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Abstract

This paper investigates the distributed event-triggered fixed-time time-varying formation
control problem for a class of nonlinear multi-agent systems subject to model uncertainties
and unknown time-varying disturbances. To address issues in traditional formation control
methods, such as convergence time dependence on initial states and high communication
resource consumption, a distributed cooperative control scheme integrating fixed-time
control, event-triggered mechanisms, and dynamic surface control is proposed. Firstly,
a fixed-time disturbance observer is designed to accurately estimate the agents” lumped
disturbances within a fixed time independent of initial conditions. Secondly, by incorporat-
ing dynamic surface control techniques, a distributed event-triggered formation control
law is constructed, effectively reducing communication and computational resource usage.
Furthermore, using Lyapunov stability theory, the closed-loop system is proven to exhibit
practical fixed-time stability, and the existence of a positive lower bound for triggering
intervals precludes Zeno behavior. Finally, numerical simulations validate the superiority
of the proposed method in terms of convergence speed, control accuracy, and resource
efficiency. This research provides an efficient, robust, and resource-friendly solution for
cooperative control of multi-agent systems in complex environments.

Keywords: multi-agent systems (MASs); fixed-time control; event trigger; time-varying
formation control; nonlinear functions

MSC: 93A16

1. Introduction

Multi-agent system (MAS) cooperative control constitutes a current research hotspot
at the intersection of control theory, robotics, and artificial intelligence. It demonstrates
broad application prospects in fields such as cooperative search with UAV swarms [1],
intelligent traffic management [2], and distributed sensor networks [3]. Through local
perception and communication among individuals, multi-agent systems can accomplish
complex cooperative tasks—including formation, encircling, and coverage—in a distributed
manner, exhibiting significant advantages in robustness, flexibility, and scalability [4,5].
Among numerous cooperative control problems, formation control serves as the foundation
for achieving cooperative operations, with its core objective being to guide the agent group
to form and maintain specific spatial or functional configurations [6].

Traditional formation control research primarily focuses on static formations, where
the desired configuration remains fixed [7]. However, facing increasingly complex appli-
cation scenarios (e.g., dynamic obstacle avoidance, terrain adaptation, target tracking),
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static formations often fail to meet mission requirements, drawing widespread attention to
the time-varying formation control problem [8,9]. In time-varying formations, the desired
configuration can undergo translation, rotation, scaling, or more complex deformations
over time. This demands that the control system not only achieves asymptotic convergence
but also possesses precise tracking capabilities for time-varying trajectories, imposing
higher requirements on control algorithm design [10].

In practical applications, agents often exhibit model uncertainties and unknown time-
varying disturbances (e.g., gust disturbances for UAVs, ocean current interference for
underwater vehicles) [11,12]. To overcome these challenges, a series of robust and adaptive
control methods has been proposed. For instance, ref. [13] employs adaptive neural
networks to approximate system uncertain nonlinearities and designs a robust controller
based on backstepping; ref. [14] constructs a disturbance observer to estimate lumped
disturbances and achieves precise tracking via dynamic surface control; ref. [15] designs a
prediction-based fuzzy state observer, effectively enhancing the system’s anti-interference
capability. While these methods address uncertainty issues, most only guarantee asymptotic
or finite-time convergence, with convergence time dependent on initial conditions.

Convergence speed is a key performance indicator for formation control. Although
finite-time control achieves rapid convergence, its convergence time upper bound depends
on initial conditions [16]. Consequently, fixed-time stability theory is proposed [17], whose
most significant feature is that the convergence time upper bound can be predetermined by
controller parameters and is independent of initial conditions. This characteristic signif-
icantly enhances system reliability and predictability under unknown initial conditions.
Based on this, ref. [18] designs a fixed-time disturbance observer, achieving fast and ac-
curate estimation of lumped disturbances; ref. [19] combines a fixed-time extended state
observer with nonsingular terminal sliding mode to propose a fixed-time formation control
scheme. However, most existing fixed-time control methods rely on centralized com-
munication architectures and global information exchange, limiting their application in
large-scale systems.

Compared with centralized control, distributed control relies only on local information
exchange between an agent and its neighbors, offering higher reliability and scalability [20].
Ref. [21] utilizes super-twisting observers and sliding mode techniques to achieve dis-
tributed finite-time formation; ref. [22] addresses distributed formation predictive control
under communication delays; ref. [23] designs a distributed prescribed performance con-
troller based on data-driven methods. Nevertheless, these studies predominantly adopt
time-triggered mechanisms, requiring periodic sampling, communication, and control
updates, which can lead to unnecessary waste of communication bandwidth and computa-
tional resources when facing resource-constrained hardware platforms.

To conserve system resources, event-triggered control mechanisms emerge [24]. This
mechanism performs communication and control updates only when specific triggering
conditions are met (e.g., tracking error exceeds a threshold), significantly reducing sys-
tem energy consumption and communication load. Ref. [25] combines event-triggering
with adaptive observers to achieve multi-agent distributed formation; ref. [26] designs
an event-triggered controller based on a fixed-time fuzzy observer, reducing triggering
frequency; ref. [27] employs reinforcement learning to solve the adaptive optimal formation
problem under communication link failures. However, research integrating event-triggered
mechanisms, fixed-time stability, and distributed time-varying formation still faces chal-
lenges: firstly, the nonlinear coupling of time-varying trajectories, fixed-time convergence,
and event-triggering makes system analysis and design exceptionally complex; secondly,
Zeno behavior in event-triggering must be strictly avoided; thirdly, achieving fixed-time
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convergence within a distributed framework requires constructing novel Lyapunov func-

tions and designing triggering conditions that depend solely on local information.

Based on the above analysis, the main contributions of this paper are summarized

as follows:

1.

Compared with the multi-agent system in [28], to handle unknown nonlinear func-
tions and unknown time-varying disturbances in the system dynamics, a novel fixed-
time disturbance observer is designed. This observer accurately estimates the agents’
lumped disturbances within a fixed time independent of initial states, effectively
overcoming the limitation of traditional asymptotic or finite-time observers whose
convergence time depends on initial conditions, thereby enhancing system reliability
and response speed under unknown initial conditions.

Different from the multi-agent system framework in [29], the system studied in this
paper incorporates time-varying characteristics. As the relative positions or velocities
between agents vary over time, the formation control strategy dynamically updates to
regulate agent motion and maintain the target formation state. A real-time feedback
mechanism enables continuous adaptation to time-varying requirements.
Compared with the multi-agent system in [30], this work integrates event-triggered
communication mechanisms, dynamic surface control techniques, and fixed-time con-
trol theory to construct a distributed formation control law that relies solely on local
information. This strategy ensures high-precision tracking of time-varying formation
trajectories while significantly reducing communication and computational resource
consumption, making it suitable for resource-constrained practical applications.

To clearly illustrate the advancements of this work, Table 1 provides a comprehen-

sive comparative analysis with the closely related studies [28-30]. The comparison is

conducted from some key perspectives: system model characteristics, control objectives,

methodological approaches, and performance guarantees.

Table 1. Comparative analysis with references [28-30].

Aspect Reference [28] Reference [29] Reference [30] This Work
Both random
disturbances and
S lexi Only random Only unknown Only unknown un.know'zr}
ystem Complexity disturbances nonlinearities nonlinearities nonlinearities,
and the model can be
used for coordi-
nate transformation
Disturbance and
Nonlinearity Disturbance observer Adaptive Adaptive Disturbance observer
Handling
Convergence Time Finite-time Asymptotic Fixed-time Fixed-time
Iriggering Time-triggered Event-tri d Time-tri d Event-tri d
Mechanism gg ggere ime-triggere vent-triggere

Formation Type

Computational
Complexity

Static formation

No processing

Time-
varying formation
Dynamic
surface technique

Static formation Static formation

No processing No processing

As evidenced in Table 1, these advancements collectively offer a more comprehensive

and practical solution for MAS cooperative control in complex environments.
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2. Preliminaries and Problem Formulation
2.1. Graph Theory

Consider a graph & = (V, ¢) consisting of nodes and edges, where V = {v1,vp,- -+ , v, }
represents the set of nodes and e C {(v;,v;)|v;,v; C V} represents the set of edges.
In an undirected graph & = (V,¢), an edge from node v; to node v; is denoted as
vj = (v;,v;),i # j, which implies that nodes v; and v; can exchange information.
Consequently, v; is a neighbor of v;, and the neighbor set of node v; is defined as
N; = {U] S V|(vi, U]) - 8}.

The adjacency matrix of graph E = (V, ) is denoted by A = [a;;] € R"*", where
a;j > 0 represents the weight of each edge. The weights are designed as follows:

llij = lel', (ZJI', U]) SKF

ai]' = O, (Ul', Z)]) Q E.

The Laplacian matrix of graph & = (V, ¢) is givenby L = [[;;] = D — A € R"*", where
D= diag{dl, dz,' . ,dn} and di = Z]r}:l ai]-.

The communication matrix between followers and the leader is defined as
B = diag{by,by,--- ,by} € R™". If follower i exchanges information with the leader,

then b; > 0; otherwise, b; = 0.

Assumption 1. The graph E = (V,¢) is an undirected, connected graph without loops or re-
peated edges.

Remark 1. The proposed scheme is inherently extensible because each agent only requires local
information from its neighbors. The analysis assumes an undirected and fixed communication graph
(Assumption 1). Extending it to directed or switching topologies is a promising direction for future
research, which would require additional conditions such as graph balance or joint connectivity,
and might involve constructing more complex Lyapunov functions.

2.2. Important Lemmas

Lemma 1 ([31]). Consider a nonlinear system described by y = f(y,t), y(0) = yo, wherey € R"
is the system state variable and f : RT x R" — R" is a continuous function satisfying f(0) = 0.
If there exists a continuous function V(t) > 0 such that V(t) < —a(V(t))? —b(V(t))1, where
a>0,b>00<p<1 andq > 1, then the system is fixed-time stable. It converges to the
origin within a bounded time independent of initial conditions, and the convergence time satisfies
Lemma 2 ([31]). Consider a nonlinear system described by y = f(y,t), y(0) = yo, wherey € R"
is the system state variable and f : RT x R" — R" is a continuous function satisfying f(0) = 0.
If there exists a continuous function V(t) > 0 such that V(t) < —a(V(t))P —b(V(t))1 + ¢,
wherea > 0,b>0,0<p<1,g>1and0 < ¢ < oo, then the system is practically fixed-

time stable. The convergence time satisfies T < Tpax = ﬁ + m, where 0 < e < 1,

and {limt_)T x|V(x) < min{ (a(lie) ) %, (b(lie)) ' } }

Remark 2. Lemma 1 provides a theoretical basis for the analysis of fixed-time stability. Lemma 2

extends Lemma 1 to actual fixed-time stability, capable of handling approximate errors (represented
by c). Lemma 1 is used for the proof of fixed-time convergence of the disturbance observer, while
Lemma 2 is used for the final overall fixed-time stability proof, which is crucial for our control system
as it takes into account the estimation error of the disturbance observer and the event-triggered error.
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This lemma ensures that the system state converges to a small residual set near the origin within a
fixed time, which is consistent with our control objective.

Lemma 3 ([26]). Ifz1,- -, zn > 0, then the following inequalities hold:

azd > (O z)" 0<a<l,

P2
n o l—a/yn A\«
im1zf >n N z)Y, a>1

2.3. Dynamic Model Description

Consider a continuous-time multi-agent system composed of multiple agents, in-
cluding N follower agents and one leader agent. The system employs a homogeneous
second-order model, meaning all agents share identical dynamic characteristics described
by the same form of second-order differential equations. This model typically includes posi-
tion and velocity states influenced by control inputs and is commonly used to characterize
collective behaviors requiring coordinated motion or consensus objectives.

The dynamic model of the i-th follower agent (i = 1, - - - , N) is given by:

Xi = Poi + Qi) )
Z'}i = Mﬂ/ll' +f1() +di-

where x; is the position vector, v; is the velocity vector, u; is the control input vector, Q;
is a known function vector, P; and M; are known function matrices, f;(-) is an unknown
nonlinear function vector, and d; is an external disturbance vector (e.g., wind resistance).
Here, x;,v;, u;, Qi/fi(')/di e R",and P, M; € R>7,

Assumption 2. The functions f;(-) and d; are unknown and time-varying, and both ||d;|| and
||d; || are bounded.

The dynamic model of the leader agent is described by:

Xo = vo,

2
09 = fo(t). ?

where xq is the position vector, vy is the velocity vector, and fy(t) is a known function

vector dependent on time ¢.

Assumption 3. The trajectory of the virtual leader is known, and its components along with their
first and second derivatives are smooth and bounded.

3. Formation Control Design
3.1. Fixed-Time Disturbance Observer Design

Let W; = fi(-) + d; denote the lumped disturbance of the i-th follower agent. From As-
sumption 2, there exists a constant (2; > 0 such that ||W;|| < ;. Then we have:

0; = Wi + Mu;. 3)
Design the following fixed-time disturbance observer:
6 = Wi + Mju;, (4)

Wi = ky;sig(I1;)P + ky;sig(IT1;)7 4 kyisgn(11;), 5)
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where W; is the estimate of the lumped disturbance W;, J; is an auxiliary variable, IT; =
v; — 0;, ki, koj, k3; € R"™" are positive definite diagonal matrices with Amin(k3;) > €,
0<p<landg >1.

Since ||W;|| < Q; < Amin(ks;), we have:

I} (W; — k3isgn(T1;)) < TITW; — Appin (3 | TT|

< T [|Wil = Amin (k3i) 1T
< [TL[([[Will = Amin (k3:))
<0.

Let W; = W; — W;. Subtracting Equation (3) from Equation (4) yields W; = &; — 9; =
—TIT;. Choose the following Lyapunov function:

1
Vioi = 511 T 7)

Differentiating Equation (7) and using Equations (3)—(6), we obtain:

Vioi = 11} (0; — &)
= Hl-T(Wi — kq;sig(I1;)P — kyjsig(I1;)7 — ksisgn(11;))
< —Amin (k1) [T [TT317 = A (ko) [T 1T
+ HiT(Wl- — ksisgn(I1;))

(8)
< —Armin (k1) T[T 1P — A (ko) [T 1119
pr1pfl ton gl 04
S _)\min(kli)z 2 Vdo% _)\min(k2i)n 2272 Vdgzi
1 g+l
< —miVy; —maiVy s

—n 1
where j11; = Amin(k1)2"7 and pio; = Amin(koj)n' 727 .

According to Lemma 1, I'l; converges to zero within a fixed settling time satisfying:

1 1
Taoi < + .
O (T —p) | pailg 1)

Remark 3. Compared with the finite-time disturbance observer W; = ky;sig(TT;)P + ka;sgn(IT;) [28],
the fixed-time disturbance observer (5) incorporates an additional term ky;sig(I1;)9. This term

©)

significantly enhances convergence performance when the state is far from the equilibrium point
(i.e., when I1; is large), essentially providing a "super-accelerator” for the system in the large-error
region. Combined with the original "accelerator” ky;sig(I1;)P that operates in the small-error region,
this design maintains extremely high convergence rates regardless of whether the system is far from
or close to the equilibrium. It is precisely this synergistic effect of "balancing both near and far”
that breaks the dependence of convergence time on initial conditions, thereby achieving superior
fixed-time stability.

When t > T,,;, we have I'l; = 0 and IT; = 0. Furthermore, when t > T,,;, W; = 0. This
demonstrates that the designed fixed-time disturbance observer can achieve estimation of
the i-th agent’s lumped disturbance within a fixed settling time.

3.2. Distributed Event-Triggered Fixed-Time Formation Control Law Design

This section designs a distributed event-triggered fixed-time formation control law for
the i-th follower agent based on the fixed-time disturbance observer and dynamic surface
control technique. The control design comprises the following two steps.

https://doi.org/10.3390 /math14040588
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Step 1: Define the formation error e1; € R” of the i-th agent as:
N
e; = Z al-]-(xl- —0i1— X]‘ + 0']',1) + bi(xi —0i1— Xo), (10)
=1

where 0;; € R" represents the desired relative position between the i-th agent and the
virtual leader, which is time-varying with ¢; 1 = 0;,.
Establish the event-triggered communication mechanism for the j-th agent:

(1) = (1), H(1) =%(t,), e[t t,), (11)

o = inf{t > 6] le(Ol] > eV ()] > e}, (12)

where ex;(t) = x;(t) — x;(t), exj(t) = %j(t) — %] (t); £1j and &5; are positive design constants;
t{( denotes the k-th (k =1,2,---,n) triggering instant of the j-th agent, at which the j-th
agent transmits x]-(ti) and x](t;() to its neighbors via the communication network. The
ultimate formation error bound linearly depends on the triggering thresholds ¢;; and
€zj. A smaller threshold improves precision but increases the communication frequency.
This trade-off allows designers to balance control accuracy and communication resource
consumption according to application requirements.

Remark 4. The event-triggered communication mechanism revolutionizes traditional periodic
communication into on-demand communication by introducing state-based triggering conditions.
Specifically, each agent triggers new data transmission only when the error between the current local
state or velocity measurement and the last broadcast value exceeds a preset threshold. This design
significantly reduces redundant data transmission in the network, greatly decreases communication
bandwidth occupancy and agent energy consumption while strictly guaranteeing cooperative control
performance, achieving an optimal balance between control efficiency and resource conservation.
In the proposed distributed architecture, each agent j measures its own velocity %;(t) locally us-

ing onboard sensors (e.g., IMU, GPS, or optical flow sensors). At triggering instants t., agent j
transmits both its position xj(t{() and velocity xj(t{() to neighboring agents. Between triggering

instants, neighbors use the last received velocity information x;(t) = x(}.) for control compu-
tation. This approach is practically feasible since (1) each agent has access to its own velocity
through local measurements; (2) transmitting velocity alongside position adds minimal overhead
as both are typically included in standard state messages; and (3) the event-triggering mechanism
ensures that velocity information is only transmitted when necessary, maintaining communication
efficiency. The assumption that agents can measure their own velocities is standard in formation
control literature and aligns with practical implementations where inertial measurement units are

commonly available.

Differentiating Equation (9) and using Equation (1) yields:

N N
é1; = (di + by) (Po; + Qi) — ) ajjkj — bixo — (d; + by)ojp + Y ai07,. (13)
= =
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Design the virtual control law:

[ — kai81i(t) — ks;sig(€1i(t))P — keisig(é1i(t))7 ]
Y
B 1 — Tisgn(é1;(t)) + ) aijx; + bixo
wi(t) = P, ! m j=1 -Qi|, (149
+(di +bi)oin — 201](7],
i = Zﬂij(xi 0ip — Xj +0j1) + bi(x; — 0jp — x0), tE€ [t{{, fiﬂ) (15)

where ky;, ks;, kgi, T'; € R*™" are positive definite diagonal matrices.

Remark 5. In practical implementation, to effectively suppress chattering, the discontinuous sgn
function in Equations (5), (13), and (18) can be replaced by the continuous and differentiable
hyperbolic tangent function tanh(z/5), where § > 0 is a design parameter. This approximation
completely eliminates chattering while preserving sign consistency. The parameter 6 controls the
steepness of the function near the origin: a smaller J yields a more accurate approximation of sgn,
leading to a smaller steady-state error but potentially higher sensitivity in numerical computation;
a larger & results in smoother system behavior but a correspondingly larger steady-state error.
The property of fixed-time convergence is preserved qualitatively, but the bound of the steady-state
error becomes dependent on J.

Design the nonlinear filter:

Tfié‘fi(t) = _E‘fi — Sig(&fi)p — Sig(&fi)q — Ilisgl’l(&fi), D‘fi(o) = 0(,»(0), (16)
where &f; = af;(t) — a;(t), af;(t) € R" is the filtered vector, Ty; and a; are positive design
constants. Since the derivative of «;() is unavailable, we pass «;(t) through the above filter
to obtain the differential term & ;(t) as a substitute for the derivative of a;(t), thus resolving

the issue of the unavailable derivative.
Step 2: Define the error vector e;; € R" as:

ey = Vj — fj. (17)
Differentiating Equation (16) and using Equation (3) yields:
2i = Wi+ Mju; — &g (18)
Design the distributed event-triggered fixed-time formation control law:
up = M;! (—k7ie2i(t) — kgisig(eni(£)) — koisig(ezi(t))T — W; + lj‘fi)r (19)

where ky;, kg;, ko; € R"*" are positive definite diagonal matrices.
Choose the following Lyapunov function:

Lor T ~T =
‘/Z- = E (elielj + 621'621' + {sz‘xfl> . (20)
Differentiating Equation (19) yields:

Vi = Eiriéh' + Egl-é‘zi + &}i&fi' (21)
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Using Equations (12)-(16) and Young’s inequality, we obtain:
Tor < — Ai (kudeLer: — A (ke VeLsio(81:)P — A (ke e l.sio (&)1
€1;€1i = mm( 41)311611 mm( 51)31151g(311> mm( 61)61151g(€11)
T 1 ul ul T
—eqlisgn(¢1i(t) + 5 | Amin (ki) Y ajier;+ Y ajier; | Iplp
j=1 j=1
: @)
li(di + bi) 2 (Amm k4z 2 a1]51] Z a1]52] >‘| e{ieli
j=1
l;(d; + b;
+ %(@21621 + ocﬁocf,)
where Ip = [1,1, -+, 1]T € R", Apin(P;) = I;. Subtracting Equation (12) from Equation (14)
and rearranging y1e1ds.
elz - ell + 2 a1]ex] (23)

Considering Equation (22), when the corresponding components of e;; and €; have
opposite signs, assuming the first component of e; satisfies e1; ; < 0 and the first component
of éy; satisfies é1;7 > 0, from Equations (14) and (22) we obtain eq;1(t) + Zjl\i 1aij€1 > 0,

hence — Z}il ajje1j < eqiq < 0. Further induction yields |[ey;|| < \/E‘Zjlil a;jeqj|, i.e., when

the corresponding components of e1; and ¢é1; have opposite signs, e1; converges to the set
{311‘ | [lewi]l < \/H’Z}L aijflj‘ }

In Equation (22), when the corresponding components of e;; and ¢&;; have the same
sign, sgn(&;;(t)) = sgn(ey;(t)). Selecting the positive definite design matrix such that:

1 N N
Amin (kai) > 1i(d; + b;) + 5 <)\min(k4i) Y ajej+ ) ﬂij€2j> , (24)
=1 =1

Equation (21) can be written as:

e1ié1; < — Amin(ks; )e1;sig(é1,)P — Amin(k6i)e{iSig(éli)q — Ammin (T3 [[ex ]|

li(d; + b; T 1 (25)
+ l(lfl)(egiem‘ + a}izxﬁ) 5 ()&mm (kgi) 2 ajje1j + 2 al]s,z]) IP Ip.
=1 =1

Substituting Equation (18) into (17) and using W; = W; — W;, we obtain:

. p+1

e3i62i < —Amin(k7;)edieai — Amin (ksi) (e3021) =
q+1 1 (26)

T 21Ty

— Amin (ko) (eJie2) = + 5 (€02 + Wi W),
From Equation (15), we have:
. 1 1 p+l 1 7+
T P (R Y A L s (P Ce

Kpilfi = Tfi‘xfz‘xfz Tfi ("‘fz‘xfz) 2 Ty (‘xfz‘xfl) 2 ||“fz||< fz ||"‘z|> (27)
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Substituting Equations (24)—(26) into (20) and using Young’s inequality, we obtain:

Vi < —Amin(ksi)ed;sig(é1)P — Amin (ke )eq;sig(é1;)1
ptl q+1
— Amin(ks;) (ed:e2:) 2 — Ammin (ko;) (€3e2i) 2
L T - ')p+l 1 B g+1

= 7 @)~ Amin () el

- (Amin(kﬁ) it h) l)ezTiezi
B (1 li(d; + bi)>&T~ , )

1 N N
+3 (/\min(k4i) Y ajej+ ) aij€2j> IpIp.
=

j=1

By appropriately selecting the positive definite design parameter matrix k7;, positive
design parameters Ty; and a; such that:

Li(d; + b;) B 1

/\min (k7i) - 2 5 >0,
1 li(di + bi)
T; > >0, (29)
a; .
ol >0
we have:
prl q+1
V < /\mm(k5z)(elzelz) 2 )\mm(k >(€1Tieli) 2
ptl g+l
_/\mm(k&)(ezleZz) 2 Amm(k )(egieﬁ) 2
1 7 1 1 _p_ gl
?ﬂ(afi“fi) : _Tﬂ(“fi“fi) 2
N P N q (30)
- ||€1i||T</\min(Fi) — Amin(ksi)| Y aije1j| — Amin(kei)| Y aijé1; )
j=1 j=1

1
+ E ( min k4z Z aljgl] Z a1]€2]> IP Ip
j=1 j=1
1 7
EW W;.
By appropriately selecting the positive definite design parameter matrices I';, ks;, ke;
such that:
N b N 1
Amin(T7) = Amin(ksi) | Y aije1j| — Amin(kei)| Y aijerj| >0, (31)
=1 =
and using Lemma 3, Equation (28) can be written as:
. pil 741 1 -7
Vi< —p3iV;? —ugVi? 9+ S Wi Wi, (32)
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where
Pl 1
Hzi = 22 min )\min(kSi)/ )\min(kBi)/i ’
1-q g+l | 1
MHgi =12 22 min Amin<k6i)/Amin(k9i)/Tf ’
1
1 N N T
P = 5 )\min(k4i) Z;aijslj + ;ai]fgj IpIp.
= =
Considering that W; = 0 when t > Ty,;, we have:
. ptt q+1
Vi< —u3iV;* —ugiV;? + . (33)

4. Main Result

Theorem 1. Consider a distributed formation control system composed of one virtual leader and
N follower agents described by Equations (1) and (2). Under Assumptions 1-3, by designing the
fixed-time disturbance observer (4) and (5), virtual control law (13), event-triggered communication
mechanism (10) and (11), fixed-time filter (15), and distributed event-triggered fixed-time formation
control law (18), the system achieves formation control while ensuring that the formation error
converges to a tight set centered at the origin within a fixed settling time.

Proof. Select the Lyapunov function:

N
V=13 (Vi+ Vi) (34)

i=1

Differentiating Equation (31) and using Equations (8) and (30), we obtain the following:

. Pl g+l pil g1
V<), <—V1in0§ — WiV —H3iV; 2 —ugiVi 2+ 1/’)
i=1 (35)
ptl g+l
S—punVz —pupVz +%,
where
py1 = min{min{pq1, p31},- -, min{p1n, pan}},
pv2 = N2 272 min{min{puy, pa1}, -, min{pon, pan},
N
Y=Y
i=1
According to Lemma 2, the system exhibits practical fixed-time stability. Tak-
ing e = %, the convergence time satisfies: T < Thax = ;tv1(21—;7) + Hvz(zq =1y and

1 1
{time e v < minf (20)7, (22) 1,
Further considering Equation (22), when some corresponding components of e;; and
¢1; have the same sign while others have opposite signs, assuming the first component of
e1; satisfies e1; 1 < 0 and the first component of &;; satisfies €;;,; > 0, while the remaining

components have the same sign, we can conclude from the above discussion that ej;
. N .
converges to the union of {eli | llewi]] < \/E‘Zj=1 aijslj‘} and a tight set centered at the

origin, i.e., {311 | el < \/E‘Ejlil aijslj‘}.
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In summary, ey; converges to the set {611‘ RIETIES \/E‘ijil 611']-81]-‘} within a fixed
settling time satisfying:

2 . 2
pvi(l—p)  pva(g—1)

T < Tmax = (36)

O

Theorem 2. For the event-triggered communication mechanism defined by Equations (11) and
(12), there exists a positive lower bound T > 0 for the inter-event times, i.e., ti - ti > T for all
k>0andj=1,...,N, which guarantees the exclusion of Zeno behavior.

Proof. Consider the measurement errors ey;(t) = x;j(t) — x]C»(t) and ey;(t) = x;(t) — x]”(t)
j

k17 the control inputs remain constant,
and the system dynamics are Lipschitz continuous according to Assumptions 2 and 3.
Therefore, there exist positive constants Ly, L, > 0 such that:

Between consecutive triggering instants t;{ and ¢

150 < Lx,  [[%(B)[] < Lo, VE=0. (37)

The time derivatives of the measurement errors satisfy:

dllexill  exjexi
- < ||x;(t) — %5(t)|| < 2Ly, (38)
dt HeX]H H ]( ) ]( )” X
dllegill €3
= 0 < ||#i(H) — #(8)|| < 2Lo. (39)

Since the errors are reset to zero at each triggering instant ¢/, the time needed for
llex;(t)|| to grow from 0 to the threshold eq; is at least % Similarly, the time needed for

llexj(t) || to reach e is at least % Therefore, the inter-event time is bounded below by:

— i €1j &
T= mm{ZLx, ZLU} > 0.

This positive lower bound guarantees that an infinite number of triggering events

cannot accumulate in finite time, thus excluding Zeno behavior. O

5. Numerical Simulation
5.1. Three-Dimensional Simulation

This section considers a third-order nonlinear multi-agent system composed of one
leader and four followers in three-dimensional space. The dynamic equations of follower
i € {1,2,3,4} are described by:

xXi = Pivi + Qi, (40)
0; = Mju; + fi(-) + d;.
1 00 0 1 00 05 0 O
where , =I; = |0 1 0[,Qi= |0/, Mi=3L=3(0 1 0 =|0 05 0],
0 0 1 0 0 01 0 0 05
—0.1v, 0
fi(t) = gi— Civi = —0.1v, |,withg;=| 0 | representing gravitational accelera-
—9.8 — 0.20, —9.8
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01 0 O
tion,C;= | 0 0.1 0 | denoting the air resistance coefficient proportional to velocity,
0 0 02
dy 0.1 - randn()
and d; = |d,| = |0.1-randn() |, where randn() represents Gaussian white noise with
d, 0.2 - randn()
zero mean and unit variance.
The leader’s trajectory is given by:
x = ﬁt cos (Et)
(41)

A random topology graph is selected based on graph theory, as shown in Figure 1.

Agent1 Agent2

leader

Agent3 Agent4

Figure 1. Topology graph of the MAS.

0110
. . . . . 1 0 0 1 .
The corresponding adjacency matrix of Figure 1 is A = 10 0 ol The communi-

01 00
1 0 0 O
. . . 01 0 0
cation matrix between followers and the leader is B = 00 0 0
00 00O

The initial conditions are as follows.

e Followers: The initial positions of the follower agents are set as x; = [1,1,0], xp =
[1,—-1,0], x3 = [-1,1,0], and x4 = [—1,—1,0], and all velocity components of all
followers are zero.

*  Leader: Position and velocity at origin.

The time-varying formation deviations of each follower are shown in Table 2. Based
on the control theory, the parameters are set as listed in Table 3. Furthermore, the max-
imum convergence time is specified as Tmax = 25, with parameters p = % and g = 3.
The simulation results are demonstrated in the following figures.

Remark 6. First select design parameters I; = 1, e1; = 0.01 and ey; = 0.01, then choose design
parameter matrices ky;, ks;, ki and T'; to satisfy: (24), Amin(ksi) >0,  Amin(kei) > 0, (31). Select
k7i/ kgl’, and k9i to satisfy: /\min(k7i) - M - % > 0, /\min(kSi) 2 0, Amin(k9i) Z 0, thus
ensuring the stability of the closed-loop formation control system. Furthermore, through repeated
simulations with different parameter values, we observe that selecting larger values for ky;, ks;, ke;,
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ki, ks; and ko; accelerates convergence speed, but larger I'; may cause control signal chattering.
In practice, achieving desirable control performance requires iterative adjustment of all parameters.

Table 2. The time-varying formation deviations of each follower.

Agent1 Agent 2 Agent 3 Agent 4
Oy 0.5cos(75t) —0.5sin(Z%t) —0.5cos(Z&t) 0.5sin(Z5t)
oy 0.5sin(3%¢) 0.5 cos(3£t) —0.5sin(45t) —0.5cos(55t)
o 0 0 0
T, Ztsin(g5t)  —Z5tcos(ZEt) 5t sin(3&t) £t cos (3Et)
i —Tsin( XL _ s 7t gin (L
Toy 50t cos(551) 50t sin(25¢) 50t cos(5t) sotsin(5¢)
O, 0 0 0 0
Table 3. The parameters of each follower.
Agent1 Agent 2 Agent 3 Agent4
kq d (10, 10, 10) d (10, 10, 10) d (10, 10, 10) d (10, 10, 10)
ko d (10, 10, 10) d (10, 10, 10) d (10, 10, 10) d (10, 10, 10)
ks d(.1,01,01) d(0.1,0.1,01) d(.1,01,01) d(0.1,0.1,0.1)
ky d (40, 40, 40) d (40, 40, 40) d (40, 40, 40) d (40, 40, 40)
ks d(25,25,25) d(25,2525) d(25,2525) d(25,25,25)
ke d(25,25,25) d(25,2525) d(252525 d(25,25,25)
ky d (10, 10, 10) d (10, 10, 10) d (10, 10, 10) d (10, 10, 10)
kg d (0.5,05,05) d(0.5,05,05) d(0.5,0505) d(0.50.5,0.5)
ko d(0.5,05,05) d(0.5,0505) d(0.5,0505 d(0.50.5,0.5)
r d(.1,01,01) d(0.1,0.1,01) d(.1,01,01) d(0.1,0.1,0.1)
Ty d(02,02,02) d(0.2,02,02) d(020202 d(0.2020.2)
a d(.1,0.1,01) d(0.1,0.1,01) d(.1,01,01) d(0.1,0.1,0.1)
€1 0.01 0.01 0.01 0.01
€ 0.01 0.01 0.01 0.01

Note: The notation d(x, x, x) denotes diag(x, x, x).

Figure 2 illustrates the complete motion trajectories and the formation evolution process
of the multi-agent system. It specifically presents: (1) the movement paths of all agents; (2) the
formation states at three key instants (initial, intermediate, and final); and (3) a schematic
comparison between the initial formation (red dashed line) and the final formation (blue solid
line). The figure visually confirms that the agents successfully achieve a stable transition
from the initial to the target formation, with the followers maintaining consistent relative
positions with the leader. The trajectories are smooth and free of abrupt changes, validating
the effectiveness of the control algorithm and the coordination stability of the system.

---Leader
—Agent 1
6. Agent 2
—Agent 3
4 —Agent 4
E
>,
2 . ”‘2
L -2 x/m

Figure 2. Trajectory graph of the MAS.
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Figure 3 shows the position tracking errors of all agents, demonstrating that each fol-
lower effectively tracks its desired signal and achieves the time-varying formation objective.
Figures 4-6 present the lumped disturbance estimation errors, the actual control input sig-
nals, and the event-triggering instants and intervals within the first 20 s, respectively. These
figures collectively demonstrate that the proposed control scheme successfully achieves all
control objectives while guaranteeing the fixed-time stability of the system.

171 114
—Agent 1 —Agent 1
o~ Agent 2 ot Agent 2
05r 7f Agent 3| 0.5 "1 Agent 3|
-1 - Agent 4| -1t - Agent 4|
E o 0 0.5 1 E o0 0.5 1
B E
-05¢ -05-
-1 ‘ ‘ ‘ ‘ - ‘ ‘ ‘ ‘
0 50 100 150 200 0 50 100 150 200
t/s t/s
(@) (b)
02- x1073
0 —Agent 1
) Agent 2
01F -5 Agent 3
-10 ——Agent 4
E 0.5 1
£
01~
02 ‘ ‘ ‘ ‘
50 100 150 200
t's
()
Figure 3. (a) State errors of the followers on the x-axis. (b) State errors of the followers on the y-axis.
(c) State errors of the followers on the z-axis.
051 051
—Agent 1 —Agent 1
Agent 2 Agent 2
Agent 3 Agent 3
—Agent 4 -~ Agent 4
= 0 =0 S —
-0.5 L L L L ! _ L L L L |
2 4 6 8 10 09 2 4 6 8 10
t/s t/s
(a) (b)
0.5
—Agent 1
Agent 2
Agent 3
——Agent 4
x§ (O [P i A A e e A AN BB N e AN P SN
-05 ‘ ‘ ‘ ‘
2 4 6 8 10
t/s
()

Figure 4. (a) Lumped disturbance errors of the followers on the x-axis. (b) Lumped disturbance
errors of the followers on the y-axis. (¢) Lumped disturbance errors of the followers on the z-axis.
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50 50
—Agent1 —Agent1
- Agent2 -~ Agent2
Agent3 Agent3
- Agent4 —— Agent4
S o 3= 0 ‘“'
-50 . . . . . | -50 . . . . .
10 20 30 40 50 60 10 20 30 40 50 60
t/s t/s
(a) (b)
50

—Agent1

- Agent2|

Agent3

- Agent4

Mo
-50 . . . . . )
10 20 30 40 50 60
t/s
()

Trigger intervalls
P
(]

Trigger intervalls
S
(3]

Figure 5. (a) The control input of the followers on the x-axis. (b) The control input of the followers on
the y-axis. (c) The control input of the followers on the z-axis.

o
o

Agent 2

Agent 1

Trigger intervalls
o
(3]

0
0 5 10 15 20
tis
(b)
» 0.1
Agent 3 = | Agent4
I
8
£
0.
o
=)
2
S
-
5 10 15 20
tis
(c)

Figure 6. (a) The event-triggering time and triggering interval of the follower agent 1 within the first
20 s. (b) The event-triggering time and triggering interval of the follower agent 2 within the first 20 s.
(c) The event-triggering time and triggering interval of the follower agent 3 within the first 20 s. (d)
The event-triggering time and triggering interval of the follower agent 4 within the first 20 s.

5.2. Contrast Experiment

To validate the superiority of the proposed control law, we conduct simulation com-
parisons with the following distributed event-triggered finite-time formation control law:

ue; = M; ! (_k7i€2i(t) — kg;sig(ei ()P — W; + é‘fi)r (42)

Tridee,fi(t) = —&c,pi — sig(@c,pi)P — aisgn(@cfi),  acfi(0) = a,i(0), (43)
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) — kai1;(t) — ks;sig(é1(t))? — T‘Sgn(éu(f))

ot :P‘_l _— N K 4
¢i(t) ioldi+ b _|_Zg”x]—|—bx()+(d +b;)oip — ZIZU(TJZ e “

where all symbols and parameter values maintain the same meanings and settings as
their counterparts in the proposed control law, with the subscript ¢ denoting the compara-
tive controller.

The simulation and comparison results, depicted by blue solid lines and red solid lines,
respectively, in Figure 7, demonstrate that compared with the distributed event-triggered
finite-time formation control law, the designed formation control law enables the formation
errors of the four follower agents to converge more rapidly to a neighborhood centered
at zero.

(©) (d)

Figure 7. (a) The comparison results of the follower agent 1 in the two situations. (b) The compari-
son results of the follower agent 2 in the two situations. (c) The comparison results of the follower
agent 3 in the two situations. (d) The comparison results of the follower agent 4 in the two situations.

Table 4 presents a comprehensive performance comparison between the proposed
control scheme and the comparative method. The experimental results demonstrate that
the proposed approach achieves significant improvements in several critical performance
metrics. Firstly, in terms of convergence speed, the proposed method exhibits a 49.3%
acceleration, reducing the convergence time from 1.262 s to 0.639 s. Secondly, regard-
ing computational and communication efficiency, the proposed event-triggered mecha-
nism yields a 93.4% extension in the average triggering interval and a 24.1% reduction
in total triggering events, which substantially alleviates the computational burden and
communication overhead. Although the proposed method shows slight increments in post-
convergence tracking accuracy metrics, these marginal differences are within acceptable
limits and do not compromise the overall control performance. In summary, the proposed
control strategy effectively balances rapid convergence and resource efficiency, making it
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particularly suitable for practical applications with limited computational resources and
communication bandwidth.

Table 4. Performance comparison between proposed and comparative methods.

Performance Metric Proposed Method Comparative Method Improvement
Convergence Time (s) 0.639 1.262 49.3% faster
Average Error 0.000603 0.000569 -
(post-convergence)
Maximum Absolute Error 0.002663 0.002427 -
(post-convergence)
Control Input Variance 4.959149 4.852426 -
(post-convergence)
Average Triggering 0.0238 0.0123 93.4% longer
Interval (s)
Total Triggering Count 1265 1667 24.1% reduction

6. Conclusions

This paper proposes a distributed event-triggered fixed-time time-varying formation
control scheme for a class of nonlinear multi-agent systems with model uncertainties and
unknown time-varying disturbances. By designing a fixed-time disturbance observer to
accurately estimate lumped disturbances and integrating event-triggered mechanisms
with dynamic surface control techniques, a distributed control law is constructed that
ensures time-varying formation tracking while significantly reducing communication and
computational resource consumption. Theoretical analysis demonstrates that the closed-
loop system achieves practical fixed-time stability and effectively avoids Zeno behavior.
Simulation results indicate that the proposed scheme outperforms traditional finite-time
control methods in terms of convergence speed, control accuracy, and resource efficiency.

The methodological innovations of this work primarily lie in the systematic integra-
tion and comprehensive proof of existing techniques including fixed-time control, event-
triggered mechanisms, and disturbance observers, rather than in radical breakthroughs in
individual technical components. The principal contribution resides in providing a cohe-
sive solution framework that addresses the complex problem of cooperative control under
simultaneous challenges of time-varying formations, model uncertainties, and unknown
disturbances. The advantages of the proposed approach are manifested in its guaranteed
convergence within a predetermined time independent of initial conditions, substantial
reduction in communication resource consumption, and effective suppression of compound
disturbances. However, certain limitations should be acknowledged, including the relative
complexity of parameter tuning and specific requirements on the continuity of system
dynamics. This comprehensive design and rigorous proof offer a reference with both
theoretical soundness and practical utility for cooperative control of multi-agent systems in
complex scenarios.

This scheme can be extended to cooperative control of similar nonlinear systems
such as UAVs and UGVs, and future work will further investigate formation control
problems in the presence of communication delays.For time-varying communication delays
with a known upper bound Tmayx, the core solution involves introducing a fixed-time
state predictor to compensate for the lack of state information during the delay period.
For packet drops following a Bernoulli model (with loss probability p < 1), performance is
maintained by incorporating a compensation term related to p into the event-triggering
condition. Under this extended framework, the upper bound of the system’s convergence
time is proven to be the sum of the fixed convergence time T under ideal conditions
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and the maximum delay Tmax, thereby preserving the core characteristic of fixed-time
convergence. At the level of theoretical proof, the stability analysis requires extending the
original Lyapunov function into two forms: firstly, a Lyapunov—Krasovskii functional that
includes an integral of states over the delay interval to handle the delay effect; secondly,
a stochastic Lyapunov function (in expectation form) to address the randomness introduced
by packet drops. Stability is proven by demonstrating that the expectation of this functional
or stochastic function converges within a fixed time. Regarding the avoidance of Zeno
behavior, the lower bound on the inter-event time needs to be recalculated. The new
lower bound will be the positive lower bound & derived under ideal conditions minus
the maximum delay Tmax. As long as the design ensures 1 > Tmax, a strictly positive time
interval between any two actual triggers is guaranteed, thereby precluding Zeno behavior.
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