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Abstract

Let A be a unital associative x-algebra over the complex field C containing a nontrivial
projection and ¢ be a nonzero scalar. In this paper, we give a characterization of ¢-bi-skew
Lie triple derivation on A. As applications, we apply the above result to prime *-algebras,
factor von Neumann algebras and standard operator algebras.
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1. Introduction

Let A be a associative x-algebra over the complex field C. For A, B € A, denote by
[A, Bl = AB—BA*, Ae B = AB+ BA*, [A,B], = AB* — BA*, [A, Ble = AB* + BA* the
skew Lie product, skew Jordan product, bi-skew Lie product, bi-skew Jordan product of
A and B, respectively. Recently, many authors have studied various maps corresponding
to these products on some operator algebras; see, for example, [1-15] and their refer-
ences. Recall that a map ® : A — A is called an additive *-derivation if it satisfies
®(A+B) =D(A)+ D(B), P(AB) = P(A)B+ AP(B) and O(A*) = O(A)* forall A,B €
A. Amap ®: A — A (without the additivity assumption) is called a nonlinear skew Lie
triple derivation if ®([[A, B]«, Cl«) = [[®(A), B+, Cl« + [[A, ®(B)]«, C]« + [[A, B+, ®(C)]«
for all A,B,C € A. Li et al. [10] proved that every nonlinear skew Lie triple deriva-
tion on factor von Neumann algebras is an additive *-derivation. Amap ® : 4 — A
(without the additivity assumption) is called a nonlinear skew Jordan triple derivation if
P(AeBe(C)=P(A)eBeC+ AeD(B)eC+ AeBed(C)forall A B,C € A. Zhao and
Li [15] characterized nonlinear skew Jordan triple derivation on von Neumann algebras. In
recent years, the theory of derivations has been intensively studied not only in associative
x-algebras but also in nonassociative algebras; see, for example, [16-20]. For instance,
BreSar and Fosner [16] investigated rings with involution equipped with new products.
Ferreira and Ferreira [17] studied the additivity of n-multiplicative maps on alternative
rings. These works demonstrate that many results obtained in the associative setting can
essentially be extended to alternative algebras or other nonassociative frameworks.

Furthermore, it is important to note that derivations are fundamentally linked to the
Canonical Anticommutation Relations (CAR) algebra of fermions in mathematical physics.
These maps often represent nonlinear transformations and interactions within the algebraic
formulation of Quantum Field Theory (QED). Specifically, transformations such as Bogoli-
ubov transformations or nonlinear dynamics in CAR algebras can be analyzed through the
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lens of generalized derivations. In cases where the derivation is self-adjoint, the map regu-
lates the involution behavior within module algebras, providing a mathematical framework
for describing dynamical symmetries in quantum mechanics.

Let ¢ be a nonzero scalar. More generally, for A, B € A, denoteby Aoz B = AB+{BA*
the ¢-skew Jordan product of A and B. A map ® : A — A (without the additivity
assumption) is called a nonlinear ¢-skew Jordan triple derivation if

CD(AO&BO@'C) :CD(A)OgBOgC—FAOgCD(B)OgC—l—AO@BOQ'CD(C)

forall A,B,C € A. Clearly, when ¢ = —1 (¢ = 1), the nonlinear -skew Jordan triple
derivation is the nonlinear skew Lie (Jordan) triple derivation. Rencently, Zhang [21]
investigated nonlinear ¢-skew Jordan triple derivations on prime *-algebras.

Inspired by the above works and based on the bi-skew Lie (Jodan) product, it is natural
to introduce the nonlinear bi-skew Lie (Jordan) triple derivations. Amap ® : 4 — A
(without the additivity assumption) is called a nonlinear bi-skew Lie triple derivation if
®([[A, B, Clo) = [[®(A), Blo, Clo + [[A, ®(B)]o, Clo + [[A, Blo, P(C)], forall A,B,C € A.
Khan [22] proved that every nonlinear bi-skew Lie triple derivation on factor von Neumann
algebras is an additive *-derivation. Zhang and Li [23] generalized the above result
to the case of x-algebras. A map ® : A — A (without the additivity assumption) is
called a nonlinear bi-skew Jordan triple derivation if ®([[A, Bls, Cls) = [[P(A), Ble,Cle +
[[A,®(B)]e,Cle + [[A, Ble, ®(C)]s for all A, B,C € A. Ashraf et al. [4] proved that every
nonlinear bi-skew Jordan triple derivation on factor von Neumann algebras is an additive
x-derivation. Later, Ashraf et al. [24] also generalized the above result to the case of *-
algebras. Let ¢ be a nonzero scalar. For A, B € A, denote by [4, B]g = AB* — {BA* the
¢-bi-skew Lie product of A and B. A map @ : A — A (without the additivity assumption)
is called a nonlinear ¢-bi-skew Lie derivation if

®([A, BJS) = [®(A), BJS + [A, ®(B)]S

for all A,B € A. Very recently, the third author [8] obtained the concrete structure of
nonlinear ¢-bi-skew Lie derivations on prime *-algebras. Motivated by above-mentioned
works, it is natural to introduce the nonlinear ¢-bi-skew Lie triple derivations. A map
d: A — A (without the additivity assumption) is called a nonlinear ¢-bi-skew Lie triple
derivation if

o([[A, B, CJ5) = [[@(A), B, CIS + [[A, ®(B)JE, CIE + [[4, BIS, ®(C) S

forall A,B,C € A. In this paper, we will characterize the concrete structure of nonlinear
¢-bi-skew Lie triple derivation on x-algebras.

2. The Main Result

The main result of this article is presented as follows:

Theorem 1. Let A be a unital associative x-algebra with the unit I and ¢ be a nonzero scalar.
Assume that A contains a nontrivial projection P which satisfies

(&) XAP = 0implies X =0,

(%) XA(I—P)=0implies X = 0.

Amap ® : A — A satisfies ([[A, BlS],C)5) = [[@(A),B]S,Cl5 + [[4,®(B)]S,C)S +
[[4, B]i,@(C)]gfor all A,B,C € A if and only if ® is an additive x-derivation and ®(A) =
CP(A) forall A € A.
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Let P, = P, P, = I — P;. Denote .Al] = PiAP]' (l,] = 1,2). Then A = A1 + App +
Ax + Ay, and for A € A, A = Ay + A1p + Ay + Apy, where Aij S .Al] (l,] = 1,2). Let
M={AceA:A*=A}and N ={Aec A: A* = —A}.

Proof. Obviously, we need only prove the necessity. If { = %1, then by the results of [23,24],
Theorem 1 holds. In the following, we assume that § € C\{0, +1}. The Theorem 1 will be
proved by checking several claims. [

Claim 1. ®(0) =0.
Proof. Itis clear that
©(0) = @([[0,0]%,0]%) = [[@(0), 013, 0]% + [[0,2(0)]5, 0]% + [[0,0]%, @(0)) = 0.
O
Claim 2. For every A;; € Aj;, Bij € Ajj (1 <i # j < 2), we have
O (Aji + Bjj) = ©(A;) + P(By))-

Proof. Let T = ®(Aj; + B1a) — P(A11) — ©(Byp). Our target is to show that T = 0.
For any X1 € Ay, from [[Xp1, Blz]g, Pl]g> = 0 and Claim 1, we have

[[@(Xa1), Ant + B12l$, P15 + [Xo1, ®(A11 + Bro)]S, PG
+[[Xo1, Ant + B2)$, @(Py)]6

=®([[X21, A11 + Brol$, P115)

=@([[Xo1, AnlS, P1)3) + @([[Xa1, Bial3, P1]S)

=[[®(X21), A1 + Bial$, P1JS + [[Xa1, ®(A11) + (B1o) S, P18

+[[Xo1, Ant + B2)$, @(Py)]6.

This implies that [[ X1, T]g, Pﬂg =0, and so
X1 T*P; — P TX5; = 0. (1)

Multiplying Equation (1) by P; from the left, we get T;; = 0 by ().
Since [[P,, An]i, P2]§> = 0, we have

[[®(Py), Apy + BialS, P2)S + [[Po, @(A11 + Bro)]S, P2)S
+ [[Po, A1 + Brals, @(P))S

§
<
[Py, A1 + B1o)S, Pol%)

[
—a([|
[Py, An)S, PS) + @ ([[Py, Bralé, PJé)
(
[

which implies that [[Py, T]$, P2]$ = 0, that is
PyT*Py — TP, — EP,TP, + &P, T* = 0. (2)

Multiplying Equation (2) by P; from the left, we get Ty, = 0.

https://doi.org/10.3390 /math14030560


https://doi.org/10.3390/math14030560

Mathematics 2026, 14, 560 40f 19

Since [[Py, Blz]g, P1]§ = 0, we have

[[@(P1), Any + B1al$, P15 + [[P1, ®(Anr + B1o)]3, i3
+ ([P, Ay + BpalS, @(Py)]§
[Py, A1 + BlZ]g/ Pl] )

[
([[
[[P1, A1), PuJS) + ([P, B12)S, P1S)
(
[

=

(
(
=[[®(P1), A1 + Bpol$, P1JS + [P, @ (A1) + (B1o)IS, P1S
+ ([P, Any + Bra]§, @(P) .

It follows that [[Py, T]g, Pl]g = 0, that is
PiT*P; — TP, — EP, TP, 4 EEP,T* = 0. (3)

Multiplying Equation (3) by P, from the left, we obtain T5; = 0.
For any X1, € A1y, since [[X12, Alﬂg, P2]§> =0, we have
[[@(X12), At + B12)$, PoJS + [[Xa2, ®(A11 + B1o)J5, Pal$
+ [[X12, A1y + BiolS, @(P2))5
=@ ([[X12, A + Bial$, P2)%)
=@ ([[X12, A11)S, Po)$) + D([[X12, B12)S, Po)5)
=[[®(X12), A1t + Bral$, PaJ$ + [[X12, ®(A11) + (Br2)]5, PaJ$
+ [[X12, A1 + BpalS, @(P))5.
This implies that [[X15, T]g, Pz}g =0, and so
X1 T*Py — EPTX}, = 0. (4)

Multiplying Equation (4) by P, from the left, we get To, = 0 by (#). Hence, T = 0.
Similarly, we can show that ®(Ay + By1) = ®(Axn) + P(By). O

Claim 3. For every A1y € Ayq, Biz € A1z, Co1 € Apy, Dao € Ao, we have
O(A11 + Bia + Co1) = (A1) + P(Brz) + @(Ca1)

and
®(Byz 4 Co1 + D2z) = ®(Byz) + P(Co1) + D(D22).

Proof. Let T = ®(Aqq + Bio + Cp1) — ®(Aqy) — D(Ba) — D(Cyy). Since [[Py, A111S, Po)S =
[[P1, B12]§>, Pz}g = 0, we have
[[®(P1), A1 + Bip + Cﬂ]i, Pz}g + [[P, (A1 + B + CZ])}E/ Pz]g
+[[P1, A11 + Brp + Co S, @(P2)]S
= [ Py All + Bi» +C21] Pz] )

[

(Il
®([[P1, A11)S, Pa)S) + @([[Py, BalS, P2)3) + ®([[Py, C1)S, Pa)S)

(

[

=[[®(P1), A1 + B2 + Czﬂo, Pz]é + ([P, ®(A11) + @(By2) + (D(C21)]§>/ Pz]g
+ [Py, A1 + Bia + Ca)5, ®(P))5.
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It follows that [[Pl, TJé, PZ]E = P,T*P, — §P2TP1 = 0,and so Ty = 0.

From [[A11, P13, &8P — Po)S = (&8 + ng )AL —2823A3,, [[Br2, P)8, EEP, — Py
HC21,P1]<>, ZEPy — ]g = (¢ — ¢%¢)C;; and Claim 2, we have

EeXiat]

:O,

[[@(A11 + Bia + Ca1), PiJS, E2P — PoJé + [[An1 + Bra + Cot, ®(P)1$, G2P1 — PaJ§
+[[An + Bia + Co1, P15, @(EEPy — P))S

=®([[A11 + Bz + oy, P15, ECP1 — PoJ3)
(5T + 628 An — 262 AT + (£ - E8)Ch)
=®([[A11, P1J$, EEPL — Po)3) + @([[Bua, P1JS, EEPy — PoJS)
©([[Car, P1, Py — Palf)

=[[®(A11) + ®(B1a) + (Ca1), P1J5, §GP1 — Pyl$

+[[A11 + Bia + Coy, ®(P1)]3, 8EPy — Po)S

+[[An + Biz + Cor, P15, (2P — Po))S

7
which yields that
0= [[T, P,)5,&EP, — Po)S =CETP, — G2EP T*Py + &P T*P, — G2CP T
+ &2FP, TP, — CEP,TP,.

It follows from Ty = 0 that (&& + &28°)Py TP, — 282EP, T*Py = 0. Then

(14 ¢&)P TP, — 2P T*P; = 0. (5)

—ig287) Any — 2iE2EAY,, [[BiaiP1)5, EEP) —

From [[A,iPy5, &8P, — Po)§ = (—ig¢
Pz]g = (i¢ — iCZC)C§‘1 and Claim 2, we have

Po)$ =0, [[Cy,iP1 16, EEPy —

[[@(A11 + Bip + Con),iP1J$, EEP1 — PolS + [[Any + Bua + Con, @(iPy) 16, £8P — oS
+ [[A11 + Bia + Ca1, iP5, D(EEP, — PG
=®([[A11 + Bip + Co1, iP5, E2Py — PoJ3)
O((~igT — i6%") An — AETAT + (i€ — i6%8)Ch)
=®([[An1,iP1J5, ETPy — PalS) + @ ([[Biz, iP1JS, ETP1 — PalS)
®([[Ca1,iP1]5, EEP; — Po)3)
=[[P(A11) + D(B12) + P(Ca1)
+ [[A11 + B1a + C1, @(iPy)]

iP ]O/Cgpl ]

§,e2P — PyJS
+ [[A11 + Bio + C21,1P1]0,©(§CP1 - 2)]6

o7

which implies that

0= [[T,iP]5,&EP, — P55 =

= —if¢TP; —if?EP,T*P, +ifP, T*Py — if?EP, T*
—i2F P TP, +iCEP,TP,.

It follows from T = O that (—i¢¢ — 15252)131 TP, — 2if?EP;T*P; = 0, and so

(1+&¢)P\ TP, +2¢P,T* Py = 0.
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By Equations (5) and (6), we can show that Ty; = 0.
Since [[A11, P2]$, Po]S = [[Ca1, P2)$, Po]5 = 0, we have

[[@(A11 + Biz + Ca1), PaJS, PolS + [[An1 + Bz + Cor, @(P2)15, P

+[[A11 + Bia + Ca1, PoJS, @(P2)1S

=®([[A11 + Bi2 + Ca, PoJ5, Po§)
=®([[An1, P2JE, PaJS) + @([[Bua, PaJ$, PaS) + @(([[Can, PaJS,, P2JE)
=[[®(A11) + D(B12) + ®(Car), Pa]S, Po)S + [An1 + Bz + Co, @(P2)15, P
[

+[[A11 + Bia + Co1, P25, @(P)),

which implies that [[T, Pz]g, P2]§> = 0. It follows that
TP, — EP,T*P, — P, T* + EEP,TP, = 0. (7)

Multiplying Equation (7) by P; from the left, we get Ty, = 0.
For any X1, € Ajp, since [[All,Xlz}g, Pz]§> = [[C21,X12]g, Pz]é = 0, we have
[[@(A11 + Bio + Ca1), X125, PoJS + [[A11 + Biz + Cot, @(X12)13, Po]3
+[[A11 + Bia + Ca1, Xp2]5, @(P2)1$
=®([[A11 + Bro + Cor, XuaJS, PoJf)
=@ ([[A11, X12]$, P2)5) + @ ([[Bra, X12)3, Po)S) + @([[Car, X12]5, P2S)
=[[®(A11) + D(B12) + P(Car), X12]5, PoJS + [[An1 + Bia + Cor, @(X12)], Po]3
+[[An + Biz + Cor, Xp2]S, @(P2)J5.

It follows that [[T, Xu]g, Pz]g =0, and so
—EX1T Py + EEPTXT, = 0. (8)

Multiplying Equation (8) by P, from the left, we get T, = 0 by ().
Similarly, we can obtain that ® (B 4+ Cp1 + D) = ®(B1p) + P(Cp1) + P(D2p). O

Claim 4. For every A1 € A11, Bip € A1p, Co1 € Ay, Doy € Az, we have
®(A11 + Biz + Co1 + D) = ®(A11) + P(B12) + P(Ca1) + @(D22).
Proof. Let
T = ®(A11 + Bia + Con + Do) — P(A11) — D(Br2) — P(Ca1) — P(D22)-

For any Xy; € Ay, since [[Xa1, Bia]S, Pi]S = [[Xo1, CanlS, P1JS = [[Xo1, DS, P1JS = 0,
we have
[[@(X21), A1t + Bia + Co1 + Daal$, PJS + [[Xa1, @(A1 + Bia + Cot + D)5, P1§
+[[Xa1, A11 + Bia + Co1 + D)3, @(Py)]5
=®([[Xo1, A1t + Bia + Co1 + DS, P15)
=@ ([[X21, Anl3, P1)3) + @([[Xa1, Bia)S, P1]S) + @([[Xa1, Co1)S, P11S)
+ ®([[Xa1, D)5, P1]5)
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—[[®(X21), A1y + Biz + Co1 + D)5, 11§
+ [[Xa1, ®(An) + @(Bz) + P(Car) + P(D)]S, PrS
+ [[Xa1, A1y + Bia + Co1 + D)5, @(P))]5.
It follows that [[ X1, T]g, P1]§ =0, and so
Xn TPy — §P1TX5 = 0. 9)

Multiplying Equation (9) by P; from the left, we get Tj; = 0 by (&).
Since ([P, A11]5, P18 = [[Po, Cn]$, P1]S = [[Po, D22)$, P1]S = 0, we have
[[@(P,), A1t + Biz + Ca1 + Dl$, P)S + [[Po, ®(A11 + Bia + Co1 + D) 1§, P16
+ [Py, A1y + Bia + Co1 + D), (P16
®([[Py, A11 + Bip + Co1 + D)3, Py J)
([[Pz,An]o,m@)+<1><[[P2,Blz]€,P1]£> ([P, CarJ5, P1JE)
+@([[P, D)5, P15)
=[[®(P2), A1y + Bia + Co1 + Dao)$, P15
+ [P, @(A1) + @(Biz) + P (Cn) + P(D)J, PifS
+ ([P, Ant + Bz + Co1 + Do), @(P1)]S,

which implies that [[P,, T]$, ;]S = 0, and so
P,T*P, — EP, TP, = 0. (10)

Multiplying Equation (10) by P; from the left, we obtain T;; = 0. Similarly, we can
show that Ty = T, =0. O

Claim 5. For every A;j, Bjj € Aj; (1 <i # j < 2), we have
q)(Al‘j + Bij) = (D(Aij) + CD(Bl])

Proof. Let T = CD(Alz + BlZ) - qD(Alz) - CD(Blz) Since [[X21,A12]g, P]]g = 0 for any
Xy1 € Ay, we have

[[@(Xa1), A1 + B12l$, Pil5 + [[Xo1, ®(A1n + B1o)J5, P1JS
+[[Xo1, A1z + Bi2)$, @(Py)]6

=®([[X21, A12 + Brol$, P115)

=@([[Xa1, A12$, P113) + @([[Xa1, B1a)S, P1]6)

=[[®(X21), A1z + Bral$, P1JS + [Xa1, ®(A12) + (Br2)]5, P1)$
+[[Xa1, A1z + Bo)$, @(P1)]3,

which implies that [[ X1, T]g, Pl]g = 0, that is
X1 T*Py — EPTXE, = 0. (11)

Multiplying Equation (11) by P; from the left, we obtain T1; = 0 by (é).
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Since [[Py, Alz]g, P1]§> = 0, we have

[[@(P1), A1z + Biol$, P15 + [P, @(A12 + B1o)J5, Py
+[[P1, Az + BiolS, @(Py)]§
[Py, A1x + BlZ]g/ Pl] )

[
([[
[[P1, Av)é, PiJS) + @ ([[Py, B12)S, P1S)
(
[

=

(
(
—[[®(P1), A1z + Bra]5, P11 + [[Py, ®(A12) + D(B12)]5, 1S
+[[Py, A1z + BralS, @(P))]5.
This implies that
([P, T)S, P]§ = P T*Py — ETPy — P, TP, + ZEP, T* = 0.

Multiplying Equation (12) by P, from the left, we obtain Tp; = 0.
Since [[X12, Alz]g, P2]§ = 0 for any X, € Ajp, we have

[[@(X12), A1z + B1alé, Pals + [[X12, @(Arz + Bra) 5, P2)$
+ [[X12, A1z + Bpal3, @(P2)]S

=®([[X12, A1z + Bial3, P2]3)

[

),

[

({l
=®([[X12, A12]$, P2)5) + ([ X12, Bi2)3, PJS)

(

[

=[[@(X12), A1z + Bial5, PaS + [[X12, D(Arz) + D(B12)15, Po)S

+ [[X12, A1z + Brol$, @(P2) 5.
Which implies that [[X1,, T]S, P]$ = 0, that is

X1pT*P, — EP,TX}, = 0.

Multiplying Equation (13) by P, from the left, we obtain Ty, = 0 by (#).

Let K4, B,, = Ti2. Then K4, p,, € A1, and so
®(A1p + Bip) = ®(A12) + P(B1z) + Kayy By,
Similarly, for Ay, By € Ay, there exist Ga,, B,, € A1 such that
D(Az + By1) = P(Az1) + P(B1) + Gayy by -
By Equation (15), there exist G_¢ A%, —EBi, € Ap1 such that
D(—CA7, — $Byy) = @(—CA7,) + P(—CBY,) + Gzas,—cB:

From
[[P1 + A2, P+ B5)3, P25 = Agp + Biy — EA}, — 8B,

Claim 4 and Equation (16), we have
D(A12 + B1z) + ®(—CAT,) + P(=EBT,) + G_gay

=® (A1 + Br2) + P(—{A}, — BY,)
=P ([[P1 + A2, P, + sz]g, Pz]g)

127 —CBj 12

(15)

(16)
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=[[®(Py) + P(A12), P2 + BRJE, Pa)S + [Py + A1a, @(P2) + @(Bf,)1S, Pa)S
+ [Py + A1z, P + B5,)S, ®(P)]S
=@ ([P, P2J$, PoJS) + @([[Py, By)3, PoJS) + ([[Arz, PoJS, P2)5)
+®([[A1n, BplS, Po)S)
=®(B1y — {Byy) + (A1 — CAT)
=P (A1) + ©(B12) + ©(—EA7,) + ©(—EB,).
It follows that
@ (A1p + Bio) = (A12) + P(B12) — G_gas,,—eBs,- (17)

Combining Equations (14) and (17), we have Ky,, p,, = —G_zax,,—¢p:,- This together
with the fact that K4, p,, € A1p and Gngl*z'*ész € Ay yields that Kay,,B, = 0. It follows
from Equation (14) that (D(Alz + BlZ) = @(Alz) + q)(Blz)

Similarly, we can show that ®(Ay; + By1) = ®(Az1) + P(Byy). O

Claim 6. For every A;;, Bij € A;; (i =1,2), we have
D (Aji + Bij) = P(Ajii) + P(Byi).
Proof. Let

T =®(A1n + Bi1) — (A1) — @(Bny).

Since [[P,, An]g, P2]§> = 0, we have

[[@(Py), Apy + B113, PaJS + [[Po, ®(Ar1 + Bi1)]S, Pa)S
+H{[Po, Anp + B ]S, @(P)]S
®([[P, A + Buil$, PJ6)
=0([[P2, An1S, PaJS) + ([P, Bulé, PoJS)
=[[®(P2), A1 + BuilS, PaS + [[Po, @ (A1) + (B1)IS, Pal$
+[[Po, A1 + Bu S, @(Py) 5.

It follows that [[P,, T]g, Pz]g =0, and so
PyT*Py — TP, — EP,TP, + EEP,T* = 0. (18)

Multiplying Equation (18) by P; from the left, we get Ty, = 0.
Since [[X12, An]i, Pz]g = 0, we have
[[@(X12), Ant + BulS, PoJS + [[Xa2, ®(A11 + Bup)J5, PaJ$
+[[X12, Ant + BualS, @(P)]6
=®([[X12, A11 + Bu15, PJS)
=([[X12, AnlS, P)3) + @([[X12, Buil$, PJS)
=([®(X12), A11 + Bu1l$, PoJ$ + [[ X1z, @(A11) + @(B1)]6, PaJé
+ [[X12, A11 + Bu1S, @(P2) 5.
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Which implies that [[ X1, T]g, P2]§ =0, and then
X1 T*Py — EPTX}, = 0. (19)

Multiplying Equation (19) by P, from the left, we get To, = 0 by ().
Since

[[Xa1, A1 + Bulé, PaJS = —EAn X3 — EBu X3y + E2Xo1 Ay + EEXa1 By,
we have from Claims 4 and 5 that

[[@(Xa1), A1y + BuilS, Po)S + [[Xa1, @(A11 + Bi1)]3, Pl

+[[Xo1, Ant + Bua)S, @(P)]5

®([[Xa1, A1 + Bul3, PaJG)

O(—EANX3) + G5 Xo1ATy) + @(—EB1 X3 + §6Xo1BTy)

®([[X21, Anlé, Pal$) + @([[Xa1, Bu1lS, Po)3)

—=[[@(Xa1), A1 + Bulé, PoJ + [[Xo1, @(An) + @ (Bu) [, PoJS
+[[Xa1, A + BulS, @(P2) 5,

which implies that
[[Xa1, T)S, Pa)S = X T*Py — ETX3; — EPaTX3 + EEXo T* = 0. (20)

Multiplying Equation (20) by P; from the left, we obtain Tj; = 0 by (&).
Since

[[iX21, A1 + Blﬂg, Pz]g =i§A11 X5, +i€B11 X5, +i8EXa1 ATy +i8EX01 By,
we have from Claims 4 and 5 that

[[@(iX1), Art + BulS, PoJ + [[iXa1, ®(A11 + Bu) E, PalS
+[[iXa1, A11 + Burl$, @(P2)]3

®([[iXa1, A1 + Bi1l3, P2J3)

P(ig A1 X351 +155Xa1ATy) + P(igB11 X3, +18E X1 By7)
@([[iX21, A1)é, P2JS) + @([[iX21, Bu1)3, PaJé)
=[[@(iX21), An1 + Bu]S, PoJE + [[iXa1, ®(An) + (Biy)JE, PoJS
+[[iXa1, Ant + Bul$, @(P)]6.

Then [[iXp1, T]$, P,]$ = 0, that is
Xo1T*Py + ETX% + EPTX3 + EEXo1 TF = 0. (21)

Using Equations (20) and (21), we can obtain that Tp; = 0.
Similarly, we can show that ®(Ap + By) = ®(Axn) + P(Bx). O

Claim 7. ® is additive on A.
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Proof. We have A = 212,]-:1 Ajjand B = 21-2,]-:1 Bjj for every A, B € A, where A;j, B;; € Aj;.
From Claims 4-6, we obtain

®(A + B) Zch-]-JrB ZCD ij +2c1> ij) = ©(A) + O(B).
i,j=1 i,j=1 i,j=1

Therefore, ® is additive. O
Claim 8. ®(I) =0.
Proof. Since [[Pl,Pz]g, Pﬂ% = 0, we have

0 =®([[P}, P2J5, P1)%)
=[[®(Py), P2JE, PrJS + [Py, @(P2)IE, PLS + [Py, PaJS, @(P1) 6
= —¢P,®(P) Py + EEP1D(P)) Py + Py D (D) Py — ED(Py) Py — EP D(P) Py
+ EEPD(Py)*. (22)

Multiplying Equation (22) by P; from both sides, we get
(14 EE)P1®(P2)* Py — 25 P1(P2) Py = 0. (23)
Since [[P,, Pl]g, P1]§> =0, we have

0 =@([[P,, P)%, P1)%)
=[[®(P2), P1)S, Pi]5 + [[Pa, D(P)]S, P15 + [[Pa, PiJS, @(P1))S
=®(P)P; — {P1®D(P)" Py — {P1D(P)" 4 ZTP®(Py) Py + Py ®(Py) Py
— P P(Py) P (24)

Multiplying Equation (24) by P; from both sides, we have
(1+EE)P1®(P2) Py — 25Py®(P,)" Py = 0. (25)

Combining Equations (23) and (25), we get ((1 + &&)? — 4¢2)Py®(P;)P; = 0. Since
& # +1, wehave (1 + &¢)? — 4¢% # 0,and so Py®(P,)P; = 0. Similarly, we can show that
P,®(P)Ps = 0.

Since [[Py, Xlz]g, P2]§> = 0 for any X, € Ajp, we have

0 CD([[PerlZ]O/PZ]g)
=[[®(P1), X121, Pal$ + [P, @(X12) 5, PalS + [[P1, X, B(Py)]
=~ {Xp®(P1)" P2+ GGPa®(Py) Xip + Pr@(X12) P2 — (P P(X12) P (26)
Multiplying Equation (26) by P, from the left and by P; from the right, we get
EEP®(P)) X5, — EP®(X12) Py = 0. This together with the fact that P,®(P;) P, = 0 yields

that PZ(D(X12)P1 =0.
It follows from [[ P, Xzﬂg, Pz]g = X3, — (X1 and Claim 7 that

D(X51) + P(—8Xo1)
= ([[Py, Xa1]5, P)S)
=[[®(P1), Xa1]5, P2$ + [[Pr, @(X21)]3, PaJ$ + [[P1, Xa1]6, @(P)]6
=®(P1) X3 — X1 P(Py) Py — (X0 ®(P1)* + GEPD(P1) X5y 4 PP (X21)* Py
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— EP®(X1) Py + X5 @ (Po)" — EXn @(P2)* — EP(P2) X1 + ECD(P2) X351, (27)

Multiplying Equation (27) by P, from the left and by P; from the right, and using the
fact that Py ®(P,)P; = 0 and P,®(X12)P; = 0, we get

Po®(—EXo1 )Py = —EXo1®(P))*Py — EPo®(Xo1) Py — EP,®(Ps) Xo1. (28)
From [[Py, X15)$, Py]5 = X}, — €X1 and Claim 7, we have
O(X7p) + O(—EX12)
=@ ([P, X12]5, P11%)
=([®(P), X12)3, P1)S + [[Po, @(X12)16, Pr]é + [[Pa, X12]$, @ (P1)]S
)

=®(P) X1, — EX1p®@(P2)* Py — (X1 ®(P2)* + TP D(P2) X{, + PP (X12)* Py
— PP (X12) Py + X{r®(Py)* — EX12@(P1)* — E(Py) X1z + E3D(P1) X, (29)

Multiplying Equation (29) by P, from the left and by P; from the right, and using the
fact that P,®(P;)P, = 0 and P,®(X3)P; = 0, we have

qu)(Xikz)Pl = PZ(D(PQ)XTZ + qu)(Xu)*Pl + XTZ(D(Pl)*Pl (30)
It follows from [[X12/ Pz}g, Pz]g = Xy — (;‘Xi‘z and Claim 7 that

D(X12) + P(—EXT)
=&([[X12, PaJS, P2JS)
=[[@(Xu2), PaJ$, PaJ$ + [[Xu2, D(P)JE, PoJS + [ X2, Polf, @(P2)]S
=®(X12) Py — PP (X12)* Py — (P ®(X12)" + GEPa®(X12) Po 4 X12®(P2)* Py

— P O(P2) XYy + X12®@(Py)" — EX3p@(P2)" — {@(Py) X7, +G0@(P2) X2 (31)

Multiplying Equation (31) by P, from the left and by P; from the right, and using the
fact that P, ®(X12)P; = 0 and Py ®P(P,)P; = 0, we have

Py ®(—EX75) Py = —EPP(X12)" Py — 28 P, D(P2) X7,
This together with Equation (28) gives

—EX[®(Py)" Py — (P O(XTp) Py — PP (Pr) X7,
= P®(—(X7p) Py
= —¢P®(X12)" Py — 20 PP (P2) X7y

It follows that
Py ®(X5,)Py = Pa®(Py) X}y + Pa®(X1p)* Py — X ®(P1)* Py (32)
We can see that X;,®(P;)*P; = 0 by comparing Equations (30) and (32). Then by (&),
we get PP (P;)P; = 0. Similarly, we can prove that P,®(P,)P, = 0.

Since [[Py, Pl]g, Pl]?x> = (1 —2& + &¢)P; and the fact that P;®(P;)P; = 0, we have

(128 +E2)Py)
=o([[P, P15, P1%)
=[[@(P)), PiJE, PrJS + ([P, @(P)], PrIS + [Py, P1)S, @(P1))S

https://doi.org/10.3390 /math14030560


https://doi.org/10.3390/math14030560

Mathematics 2026, 14, 560 13 of 19

=(1—20+20)P(P)Py + (1 -2+ C) P d(Py)*. (33)
It follows from Equation (33) and [[(1 — 2¢ + &&) Py, Pz]g, Pl]g = 0 that
®([[(1 - 28 + &) Py, PJé, P16)
[[@((1 —2Z +EE)P1), PoJS, Pi)S + [[(1 — 28 + E2) P, @(Py)]5, P16
(=g +22 — )Py ®(P) Py + (GF — 2628 + 828 ) P1@(P1)* Py
+ (= +288 — ) D(P)Py + (3 — 282 + 2T )P (Py) Pa. (34)

0

Multiplying Equation (34) by P, from the left and by P; from the right, we have
(=8 +288 = 2 Pa@(P) Py + (=€ + 205 = G25) (o) Py = 0.
Since & # +1, we have —& + 2Z& — &2¢ # 0, and so
Py D(Py)P; + P,D(P,)P; = 0. (35)
Similarly, we can obtain that
Py®(P;)P, + Py®(P)P, = 0. (36)

Combining Equations (35) and (36) and the fact that P,®(P;)P, = Py®(P)P; =
Plcp(Pl)Pl = PZCD(Pz)PZ =0, we have

O(I) = (Py) + @(P2)
=P D(P1)P; + P, P(P1) Py + PLO(P2) Py + P ®(P2) Py
=0.

O
Claim 9. ®(M)* = ®(M) forall M € M.
Proof. Let M € M. From [[], M]g, 1]2 = (1 —2¢ + ¢¢)M and Claim 8, we have

D((1-2¢ +&5)M) =([[I, M]3, 1)%)
=[[@(1), M]S, 115 + [[L, @(M)]5, 115 + [[1, M]3, @(1)]¢
:(1 +¢ )@(M)* — 2§®(M). (37)

[ ,
=(1+ E&)P(M) — 2ED(M)*. (38)

Comparing Equations (37) and (38), we can see that (1 + 2¢ + &&)®(M)*

= (1+2¢+
ZE)P(M). Since & # +1, we have 1 + 2% + ZZ # 0. Hence ®(M)* = ®(M). O

Claim 10. ®(N)* = —®(N) forall N € N.
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Proof. Let N € N Then [[N, 1§, 1§ = (14 2& + ¢&)N. By Claim 8, we have
((1+25+EHN)
=a(([N, 115, 1)%)
=[[®(N), 1%, 1% + [[N, @(D)}$, 1)$ + [N, 1)$, (1)}
=(1+¢5)P(N) —20@(N)". (39)

It follows from [[I, N]$, 1§ = — (1 + 2 + ZZ)N and Claim 8 that

~®((1+22 +E)N)
=([[L, NI, 1)
=([®(1), N)S, 11§ + [[L ®(N)JE, 115 + ([, N]§, @(1))%
=(1+ &) ®(N)* —260(N). (40)

Comparing Equations (39) and (40), we obtain that (1 — 2 + ¢Z)(®(N) + ®(N)*) = 0.
Since & # +1, we have 1 — 2¢ + &€ # 0. Hence ®(N)* = —®(N). O

Claim 11. ®(il) = 0.
Proof. Since il € N/, we have from Claims 8 and 10 that

®((1—2¢ +&)1) =([[iL, i3, 1)%)
=[[ (i1),i13, 1§ + [[iL, @GS, 15 + [[L i1, (1))
—2i(1 —2¢ + &) D(il). (41)

Since [[1,1]5, 1§ = (1 — 2 + &Z)I, we have from Claim 8 that

®((1-28+¢8)1) =([[L 15,115

=0. (42)
Comparing Equations (41) and (42) yields ®(il) =0. O
Claim 12. ®(iA) = iP(A) forall A € A.

Proof. Since [[il, iM]g, 1]§ = (1 —2¢ + &&)M for any M € M, we have from Claims 8, 10
and 11 that

O((1 - 28+ §8)M) = O([iL M, 11%) = [L P(EM)JS, 11 = —i(1 — 28 + GE)D(iM). (43)
It follows from Equation (37) and Claim 9 that

(125 +¢5)M) = (1 - 28+ E5)P(M). (44)
Comparing Equations (43) and (44), we obtain that
D (iM) = id(M) (45)

forall M € M.
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Let A € A. Then A = Q + iR, where Q, R € M. It follows from Equation (45) that
P(iA) = ®(iQ) — ®(R) = i®(Q) +i®(iR) = i®(Q + iR) = i®(A).

O
Claim 13. ®(A*) = ®(A)* forall A € A.
Proof. Let A € A. Then A = Q + iR, where Q,R € M. It follows from Claims 9 and 12 that

P(AY) = &(Q) —i®(R) = (®(Q) +i®(R))" = P(Q+iR)" = D(A)".

O

Claim 14. ®(§A) = (D(A) forall A € A.

Proof. For any A € A, since [[I, A]g, I]g = (1+ ¢Z)A* —2¢A, we have from Claims 7 and

8 that
O(A") + P(GEA") + (25 A) =([[L, A5, 116)
=[[1, ®(A)5, )¢
=P(A)* + EED(A)* — 20D (A).
By Claim 13, we have

D(ETA") —20(CA) = EEP(A)" — 20P(A). (46)
Replacing A by iA in Equation (46) yields that
(EE(IA)") — 20(GiA) = EEP(HA)" — 28D (iA). (47)
From Claim 12 and Equation (47), we get
D(ETAT) +20(CA) = EEP(A)" +20D(A). (48)
By Equations (46) and (48), we can show that ®(ZA) = ¢®(A). O
Claim 15. ® is an additive x-derivation on A.

Proof. Let Q,R € M. It follows from [[Q, R]$, I = (1 + £Z)QR — 2ZRQ, Claims 7-9 and

14 that
®((1+EZ)QR) — 26®(RQ)
=o([[Q, RIS, 1)%)
=[[©(Q), RIS, IS + [[Q, ®(R)IE, 115 + [[Q, RIE, @(1)]&
=(1+8Z)P(Q)R — 2ZRP(Q) + (14 &Z)QP(R) — 25P(R)Q. (49)

From [[Q,iR]$, I]$ = —i(1 + &)QR — 2i¢RQ, Claims 7, 8, 10, 12 and 14, we have

—i®((1+ ¢¢)QR) — 2ifP(RQ)
=&([[Q,iR]S, 1]5)
=([®(Q),iR5, 11§ + [[Q, ®(iR)]E, 1)$ + [[Q,iR], D(1)]¢
= —i(1+ &)P(Q)R — 2iERD(Q) —i(1 + &F) QP(R) — 2i¢P(R)Q.
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It follows that

((1+¢Z)QR) +26@(RQ) = (1 +&E)P(Q)R + 26RP(Q) + (14 EE)QP(R) +25P(R)Q. (50)
Combining Equations (49) and (50), we have

®(RQ) = ®(R)Q + RP(Q) (51)

forall Q,R € M.
Forany A,B € A, we have A = Ay + 1A, B = By + 1By, where A;,B; € M (i =1,2).
By Equation (51), Claims 7 and 12, we have

®(AB) =®(A; By +1A1By +iAsB; — A3B,)
=®(A1By) +iP(A1By) +iP(A2B1) — P(A2B,)
—®(A1)By + Aj®(B1) +iP(A1)By +iA1D(By) +id(A2)By + iArd(By)
— ®(A2)By — Ard(By)
=(®(A1) +iP(A2))(B1 +1iB2) + (A1 +1A2)(P(B1) +iP(B2))
—®(A)B + AD(B).

By Claims 7 and 13, we get @ is an additive *-derivation on A. [

As applications of Theorem 1, we have the following corollaries.

Corollary 1. Let A be a unital prime x-algebra containing a nontrivial projection A map D :
A — Asatisfies O([[A, BJS, CJE) = [[@(A), BIE, CJS + [[A,®(B)]S, CIE + [[A, BIE, &(C)JS for
any A, B, C € Aif and only if ® is an additive x-derivation and ®(A) = (P(A) forall A € A.

Corollary 2. Let A be a factor von Neumann algebra acting on a complex Hilbert space H
with dim(A) > 1. A map ® : A — A satisfies ®([[A,B)S,C]S) = [[®(A),B]S,ClE +
[[A,@(B)]g, C]§> + [[A, B]g,CD(C)]g for any A,B,C € A if and only if ® is an additive x-
derivation and ®(GA) = P(A) forall A € A.

Corollary 3. Let A be a standard operator algebra on an infinite dimensional complex Hilbert
space H, which is closed under the adjoint operation and contain a nontrivial projection. A map
@ : A — Asatisfies ®([[A, BJS, CJS) = [[@(A), BJE, CJS + [[4,®(B)]S, CIE + [[4, BJE, @(C))
forany A, B,C € Aifand only if ® is an additive x-derivation and ®({A) = {D(A) forall A € A.

3. Open Questions

Building upon the foundational framework of nonlinear ¢-bi-skew Lie derivations
and nonlinear ¢-bi-skew Lie triple derivations, we proceed to develop them in a natural
way. Fix a positive integer n > 2, and consider the following sequence of polynomials:

p1(X1) = Xq,
p2(X1, X2) = [p1(X1), XoJ$ = [X1, X8,
pa(X1, X2, X3) = [pa (X1, X2), X318 = [[X1, X2J8, X515,
pa(X1, Xa, X3, Xa) = [p3(X1, Xa, X3), XaJ$ = [[X1, X5, X35, Xa)S,

pu(X1, Xa, ., Xn) = [pu1 (X1, Xa, o, Xy1), Xl
= [[ .. [[Xll XZ]%/ XS]%/ R Xn—l]gr Xn]g
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In this context, a nonlinear ¢-bi-skew Lie n-derivation is defined asamap d: A — A
satisfying the condition

n
q)(Pn(Xlz XZ/ e /Xn)> - Z Pn(Xlr e ,Xk_l,q)(Xk),Xk+1,. . -/Xrl)
k=1

for all X, Xy, -+, X, € A. Clearly, every nonlinear ¢-bi-skew Lie derivation is a nonlinear
¢-bi-skew Lie 2-derivation and every nonlinear ¢-bi-skew Lie triple derivation is a nonlinear
¢-bi-skew Lie 3-derivation. It is easily checked that every nonlinear ¢-bi-skew Lie derivation
on *-algebra is a nonlinear ¢-bi-skew Lie triple derivation. But we do not know whether the
converse statement is correct. Nonlinear ¢-bi-skew Lie 2-derivations, nonlinear ¢-bi-skew
Lie 3-derivations and nonlinear ¢-bi-skew Lie n-derivations are collectively referred to as
nonlinear ¢-bi-skew Lie-type derivations.

This observation naturally gives rise to the following open problem, which is in fact
more interesting.

Question 1. Let A be a unital associative *-algebra with the unit I, containing a
nontrivial projection P which satisfying X.AP = 0 implies X = 0, X A(I — P) = 0 implies
X = 0 and ¢ be a nonzero scalar. If a map ® : A — A be a nonlinear ¢-bi-skew Lie
n-derivation, then what is the structure of ®?

Let N be the set of nonnegative integers and © = {®,, },,en be a family of nonlinear
mappings @, : A — A such that ®y = id 4, the identity mapping on A. Then D is called a
nonlinear ¢-bi-skew Lie n-higher derivation if © satisfies the condition

cDm(Pn(XerZI e /Xn)) - Z Pi’l (q)il (Xl)/q>i2 (XZ)/- . '/q)in (Xn))
iy +ig+-Fip=m

forall Xq,Xp,---, X, € A. In the cases of n = 2 and n = 3, &y, is respectively called
a nonlinear ¢-bi-skew Lie higher derivation and a nonlinear ¢-bi-skew Lie triple higher
derivation. Inspired by the results of prior work, we give the subsequent open problem:

Question 2. Let A be a unital associative *-algebra with the unit I, containing a
nontrivial projection P which satisfying X AP = 0 implies X = 0, X A(I — P) = 0 implies
X = 0 and ¢ be a nonzero scalar. If a map ®,, : A — A be a nonlinear ¢-bi-skew Lie
n-higher derivation, then what is the structure of ®,,?

Question 3. (Conjecture) Let A be an alternative unital *-algebra with the unit I, and ¢
be a nonzero scalar. Suppose A contains a nontrivial projection P satisfying:

(#d) XAP = 0implies X =0,

() XA(I—P)=0implies X = 0.

A map @ : A — A satisfies

®([[A, BIS], Cl5) = [[®(A), BJE, CI + [[A, ®(B)]S, CIE + [[A, BJE, ®(C)]§

for all A,B,C € A if and only if ® is an additive x-derivation and satisfies ®(A) =
(P(A),VA € A

Question 4. Let A be an alternative unital x-algebra with the unit I, containing a
nontrivial projection P which satisfying X.AP = 0 implies X = 0, XA(I — P) = 0 implies
X = 0 and ¢ be a nonzero scalar. If a map ® : A — A be a nonlinear ¢-bi-skew Lie-type
derivation, then what is the structure of ®?

Question 5. Let A be an alternative unital *-algebra with the unit I, containing a
nontrivial projection P which satisfying X.AP = 0 implies X = 0, X A(I — P) = 0 implies
X = 0 and ¢ be a nonzero scalar. If a map ®,, : A — A be a nonlinear ¢-bi-skew Lie
n-higher derivation, then what is the structure of ®,,?
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Question 6. Can the characterization of structure of nonlinear §-bi-skew Lie triple
derivations be further expanded with concrete applications of Quantum Electrodynamics
(QED) in quantum field theory?

4. Conclusions

This study characterizes the structure of nonlinear ¢-bi-skew Lie triple derivations
on unital associative *-algebras, proving they are equivalent to additive *-derivations
satisfying ®(A) = {P(A). The above result is applied to prime *-algebras, factor
von Neumann algebras, and standard operator algebras. Future research could extend
these findings to alternative x-algebras and further explore the applications in Quantum
Electrodynamics (QED).
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