy
[ P+ pg02 PgVg. Vg
U= | "8 | FU) = 8x , G(U) = SR )
P30, PgUg:Ugy pgvg, + P
psEg pgEgvg, + Pug, psEgvg, + Pug,
For the particle phase, each particle has:
up
o
va
P _F 3
ot P ©

2 an
T, Pp CP? = Qp, — Qp.,

where the F, and Q,,, Q). indicate the interactions between the particle phase and fluid
phase.
And S, is the source term between the flow and particles.
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M
B |
FPy
EP

Sp:

In the above model, the motion of every particles with index m will be calculated
respectively; actually, we have

F, =

F m(@) :
" | =— ) Fa, — Mug,
m=1

pr
m(QY) m(Q)
EP == 2 Epm = Z de ’ (vg - vpm) - Qprm + Qpcm'
m=1 m=1

where F, is the force source item coming from the drag F,, between phases and momentum
term Mo, carried away by the gas in chemical reactions. E, is the exchange of energy
including the heat (Q,, — Q) and the kinetic energy F; - v, from drag work. M is the
change ratio of mass because of the reaction between phases.

Then give the specific definition of drag source item F, . The force F; comes from
the drag due to friction. There are two drag models usually used during computing which
are the Stoke’s model and Crowe’s model.

For the Stoke’s model [23], the following formulation is applied:

de = 67”?718(773 - vpm)’

where 1) is the radius of the particles and y, is the gas viscosity.
For the Crowe’s model [24], we have

1
Fi,, = 5CaKp,05|0g = op, | (05 = 0p,),

where Cp is the drag coefficient and Kp,, is the upwind area. Drag coefficient Cp is related
to the Reynolds number Re, the following definition is applied [25,26]:

Cp = %fdmg(Re)‘ (4)

In formulation (4), firaq (Re) depends on the Reynolds number Re:

Re — 2Ps"mm vgfv”“”‘,
Hg
and
%, Re < 0.2,
Cp =4 2 (14 0.15Re"7), 0.2 < Re < 800,
0.5, Re > 800.

The calculation method of Cp is not same in different research. The above definition is
given by Wang et al. in [26].

2.3. Reactions and Energy

The heat source item Q,(Qpc, Qpr) comes from the convection heat transfer [27] and
reaction between phases, respectively. First analyze the procedure of reaction and suppose
there is an ejecta with radius r,. Typically, the reaction proceeds uniformly from the
surface of the particles towards the interior, and the reaction rate depends on the diffusion
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efficiency Dy. Reactions are usually accompanied by heat absorption and release, and this
exchange of heat can affect the physical state of the phases. For convenience, we assume
that the particles remain in the solid state. Take the reaction between Ce and D, as an
example to illustrate this. The chemical reaction equation is: Ce + D, — CeD, +AH, where
AH = —206 k] /mol. The following Figure 1 gives the details:

Vb

D, - reaction with D,

‘

(I

Figure 1. Reaction between Ce and D5.

We employ a diffusion model to characterize the spread of the reaction procedure. We have:

te =Tp— v Kt

dMm, \/f
Tar ey

The reason of using the time index t; there but not the index t is that the reaction is not al-

so the reaction rate has:

ways with the motion of fluid except under the certain conditions of pressure and temperature.
According to the heat AH, we have the energy release:

Because of the difference of temperature between a particle and surrounding fluid,
there is a convection heat transfer Qy,, the total energy exchange is:

Qp = pr - Qpc-
And Qy, is:
_ 2
Qpe = 5, Coa7trp(Tg — Tp) Ny,

where Cp, is constant-pressure specific heat capacity, Nuy,, is Nusselt numbers, Pr is
Prandtl numbers of flow, of which specific definitions are as follows:

4y
P ,
"T 9,5

and
Nup, =2+ 0.6Pr'/3Re!/2.

Based on Equations (1) and (3), we need to prove that the above gas—particle two
phase system satisfies conservation law. It is obvious that the conservation of momentum
because the drag between the particle and the fluid is a pair of interacting forces, namely
the right items of the second Equations (1) and (3). The item F, vy, is the energy of the
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fluid, which is converted into the kinetic energy of the particle, and the convection heat
transfer energy Q,,, is generated by the temperature difference.

3. Numerical Scheme

In this section, we construct a numerical scheme using HLLC-type Riemann solver
based on the nodal conservation to solve the system (1) and (3).

3.1. ALE Scheme

For the subsequent discretization process, it is convenient to express Equation (1) in
the form of a moving control volume formulation:

d
E/()dedy—l—/an[(F,G)N—(w-N)U]dl:/QSpdxdy, 5)

w denotes the moving velocity of the control volume () while N denotes the unit outward
normal direction along the boundary of (). When w = u, the system simplifies into a
Lagrangian formulation, and when w = 0, it takes on an Eulerian form.

It is important to note that in Equation (5), the integration domain () is related to time
t; that is, QO = Q(t). For convenience, we denote it as Q).

3.1.1. Notations on a Generic Polygonal Grid

Every cell (), within the mesh is assigned a distinct index represented by c. To refer to
an adjacent cell (); that shares a common edge with ()., we employ the subscript d. The
edge where two units intersect is defined as c N d or denoted as k, as shown in Figure 2.
F(c) denotes the set of adjacent cells surrounding the cell Q.. Q(c) is the set of all vertices
of a cell Q). Each vertex within the mesh is allocated in the index ¢, and C(gq) and K(gq) are
defined as the sets of cells and edges respectively surrounding the vertex g, i.e.,

C(q) = {Qc : cells surrounding the vertex q},

K(q) = {k : edges surrounding the vertex q}.
The physical quantities of fluid for example the density p,,, pressure P, velocity vy,
energy Eg , e are defined in the center of (.. The grid moving velocity, denoted as wy, is

defined at the node g. Let N§ = ((nx)g, (ny)fi) represents the unit normal vector of cell
) along edge c N d, with the subscript d and the superscript ¢ indicating that the vector
direction originates from (), and extends towards ().

Figure 2. Notations on the mesh edge.

Based on the edge’s normal direction between two adjacent cells, we utilize indices
L and R to represent the states on the left and right sides of an edge, respectively. For
instance, Uy and Uy, are state vectors in the left and right cells of the edge c N d.
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To compute integration of the variable F across edge [Ms, M,+1], denote by F, ;.1 the
fluxes on the face, L, ;41 is the length of [M,, M,+1], we have
Mﬂ+1
La,a+1Fa,a+l . Na,u+1 — M F . Ndl (6)
Using the above transformation, we discretize Equation (5) on an unstructured mesh.
Define cell-centered state variable U, and resource term S, then we have:

d -
7 0e1Ue = 1018, 1 [ (7T7) 7 [B(T7U) = (wi - Ny T3 Ul

(7)
= |Qc|Sp, — Y LY(TF) " F (w5 - NS, T U, T Uy),
d

where | ()| represent the volume of cell O)c. w¢ is the moving velocity defined at the center

of cell edge c N d. LS is the length of the edge cNd. T and (7}) ! are the rotation matrix
and its inverse as follows:

1 0 0 0 1 0 0 0

TC — 0 (nx)g (”y) 0 ( C)—l — 0 (nx)d _(ny); 0
i 0 —(ny)y (ma)g 0] 77 0 (my)y (m)z O
0 0 0 1 0 0 0 1

Then compute the Riemann problem to approximate the numerical flux F; along the
normal direction of edge c N d:

U; +Fx = sp/

U(x,0) = U, =T:U, x<0, (8)
’ Ug = TfUy;, x>0,

and the numerical flux can be represented as follows:

F;(w, UL/ UR) =F% — wa, (9)

where w = w§ - N§ is the normal projection of the moving velocity w§ , U and F* are the
projection of the state and flux functions onto the direction x/t = w, respectively.

3.1.2. Flux Formula of HLLC-2D on Moving Mesh

We use the two-dimensional Riemann solver HLLC-2D method proposed in [28] to
evaluate the numerical flux. The construction of this method hinges on two important
points. Firstly, it involves a nodal solver that relies on the vertex g with state vectors
{Uc, c € C(q)} assigned to neighbor cells. Then the nodal contact velocity u; is computed
through this solver. Secondly, it involves the utilization of the HLLC-2D solver, an expanded
scheme of the classical one-dimensional HLLC Riemann solver. In Riemann problem (8), we
have the nodal contact velocity u,’;, as well as the state vectors U, and U, which are on the
sides of edge ¢ N d. Through solving the Riemann problem, we could get the approximate
numerical flux F¢ and F; and further solving Equation (7).

In the following evaluation, assume that the nodal contact velocity u; has already
been calculated, in alignment with the preceding chapter’s description. From Equation (8),
the initial values of the equation are:

U, =T;U, Ur=T;Uy,

and the fluxes are F; = F(Ur), Fr = F(Ug).
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In contrast to the classical one-dimensional Riemann solver, HLLC-2D method deviates
by introducing an artificial contact wave speed denoted as S = ug - N, which is consistent
with the nodal velocity ug.

Establish two velocities S| and Sk and suppose S; < S« < Sg. As a result, the HLLC-
2D solver comprises 4 constant state regions separated by Sy, S« and Sg. Within these
regions, the vector of conservation quantities is defined as follows:

Uy, ifw<S,

Ui, ifSL<w<
<

Uv = (10)

Uy, ifS.<w
Ugr, ifw > Sg,

where U, Uy are the same as the classical HLLC solver. Within each state region, we
introduce the two approximate fluxes which is from the different direction of the edge c N d:

FH,lr ifw g SL/
Fyo, ifSp <w<S
FH,3, if Sy <w < Sg,

FH,4/ ifw > Sg,

(11)

where H = L, R, and the above flux scheme ensure strictly satisfies the Rankine-Hugoniot
conditions.

According to the (9) and (11). Numerical fluxes encircling the vertex g on the moving
mesh are as follows:

UL(uL—w)—I—DL, ifwéSL,
U* (S, — w) + D7, fS; <w<S,,
FS, (w, Uy, Ug) = F —wU® = 15— w) ool ¥ (12)
’ Ui (S« —w) + Dy, if S, < w < Sy,
UR(uR—w)+DR—Dj§—|—D*, ifw > Sg,
and
Up(ur —w) +Dp — D} + D}, ifw < Sy,
U3 (Sy —w) + D%, if S; <w < Sy,
Fl, (w, UL, Ug) = F§ —wU" = (5 —w) ool Y (13)
’ Ui (S« —w) + Dy, if Sy <w < Sg,
Ug(ugr —w) + Dg, ifw > Sg,

where Dy = (0,P,0, Pu)7, D}, = (0,Py,0, PI’EIS*)T for H = L, R are vectors, including the
pressure and work terms on the ends and in the middle two regions, respectively. Pressures are

P} = pr+pr(S —up)(Ss —ur), (14)
Pg = pr +pr(SR — uR)(S+ — ug).

An analogous derivation can be given at vertex 4+, and flux F - is evaluated. For
the edge ¢ N d, the final flux on it is:

1
F(w, T Uc, TfUa) = 5 (F4, (wy - NG, T5Uc, T5Ua) + oo (wye NG, THUG T7U,) ). (15)
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3.1.3. Nodal Solver

In Section 3.1.2, we have assumed that the nodal contact velocity is already calculated.
And since F; # F¢ may happen, the conservation in cells is not satisfied. Therefore we
introduce a nodal solver that consistently evaluates the uj , ensuring the scheme preserves
local conservation of mass, momentum and energy. This procedure can be derived from
the global conservation within domain (). By maintaining the local nodal conservation
including mass, momentum and total energy, contact velocity could be calculated. By using
the pressure Equation (14), we have:

Y Lilaps+agy) [u;‘ Ni — v;;} Ny =0, (16)
keK(q)

where
ape = —pPre(See—uLk), ®rk = Prk(SRKk — URK) (17)

and v} represents the contact velocity in the classical one-dimensional HLLC Riemann
solver for edge k
P — PR +apklipk + AR kURK

*
,U — 7 7! 7! 7! /! /! . (18)
k
apk + ARk

Solve Equation (16) to calculate the contact velocity u; at each vertex and we have

u; = M~ Y Li(ap g+ agi)vpNg, (19)
keK(q)

where

Ykek(q) L(@pi +ar)ny e Lrek(q) Li(apr + ari)ny kny k

M p—
Ykek(q) Le(ar i + arx)ny iy i ZkeK(q Li(apx +agp)ng

3.1.4. Boundary Condition

In this ALE method, the conventional zero-order extrapolation method is employed to
enforce boundary conditions. For velocity-based boundaries, there are two different cases:

(1) When the three boundary nodes are not collinear, a straightforward extrapolation
method is implemented.

(2) When the three boundary nodes are collinear, we employ the mirror extrapolation
method, which involves constructing a symmetrical point for each vertex connected
to a boundary node.

The above method ensures the same scheme (19) as used for internal vertex when
calculating ug.

4. Time Discretization and Particle Searching

We discretize in time for the system (7) that describes the evolution of the variables
in the cell ;. Suppose that there are m(();) particles in cell (;, of which the index is
m=1,...,m(C;), then we use the second-order Runge-Kutta method to obtain the follow-
ing fully discretized system:

A N kL G IER L L T
ﬁ:l %(U" + Un-i-l) (21)
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At or
U?H B +1 ZSZ!‘ + ‘ Z+’1 +1
n n n
RN

‘zLd(Tl) E (w NG TIOLTIOL), )

and similarly

An+1 n At"
'Upm Pm 7-[1/2 Fpm’
Pmppm
1':_.n+1 —F 1 ,\n+1
pm pm(i( Pm +vpm))
1
Tn+1 —T" + At n ,
Pm ﬂr%mppm Cpm Pm

N 1
sz,:l me (E ( Pm + Tn+1))

so that i
n+l _ _n At pn+1
vpm - vpm 7-”,2 Pm 7
pmppm
n+l _ n An+1
upm Pm + At Pm 4 (23)
n+l _ 7n n An+1
T = T+ At 7C Q.
pmppm Pm

4.1. Particle Searching

Before computing the time step At" = t"*!1 — " we need to give the process of
searching the particles during a time step. In the numerical simulation, the interactions
between the particles and flow are calculated in each cell instead of the whole space. That is,
if consider the cell ();, the momentum and energy exchanged between the two phases are
that all the particles in cell (); interact with the fluid in ();. So before computing the physical
properties, we should know which particles are in the cell. At the beginning of each time,
the coordinates of particles are given. And after every time steps, we should search the
particles and confirm the cell position of all particles. In our numerical simulations, we use
the following procedure to locate particles:

(1) Suppose that the coordinates of particles in the cell (); at time t" are known, namely
mem=1,. (Qi )
(2) Solve Equatlon (23) and get the coordinate of particle m, w1 at time 1.
(38) Search the particle m in the updated geometrical characteristics of the cell. First
determine whether the particle m is in the cell ;. If so, proceed to step 5.
(4) If not, search the particle m in the cells (3, which are the surrounding cells of (),
c=1,...,n(i).

(5) Update the position of particle m.

u”

Using the above method, we could get the updated position of particle m under the
condition that we give a CFL-like time step limitation to ensure the movement range of the
particles. In Figure 3 we give the schematic diagrams of particle searching in unstructured
mesh in ();, and n(i) = 6 this moment:

Cray— e

Figure 3. Searching the surrounding cells.
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4.2. Time Step Limitation

To ensure stability under the explicit scheme, the following time step constraints must
be satisfied:

(1) Ana priori CFL condition is required to ensure compliance with the entropy inequality.

(2) The variation in cell volume is geometrically consistent with the motion of the
mesh vertices.

(38) Particles must be efficiently searched.

Assume that the physical properties and geometric characteristics of the cell (); are
known at the time #". We will compute the variables’ value at time #"+1.

4.2.1. CFL Condition

First we derive a CFL condition to ensure positive entropy production within cell ();
during the computation. At time t", we denote by A the inner circle radius of the cell
;. Then

Al
At, = C, min L (24)
P

=L J ()2 + (08)2 4 cf

where Cr is a strictly positive coefficient and c; is the sound speed of the cell (};. Numeri-
cally, the value of Cr between 0.3 and 0.4 is usually taken.

4.2.2. Criterion on the Variation of Volume

We also establish a criterion for the variation of cell volume. At time t", we can get the
contact velocity of vertex, we have:

At, = C, min |A1"’ (25)
= v DV
where C, can be set 0.1 and
]' * *
| A1l :Z;L}(uq+uq+) NS (26)

4.2.3. Particle Searching Limitation

Referring to Section 4.1, suppose that particle m is located in );; we check the cell ();
and its surrounding cells Q, ¢ = 1,...,n(i). Over t" to t"*!, we restrict particle motion to
a local neighborhood to ensure efficient search. In Section 4.2.1, we use A} to denote the
inner circle radius of the cell (3; and the cell (0. We have:

An
Mtp=Cpmin _ min ﬁ 27)
reer sum
where n(m) is the number of cells containing and surrounding the particle, v{,,, = v}, +
Y0, tg, is the sum of velocity of particle m and the nodal velocities of cell (};. In numerical
simulation we take C, = 0.5.

The proposed CFL-like restriction introduces a particle-based bound on the time step.
While this adds an O (N, - Cieca1) particle contribution to the time-step evaluation beyond
the standard CFL condition, it is primarily introduced to control the cost of particle local-
ization. In the particle-trajectory model, particle localization is required at every step to
deposit interphase source terms consistently; without localization, one cannot determine, at
the discrete level, which control volume should receive each particle’s contribution. If parti-
cles are allowed to overstep multiple cells within one step, the host-cell update may require
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a global search whose cost is O (Np . Cglobal)- By limiting the particle displacement, the
host cell of each particle can be updated via a local neighbor check around its previous cell.
Finally, the next time step At" = R T given by

A" = min (Ate, Ato, Aty,1.01 At”’l). (28)

4.3. Algorithm for Full Discretization System
Procedure. At time t = ", the coupled update from t" to t"*1 is carried out as follows:

1.  Initialization. For each cell (); (i = 1,..., I), initialize particle variables uzm, pzm, v’;m,

Tgm, rgm form =1,...,m(();); initialize fluid variables vg, Eg, pg, Tg ; and geometrical
quantities L}, N} for k € K(q).

2. Nodal solver. Compute the contact velocity u; at vertex g by solving the equations in
Section 3.1.3.

3.  Time-step limitation. Determine the time step At" using Equation (28).

4. Grid-moving strategy (ALE). Use a grid-moving strategy (e.g., harmonic mapping) to
update vertex coordinates and compute the nodal velocity

xp =X

Wy = A"

5. Interphase interaction. Compute interaction forces F, and energy exchange E, at time #".
6. HLLC-2D Riemann solver. For each edge (); N ()3, compute the nodal fluxes F é g and

Fé,q +, and take their average

o1, .
Fj=3 (Fiy+Fipe)-

7. Update flow variables. Update the cell-averaged flow variables in each cell ();.

8.  Update particle variables. Update particle variables using Equation (23), and deter-
mine particle positions at time 1.

9.  Loop. If the simulation continues, set 1 — n 4 1 and return to Step 1.

5. Numerical Tests and Results

In the following section, we present several examples to validate the above numerical
scheme. We begin by several classical one-dimensional particle transport tests in quiescent
fluid, in fluid under constant acceleration and in fluid under sinusoidal acceleration. The
relationship between particle size and particle motion path is further explored in this
part. Next we explore the motion of fluid in gas—particle Sod test. Finally, we give a
two-dimensional practical test case about Pb plate ejecta motion under the high speed
shock. For generality, we calculate these numerical tests on unstructured mesh.

5.1. Particle Transport Tests

In this test, we investigate the dynamics of particles immersed in a fluid across
different flow conditions, a problem of fundamental importance in both engineering and
natural applications.

5.1.1. Transport in a Quiescent Fluid

Consider the basic case of a particle subject only to drag. Initialized with a nonzero
velocity at the fluid center, the particle exhibits a monotonically decreasing velocity, with
deceleration gradually diminishing, as shown in Figure 4. At the same time, the velocity of
the fluid reaches the peak rapidly within a short period and then decreases. The velocity
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difference between the particle and fluid ultimately converges, contrary to the intuition
that the fluid velocity keeps increasing until they become consistent.

Velocity Comparison Velocity Comparison

0.1 T

Particle Particle
Fluid 1 0.09 Fluid 1

0 0.05 0.1 0.15 0.2 0.25 0.9

Time Time
t=02 t=0.8
Figure 4. Drag model.

5.1.2. Motion Under Constant Acceleration

In the second series of tests, according to the Figure 5, the different-size particles are
given a nonzero initial velocity into a quiescent fluid with a constant acceleration. At the
start of the motion, the fluid velocity is less than all the particles when the particles are
enforced to decelerate, and then accelerate when the fluid velocity exceeds the particle
velocity. Analyzing the curves of = 0.0001 and » = 0.001, it can be observed that once
the particle velocity is lower than that of the fluid, the particle accelerates with the same
acceleration as the fluid, consistently lagging behind it. Similarly, when the particle becomes
sufficiently large, r = 1 for instance, it is scarcely affected.

In addition, it is obvious that the particles eventually move with the different velocity
differences from the fluid. Suppose that the acceleration of fluid is ag, the velocity difference
is Av = vy — v). There is the equation that a;, = F;/m, = a, when the motion reaches the
balance. In a general physical computation, drag force is positive correlation with the Awv,
we have F; = xAv in which « is a variable positive coefficient related to radius, density and
viscosity when we used the different drag force model affecting the final velocity difference.
For instance, in Stoke’s drag model, there are ¥ = 67tr,ug and Av = agr,/6pg which is
consistent with the numerical results.

Time—Velocity Comparison

0.1 pr—
E o~ T T == r=T ~ 7
% - — . ={(.1
0.08 b2 r=001 -
T Tsd ] e r = 0.001
r = 0.0001
= .06 fuid .
= Y
g :
<
= 0.04 f 8 -
0.02 f T et |
[] L L L L i L
0.1 0.2 0.3 0.4 0.5 0.6 0.7

Time {

Figure 5. Time-Velocity in a constant acceleration fluid.
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5.2. Multiphase Sod Test

We consider a shock tube problem in the domain [0,1] x [0,0.1] following the classical
setup proposed in [29]. The solution consists of a left rarefaction, a contact discontinuity and
a right-moving shock. The length of the shock tube is normalized to unity. To investigate
the influence of particle—fluid interaction, we conduct a series of numerical experiments
under varying particle sizes. In all cases, particles are uniformly distributed across the
computational domain and the flow phase is modeled as an ideal gas. The initial flow field
is piecewise constant, with a high-pressure state on the left and a low-pressure state on the
right of x = 0.5. Specifically, the left state is given by (p;, P, u;) = (9.6, 1,013,250, 0), while
the right state is (p;, Py, 1) = (1.2, 101,325, 0), as reported in [17]. We employ a uniform
mesh in the domain with the mesh resolution Ny = 100 and N,, = 10.

The physical interactions and resulting flow behaviors are analyzed based on high-
resolution numerical simulations. In the numerical tests, we investigate the influence of
gas—particle coupling by varying the particle radius to obtain different particle volume
fractions: 0%, 0.01%, and 4%. The corresponding initial conditions are summarized in
Table 1. The final average CPU times for the three cases are about 5.5 s, 6.1 s, and 6.3 s on
the same workstation, respectively.

Table 1. Initial conditions for particles.

Case Volume Fraction (%) Radius Velocity
1 0 0 0
2 0.01 0.0001 0
3 4 0.002 0

The simulations are conducted in a two-dimensional domain to assess the stability of
the proposed algorithm. For clarity, both one- and two-dimensional results are presented.
Although the Sod shock tube is essentially one-dimensional, we also compute it on a 2D
mesh because the proposed HLLC-2D solver is constructed in a two-dimensional manner,
with flux and nodal velocity evaluations involving coupled contributions from cells around
a vertex. The 2D setup, therefore, serves as a consistency and robustness check of the 2D
construction. In particular, the 2D results confirm that the algorithm effectively eliminates
spurious oscillations near discontinuities, even in the presence of particles, and coincide
with the corresponding 1D results.

Figures 6 show the flow field (density, velocity, energy and pressure) at time ¢t = 0.0004
under the condition of different volume fractions. Different colors denote different particle
volume fractions. The results show that, when the particle loading is sufficiently small, its
influence on the carrier flow remains negligible. As the volume fraction increases, the drag
effect becomes more pronounced, leading to a reduction in wave propagation speed and a
decrease in the overall flow velocity, while the internal energy in the central region rises.
Although discontinuities are still present in the flow field, the presence of particles acts
in a manner analogous to a weak viscous term, smoothing the variations across contact
discontinuity and shock. This behavior is consistent with the findings reported in [17].

To further verify the stability of the proposed scheme, simulations were conducted
in a two-dimensional domain. We give the results in Figure 7. The results show that
no spurious oscillations arise near discontinuities, and the flow field remains consistent
along the y-direction. Even with particle-fluid interactions, the scheme demonstrates
strong robustness.
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Figure 6. One-dimensional profiles for different particle volume fractions.

To compare the effects of Eulerian, Lagrangian, and ALE mesh strategies, we consider
the case with a particle volume fraction of 4% and perform simulations under three settings:
a fixed mesh (Eulerian), a Lagrangian mesh, and a moving-mesh ALE formulation. The
corresponding results are shown in Figure 8. For this test regime and the present mesh
resolution, the three strategies yield very similar profiles for density, pressure, and internal
energy; only a modest discrepancy is observed in the fluid velocity in localized regions,
while the overall trends remain consistent. We emphasize that this observation does
not imply that the three approaches necessarily achieve comparable accuracy for more
general two-phase flow problems. In an ALE framework, moving mesh strategies can
significantly affect numerical dissipation and the resolution of discontinuities. The mesh-
moving strategy adopted in this work follows [30], and formulating our scheme within an
ALE framework is motivated by the need for greater geometric flexibility across different
two-phase problems. For instance, highly skewed or excessively flattened cells may hinder
particle search, whereas an adaptive ALE mesh can help maintain cell quality and thereby
improve the robustness and applicability of the coupled particle-flow computation.

Specifically when the particle volume fraction is set to 0%, the coupled system degen-
erates to the classical compressible Euler equations; the slight smearing of the shock and
contact discontinuity on coarse meshes is mainly attributable to the numerical viscosity of
shock-capturing schemes, and a detailed accuracy and convergence study of the HLLC-2D
Riemann solver for the Sod test is available in our previous work [28].
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Figure 7. Two-dimensional result profiles under 4%.

5.3. The Motion of Cerium in Reactive Gas

Detonation simulations are widely used as benchmark problems for coupled particle
transport and interphase heat exchange. We consider a sealed square container (Figure 9)
with a cerium plate placed at the bottom, which generates ejecta under shock loading.
When the carrier gas is helium (He), interphase chemical reactions are absent, whereas
reactions occur in a deuterium (D) environment as described in Section 2.3. We therefore
compare particle heating and transport in He and D, under otherwise identical conditions.

The parameters used in the numerical experiments were taken from [11]. The cerium
plate is approximately 0.6 cm in length, and the ejecta mass is about 35 mg/cm. The
initial particle speed ranges from roughly 1.1 km/s to 1.4 km/s, with a small transverse
component whose magnitude depends on the mass ratio. To better represent realistic
conditions, the particle radius is not prescribed as a uniform value but varies from 1 pm to
10 pum. The total number of simulated particles is up to 10°. In what follows, we compare
particle motion and heat-transfer effects under different background gases.

We first investigate the particle motion in He, where no reaction occurs during the
process. Neglecting the initial stage in which the cerium plate is impacted by the shock
wave, we analyze the particle dynamics over 2 ps; the numerical results are shown in
Figure 10. Att = 0, the particles start to move. As the particles evolve, they gradually
spread outward and form layered structures due to differences in their initial velocities and
radii. A key feature of the enthalpy-based particle-trajectory model is that it resolves the
trajectory of each individual particle; this is also illustrated by the second panel of Figure 10,
where the boundary of the particle cloud is captured clearly. Although the particle phase
exhibits a coherent overall trend, each particle follows its own distinct trajectory.
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Figure 8. Comparison at 4% volume fraction using Eulerian, Lagrangian, and ALE mesh strategies.
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Figure 10. Particle motion at t = 2 ps.
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We then perform numerical tests in D, with reactions taken into account. By comparing
the results in Figure 11, it is evident that the presence of reactions has a pronounced impact
on the temperature evolution. In He, we assume that the particles and the gas share the
same initial temperature, which weakens the interphase heat exchange; consequently, only
a slight temperature decrease is observed for particles near the boundary. In contrast, in D,
the temperature rises markedly due to chemical reactions and shows clear spatial variations.
Particles with larger radii and lower speeds exhibit more pronounced heating, indicating
a higher extent of reaction. Regarding the velocity distribution in Figure 12, the overall
speed field becomes progressively stratified in time as the particles are transported, with
the highest speeds located in the central region.

Particle temperature distribution Particle temperature distribution
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0351 0.35
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3 g
= 021 1000 & = 0.2 m 1000 &
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B g
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0.1F 800 0.1F 1 800
0.05 0.05
—_— : e—te— 600 —_— ’ B — 600
0.6 04 02 0 02 04 0.6 04 02 0 02 04
r &

Figure 11. Temperature Change.

5.4. Conclusions

Due to strong interphase coupling, the gas flow and particle motion are tightly linked.
In regimes where either the carrier-gas velocity or particle velocity becomes large, a purely
Lagrangian description may suffer from severe mesh distortion and loss of robustness. To
improve applicability across a wider range of flow conditions, we formulated the proposed
HLLC-type Riemann solver within an Arbitrary Lagrangian-Eulerian (ALE) moving-mesh
finite-volume framework, which allows mesh motion to be decoupled from the material
motion while retaining conservative updates for the coupled system.

Particle velocity distribution (|v,|)
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Figure 12. Velocity distribution.
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The numerical results indicate that particle—fluid interactions have a pronounced
impact on the flow evolution. In particular, interphase drag acts as an effective dissipative
mechanism that attenuates wave structures and can modify propagation characteristics
when the coupling is sufficiently strong; therefore, in particle-laden high-speed regimes, the
feedback of particles on the carrier gas should be included for predictive simulations. The
tests also show that the computed dynamics are sensitive to the choice of the gas viscosity
coefficient. When the temperature difference between the gas and particles remains small,
the thermal exchange term plays a secondary role relative to momentum exchange; however,
in reactive settings the reaction-induced energy transfer leads to appreciable temperature
variations and must be incorporated. Finally, our results suggest that a common-pressure
approximation is reasonable at low particle volume fractions, whereas at higher loadings
noticeable gas—particle pressure differences may arise and should be accounted for in the
coupled modeling.
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