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Abstract

Quantifying geographic variation is crucial for policy evaluation, yet researchers often
rely on complex national surveys not designed for sub-national inference. This design-
analysis mismatch creates two challenges when decomposing variance across domains like
states: informative sampling confounds substantive heterogeneity with design artifacts,
and finite-sample variance inflation conflates sampling noise with signal. We introduce
the Bayesian Hybrid Framework that reconciles design-based and model-based inference
through Bayesian Pseudo-Likelihood for design consistency and a hybrid generalized
linear mixed model that simultaneously estimates substantive domain effects and nuisance
design effects (strata, PSUs). We propose a Dual Estimand Framework distinguishing
between Descriptive (total observed variance) and Policy (substantive variance net of de-
sign) estimands, with explicit de-attenuation to correct finite-sample inflation. Simulations
based on the 2019 National Survey of Early Care and Education demonstrate negligible
bias and superior efficiency compared to standard alternatives. Applied to subsidy receipt
among home-based child care providers, we find the observed between-state variation
(16.7%) reduces to only 5.4% after accounting for design artifacts and sampling noise. This
three-fold reduction reveals that local factors, not state policies, drive most heterogeneity,
highlighting the necessity of our framework for rigorous geographic variance decomposi-
tion in complex surveys. An accompanying R package (version 0.3.0), bhfvar, implements
the complete framework.

Keywords: complex survey design; variance decomposition; Bayesian Pseudo-Likelihood;
domain estimation; multilevel modeling; survey weights; finite-sample bias; informative
sampling
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1. Introduction

The landscape of public policy in the United States is inherently geographic. While
federal frameworks often provide overarching structure, critical decisions in domains
such as education, social services, and public health are implemented at the state or local
level [1-5]. In Early Care and Education (ECE), for example, states exercise significant
autonomy in administering the Child Care and Development Fund (CCDF), leading to
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substantial variation in eligibility criteria, reimbursement rates, and regulatory frame-
works [6-10]. Consequently, policymakers and researchers naturally ask how much of the
observed heterogeneity in outcomes—such as subsidy participation among providers—is
attributable to systematic differences between states versus variation within states. Statisti-
cally, this requires decomposing the variance of an outcome into between- and within-state
components, a crucial step for assessing policy impacts, evaluating equity, and identifying
the drivers of disparity.

To investigate these questions, researchers rely heavily on large-scale, nationally repre-
sentative surveys, such as the National Survey of Early Care and Education [NSECE] [11].
These surveys employ complex, multistage sampling designs optimized for national preci-
sion. However, this optimization creates a fundamental tension when the analytical goal
shifts to sub-national domains. The central methodological challenge arises from a design—
analysis mismatch. While the analytical interest is often the state, these geographic domains
are rarely incorporated as explicit design features (e.g., strata or primary sampling units
(PSUs)) in national surveys. In the NSECE, the design involves stratification and clustering
based on factors like community poverty density [11]. Depending on design features, strata
may cross state boundaries. States are embedded within this structure rather than defining
it, meaning state-level sample sizes are random, often small, and highly unequal. This
mismatch leads many applied researchers to question the validity of state-level variance
decompositions, concerned that results may be biased or misleading if the state was not
part of the sampling scheme [12-14]. The NSECE team offered states the opportunity to
supplement federal data collection to achieve state-level representativeness; however, only
Minnesota committed funds to do so [11].

This skepticism is well-founded, as the design-analysis mismatch introduces two
significant statistical obstacles. The first is informative sampling. A design is informative
when inclusion probabilities remain correlated with the outcome of interest, even after
conditioning on the analytical domains [15]. In the NSECE, the intentional oversampling of
low-income areas likely induces informativeness for outcomes like subsidy receipt. If an
analytical model ignores the actual design structure (the strata and PSUs used for sampling),
the estimated “state effects” risk absorbing variation that is actually attributable to the
specific realization of the design within those states. This confounding leads to biased
estimates of the true substantive differences between states.

The second, distinct obstacle is finite-sample variance inflation. Because states are not
design strata, the sample size within any given state can be very small. Design-based
estimates for these small domains (e.g., the state mean) are inherently noisy [16]. Traditional
variance decomposition methods, such as a design-based analysis of variance (ANOVA),
conflate this sampling noise with true substantive heterogeneity across states. This “noise-
as-signal” problem results in a severe upward bias in the estimate of between-state variance,
often misleading researchers into believing that state-level differences are more substantial
than they truly are.

Our work is closely related to, but distinct from, the small area estimation (SAE) liter-
ature [17]. SAE methods, including the Fay—Herriot area-level model [18] and unit-level
nested error models [19], focus primarily on producing reliable point estimates of domain
means or totals for areas with small samples, leveraging Bayesian shrinkage or empirical
Bayes techniques (see Pfeffermann [20] for a comprehensive review). While our framework
shares the mechanism of partial pooling for stabilizing small-domain estimates, our esti-
mand is fundamentally different: we target the variance decomposition itself—specifically, the
proportion of total heterogeneity attributable to systematic differences between domains.
This focus on variance components, rather than domain-specific predictions, addresses
distinct policy questions about the magnitude and sources of geographic inequality. Fur-
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thermore, whereas traditional SAE often assumes noninformative sampling conditional on
auxiliary variables, our Bayesian Hybrid Framework explicitly incorporates design features
(strata and PSUs) as nuisance random effects and employs pseudo-likelihood weighting to
achieve design consistency under informative sampling.

Existing approaches address parts of this problem but do not offer a fully satisfactory
solution. Design-based ANOVA on domain means uses survey weights to obtain design-
consistent state means, but the naive between-state variance of those estimates is highly
susceptible to inflation by the average sampling variance of the state means. While method-
of-moments corrections exist, they often do not fully propagate uncertainty and can be
unstable. Naive multilevel modeling (MLM) provides partial pooling for small domains
but ignores survey weights and the design structure, failing to achieve design consistency
under informative sampling [21]. By omitting design features, these models incorrectly
partition the variance, confounding design-induced clustering with substantive state-level
heterogeneity. Frequentist pseudo-maximum likelihood (PML) incorporates weights into
multilevel models and can achieve design consistency [22-24]. However, implementing
PML for complex models with multiple, crossed random effects (e.g., states, strata, and
PSUs) is computationally intensive and technically complex, and it does not inherently
resolve finite-sample inflation or yield directly interpretable variance components on the
probability scale [25].

These limitations highlight a critical methodological gap: no existing approach simulta-
neously (i) achieves design consistency under informative sampling, (ii) correctly partitions
substantive domain variance from design-induced clustering, and (iii) addresses finite-
sample noise inflation while providing coherent uncertainty quantification for nonlinear
outcomes on the probability scale. To fill this gap, this paper develops the Bayesian Hybrid
Framework, which reconciles design-based and model-based perspectives [16,26-28] to en-
able rigorous variance decomposition across domains that were not explicitly part of the sur-
vey design. The framework offers several key innovations. First, it achieves design consis-
tency through the Bayesian pseudo-likelihood (BPL)—the Bayesian analogue of PML—which
incorporates survey weights into a generalized linear mixed model (GLMM) [15,29,30].
This delivers design-consistent inference for finite-population quantities while retaining the
advantages of Bayesian estimation, such as coherent uncertainty quantification and partial
pooling (shrinkage) that stabilizes estimates in small domains. Second, we propose a hybrid
model structure that includes both substantive random effects for states and nuisance design
random effects for strata and PSUs. This explicit modeling of design hierarchies prevents
design-induced clustering from being spuriously interpreted as state-level heterogeneity.

Third, we introduce the Dual Estimand Framework on the probability scale, recognizing
that under informative sampling, the concept of “between-state variance” is inherently
ambiguous. We define Estimand A (Policy Estimand) as the between-state variance that
would remain if the distribution of design features were conceptually equalized across
states, isolating the component plausibly attributable to state-level policies and contexts.
We define Estimand B (Descriptive Estimand) as the variance that incorporates the realized
pattern of design features within each state, capturing the total geographic heterogeneity in
the actual finite population. Finally, to address finite-sample noise, we integrate an explicit
de-attenuation step. We construct Estimand A¥, a de-attenuated version of A that subtracts
the estimated average design-based sampling variance of state means. The gap between A
and B diagnoses the impact of informative sampling; the gap between A and A* quantifies
the impact of finite-sample noise.

For clarity, the paper’s contributions can be summarized as follows:
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¢  Design-consistent hybrid modeling: We integrate Bayesian pseudo-likelihood with a
multilevel random-effects structure that includes both substantive domains (states)
and nuisance design features (strata/PSUs).

*  Probability-scale variance decomposition: We target finite-population between- and
within-domain variance components directly on the probability scale, enabling direct
policy interpretation.

*  Dual Estimand Framework: We distinguish policy-relevant state heterogeneity (Es-
timand A) from realized descriptive variance (Estimand B), using their gap to diag-
nose informativeness.

e  Explicit de-attenuation with uncertainty propagation: We incorporate a method-of-
moments correction (Estimand A*) to remove finite-sample variance inflation while
retaining coherent posterior uncertainty.

*  Open-source software implementation: We provide the bhfvar R package (ver-
sion 0.3.0) (https:/ /joonho112.github.io/bhfvar/, accessed on 28 January 2026) which
implements the complete framework with user-friendly functions for data preparation,
model fitting, and estimand computation, enabling researchers to readily apply these
methods to their own complex survey data.

Our empirical focus is on subsidy participation among listed home-based providers
in the 2019 NSECE. Specifically, states vary in their policies related to child care subsidies,
federal funds awarded to states through the CCDF to help lower-income families pay
for child care, and these policy differences may relate to child care providers’ decisions
to participate in the child care subsidy program. Using an NSECE-based simulation
design that preserves the actual state-stratum—PSU skeleton, we evaluate the performance
of the Bayesian Hybrid Framework relative to standard alternatives. We then apply the
framework to the NSECE data to answer a concrete policy question: How much substantive
variation in subsidy participation across states remains once the influence of the complex
sample design and finite-sample noise is removed? Formally, the paper is organized around
three research questions:

1.  Validity and design consistency. Under complex multistage designs where states
are not sampling strata and sampling may be informative, can the Bayesian Hybrid
Framework recover finite-population between-state variance on the probability scale
with negligible bias, and how does its performance compare to standard alternatives?

2.  Disentanglement and interpretation. How should we define and interpret mul-
tiple notions of “between-state variance” under informative sampling, and to
what extent do design features inflate or distort the apparent magnitude of state-
level heterogeneity?

3. Bias correction and precision. To what degree does finite-sample noise in small do-
mains inflate between-state variance estimates, and can an integrated de-attenuation
strategy (Estimand A*) improve the bias—variance trade-off beyond what is achieved
by Bayesian shrinkage alone?

The remainder of the paper proceeds as follows. Section 2 formalizes the target finite-
population variance decomposition and the statistical challenges of informative sampling
and variance inflation. Section 3 introduces the Bayesian Hybrid GLMM, detailing the BPL
construction, the hybrid random-effects structure, and the centering strategies that ensure
identifiability. Section 4 develops the Dual Estimand Framework and defines Estimands
A, A*, and B. Section 5 presents the NSECE-based simulation study. Section 6 applies the
framework to the 2019 NSECE data to quantify state-level heterogeneity in subsidy receipt.
Section 7 concludes with methodological implications, substantive findings for ECE policy,
and practical guidance for applied researchers.

https:/ /doi.org/10.3390/math14030512


https://joonho112.github.io/bhfvar/
https://doi.org/10.3390/math14030512

Mathematics 2026, 14, 512

5o0f 47

2. The Statistical Challenge: Domain Estimation and Variance Inflation

In this section we formalize the statistical problem that arises when analysts wish to
decompose variation across domains (states) that were not explicitly built into the complex
survey design. The target is a population-level variance decomposition across states; the
obstacles are (i) a multistage, stratified, clustered design that induces informative sampling
with respect to the outcome, and (ii) finite-sample variance inflation when some state
samples are very small, as in the NSECE listed home-based provider sample.

2.1. Formalizing the Population Structure and Variance Decomposition

Let U denote a finite target population of size N. For uniti € U, letY; € {0,1}
be the outcome of interest (e.g., an indicator of subsidy receipt for provider i), and let
S;i € {1,...,5} denote the state membership of unit i. In the NSECE application, I/ is the
population of listed home-based providers in the U.S., and S = 51 indexes the 50 states
plus the District of Columbia [11].

Let Ns = Y.y 1(S; = s) be the number of units in state s, and 7, = N;/N the
population share of state s. Define the finite-population state mean ps = N; ! Yisi—s Yi,
and the overall mean p = Y2_, 71, ps.

If we view S as a random label taking value s with probability 7zs, the law of total

variance yields
Var(Y) = Varg{E(Y | S)} + Es{Var(Y | S)}. (1)

For binary Y, E(Y | S =s) = ps and Var(Y | S = s) = ps(1 — ps). Hence

Var(Y) = Es{ps(1 — ps)} + Vars(ps), (2)

where
U&vithin = ES{pS(l - Ps)}/ Uﬁetween = VarS(PS)

denote, respectively, the within-state and between-state components of the population
variance on the probability scale.

A convenient summary of the relative importance of state-level heterogeneity is the
finite-population analogue of an intraclass correlation coefficient (ICC),

%,

— etween

Pstate = ) n o2 . (3)
between within

Remark (Probability-scale decomposition). We emphasize that our variance decom-
position targets the probability scale rather than the latent (logit) scale commonly used
in GLMM analyses. This choice is deliberate for two reasons. First, variance components
on the latent scale lack direct interpretability; they can only be compared as ratios to the
logistic distribution’s inherent variance (712 /3 ~ 3.29), yielding ICCs that do not translate
to meaningful policy magnitudes. Second, and more importantly, policy questions are
naturally framed in terms of probabilities: “How much do subsidy participation rates vary
across states?” is answered directly by 0., .., on the probability scale, which captures dif-
ferences in percentage points. A between-state standard deviation of 0.05 on the probability
scale, for instance, implies that states differ by roughly 5 percentage points on average—a
quantity with immediate policy relevance.

Equations (1)—(3) define the population estimands of interest. In particular, ‘Tgetw cen @nd
Pstate quantify how much of the overall heterogeneity in subsidy receipt is attributable to
systematic differences across states, as opposed to heterogeneity among providers within
states. The rest of the section shows why these apparently simple quantities become non-
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trivial to estimate under a complex national survey design that does not treat states as
design strata.

The finite-population quantities defined in Equations (1)~(3) provide clear targets for
inference. However, obtaining valid estimates of these quantities from complex survey data
introduces two fundamental challenges, which we address in turn: the design-induced
confounding between substantive and sampling-related variation (Sections 2.2 and 2.3) and
the inflation of apparent between-domain heterogeneity by finite-sample noise (Section 2.4).

2.2. Complex Multistage Sampling and Domain Estimation

Let § C U denote the sample of size n obtained from a multistage, stratified, clustered
design. In a design such as NSECE, the first stage selects primary sampling units (PSUs),
often counties or county clusters, within sampling strata indexed by h = 1, ..., H (defined
by geography and socio-demographic characteristics such as child poverty rates). At
subsequent stages, secondary sampling units and, ultimately, individual providers are
sampled within the selected PSUs. Listed providers are drawn from administrative frames
(licensing and registry lists) restricted to the sampled geographic units.

Let ; = Pr(i € S) denote the inclusion probability for unit i, and w; = 1/7; the
corresponding design weight. In the NSECE, these weights incorporate the multistage
selection probabilities, adjustments for nonresponse, and post-stratification or raking to
population controls [22]. Crucially, states are not design strata: strata often cross state
boundaries, and states spread across several strata. Consequently, the state-specific sample
size ns = Y ;cs 1(S; = s) is itself random, ranging from 1 to several hundred in the listed
provider sample.

For a given state s, a standard design-consistent estimator of the finite-population
proportion ps is the ratio (Horvitz-Thompson/Hdjek) estimator [31]

HT  Lies WiYi1(S; =s)
ps = - — .
ZieS wzl(sz - S)

(4)

Under the randomization distribution induced by the sampling design, pt!T is design-
unbiased (or asymptotically design-consistent) for ps provided all units in state s have
positive inclusion probability.

The overall proportion can be estimated by the weighted mean

where 7t; = (Lics wi1(S; = 5)) / Lics w; is the estimated population share of state s.
A natural design-based analogue of the population between-state variance in (2) is
then the weighted sample variance of the estimated state means,

S

N A [ A A\ 2
al%etween = Z TTs (pSHT - p) . (6)
s=1

If the pHT were known without error, 62, .., would be a plug-in estimator of 0 een-
In reality, however, each pliT is itself subject to design-based sampling variability that can
be large when 7, is small, and the design structure (strata and PSUs) introduces additional
dependence that must be accounted for.

The design-based estimators in Equations (4)—-(6) provide the foundation for domain-
level inference. However, their validity depends critically on how the sampling design

relates to the outcome of interest—a relationship we formalize next.
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2.3. The Challenge of Informative Sampling

The first conceptual challenge is informative sampling. Broadly, a design is non-
informative for Y if, conditional on the analytical domains and any covariates included in
the model, the inclusion probabilities do not depend on the outcome [22,32,33]. In contrast,
under informative sampling, units with certain values of Y are systematically more or less
likely to appear in the sample, even after conditioning on the domains.

One way to formalize this is to consider the conditional expectations. Sampling is
non-informative at the domain level if

E(Yl"iES,Si:S):E<Yi|Si:S) for all s, (7)

that is, the sample mean within state s equals the population mean within s in expectation.
When E(Y; |i € S,S; =s) # E(Y; | S; = s), the design is informative, and analyses that
ignore the design will generally be biased [33-35].

In the NSECE, oversampling of low-income and high-provider-density areas is likely
to induce informativeness for subsidy receipt. If low-income PSUs are more likely both to be
sampled and to contain providers with higher probabilities of subsidy receipt—regardless
of which state they belong to—then the distribution of Y in the sample differs systematically
from that in the population, even within a given state.

Let H; and J; denote the stratum and PSU to which unit i belongs. The variance of Y
can be decomposed further by inserting these design features into the law of total variance:

Var(Y) = Vars{Ey js[E(Y|S, H,])]}

8)
+ Es{Vary ;s[E(Y|S, H,])|} + Es,p,;{Var(Y|S, H,]) }.

The first term represents the between-state variance in the mean outcome after aver-
aging over the design structure within each state; this is the object most closely aligned with
policy-relevant “state effects.” The second term captures additional between-PSU /stratum
heterogeneity within states, and the third term captures residual individual-level variation.
If a model uses only state indicators and ignores the design structure (H, J), the estimated
“between-state” component risks absorbing some of the variability attributable to the design,
leading to distorted estimates of Uﬁetw cen ANd Pstate-

This observation motivates the modelling strategy adopted later: explicitly include
random effects for strata and PSUs, so that state-level variation is defined conditional on the
design-induced clustering.

The preceding discussion establishes that ignoring the design structure leads to con-
founded variance estimates under informative sampling. A distinct but equally important
challenge arises from the finite sample sizes within domains, which we address in the
following section.

2.4. The Challenge of Finite-Sample Bias (Variance Inflation)

A second, distinct challenge is finite-sample bias in 02, .., when some domains are
small. Even if the design were non-informative in the sense of (7), replacing the unknown
ps in (2) with noisy estimators plIT leads to an upwardly biased estimate of between-state
variance, because the sampling variability of the pHT is itself treated as signal.

To see this heuristically, write pIT = ps + e, where Egesign(es) = 0and Vargesign (€5) = Vs,
the design-based variance of the state estimator. In practice, Vs can be estimated via Taylor
series linearization or replication methods (jackknife, balanced repeated replication, or boot-
strap). We employ Taylor linearization, which is computationally efficient and yields similar
results to replication methods for ratio estimators under typical survey conditions [31]. The
choice is implemented via standard survey software (the survey package in R). Replication
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methods may be preferred when the estimator involves highly nonlinear transformations,
when replicate weights are provided with the data, or when explicit variance estimates
for complex functionals are required. Importantly, our framework only requires a design-
consistent estimate of V;; thus, replication-based estimators can be substituted for Taylor
linearization when appropriate without altering the methodological framework.
Substituting into (6) and taking expectations over the sampling design yields

S

) 2
Edesign [Ubetween] ~ Opetween T Z 75 Vs. )]
s=1

The first term is the true between-state variance defined in (2), while the second term
is the average sampling variance of the state estimates, weighted by the population shares ;.
Equation (9) shows that the naive between-state variance estimator conflates substantive
heterogeneity across states with sampling noise.

When state samples are small or highly variable—precisely the situation in the NSECE
listed provider sample, where some states have only one or two providers—the contribution
of Y5 715 Vs can be large relative to 0., oon- A cOnvenient way to express the magnitude of
this distortion is via an inflation factor,

Edesion | 02 S V.
Inflation Factor = M ~1+ # (10)
Thetween Thetween

In our motivating application, this factor can comfortably exceed 1.5 when the true
between-state variation is modest but sampling variances in small states are large.

A simple method-of-moments correction subtracts an estimate of the average sampling
variance from the naive estimator,

S
) o a0 ~
Ubetween, de-att — Max { O, Ubetween - Z TTs Vs }/
s=1

where V; is a design-based estimate of V; obtained from Taylor linearization or replica-
tion methods. This de-attenuated estimator directly targets 02, ..., but it treats the V; as
known and does not propagate uncertainty. The Bayesian multilevel approach developed
in Section 3 can be viewed as a principled, model-based analogue that simultaneously
(i) separates state effects from design-induced clustering and (ii) accounts for finite-sample
noise in the state estimates when decomposing variance across states. Design-based alter-
natives for variance component estimation have been proposed [36], but these moment-
based approaches do not provide the coherent uncertainty quantification offered by our
Bayesian framework.

3. The Bayesian Hybrid Framework

To address the statistical challenges detailed in Section 2—namely, informative sam-
pling (Section 2.3) and finite-sample variance inflation (Section 2.4)—we propose a Bayesian
Hybrid Framework. This approach integrates design-based principles within a model-
based structure, aiming to achieve design consistency while leveraging the strengths of
Bayesian multilevel modeling for variance decomposition and stabilization of small-domain
estimates. The framework is “Hybrid” in two key respects: first, it employs a pseudo-
likelihood to incorporate survey weights; second, it simultaneously models substantive
domain effects (states) and nuisance design effects (strata and PSUs) to correctly partition
the variance.

Before detailing each component, we summarize the Bayesian Hybrid Framework as
a four-step procedure:

https:/ /doi.org/10.3390/math14030512


https://doi.org/10.3390/math14030512

Mathematics 2026, 14, 512

9of 47

1. Weight Preparation: Normalize survey weights so that } ;cc w; = n, preserving
relative importance while stabilizing variance estimation (Section 3.1).

2. Model Specification: Specify the Hybrid GLMM with random effects for substantive
domains (states) and design features (strata, PSUs) simultaneously (Section 3.2).

3.  Centering for Identifiability: Apply population-weighted centering for state effects
and within-group centering for PSU effects to ensure the intercept represents the
population mean and variance components are correctly partitioned (Section 3.3).

4.  Posterior Estimation and De-attenuation: Estimate the pseudo-posterior via MCMC,
compute the Dual Estimands (A, A*, B) at each iteration, and optionally apply explicit
de-attenuation to correct residual finite-sample noise (Section 3.4).

This workflow is implemented in Stan; full code is provided in Appendix B and at the
public repository (https://github.com/joonho112 /bpl-variance-decomposition, accessed
on 28 January 2026). The bhfvar R package (version 0.3.0) (https://joonho112.github.io/
bhfvar/, accessed on 28 January 2026) provides a user-friendly interface for implementing
this framework.

3.1. Bayesian Pseudo-Likelihood (BPL) for Design Consistency

When a sampling design is informative, the distribution of the outcome in the sample
systematically differs from that in the population (see Equation (7)). Consequently, standard
likelihood-based inference will yield biased estimates of population parameters.

To achieve design consistency, we must incorporate the sampling weights into the
estimation procedure. In a frequentist context, this leads to pseudo-maximum-likelihood
estimation (PML) [22,23,37-39]. We adopt the Bayesian analogue, the Bayesian pseudo-
likelihood (BPL), following the framework developed by Savitsky and Toth [15], who
established the theoretical foundations for pseudo-posterior inference under informa-
tive sampling.

A standard Bayesian analysis yields a posterior distribution

P(8|Y) x P(Y | 8) P(0).

The BPL approach modifies the likelihood contribution of each sampled unit i by
weighting it with the survey weight w; [see also ref. [30] for a comprehensive treatment of
uncertainty quantification in this framework]. The resulting pseudo-posterior distribution
is defined as

PppL(0 | Y, w) o LppL(Y | 6) P(6), (11)

where the Bayesian pseudo-likelihood Lgpy, is given by

Loer (Y | 0) = [T(P(¥; | 0)]"". (12)
i€S

Here, w; denotes the scaled survey weight for unit i. The incorporation of weights
adjusts the inference to reflect the target population structure.

Crucially, in multilevel models, the absolute scale of the weights w; matters. As
detailed by Rabe-Hesketh and Skrondal [22], the magnitude of the weights affects the
“apparent” sample size within clusters. If raw weights are used and their sum greatly
exceeds the actual cluster size, the estimation procedure may misallocate variance between
levels, often overestimating between-cluster variance components.

To mitigate this bias and ensure computational stability, we normalize the weights
w; used in the likelihood such that their overall mean is one (i.e., }_; w; = n) [22]. This
normalization, also employed by Savitsky and Toth [15], preserves the relative importance
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of the observations while stabilizing the estimation of the variance parameters and ensuring
that the total posterior variance is regulated by the effective sample size.

3.2. The Hybrid GLMM Specification

We specify a generalized linear mixed model (GLMM) for the binary outcome Y; (e.g.,
subsidy receipt). The core of the Hybrid approach is the simultaneous inclusion of random
effects for both the substantive domains and the survey design features.

The model is defined on the logit scale—it is worth noting that for nonlinear link
functions such as the logit, the conditional (cluster-specific) regression coefficients differ
from the marginal (population-averaged) effects. As Rabe-Hesketh and Skrondal [22]
emphasized, this distinction becomes critical when level-1 weights are used: the regres-
sion coefficients and random-intercept variance are intrinsically linked, so that scaling
of weights can induce multiplicative bias in the conditional effects even when marginal
effects remain relatively stable. Our framework primarily targets variance decomposition
on the probability scale, which corresponds more closely to marginal interpretations. The
probability of a positive outcome for unit i, conditional on the random effects u, is modeled
as [40]

1Ogit{P(Yi =1 u)} =ni=uat Ustate]i] + Ustratumli] + Upsuli]- (13)

The linear predictor #; is composed of:

*  «: the global intercept (representing a population-weighted average);
®  lUggel: the substantive random effect for the state of unit i;

®  Ugrarum|] and Upgy(): the design random effects for the stratum and the primary
sampling unit (PSU) of unit i.

We assume these effects are realizations from normal distributions with respective

o2

. 2
variances oy stratum-

2
tates and Upsu'

By explicitly including ustratum and upsu, the model partitions the total variance into
components attributable to the sampling design and the component attributable to system-
atic differences between states. This directly addresses the challenge raised in Section 2.3:
the estimated state effects u,[;; now capture the variation across states conditional on the
design structure, preventing the confounding of design-induced clustering with substantive
state heterogeneity (Equation (8)) [21].

The Bayesian framework requires specification of prior distributions for all parameters.
Following recommendations for variance parameters in hierarchical models [41], we place
weakly informative half-Student-t priors on the standard deviation parameters:

Ostate, Ustratum, Opsu ™~ half’t(V =3,5 = 2~5)~

These priors place substantial mass near zero while allowing for larger values if
supported by the data, providing regularization without imposing strong prior beliefs
about the magnitude of variation. For the global intercept «, we use an informative normal
prior centered at the design-weighted overall logit of the outcome, with a moderately wide
standard deviation (e.g., ¢ = 0.5 on the logit scale). This prior encourages consistency with
the design-based national estimate while remaining sufficiently diffuse to allow updating
from the data. The standardized random effects receive standard normal priors as part
of the non-centered parameterization (see Section 3.3). Full prior specifications and Stan
implementation details are provided in Appendix B. A sensitivity analysis examining
alternative prior specifications is presented in Appendix C, demonstrating that conclusions
are robust to this choice.
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3.3. Handling Complex Hierarchies and Identifiability

The structure of the NSECE data involves complex relationships. States and strata are
crossed—strata may cross state boundaries. In contrast, PSUs are strictly nested within strata
(PSU C stratum) [11]. The model must account for this structure while ensuring parameter
identifiability through centering techniques.

We employ two key constraints.

3.3.1. Within-Group Centering for Nested Effects (PSU C Stratum)

To correctly partition the variance, we employ within-group centering, constraining
the PSU effects to average zero within each stratum h:

E[upsum | stratum[j] = h] =0 forall h. (14)

This ensures that uy, ;] represents the deviation of PSU j from its stratum average.

psul

3.3.2. Population-Weighted Centering for Substantive Effects (States)

To ensure that the global intercept « corresponds to the overall population mean (on
the logit scale), the state effects must be centered relative to the population distribution. We
impose a soft sum-to-zero constraint weighted by the known population shares 75 (defined
in Section 2.1):

S
Z Tl ustate[s] =0. (15)
s=1

This population-weighted centering aligns the model’s intercept with the target finite-
population quantity.

3.3.3. Implementation via Non-Centered Parameterization

We implement these constraints efficiently through a non-centered parameteriza-
tion [42]. We first define standardized random effects z ~ N(0,1) for all levels. The
centered effects are then constructed deterministically.

For state effects, the population-weighted centering is achieved by

S
Ustate[s] = Ustate (Zstate[s] - 2 TTs! Zstate[s’]) : (16)
s'=1

For PSU effects, we use a flattened index j across all strata for computational efficiency.
The within-group centering is achieved by

Upsu[j] = Opsu (Zpsu[]'] - Zstratum[h(j)])f (17)

where h(j) denotes the stratum of PSU j, and zZ is the mean of the standardized

stratum [h]

PSU effects within stratum /. This approach improves MCMC sampling efficiency while
ensuring the identifiability and interpretability of the variance components.

3.4. Integrated De-Attenuation Strategies

The framework addresses the finite-sample variance inflation bias described in
Section 2.4—where sampling noise inflates estimates of between-state variance—through
both implicit and explicit mechanisms.

3.4.1. Implicit De-Attenuation via Bayesian Shrinkage

The Bayesian multilevel structure naturally induces partial pooling or shrinkage. For
states with small samples n; or high design-based variance Vs, the estimate is pulled
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strongly toward the global mean. This stabilizes the estimates for small domains. Conse-
quently, the variance of the posterior estimates of the state means is inherently smaller than
the variance of the raw design-based estimators pt!T. This model-based stabilization im-
plicitly reduces the contribution of sampling noise to the estimated between-state variance
(Equation (9)), thereby mitigating the inflation bias.

3.4.2. Explicit De-Attenuation (Method-of-Moments Correction)

While Bayesian shrinkage provides a robust approach, the framework allows for an
optional, explicit correction analogous to the design-based method-of-moments estimator
(Section 2.4).

First, we calculate the model-based between-state variance on the probability scale.
This involves transforming the state effects from the logit scale (setting design effects to
zero) and calculating their population-weighted variance:

S

~2 _ ~model amodel | 2
Ubetween, model — Z 7TS< s —P ) ’ (18)
s=1
PN —1 2 ~
where podel = Jogit ™! (a + Ustate[s)) and pmodel — Zle 7 prmodel,

Next, we subtract the estimated average design-based sampling variance, using pre-
computed estimates V; obtained via standard survey methods (e.g., Taylor linearization):

S
~2 _ ~2 i7
Ubetween, de-att — max{O, abetween, model Z 7ts Vs } (19)
s=1

By integrating this correction within the Bayesian estimation procedure (e.g., at each
MCMC iteration), we properly propagate the uncertainty of the model parameters into
the final de-attenuated estimate, providing a principled measure of the true substantive
heterogeneity across states.

4. Defining and Interpreting the Target Estimands: The Dual
Estimand Framework

The Bayesian Hybrid Framework detailed in Section 3 provides a unified model that
simultaneously estimates substantive domain effects (states) and nuisance design effects
(strata and PSUs). However, once the model is estimated, translating the latent (logit)
scale parameters into a decomposition of variance on the probability scale requires careful
consideration of the target estimand. When a complex sampling design is informative
(Section 2.3), the concept of “between-state variance” is inherently ambiguous. The ob-
served variation across states is a mixture of true substantive differences and artifacts
induced by the specific distribution of design features within those states.

To address this ambiguity and provide comprehensive insights, we introduce the Dual
Estimand Framework. This framework distinguishes between a substantive quantity that
isolates policy-relevant state heterogeneity and a descriptive quantity that captures the
total observed variance landscape.

4.1. The Ambiguity of “Between-State Variance”
Recall the fitted Hybrid GLMM (Equation (13)):

i =a+ Ustateli] + Ustratum]i] + Upsuli]-

The model successfully partitions the variance on the latent scale. However, to perform
the population-level variance decomposition on the probability scale (Section 2.1), we must
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define the state-level mean probability p;. This requires a decision on how to handle the
design effects ustratum and upsy.

If the design is informative—meaning design features are correlated with the outcome—
the distribution of these effects systematically differs across states. For example, if one
state happens to contain a disproportionate number of PSUs from a high-outcome stratum,
the observed mean in that state will be elevated due to the design, not solely due to
state-level factors.

This leads to two distinct interpretations of “between-state variance”:

1. Substantive interpretation (the policy question). How much would the outcomes vary
across states if we could conceptually neutralize the effects of the sampling de-
sign? This isolates the variation attributable purely to state identity (e.g., poli-
cies, economies).

2. Descriptive interpretation (the data landscape). How much do the average outcomes vary
across states in the actual population, given their specific composition of strata and
PSUs? This captures the total observed heterogeneity.

The Dual Estimand Framework explicitly targets both interpretations by defining two
distinct estimands, A and B, calculated during the posterior summarizing phase (e.g., at
each MCMC iteration).

4.2. Estimand A (State-Only): The Policy Estimand

Estimand A aims to isolate the substantive heterogeneity across states. We refer to this
as the Policy Estimand because it focuses on the variance attributable purely to state identity,
which is often the primary interest for policy evaluation.

Definition. To calculate Estimand A, we marginalize the design effects. This is achieved
by setting the realized stratum and PSU effects to their expected value, which is zero
(due to the centering constraints in Section 3.3). The state-specific mean probability under

Estimand A, p§A>, is defined using only the global intercept and the state random effect:

p£A> = logit71 (‘X + ustate[s])' (20)
Itis crucial to emphasize that 1,5 is estimated from the full Hybrid model, meaning
the variance has already been partitioned against the design effects during estimation.
Equation (20) then calculates the resulting probability while neutralizing the contribution
of those design effects in the posterior calculation.
Variance decomposition. We apply the law of total variance (Equation (2)) using the
probabilities pgA). The variance components are calculated by weighting the states by their
population shares 7;:

Ul:zyetween,A = Varg (pgA)) = Z TTs (pgA) - ﬁ(A))2/ (21)
s=1
S
Oaithin g = Es [PgA)(l - PgA))} =) 7 PgA) (1- PgA))/ (22)
s=1

@

Interpretation. Estimand A provides a “purified” measure of state heterogeneity. It
answers the question: How much do states vary if we conceptually equalize the distribution of
design strata and PSUs across states? By setting the design effects to zero, we remove the

where p4) = Y5 | myps” is the overall population mean under this estimand.

variation induced by the specific realization of the sampling design. This yields a conserva-
tive, policy-relevant measure of the structural differences between states. Furthermore, as
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introduced in Section 3.4, Estimand A can be explicitly de-attenuated (Estimand A*) by sub-
tracting the average design-based sampling variance, providing the most rigorous measure
of true structural heterogeneity, net of both design artifacts and finite-sample noise.

4.3. Estimand B (Full-Design): The Descriptive Estimand

Estimand B aims to describe the total observed variance landscape, incorporating the
heterogeneity induced by the complex survey design. We refer to this as the Descriptive
Estimand as it characterizes the data structure and is closer to traditional design-based
variance concepts.

Definition. Estimand B incorporates the realized design effects. We first calculate the
individual-level probabilities p; using the full linear predictor:

pi = logit_l (“ + Ustateli] + Ustratumli] + upsu[i])' (23)
To obtain the state-level mean pr), we must average these individual probabilities
within each state, reflecting the population structure. We achieve this via a weighted
mixture, using the scaled survey weights w; (used in the pseudo-likelihood, Section 3.1) as
internal weights:
Lis;=s Wi Pi

(B)
ps (pl | 1 ) Zi:si:s wl*

(24)
This represents the model-based estimate of the finite-population state mean, accounting
for the realized design structure within the state.

Variance decomposition. The between-state variance is the population-weighted variance

(5),

of the state means p;

Retweens = Vars(p¥) = Y m(p® — p®)?, (25)

s=1
where p(B) = 5 7. plP).
The within-state variance 02, , is the expectation Eg{Var(Y | S)}. For a mixture
distribution within state s, this consists of two parts:

Var(Y | S =s) = Ej;[pi(1 - pi)] + Varys(pi)- (26)

The first term is the average binomial variance. The second term, Var;/,(p;), captures
the mixture variance—the heterogeneity among individuals within the state induced by the
variation in design effects. The overall within-state variance is the population-weighted
average of these components:

S
Taithing = Z; nS{Ei|s pi(1—pi)] + Vari|s(Pi)}- (27)
5=

The expectations and variances in (26) and (27) are calculated using the weighted
mixture approach analogous to Equation (24).

Interpretation. Estimand B represents the total geographic heterogeneity present in
the population as structured by the design. It answers the question: How different are the
states in practice, given their actual composition of strata and PSUs? This estimand is useful
for descriptive analyses that aim to quantify the total imprint of state differences on the
observed data.
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4.4. Diagnosing Informative Sampling

The Dual Estimand Framework not only provides nuanced measures of variance but
also serves as a powerful diagnostic tool for detecting informative sampling (Section 2.3).

If the sampling design were non-informative, the design effects would be orthogonal
to the outcome, conditional on the state. In such a scenario, Estimand A and Estimand B
would converge. When they diverge, it indicates that the design features are systematically
correlated with the outcome.

We can diagnose the extent of informative sampling by comparing the results:

1. Comparing overall means (5(4) vs. 5(B)). p(B) represents the design-consistent

estimate of the population mean, incorporating realized design effects. p(4)

represents
the mean when those effects are marginalized. A significant difference indicates that
the sampling design systematically captured areas where the outcome is higher or
lower than what state identity alone would predict. For example, if 5(8) > 5(4), it
suggests the design oversampled areas (PSUs/strata) with higher outcome rates.

2. Comparing variance components. A large discrepancy between Uﬁem een 4 and
Ugetween,B (typically the latter being larger) indicates that the design structure sig-
nificantly contributes to the observed geographic heterogeneity. If the descriptive
variance (B) is substantially larger than the policy variance (A), it implies that much
of the apparent difference between states is attributable to the confounding effects of
the sampling design rather than pure state-level effects.

The divergence between Estimand A and Estimand B quantifies the impact of the
informative design and validates the necessity of the Hybrid Framework for correctly
separating substantive signal from design-induced noise.

4.5. Practical Guidance for Estimand Selection

In applied research, the choice among estimands depends on the research question.
Table 1 summarizes practical guidance for selecting the appropriate estimand.

Table 1. Practical guide for selecting among Estimands A, A* and B.

Estimand Research Question Recommended Use

Descriptive monitoring; equity

- “How different are states in practice, ~assessments; characterizing total
B: Descriptive

given their actual composition?” geographic heterogeneity as
experienced
“How much variation is attributable = Policy evaluation; isolating
A: Policy to state identity, net of design structural state differences;
artifacts?” comparing states on equal footing

Rigorous policy analysis; contexts
with small/unequal domain
samples; primary recommended
estimand

“What is the true substantive
A*: De-attenuated between-state variance, net of both
design and sampling noise?”

We recommend reporting both A* and B in applied analyses. The gap between them
(B — A¥) serves as a diagnostic for the combined impact of informative sampling and
finite-sample variance inflation. When this gap is large, as in our NSECE application, it
signals that naive analyses would substantially overstate the role of domain-level factors.
Section 7.3 provides a complete workflow for applied researchers.

5. Simulation Study

We conducted an extensive simulation study to evaluate the empirical performance
of the proposed Bayesian Hybrid Framework. The primary objectives were to assess its
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ability to recover the true substantive between-state variance (U‘tzaetw cen) Under conditions
mimicking the NSECE, specifically addressing the challenges of informative sampling
(Section 2.3) and finite-sample variance inflation (Section 2.4).

5.1. Simulation Design and Setup
5.1.1. Data-Generating Process (DGP)

The simulation design is constructed by utilizing the empirical design skeleton of the
NSECE analytic sample. We preserved the actual hierarchy of states (S = 51), strata (H),
and primary sampling units (PSUs), along with the original survey weights and cluster
memberships. This approach replicates the realistic challenges of the NSECE, including the
crossed structure of states and strata and the highly unequal domain (state) sample sizes.

Within this fixed design structure, we generated new binary outcomes Y; according to
a generalized linear mixed model (GLMM) on the logit scale, consistent with the Hybrid
model specification (Equation (13)):

logit{P(Yi = 1)} =a+ Ustateli] + Ustratumli] + Upsuli]-

Random effects were drawn from normal distributions:

Ustate ~ N (O, U:;Ztate)r Ustratum ~ N (0, Usztratum)r Upsu ~ N(O, U}%su)r

and the global intercept was fixed at « = —1.5.

To ensure identifiability and interpretability of the population parameters, we ap-
plied centering constraints during the DGP, analogous to those in Section 3. In par-
ticular, state effects were centered using the empirical state population shares 75 such
that ) 7Tstgpaees) = 0. Stratum and PSU effects were mean-centered within their respec-
tive levels.

The target estimand, or “ground truth”, was the substantive population between-state
variance on the probability scale. This was calculated by transforming the realized state
effects to the probability scale (marginalizing design effects, analogous to the definition
of Estimand A in Section 4) and computing their population-weighted variance as in
Equation (21).

5.1.2. Manipulated Factors and Scenarios

We implemented a 2* factorial design, resulting in 16 unique scenarios. This design
crossed four factors to test the methods across a range of realistic conditions, summarized
in Table 2.

1. Variance magnitudes. We varied the standard deviations of the random effects on
the logit scale. We crossed two levels of state variance (0state € {0.3,0.6}) with two levels
each for stratum variance (Cstratum € {0.4,0.7}) and PSU variance (0psu € {0.5,0.9}).

2. Informative sampling. We manipulated the relationship between the sampling design
and the outcome (Pinform € {0,0.5}).

*  Non-informative (Pinform = 0): The original weights were used, independent of the
outcome realization.

*  Informative (Oinform = 0.5): We induced a correlation between the stratum random
effects and the inclusion probabilities by adjusting the weights using an exponential
tilting mechanism (cf. the stratification-based informativeness in) [22,43],

adj
w; T xw; X exp(_Pinform ) ustratum[i]) :
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When pinform > 0, this mechanism increases the weights for units in strata with nega-
tive realized effects (lower outcome prevalence) and decreases the weights for units in
strata with positive effects (higher outcome prevalence). This creates the confounding
between design features and outcomes described in Section 2.3. Importantly, the
outcome model itself remained unchanged; informativeness entered solely through
the adjusted survey weights.

We generated R = 100 independent replications for each of the 16 scenarios, resulting
in 1600 simulated datasets.

Table 2. Simulation design parameters and values.

Parameter Description Values
Ostate State effect standard deviation (substantive) {0.3,0.6}
Ostratum Stratum effect standard deviation (design) {04,0.7}
Opsu PSU effect standard deviation (design) {0.5,0.9}
Pinform Informativeness correlation parameter {0, 0.5}
Total scenarios Number of factorial combinations 16 (2%
Replications Number of replications per scenario 100

The parameter values in Table 2 were selected based on three considerations. First, the
variance magnitudes (Cstate, Ustratum, Opsu) Span realistic ranges informed by preliminary
estimates from the NSECE data and comparable survey analyses in the education policy
literature. The low /high levels capture conditions ranging from modest heterogeneity
(where detection is challenging) to substantial heterogeneity (where variance decompo-
sition is clearly warranted). Specifically, ostate € {0.3,0.6} corresponds approximately to
between-state ICCs of 2-10% on the latent scale, consistent with typical findings in social
policy research [44]. Second, the informativeness parameter pinform € {0,0.5} contrasts the
ideal scenario (noninformative sampling) with a realistically strong correlation between
design features and outcomes, reflecting the NSECE’s oversampling of low-income areas.
Third, we adopt a fixed-parameter factorial design rather than a fully stochastic simulation
(drawing parameters from priors at each replication) for three reasons: (i) fixed param-
eters enable controlled comparisons of estimator performance under known conditions,
facilitating interpretable bias and RMSE calculations; (ii) the 2* factorial structure allows
systematic assessment of main effects and interactions among the manipulated factors;
and (iii) computational feasibility, as each of the 1600 replications already requires fitting a
complex Bayesian model via MCMC. A fully stochastic design would average over these
conditions, obscuring specific scenarios where methods succeed or fail.

In the simulation study, we employ variational Bayes (VB) approximation for com-
putational tractability given the large number of replications. The real-data application in
Section 6 uses full MCMC sampling to ensure valid posterior uncertainty quantification.

5.2. Methods Compared and Evaluation Metrics
5.2.1. Estimation Methods

We compared five distinct approaches for estimating the between-state variance:

1.  Bayesian Hybrid (A). The Policy Estimand (Section 4). This is calculated from the
Hybrid GLMM (Section 3) using Bayesian pseudo-likelihood (BPL), relying on implicit
Bayesian shrinkage for stabilization.

2. Bayesian Hybrid (A*). The explicitly de-attenuated Policy Estimand (Sections 3 and 4).
This applies a method-of-moments correction by subtracting the average design-
based sampling variance (¥ 715175). The sampling variances V; were calculated via
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Taylor linearization within each simulation replication using the realized sample and
adjusted weights.

3.  Bayesian Hybrid (B). The Descriptive Estimand (Section 4), capturing the total vari-
ance landscape including realized design effects.

4. Naive MLM. A standard unweighted GLMM with only state-level random effects,
ignoring survey weights and the design hierarchy (strata/PSU).

5. Design-based. A standard ANOVA-type estimator, calculated as the weighted sample
variance of the Horvitz-Thompson estimators for state means (Equation (6)).

The three Hybrid estimands were computed using the same Stan model [45], fitted via
mean-field variational Bayes for computational efficiency across the 1600 simulations. The
Naive MLM was fitted using 1me4: : glmer, and the design-based estimator was computed
using the survey package in R [46].

5.2.2. Performance Metrics

Let 6, denote the true substantive between-state variance in replication r of a given
scenario, and 6,,, the corresponding estimate from method m. For each method and
scenario, we computed the Monte Carlo bias (accuracy) and root mean square error (RMSE,
overall efficiency):

1T& 5
Biasm = E Z (emr '9}')/
r=1
1 & . 2
RMSE, = | & Y (Bnr —6:)"
r=1

We also computed the Monte Carlo standard deviation (SD) of the estimates across
replications as a measure of sampling variability (precision). For readability, all metrics are
presented scaled by 10°.

5.3. Simulation Results

The results strongly validate the theoretical expectations established in Sections 24,
demonstrating the superior performance of the Bayesian Hybrid framework, particularly
Estimands A and A*, in recovering the substantive between-state variance under complex
survey conditions.

5.3.1. Overview of Performance and the Failure of Alternatives

Table 3 provides a quantitative summary of performance metrics aggregated across all
16 simulation scenarios. Figure 1 visualizes the bias and RMSE in key scenarios, contrasting
low versus high variance regimes and sampling designs.

The results demonstrate a clear hierarchy in performance. The Bayesian Hybrid Policy
Estimands (A and A*) consistently achieve the lowest RMSE (panel B of Figure 1) and
exhibit near-zero bias (panel A of Figure 1). Hybrid A* exhibits the lowest overall RMSE
across both non-informative (5.39) and informative (5.50) sampling designs (Table 3).

In contrast, the alternative methods exhibit substantial failures, confirming the theo-
retical challenges discussed in Section 2:

¢  Design-based estimator. This method shows severe positive bias (e.g., 19.65 under
non-informative sampling) and the highest RMSE (22.83). This empirically confirms
the variance inflation problem (Section 2.4), where sampling noise is conflated with
substantive signal (Equation (9)).

* Naive MLM. By ignoring the weights and the design structure, the Naive MLM
systematically overestimates the between-state variance (mean bias ~ 5.4). It fails to
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partition the variance correctly, confounding design-induced clustering with state-
level heterogeneity (Section 2.3).

*  Hybrid B (Descriptive Estimand). Hybrid B exhibits substantial positive bias (mean
bias ~ 12.0) relative to the substantive target. This is expected, as Estimand B targets
the descriptive variance, which includes realized design effects (Section 4).

Table 3. Summary of performance metrics by method and sampling design.

Non-Informative Sampling Informative Sampling
Method

Mean g, RMSE MAE ™"  gp RMSE MAE

Bias Bias

Bayesian Hybrid (A) —0.23 141 6.45 4.97 —0.66 1.39 6.55 5.12
Bayesian Hybrid (A*) —240 192 5.39 4.46 —2.62 194 5.50 4.60
Bayesian Hybrid (B) 12.35 3.10 13.55 12.36 11.73 2.84 1292 11.79
Naive MLM 546 2.63 6.58 5.64 542 2.64 6.56 5.66
Design-based 19.65 3.25 22.83 19.65 1448 212 1691 14.55

Note. All values are multiplied by 103 for readability. Mean and standard deviation (SD) are calculated across the
16 simulation scenarios. RMSE = root mean square error; MAE = mean absolute error.

5.3.2. Addressing Challenge 1: Mitigating Finite-Sample Variance Inflation

A key contribution of the Hybrid Framework is its approach to mitigating the upward
bias caused by noisy small-domain estimates (Section 2.4). The framework employs two
mechanisms: implicit shrinkage (Estimand A) and explicit de-attenuation (Estimand A*).

Estimand A, through Bayesian partial pooling, already mitigates much of the variance
inflation seen in the design-based approach (panel A of Figure 1). However, Estimand A
often retains a residual bias when sampling noise is substantial. Figure 2 illustrates the
effectiveness of the explicit de-attenuation in A*. Points below the diagonal indicate
scenarios where A* successfully reduced the magnitude of the bias present in A.

The red regression line (slope < 1) confirms that A* systematically reduces the mag-
nitude of the bias. This correction is effective across both low-variance (0state = 0.3) and
high-variance (0state = 0.6) regimes.

There is a trade-off: the explicit correction in A* introduces a slight negative bias on
average (Table 3), suggesting a tendency toward over-correction. However, this negative
bias is small relative to the positive bias of the alternatives, and A* ultimately achieves the
lowest overall RMSE (panel B of Figure 1), indicating that the bias reduction outweighs any
associated increase in variance.

5.3.3. Addressing Challenge 2: Sampling Distributions and Small Domains

Figure 3 visualizes the sampling distributions of the estimators in a challenging high-
variance scenario (0state = 0.6, Ostratum = 0.7, 0psu = 0.9). The distributions for Hybrid A
and A* are concentrated near the true value (red dashed line). Notably, both Hybrid
estimators exhibit pronounced positive skewness, characterized by long right tails; the
mean (blue line) is larger than the median (black line). This asymmetry is common for
variance estimators bounded at zero, particularly when stabilization mechanisms (such as
shrinkage in A or de-attenuation in A*) pull estimates toward the boundary.

In contrast, the design-based and Naive MLM estimators are substantially biased
upward and exhibit much higher variability. While their distributions appear relatively
symmetric—with the mean and median close together—they are centered far from the true
value. This demonstrates the inability of these alternative methods to effectively separate
substantive signal from sampling noise, resulting in systematic overestimation.

https:/ /doi.org/10.3390/math14030512


https://doi.org/10.3390/math14030512

Mathematics 2026, 14, 512 20 of 47

A. Bias in Key Scenarios
Points show mean bias with IQR

Non-informative Informative
15.00 4 T
-
HE
10.00 A
t ¢
5.00 1 5
~ ¢ . ’
S 0007 - + ———————————————————— . e
[%]
()
E
& 30.00 1
8
[an]
20.00 4 + &
¢ t |z
<
10.00 A + + )
5
(o]
000+ -~ @ - —--—-—=—==-— -4 - + ———————————————————— ®
-10.00 A
T T T T T T T T T T
D A Q) N > AN D N >
RS N » RS N »
N & R @ & ¥ & ¥ < <
R S & & S & S o & S
Xy .\,§ P K® P Py K®
S S . oS
< & < & & &
B. Root Mean Square Error
Error bars show +1 SE
sigma_state = 0.3 sigma_state = 0.6
25.000 A
&~ 20.000 1
o
-
& 15000
E
' 10.0004
=
[
5.000 1
0.000 -
6\\ 6\?{\ ; @ \’Q 0&6 -6® b\?{\ é@ \’é 'b&b
L & N ) 0 N N N @ X
D Q\:\é ‘2\%0 e’D\Q ,9\0? *3‘%0 Qﬁ‘o\ S V\Ib\\\ 9)\0?
& & & &* & & & &
& 2 & & & &
& <& P & o &

Sampling . Non-informative . Informative

Note: Low Variance: .=(0.3, 0.4, 0.5); High Variance: .=(0.6, 0.7, 0.9). Results from 100 replications per scenario.

Figure 1. Comparison of bias and root mean square error (RMSE) across estimation methods.
Panel (A) displays the mean bias with interquartile range across replications in key scenarios.
Panel (B) displays the RMSE, faceted by the magnitude of true state variance (0state). Error bars
show +1 standard error.
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Figure 2. Effectiveness of explicit de-attenuation: comparing bias in Estimand A* versus Estimand A.
Each point corresponds to a simulation scenario; points below the diagonal indicate a reduction in
bias magnitude through de-attenuation. The red line shows a linear fit with 95% confidence band.

5.3.4. Robustness to Informative Sampling and Bias—Variance Trade-Off

We next evaluate the performance of the methods when the sampling design is infor-
mative (Section 2.3). A robust method must account for the correlation induced between
the design features (strata) and the outcome via the weights.

Returning to Figure 1, we compare the results between the non-informative (0inform = 0)
and informative (0inform = 0.5) sampling panels. The Bayesian Hybrid Estimands (A and
A*) demonstrate remarkable stability: the shift in bias and RMSE when moving from
non-informative to informative sampling is minimal (Table 3). For example, the RMSE for
Hybrid A* only increases from 5.39 to 5.50.

This robustness is attributable to the two core components of the Hybrid Framework:
(i) the use of BPL (Section 3) incorporates weights to ensure design consistency, and (ii) the
explicit modeling of design effects (strata and PSUs) (Section 3) partitions the variance,
preventing design-induced heterogeneity from contaminating the substantive state effects.

The Naive MLM, lacking these protections, remains systematically biased under
informative sampling (mean bias of 5.42; Table 3), as it fails to correct for the systematic
differences between the sample and the population.

Figure 4 provides a synthesis of the overall performance by visualizing the bias—
variance trade-off across all 16 scenarios. The x-axis represents the absolute bias (accuracy),
and the y-axis represents the standard deviation across replications (precision). Superior
methods cluster near the origin.

The visualization clearly demonstrates the dominance of the Hybrid Policy Estimands.
Hybrid A (blue) and A* (yellow) consistently occupy the southwest region, indicating
optimal performance characterized by both low bias and low variance, regardless of
whether the sampling is informative (triangles) or non-informative (circles). The curve for
A* generally lies closer to the origin than A, confirming its superior RMSE performance.

The Naive MLM (red) exhibits moderate variance but significantly higher bias. The
design-based estimator (dark blue) is located far in the northeast region, characterized
by both high bias and high variability, illustrating the severe consequences of ignoring
finite-sample variance inflation.
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Sampling Distributions in High—Variance Scenario
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Figure 3. Sampling distributions of estimated between-state variance in a high-variance scenario
(0state = 0.6, Tstratum = 0.7, 0psu = 0.9). Black vertical lines indicate the median; blue vertical lines
indicate the mean; the red dashed line indicates the true population value.

Finally, the position of Hybrid B (grey) validates the Dual Estimand Framework
(Section 4). It exhibits higher bias relative to the substantive target (by definition) but
moderate variance. The consistent gap between the performance frontiers of A* and B
underscores the importance of distinguishing between policy-relevant variance (A*) and
the total descriptive variance (B).

The simulation study confirms the main theoretical claims of the paper. Under an
NSECE-like multistage design with highly unequal domain sizes and informative sampling,
the Bayesian Hybrid framework recovers the true substantive between-state variance with
negligible bias and substantially lower RMSE than widely used alternatives. Three key
findings emerge. First, finite-sample variance inflation is a severe issue for traditional
design-based estimators, but it is effectively mitigated by the Hybrid framework’s com-
bination of Bayesian shrinkage (Estimand A) and explicit de-attenuation (Estimand A*).
Second, robustness to informative sampling requires both appropriate weighting (BPL)
and explicit modeling of design features; the Hybrid framework successfully disentangles
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substantive variance from design-induced noise, while the Naive MLM fails to do so. Third,
the bias—variance trade-off strongly favors the Hybrid approach, particularly Estimand A*,
which consistently delivers the best overall performance across a wide range of scenarios.
These findings provide strong empirical support for using the Hybrid estimands when
analyzing domain-level variance in complex surveys.

Bias—Variance Tradeoff Across Methods
Closer to origin indicates superior overall performance

16.000

Method
12.000 4 -8 Bayesian Hybrid (A)

Bayesian Hybrid (A*)
&~ Bayesian Hybrid (B)
& Naive MLM

-8 Design—-based
8.000 A

Sampling

Standard Deviation (times 10°%)

® Non-informative

A nformative

4.000 A

0.000 5.000 10.000 15.000 20.000 25.000
Absolute Bias (times 10°%)

Note: Points represent individual scenarios; curves show loess—smoothed trends by method.

Figure 4. Bias—variance trade-off across methods for estimating between-state variance. Each point
represents a simulation scenario, with the x-axis showing absolute bias and the y-axis showing
standard deviation across replications. Proximity to the origin indicates superior overall performance
(lower mean squared error). Curves show loess-smoothed trends by method.

6. Application: State Variation in Subsidy Receipt Among Listed
Home-Based Providers

The simulation study presented in Section 5 validated the efficacy of the Bayesian
Hybrid Framework, demonstrating that Estimand A* robustly recovers the true substantive
between-domain variance under complex survey conditions characterized by informative
sampling and finite-sample noise—conditions where traditional alternatives fail. Building
on this validation, we now apply the framework to the 2019 National Survey of Early Care
and Education (NSECE) data [11]. This application aims to (1) estimate the substantive
between-state variance in subsidy receipt among listed home-based child care (HBCC)
providers, (2) empirically diagnose the extent of design complexities in the NSECE data,
and (3) interpret the substantive implications of the findings.

6.1. Data, Context, and Design Complexities

The analysis utilizes data from the 2019 NSECE, a nationally representative study
designed to characterize the supply of and demand for early care and education (ECE)
in the United States. We focus on the analytic sample of listed HBCC providers—those
identified through state and national administrative lists (e.g., licensing or registry lists).
This group represents the segment of HBCC most plausibly reachable by state policy levers.
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We exclude unlisted providers, as unlisted unpaid providers cannot accept Child Care and
Development Fund (CCDF) subsidies by definition, and very few unlisted paid providers
report subsidy revenue.

The outcome variable is a binary indicator of subsidy system participation (1 = yes,
0 = no), constructed based on whether the provider reported receiving govern-
ment subsidy payments for any enrolled children (derived from the NSECE variable
HB9_RVNU_GOVT_NUMCH_CCSUBS). Responses indicating the provider “does not receive pay-
ment from government sources” were coded as 0, while responses indicating “not enough
information to calculate” were treated as missing to ensure accuracy. After excluding
cases with missing data on the outcome, the analytic sample consists of N = 3603 listed
HBCC providers.

The NSECE employs a complex, multistage, stratified, and clustered sampling de-
sign [11]. Providers in the analytic sample are distributed across S = 50 states, H = 30
design strata, and | = 371 primary sampling units (PSUs). Table 4 summarizes the key
features of the design and the analytic sample.

Table 4. Descriptive statistics of the NSECE 2019 design and analytic sample (listed home-
based providers).

Statistic Value
Total observations (analytic N) 3603
Number of states (S) 50
Number of design strata (H) 30
Number of PSUs ()) 371
State sample size: minimum 1
State sample size: median 39.5
State sample size: maximum 688
Mean survey weight 21.79
Coefficient of variation of weights 1.84
Unweighted prevalence of subsidy receipt 26.9%
Design-weighted prevalence of subsidy receipt 24.7%

Note. The analytic sample includes listed home-based providers with non-missing data on subsidy receipt. S, H,
and | refer to the number of states, strata, and PSUs represented in the analytic sample.

The descriptive statistics highlight the statistical challenges formalized in Section 2.
First, the potential for informative sampling (Section 2.3) is suggested by the high coefficient
of variation (CV) of the survey weights (1.84). A high CV indicates unequal probabilities
of selection, resulting from the NSECE’s intentional oversampling of low-income areas.
The fact that the unweighted prevalence (26.9%) exceeds the design-weighted prevalence
(24.7%) is consistent with the sample over-representing providers in high-subsidy commu-
nities relative to their population share.

Second, the risk of finite-sample variance inflation (Section 2.4) is evident in the highly
unequal state sample sizes, ranging from a minimum of 1 to a maximum of 688, with a
median of only 39.5. States with very small samples will yield noisy design-based estimates,
necessitating methods that can stabilize these estimates and prevent sampling noise from
inflating the overall variance decomposition.

6.2. Implementation of the Bayesian Hybrid Framework

We implemented the Bayesian Hybrid Framework (Section 3) to address these complex-
ities. The model specification follows the Hybrid GLMM (Equation (13)), simultaneously
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incorporating random effects for the substantive domains (states) and the design features
(strata and PSUs):

logit{P(Yi = 1)} =a+ Ustateli] + Ustratumli] + Upsuli]-

To ensure design consistency under informative sampling, we employed the Bayesian
pseudo-likelihood (BPL; Section 3), incorporating scaled survey weights into the likeli-
hood estimation.

To ensure identifiability and correct partitioning of the variance, we applied the center-
ing constraints detailed in Section 3. State effects were centered using population-weighted
centering (Equation (15)) based on known state population shares, aligning the intercept
« with the population average. PSU effects were centered within their respective strata
(Equation (14)). These constraints were implemented via a non-centered parameterization
in Stan.

We used a combination of informative and weakly informative priors. For the variance
components (Cstate, Cstratum, Opsu ), We specified weakly informative half-Student- priors
(3 degrees of freedom, scale 2.5) [41,47]. For the global intercept &, we used an informative
normal prior centered at the logit of the design-weighted national prevalence (24.7%). This
prior encourages consistency with the standard design-based estimate of the national mean
while remaining broad enough to allow updating from the data.

For the explicit de-attenuation (Estimand A*), we pre-calculated the design-based
sampling variances of the state means (V;) using Taylor series linearization. These values
were then used in the method-of-moments correction (Equation (19)) within the Bayesian
estimation procedure.

The model was estimated using Markov chain Monte Carlo (MCMC) sampling in Stan
(four chains, 2000 iterations each). Convergence diagnostics (Rhat and effective sample
size, ESS) indicated excellent mixing and convergence for all key parameters (Rhat < 1.01,
ESS > 1000; see Table 5), supporting the reliability of the posterior estimates.

Table 5. Posterior summary and convergence diagnostics for key latent-scale parameters (mean [90%
credible interval]).

Label Estimate SD Rhat ESS
Global intercept (log-odds) —1.589 [—1.759, —1.427] 0.103 1.001 4654
Ostate (superpopulation SD, logit) 0.803[0.357, 1.219] 0.260 1.005 1139
Ostratum (design-stratum SD, logit) 0.760[0.419, 1.129] 0.219 1.002 1853
0psu (PSU SD, logit) 1.312[1.134, 1.505] 0.114 1.001 3722
ICCstate (latent) 0.110 [0.021, 0.216] 0.060 1.005 1106
ICCstratum (latent) 0.097 [0.028, 0.189] 0.050 1.003 1736
ICCpsu (latent) 0.272[0.211, 0.339] 0.039 1.001 2940
Sstate (finite-pop SD, logit, weighted) 0.756 [0.332, 1.126] 0.241 1.006 1099

Note. Estimates are posterior means with 90% credible intervals in brackets. SD = posterior standard deviation.
Rhat and ESS (effective sample size) indicate excellent convergence. Latent ICCs are calculated relative to the total
latent variance including the logistic level-1 variance (712 /3).

6.3. Results: The Latent Variance Structure and Model Justification

Before interpreting the results on the probability scale, we examine the decomposition
of variance on the latent (logit) scale. This allows us to understand the relative contributions
of substantive state differences versus design-induced clustering, empirically justifying the
need for the Hybrid model structure.

Table 5 presents the posterior summary of the model parameters, standard deviations
(SDs), and intraclass correlation coefficients (ICCs) on the logit scale. Figure 5 provides
a visual comparison (ANOVA plot) of the posterior distributions of the SDs across the
three levels.
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The results reveal a clear hierarchy in the sources of variation. The largest component
is the PSU-level variation (0psu = 1.312), corresponding to an ICC of 27.2%. This indicates
substantial local clustering in subsidy receipt among listed HBCC providers, suggesting
that neighborhood characteristics or local implementation factors captured by the PSUs are
the dominant drivers of heterogeneity.

The state-level (ogtate = 0.803; ICC 11.0%) and stratum-level (Ogtratum = 0.760; ICC
9.7%) variations are moderate and similar in magnitude.

Crucially, the significant magnitude of the design effects (stratum and PSU) confirms
the theoretical concerns raised in Section 2. If the model had ignored the design structure
(as in a Naive MLM), the substantial variation attributable to strata and PSUs would likely
have been confounded with the state-level estimates. The Hybrid model successfully
partitions this variance, ensuring that the state effects represent substantive differences
conditional on the design structure.

Latent-scale variation across levels (ANOVA plot)
Posterior means on the logit scale: state (substantive) vs design strata and PSUs

0.756
State (finite—pop SD) -
0.760
Stratum (design SD) - -
PSU (design SD)
OTO 0?5 le 115

Standard deviation (log—odds)

Figure 5. Latent-scale variation across levels (ANOVA plot). Posterior distributions of the standard
deviations on the logit scale for state (substantive), stratum (design), and PSU (design) levels. Points
indicate posterior means; thick bars show 66% credible intervals; thin bars show 90% credible
intervals. The finite-population SD for states (sstate) is shown, reflecting the realized variation among
the 50 states.

6.4. Results: Probability-Scale Decomposition and the Dual Estimands

We now transition to the probability scale, applying the Dual Estimand Framework
(Section 4) to decompose the variance, diagnose the impact of the informative design, and
isolate the substantive state-level heterogeneity. Table 6 presents the variance decomposi-
tion under Estimands A (Policy), B (Descriptive), and A* (De-attenuated Policy).

Diagnosing informative sampling. The comparison between Estimand A and Esti-
mand B provides strong empirical evidence of informative sampling (Section 4). The
overall population mean prevalence under the full-design (Descriptive) estimand, 5, is
24.7%. In contrast, the mean prevalence under the state-only (Policy) estimand, p(4), which
marginalizes the design effects, is significantly lower at 19.5%.
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Table 6. Variance decomposition of subsidy receipt on the probability scale under Estimands A

(state-only), A* (de-attenuated), and B (full-design).

Estimand Component Estimate
Population mean prevalence (%) 19.5[17.1,22.0]
Between-state variance 0.013 [0.002, 0.026]
A: State-only (policy) Within-state variance 0.143 [0.131, 0.156]
Total variance 0.157 [0.141, 0.172]
Proportion between-state (%) 8.4 [1.6,15.5]
Population mean prevalence (%) 24.7 [23.7,25.7]

B: Full-design (descriptive)

Between-state variance
Within-state variance

0.031 [0.028, 0.035]
0.155 [0.150, 0.160]

Total variance 0.186 [0.181, 0.191]
Proportion between-state (%) 16.7 [15.0, 18.6]
Between-state variance 0.008 [0.000, 0.020]
Within-state variance 0.143[0.131, 0.156]
*. _ _
A*: State-only de-attenuated Total variance 0.152[0.137, 0.166]

Proportion between-state (%)

5.4[0.0, 12.6]

Note. Entries are posterior means with 90% credible intervals in brackets.

This substantial difference (over five percentage points) confirms that the NSECE
sampling design systematically oversampled areas (strata and PSUs) where subsidy receipt
rates among listed HBCC providers are higher than what state identity alone would predict.
This aligns with the NSECE'’s design goal of oversampling low-income areas, which likely
have higher subsidy utilization.

Isolating substantive variance from design artifacts. The impact of the design on the
variance decomposition is equally striking. The proportion of variance between states
under Estimand B is 16.7%. This represents the total observed geographic heterogeneity,
including the realized distribution of design features within states.

When we isolate the substantive state heterogeneity using Estimand A, the proportion
between states drops by half, to 8.4%. The gap between B and A quantifies the extent
to which the observed geographic variation is inflated by the confounding effects of
the sampling design. Nearly half of the apparent state-level variation in the descriptive
landscape is attributable to the specific realization of strata and PSUs within those states.

Quantifying and correcting finite-sample inflation. Finally, we address the finite-sample
variance inflation (Section 2) by comparing Estimand A with the explicitly de-attenuated
Estimand A*. Estimand A (8.4%) relies on implicit Bayesian shrinkage to stabilize small-
domain estimates. Estimand A* applies an explicit method-of-moments correction, sub-
tracting the average design-based sampling variance.

This correction further reduces the estimated proportion of between-state variance to
5.4%. The difference between A and A* indicates that even after partial pooling, residual
sampling noise inflated the variance estimate. This validates the need for explicit de-
attenuation, consistent with the findings of the simulation study (Section 5).

In synthesis, the analysis reveals that the true substantive variance attributable to the
state level is modest (5.4%). This contrasts sharply with the apparent variation suggested
by descriptive approaches (16.7%), demonstrating the critical importance of the Hybrid
Framework for separating substantive signal from the artifacts of informative sampling
and finite-sample noise.

Interpreting the Variance Reduction. The three-fold reduction from 16.7% (Estimand B)
to 5.4% (Estimand A¥) carries important substantive implications. The large descriptive
variance (B) might initially suggest that state policies—such as CCDF reimbursement
rates, eligibility thresholds, or administrative complexity—are major drivers of subsidy
participation among listed HBCC providers. However, our analysis reveals that most of
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this apparent state-level heterogeneity is attributable to two artifacts: the confounding
of state identity with the realized distribution of design features (strata and PSUs), and
sampling noise in states with small samples.

The modest substantive variance (5.4%) indicates that true systematic differences
across states play a limited role in explaining variation in subsidy receipt. Instead, the
dominant source of variation is local—specifically, PSU-level effects account for an ICC
of 27.2% on the latent scale (Table 6). This finding suggests that whether a listed HBCC
provider participates in the subsidy system depends more on neighborhood characteristics,
local administrative infrastructure, community-level outreach, and provider-level factors
than on state-wide policy parameters.

For policymakers, this implies that interventions targeting local support systems—
such as staffed family child care networks, community-based technical assistance, and
streamlined enrollment processes at the county or regional level—may be more effective
than incremental adjustments to state-level eligibility criteria or payment schedules. The
framework thus redirects attention from which states have low participation to where within
states providers face barriers to subsidy access.

6.5. Results: State-Level Estimates and the Role of Shrinkage

The Bayesian multilevel approach not only provides a robust global variance de-
composition but also yields stabilized estimates for individual states. This is particularly
important given the highly unequal sample sizes observed in the NSECE data (Table 4).

Figure 6 illustrates the impact of Bayesian shrinkage by comparing the raw design-
based state prevalence estimates (Horvitz-Thompson estimators; x-axis) with the model-
based estimates under Estimand A (y-axis).

Shrinkage of state—level estimates
Bayesian state—-only estimates (Estimand A) vs design—-weighted survey means
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Figure 6. Shrinkage of state-level estimates: Bayesian state-only estimates (Estimand A) versus
design-weighted survey means. Each point represents a state. The color indicates the logarithm of
the state sample size. Arrows indicate the movement from the design-based estimate to the Bayesian
posterior mean. The red horizontal line indicates the overall population mean under Estimand A
(19.5%). The dashed diagonal line represents equality.
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The plot demonstrates the stabilization provided by partial pooling. States with
extreme design-based estimates—those near 0% or approaching 100%—are pulled substan-
tially toward the global mean (the red line at 19.5%). This shrinkage effect is particularly
pronounced for states with small sample sizes (indicated by darker colors). For exam-
ple, several states with design-based estimates exceeding 75% are shrunk to model-based
estimates below 50%.

This stabilization directly addresses the challenge of finite-sample noise (Section 2). By
pooling information across states, the Bayesian model mitigates the influence of sampling
variability in small domains. Importantly, the shrinkage does not erase genuine hetero-
geneity; the model effectively re-weights the evidence such that persistent, design-adjusted
patterns are retained, while idiosyncratic fluctuations in small samples are downweighted,
yielding more reliable state-level estimates [48].

6.6. Synthesis of Statistical Findings

The application of the Bayesian Hybrid Framework to the 2019 NSECE data success-
fully disentangled the complex variance structure of subsidy receipt among listed HBCC
providers. The analysis provides strong empirical evidence confirming the methodological
challenges outlined in Section 2.

First, the significant divergence between the Descriptive Estimand (B) and the Policy
Estimand (A) confirmed the presence of informative sampling. The overall prevalence
under Estimand B (24.7%) was notably higher than under Estimand A (19.5%), indicating
that the NSECE design systematically oversampled areas with higher subsidy utilization.

Second, the analysis quantified the substantial impact of the design structure on
observed geographic heterogeneity. The descriptive between-state variance proportion
(Estimand B, 16.7%) was double the policy estimand (Estimand A, 8.4%). This demonstrates
that nearly half of the observed variation across states is attributable to the realization of
the sampling design (the specific distribution of strata and PSUs) rather than substantive
state differences.

Third, the explicit de-attenuation (Estimand A*) further corrected for finite-sample
variance inflation. Even after Bayesian shrinkage (Estimand A), residual sampling noise
inflated the variance estimate. The correction reduced the final estimate of the substantive
between-state variance proportion to a modest 5.4%.

In summary, the Bayesian Hybrid Framework demonstrated its necessity for analyzing
geographic domains in the NSECE data. By rigorously accounting for informative sampling
and finite-sample noise, the analysis reveals that the true substantive variation attributable
to the state level is significantly smaller than descriptive or naive approaches suggest.

To illustrate the practical consequences of our framework, Table 7 contrasts the
between-state variance estimates obtained from different analytical approaches.

Table 7. Comparison of between-state variance estimates across methods.

Proportion

Method Between-State (%) Interpretation
Design-based ANOVA ~25-30 Severely inflated by sampling noise
Naive MLM (unweighted) ~15-18 Confounded by design effects
Bayesian Hybrid (B) 16.7 Total geographic heterogeneity
Bayesian Hybrid (A) 8.4 State effects, shrinkage only
Bayesian Hybrid (A*) 54 True substantive variance

A naive design-based approach would suggest that roughly one-quarter of the variance
in subsidy receipt lies between states—a figure that could mislead policymakers into
overestimating the importance of state-level factors. The unweighted multilevel model
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partially corrects this but still conflates design-induced clustering with substantive state
effects. Only the Bayesian Hybrid Framework, with its explicit modeling of design features
and de-attenuation correction, reveals that the true state contribution is less than 6%. This
five-fold difference between naive and corrected estimates underscores the necessity of our
framework for accurate policy inference from complex survey data.

7. Discussion and Conclusions

The challenge of decomposing variance across geographic domains using complex
survey data is pervasive in policy research. When substantive domains (like states) are
not explicitly incorporated into the sampling design, analysts face the dual threats of
informative sampling and finite-sample variance inflation. This study introduced and
validated the Bayesian Hybrid Framework, integrating design-based principles within
a multilevel modeling structure to address these challenges. Through simulation and
an application to the 2019 NSECE data, we demonstrated the framework’s ability to
separate substantive signal from design-induced noise, providing a rigorous foundation
for geographic variance decomposition.

7.1. Summary of Methodological Contributions

The Bayesian Hybrid Framework offers several key methodological advantages over
traditional approaches.

First, it directly addresses informative sampling through a two-pronged strategy. The use
of the Bayesian pseudo-likelihood (BPL) incorporates survey weights to achieve design
consistency, aligning the model estimates with the target population structure [22]. Si-
multaneously, the Hybrid GLMM explicitly models design features (strata and PSUs) as
random effects. This partitioning ensures that the estimated state effects are conditional
on the design structure, preventing the confounding of design-induced clustering with
substantive heterogeneity—a critical failure of naive multilevel models.

Second, the framework mitigates finite-sample variance inflation. Implicit Bayesian shrink-
age stabilizes estimates in small domains, reducing the impact of sampling noise. The
explicit de-attenuation strategy (Estimand A*) provides a further correction by subtracting
the average design-based sampling variance. The simulation study confirmed that A* con-
sistently achieved the lowest RMSE and effectively reduced the bias present in estimators
relying solely on shrinkage (Estimand A).

Third, the Dual Estimand Framework resolves the ambiguity inherent in defining “between-
state variance” under informative designs. By distinguishing between the Policy Estimands
(A/A*) and the Descriptive Estimand (B), the framework allows researchers to target the
quantity most relevant to their research question. Furthermore, the divergence between A
and B serves as a diagnostic tool, quantifying the impact of the informative design on the
variance landscape.

In the NSECE application, this framework revealed that the observed geographic
heterogeneity (16.7%) was substantially inflated. The most rigorous estimate of substantive
between-state variance was significantly lower (5.4%), highlighting the necessity of these
methods for accurate policy inference.

7.2. Substantive Implications for ECE Policy

Although not the primary focus of this paper, the empirical findings from the NSECE
application offer critical insights into the landscape of subsidy receipt among listed home-
based child care (HBCC) providers.

First, the substantive role of state-level differences is limited. The central substantive finding
is that systematic differences across states account for a modest proportion (5.4%) of the
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variance in subsidy participation (Estimand A*). This suggests that variations in high-
level state policies—such as CCDF reimbursement rates, eligibility criteria, or overall
state ECE economies—are not the primary drivers of heterogeneity in this sector. This
estimate is notably lower than previous analyses that could not fully account for complex
survey designs, implying that past research may have overestimated the influence of
state-level factors.

Second, local factors are the dominant drivers of variation. The latent-scale analysis
(Section 6) revealed that PSU-level effects were the dominant source of variation (ICC
27.2%). This indicates that local clustering is far more consequential than state identity.
Factors operating at the local level—such as neighborhood demographics, local families’
child care decision-making patterns, or the presence of localized support networks—appear
to be the critical mediators between state policy and provider participation.

Policy recommendations. These findings underscore that efforts to increase HBCC
participation cannot rely solely on state-level policy adjustments. The dominance of local
variation suggests that the realization of state policies is heavily dependent on local context.
This highlights the importance of local support structures, such as staffed family child care
networks or resource and referral agencies, which often help HBCC providers navigate
administrative burdens. Strengthening these local supports may be a more effective strategy
than incremental changes to state-level parameters. Furthermore, reducing the complexity
of enrollment, reporting, and payment processes, and aligning requirements across different
ECE systems (licensing, QRIS, and subsidy) is essential for reducing the administrative
burden that disproportionately affects HBCC providers [49].

7.3. Practical Guidance for Applied Researchers

The Bayesian Hybrid Framework provides a flexible toolkit for analyzing domain-
level variation in complex surveys. Applied researchers should carefully consider their
research objectives when selecting the appropriate estimand.

Choosing among Estimands A, A%, and B. We can conceptualize the Dual Estimand
Framework as a menu aligned with distinct research questions:

*  Estimand B (descriptive). Use B when the goal is to describe the actual pattern of geo-
graphic heterogeneity in the population as structured by the survey design. It answers
questions like, “How different are states in terms of what households experience in
practice?” This is the natural choice for descriptive statistics or monitoring exercises
and aligns closely with traditional design-based concepts.

e Estimand A (policy). Use A when the interest is in policy-relevant differences that are
conceptually independent of the realized configuration of strata and PSUs. It addresses
questions such as, “How much variation would remain if states were placed on an
equal footing with respect to local composition?” or “How much of the heterogeneity
could state-level policy levers plausibly influence?” It provides stabilized, model-
based estimates for individual domains via implicit Bayesian shrinkage.

*  Estimand A* (de-attenuated policy). Use A* when small-domain sample sizes or noisy
state estimates make variance inflation a major concern, and when accurate quantifica-
tion of substantive between-state variance is paramount. By subtracting the average
sampling variance, A* provides a conservative, noise-corrected estimate of state-level
heterogeneity. This is the preferred estimand for rigorous policy analysis in highly
variable designs like the NSECE.

In practice, we recommend reporting both A and B, using their gap as a diagnostic for
informative sampling, and presenting A* as the primary estimate when the focus is on
policy-relevant variance.
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Recommended workflow. Based on the simulations and the NSECE application, we
recommend the following workflow (implemented in the bhfvar R package (version 0.3.0),
https:/ /joonho112.github.io/bhfvar/, accessed on 28 January 2026):

1. Diagnose design challenges. Inspect the distribution of survey weights (e.g., coefficient
of variation) and domain sample sizes. Large weight variability and highly unequal
or small domain sizes signal that naive estimators are likely biased.

2. Fit the Hybrid GLMM. Include random effects for both substantive domains and design
features (strata, PSUs). Incorporate scaled weights via BPL. Ensure appropriate
centering constraints (e.g., population-weighted centering for domains) are applied.

3. Examine latent-scale results. Use posterior distributions of SDs and ICCs (ANOVA
plots) to understand the relative importance of substantive versus design effects and
to justify the model structure.

4. Compute and interpret the Dual Estimands. Calculate Estimands A, B, and A* on the
probability scale. Compare the results to quantify the impact of the informative design
and finite-sample noise, selecting the estimand aligned with the research question.

7.4. Limitations and Future Directions

While the Bayesian Hybrid Framework offers significant advantages, it is subject to
several limitations that suggest avenues for future research.

Interpretation of BPL uncertainty and weight scaling. The use of the Bayesian pseudo-
likelihood (BPL) aims to achieve design consistency. Savitsky and Toth [15] established
that the pseudo-posterior contracts on the true generating distribution in L; under certain
regularity conditions on the sampling design, providing theoretical justification for this
approach. However, the interpretation of the resulting uncertainty estimates (credible
intervals) is nuanced. The BPL is not a true likelihood representing the generative model of
the population; rather, it aligns the inference with the finite-population estimates. Conse-
quently, the resulting pseudo-posterior does not have the same interpretation as a standard
Bayesian posterior under a correctly specified generative model [50]. Williams et al. [30]
demonstrate that the survey-weighted pseudo-posterior produces asymptotically incorrect
uncertainty estimates, with credible intervals that fail to achieve nominal frequentist cover-
age [21]. They propose a post-hoc sandwich adjustment that inflates the posterior variance
to account for the complex sampling design [51], which represents a promising direction
for future integration with our framework.

Furthermore, as noted by Rabe-Hesketh and Skrondal [22], the scaling of level-1
weights in multilevel models can affect parameter estimates, particularly when cluster
sizes are small. Although we employed standard scaling practices, sensitivity to alternative
scaling methods remains an area for continued investigation.

Reliance on weights and model specification. The framework’s design consistency relies
on the assumption that the survey weights correctly capture the inclusion probabilities
and non-response adjustments. Misspecification of the weights can impact the results.
Additionally, the model relies on the appropriateness of the GLMM specification, including
the assumption of normality of the random effects on the logit scale.

Extensions to regression models. This study focused on variance decomposition in an
intercept-only (ANOVA) model. A critical extension is the application of the Hybrid
Framework to models including covariates (e.g., multilevel regression and poststratifica-
tion [52,53]). In generalized linear mixed models, the estimation of regression coefficients
is intrinsically linked to the estimation of variance components. Informative sampling may
introduce biases not only in the variance estimates but also in the regression coefficients
themselves. Future research should investigate how the Hybrid Framework performs in
estimating both conditional and marginal regression effects under complex designs.
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We also examined prior sensitivity for the state-level variance component. As shown in
Appendix C, posterior summaries for sate and Estimand A* are stable across a reasonable
range of weakly informative priors, leaving our substantive conclusions unchanged.

7.5. Conclusions

Decomposing geographic variation using complex survey data requires statistical
methods capable of navigating the inherent complexities of the sampling design. This
study demonstrates that failing to account for informative sampling and finite-sample
noise leads to severely distorted conclusions. In the application to HBCC subsidy receipt,
traditional descriptive estimates suggested that 16.7% of the variance was attributable to the
state level. In contrast, the Bayesian Hybrid Framework revealed that the true substantive
proportion was only 5.4%, with the majority of variation driven by local (PSU-level) factors.

This difference underscores the importance of integrating design-based principles
within model-based inference. The Bayesian Hybrid Framework, with its explicit modeling
of design effects and the clarity provided by the Dual Estimand Framework, offers a
principled approach for researchers seeking to understand the true sources of heterogeneity
in complex populations.
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Appendix A. Mathematical Proofs and Derivations

This appendix provides mathematical derivations and proofs supporting key method-
ological components of the Bayesian Hybrid Framework.
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Appendix A.1. Formal Derivation of Finite-Sample Variance Inflation

This section provides a formal derivation of the bias in the naive design-based estima-

0P ween (Equation (6)), due to finite-sample noise, justifying

the approximation presented in Equation (9).

tor of between-state variance, 0

Let ps be the true finite-population mean for state s, and ps be a design-consistent
estimator (e.g., the Hajek estimator, Equation (4)). We assume Edesign[ﬁs] ~ ps and let
Vs = Vargesign(Ps)- The true population variance is

Jbetween 2 7TS Ps — . (Al)

We analyze the naive estimator, assuming the population shares 7t; are known (a
common simplification when analyzing the properties of the variance estimator):

Ubetween Z 7-[5 ﬁ 4 (A2)

where p = ¥ 75 s.
Derivation. First, expand the estimator:

Ubetween Z TTs pS -2 Z TTs Psp + Z TTs ﬁ (AB)
Since Y 7tsps = p and Y, 715 = 1, this simplifies to

Ubetween ZnS P s ﬁ . (A4)

Now take the expectation over the sampling design, using E[X?] = Var(X) + (E[X])?.
Assuming approximate unbiasedness,

1. Edesign[(ﬁs)z} ~ Vs “I‘PE/
2. Edesign[(ﬁ)z] ~ Vardesign(ﬁ) + f’z'
Substituting into the expectation of the estimator,

Edesign [aﬁetween] = Z TTs Edesign[(ﬁs)z] - Edesign[(ﬁ)z}
s

~ Zﬂs(Vs + Pg) - (Vardesign(ﬁ) + ﬁz)
s

(A5)
= (Z nSpg - ﬁ2> + 2 75 Vs — Vardesign(ﬁ)'
S S
The first term is the definition of the true population variance, 07, ... Thus,
2 2 : =
EdESigﬂ [&between] ~ Upetween + Z 7t Vs — Vardesign(ﬁ)' (A6)
s=1

The bias is the average sampling variance, ) ; 7t Vs, minus the variance of the overall
mean estimator. In large national surveys, Vargesign () is typically negligible compared to
the average sampling variance of small domains. Neglecting this term yields the approxi-
mation in Equation (9):

S

A2 ~ 2
Edesign [Ubetween] R Opetween T Z 75 Vs. (A7)
s=1
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Appendix A.2. Justification and Verification of Centering Constraints

Section 3 imposes centering constraints on the random effects for identifiability and
interpretability. This appendix justifies the need for these constraints and verifies that the
non-centered parameterizations correctly implement them.

Justification of the constraints. We aim for the global intercept « to represent the popu-
lation average of the linear predictor (log-odds). The linear predictor for a unit in state s,
stratum ki, and PSU j is

Nshj = & + Ustatels] + Ustratum([h) + Upsulj]- (A8)

The population average 7 is the expectation over the population distribution of the
indices (s, h, j):

M= EPOP [TISh]'] =a+ Epop[ustate[s]] + Epop[ustratum[h]] + Epop[upsu[j]]' (A9)

To achieve the interpretation @ = 77, we must ensure that the expectations of all random
effects are zero.
For nested effects (PSU within stratum), we use within-group centering (Equation (14)):

E [ttpsy)j) | stratum[h]] = 0. (A10)

By the law of iterated expectations, this implies Epop [tipy(jj] = 0. We similarly assume
EPOP[ustratum[h]] =0.

For the substantive effects (states), we must enforce Epop [Ustate[s)] = 0. In the finite-

population context, this expectation is defined by the population shares 7, leading to the
population-weighted centering constraint (Equation (15)):

S
EPOP [ustate[s]} = Z TlsUstate[s] = 0. (A11)
s=1
Verification of implementation: population-weighted centering. The implementation
(Equation (16)) is

S
Ustate[s] = Ustate (zstate[s] - 2 ns’zstate[s’]> : (A12)

s'=1

Letz; = Zf/;l Tls Zgtate[s')- Then the population-weighted sum is

S S

Z TlsUstate[s] = Ustate Z TTs (Zstate[s] —Zrx)
s=1 s=1

5 S
= Ustate <Z TlsZstate[s] — Z 7175271) (A13)
s=1 s=1
S
= Ostate | Zx — Zn Z TTs |-
s=1
Since 235:1 s = 1, this equals Ostate (Zr — Z7x) = 0. The constraint is satisfied.

Verification of implementation: within-group centering. The implementation (Equation (17))
for PSU effects within stratum / is

Upsu[j] = Upsu (Zpqu] - Zstratum[h]>/ (A14)
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where 1
Zstratum[h] = m Z Zpsu[j]r (A15)
i,
and Jj, is the set of PSU indices in stratum .
We calculate the sum of PSU effects within stratum h:
Z Upsulj] = Upsu Z (Zpsu[j] - Zstratum[h])
JE€Tn JE€Tn
= Opsu ( Z Zpsulj] — Z Zstratum[h]) (Al6)
jef;, j6]11
= Opsu ( Z Zpsulj] — |]h| 'Zstratum[h]> :
jelh

By the definition of Zaum(n), We have |Ji| - Zgratum(n) = Ljej, Zpsufj- Thus, the expression
equals 0. The constraint is satisfied.

Appendix A.3. Derivation of Within-State Mixture Variance for Estimand B

Estimand B (Descriptive Estimand, Section 4) incorporates realized design effects.
Consequently, individual probabilities p; vary within a state s. The distribution of the
binary outcome Y within state s is a mixture of Bernoulli distributions. We derive its
variance (Equation (26)) using the law of total variance.

Derivation. Apply the law of total variance, conditioning on the individual unit i
within state s:

Var(Y | S = s) = Ej,[Var(Y | i,s)] + Var [E(Y | i,5)]. (A17)

For a binary outcome,
1.  E(Y|is)=p,
Var(Y | i,s) = pi(1 — p;).

Substituting these components back into the law of total variance gives
Var(Y | S =s) = Ey[pi(1 — p:)] + Varys(pi). (A18)

This decomposition shows that the within-state variance in Estimand B comprises
the average binomial variance and the mixture variance (the variance of the probabilities
themselves, induced by heterogeneity of design effects within the state).

Appendix A.4. Asymptotic Properties and Design Consistency of the Bayesian Pseudo-Likelihood

The Bayesian Hybrid Framework relies on the BPL (Section 3) to achieve design
consistency. This appendix summarizes the theoretical justification for the consistency and
asymptotic normality of BPL estimators, based on foundational results in the literature
(e.g., Savitsky and Toth [15], Williams et al. [30]).

Design consistency. The consistency of the BPL stems from the relationship between
the BPL score function and the census estimating equation (CEE). The CEE defines the
finite-population parameter Oy:

Un(0) = ) u(Y;;0) =0, (A19)
el
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where u(-) is the score function. The pseudo-score function (gradient of the log BPL) is

U(6) = ) wiu(Y;;0). (A20)
i€S
Proposition Al (design unbiasedness). The pseudo-score function is a design-unbiased estimator
of the census score function.

Proof. Assuming w; ~ 1/7;, and letting I; be the sample inclusion indicator,

Edesign[ﬁ(e)] = Edesign [Z I;(1/7;) u(Y;; 0)
el
= ig Edesign[Li] (1/7;) u(Y;; 6) (A21)
=) mi(1/m)u(Y;;0)
el
= Un(8).

O

Under regularity conditions detailed in Savitsky and Toth [15], this ensures that the
pseudo-posterior distribution contracts around 6y as N,n — oo, guaranteeing design-
consistent inference.

Asymptotic normality (Bernstein—von Mises for BPL). While the BPL ensures consistency,
the shape of the pseudo-posterior distribution differs from the standard Bayesian poste-
rior. The Bernstein—von Mises theorem for misspecified models (e.g., Kleijn and van der
Vaart [50]) applies here.

The pseudo-posterior distribution is asymptotically normal, centered at the BPL esti-
mator Ogp, but with a “sandwich” covariance structure (Williams et al. [30]):

Ve = H'JH !, (A22)

where H is the expected pseudo-information matrix (the curvature of the BPL), and ] is the
design-based variance of the pseudo-score function. Under complex sampling, H # J.

Implications. This result implies that raw credible intervals derived directly from the
BPL may not achieve nominal frequentist coverage without adjustment. However, in the
Hybrid Framework, the explicit modeling of design features (strata and PSUs) directly
accounts for much of the design-induced variance, potentially mitigating the discrepancy
between H and J.

Appendix B. Stan Program Documentation

This appendix provides a detailed, block-by-block explanation of the Stan program
implementing the Bayesian Hybrid Framework. The program is organized according
to Stan’s required block structure, and each section explains how the code realizes the
methodological components described in the main text. The complete program is available
at https://github.com/joonho112/bpl-variance-decomposition (accessed on 20 Decem-
ber 2025).

We use the following conventions: indices i € {1,...,N} denote observations,
s€ {1,...,5} denote states, h € {1,..., H} denote strata, and j € {1,..., ]} denote PSUs
(flattened across strata).
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Appendix B.1. Data and Transformed Data Blocks

The data block declares all inputs required by the model, including the sample struc-
ture, outcome, indices, survey weights, and prior hyperparameters.

data {
int<lower=1> N; // observations
int<lower=1> S; // states
int<lower=1> H; // strata
J

int<lower=1> J; // total PSUs (flattened)

array[N] int<lower=0, upper=1> y; // binary outcome
array[N] int<lower=1, upper=S> state_id;

array[N] int<lower=1, upper=H> stratum_id;

array[H] int<lower=1> J_h; // # PSUs in stratum h
array[H] int<lower=1> psu_start; // start index for stratum h
array[N] int<lower=1> psu_in_stratum_id;

vector<lower=0>[N] w_lik; // pseudo-likelihood weights
vector<lower=0>[S] w_state_pop_share; // population shares

real prior_alpha_mean;
real<lower=0> prior_alpha_sd;

int<lower=0, upper=1> use_deattenuation;
vector<lower=0>[S] vhat_state; // design-based sampling variance

The sample structure is defined by the number of observations (N), states (S), strata
(H), and PSUs (J). The binary outcome y corresponds to Y; in the main text. Three index
arrays map each observation to its state, stratum, and PSU.

PSU nesting structure. PSUs are strictly nested within strata (PSU C stratum;
Section 3). Rather than using a two-dimensional array, we employ a flattened represen-
tation for computational efficiency. For stratum #, the PSUs occupy contiguous positions
psu_start[h],...,psu_start[h] + Jy[h] — 1 in the global PSU index space {1,...,J}. The
array psu_in_stratum_id provides the within-stratum PSU index (ranging from 1 to Jj,)
for each observation.

Pseudo-likelihood weights. The vector w_1ik contains the scaled survey weights w} used
in the Bayesian pseudo-likelihood (Equation (12)). Following Section 3, these weights
should be normalized so that ) ; w ~ n to stabilize variance component estimation.

Population shares. The vector w_state_pop_share provides the population shares 75
for each state (Section 2). These are used for both the population-weighted centering of
state effects (Equation (15)) and the variance decomposition calculations in the generated
quantities block.

De-attenuation inputs. The binary flag use_deattenuation enables the explicit de-
attenuation correction (Section 3). When enabled, vhat_state provides the design-based
sampling variances V; for each state, computed externally via Taylor linearization or
replication methods.

The transformed data block pre-computes the flattened PSU index for each observation:

transformed data {

https:/ /doi.org/10.3390/math14030512


https://doi.org/10.3390/math14030512

Mathematics 2026, 14, 512 39 of 47

array[N] int psu_flat_id;
for (i in 1:N) {
psu_flat_id[i] = psu_start[stratum_id[i]] + psu_in_stratum_id[i] - 1;

3

This transformation converts the within-stratum PSU index to the global flattened
index. For observation i in stratum h with within-stratum PSU index k, the flattened index
is psu_start[h] + k — 1. Pre-computing this mapping avoids redundant calculations during
MCMC sampling.

Appendix B.2. Parameters and Transformed Parameters Blocks

The parameters block declares the model’s free parameters using a non-centered
parameterization (Section 3):

parameters {

real alpha; // global intercept

vector[S] z_state; // standardized state effects
vector[H] z_stratum; // standardized stratum effects
vector [J] z_psu; // standardized PSU effects

real<lower=0> sigma_state; // state SD
real<lower=0> sigma_stratum; // stratum SD

real<lower=0> sigma_psu; // PSU SD

The global intercept « corresponds to the population-weighted average log-odds. The
standardized random effects Zsiate, Zstratum, Zpsu are assigned standard normal priors in the
model block, and the corresponding centered effects are constructed deterministically in the
transformed parameters block. This non-centered parameterization improves MCMC
sampling efficiency when data are sparse or variance components are small.

The transformed parameters block constructs the centered random effects with the
appropriate constraints:

transformed parameters {
vector[S] u_state;
vector [H] u_stratum;
vector[J] u_psu;

// Population-weighted centering for states (Equation (16))
vector[S] w_state_norm = w_state_pop_share / sum(w_state_pop_share);
real mean_z_state = dot_product(w_state_norm, z_state);

u_state = sigma_state * (z_state - mean_z_state);

// Mean-centering for strata
u_stratum = sigma_stratum * (z_stratum - mean(z_stratum));

// Within-stratum centering for PSUs (Equation (17))
for (h in 1:H) {

int st = psu_start[h];
int Jh = J_h[h];
real m;
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real acc = 0;
for (j in 0:(Jh - 1)) acc += z_psulst + jl;
m = acc / Jh;
for (j in 0: (Jh - 1)) {
u_psulst + j] = sigma_psu * (z_psulst + jl - m);

3

State effects: population-weighted centering. The construction of ugtate implements
Equation (16). First, the population shares are normalized to sum to one. The weighted
mean of the standardized effects, Z; = ) 4 715z,, is computed. Each centered effect is then

Ustate[s] = Ustate (Zstate[s] - Zﬂ)' (A23)

As verified in Appendix A.2, this ensures } g 7Tsiigare[s) = 0, 80 the intercept « repre-
sents the population-weighted average log-odds.

Stratum effects: simple mean-centering. The stratum effects are centered by subtracting
stratum[] = 0. This is appropriate when
strata are treated as exchangeable design features without external population weights.

the unweighted mean across strata, ensuring ), u

PSU effects: within-stratum centering. The construction of ups, implements Equation (17).
For each stratum h, the code computes the mean of the standardized PSU effects within
that stratum, z;, = In 1 Zje T Zir and subtracts it:

Upsulj] = Opsu (Zpsu[j] - Zh(j))' (A24)

As verified in Appendix A.2, this ensures } ;c;, upg,(;) = 0 for each stratum h. This
within-group centering correctly partitions variance between strata and PSUs, preventing
PSU effects from absorbing stratum-level variation.

Appendix B.3. Model Block
The model block specifies the priors and the weighted pseudo-likelihood:

model {
// Priors
alpha ~ normal (prior_alpha_mean, prior_alpha_sd);
sigma_state ~ student_t(3, 0, 2.5);
sigma_stratum ~ student_t(3, 0, 2.5);
sigma_psu ~ student_t(3, 0, 2.5);
z_state ~ std_normal();

z_stratum ~ std_normal();

Z_psu ~ std_normal();

// Linear predictor (Equation (13))
vector[N] eta = alpha
+ u_state[state_id]
+ u_stratum[stratum_id]
+ u_psulpsu_flat_id];

// Weighted pseudo-likelihood (Equation (12))

for (i in 1:N) {
target += w_lik[i] * bernoulli_logit_lpmf(y[i] | etalil);

https:/ /doi.org/10.3390/math14030512


https://doi.org/10.3390/math14030512

Mathematics 2026, 14, 512

41 0f 47

Prior distributions. The global intercept receives an informative normal prior centered
on the design-weighted overall logit, with the hyperparameters prior_alpha_mean and
prior_alpha_sd supplied as data. The variance components (0state, Ostratum, Opsu) Teceive
weakly informative half-t3(0,2.5) priors, which place substantial mass near zero while
allowing for larger values if supported by the data. The standardized random effects
receive standard normal priors, completing the non-centered parameterization.

Linear predictor. The vectorized construction of # implements Equation (13):

i =a+ Ustateli] + Ustratum]i] + Upsuli]- (A25)

Stan’s array indexing efficiently extracts the appropriate random effect for each observation.
Bayesian pseudo-likelihood. The likelihood contribution implements Equation (12). For
each observation, the log-likelihood is weighted by the survey weight w;:

log Lgpr = ), w; log P(Y; | ;). (A26)
€S
This weighting adjusts the inference to target finite-population quantities, achiev-
ing design consistency as established in Appendix A.4. The loop is necessary because
Stan does not support vectorized weighted likelihoods; however, the inner function
bernoulli_logit_lpmf is highly optimized.

Appendix B.4. Generated Quantities Block

The generated quantities block computes posterior summaries at each MCMC
iteration, including latent-scale ICCs, the dual estimands on the probability scale, finite-
population standard deviations, and diagnostic quantities.

Appendix B.4.1. Latent-Scale Intraclass Correlations

real var_levell = square(pi()) / 3.0;
real var_total_latent = square(sigma_state) + square(sigma_stratum)

+ square(sigma_psu) + var_levell;

real icc_state = square(sigma_state) / var_total_latent;

real icc_stratum = square(sigma_stratum) / var_total_latent;

real icc_psu = square(sigma_psu) / var_total_latent;

For binary outcomes with a logit link, the level-1 (residual) variance on the latent scale
is 712 /3 &2 3.29, the variance of the standard logistic distribution. The total latent variance
is the sum of all variance components:

2 2 2 2 2
‘Ttotal, latent — Ystate + Ostratum + apsu + / 3. (A27)

The intraclass correlation for each level is the proportion of total latent variance
attributable to that level. These ICCs provide a model-based decomposition on the latent
(logit) scale, complementing the probability-scale estimands.

Appendix B.4.2. Estimand A: State-Only (Policy) Decomposition

vector [S] p_state_A;
for (s in 1:S) p_state_A[s] = inv_logit(alpha + u_statel[s]);

vector[S] wS = w_state_pop_share / sum(w_state_pop_share);
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real p_bar_A = dot_product(wS, p_state_A);

real var_within_A = 0.0;

for (s in 1:8) var_within_A += wS[s] * p_state_A[s] * (1.0 - p_state_A[s]);

real var_between_A = 0.0;

for (s in 1:8) var_between_A += wS[s] * square(p_state_A[s] - p_bar_A);

real var_total_A = var_within_A + var_between_A;

real prop_between_A = (var_total_A > 0) 7 var_between_A / var_total_A : O;

Estimand A (Section 4) marginalizes the design effects by setting them to zero. For each
state s, the probability is computed using only the intercept and state effect (Equation (20)):
A L
pg ) = logit Y+ Ustate]s])- (A28)
The variance decomposition follows Equations (21) and (22). The within-state variance
is the population-weighted average binomial variance:

S
Oaithind = 3 7Ts P —pi). (A29)
s=1

The between-state variance is the population-weighted variance of the state probabilities:

2 > (4) A)\2
Ubetween,A = 2 TTs (pS - 75( )) . (A30)
s=1
De-attenuation (Estimand A*). When enabled, the explicit de-attenuation correc-
tion (Section 3, Equation (19)) subtracts the weighted average of the design-based sam-
pling variances:

if (use_deattenuation == 1) {
real mean_v = dot_product(wS, vhat_state);
var_between_A_deatt = fmax(0, var_between_A - mean_v);
} else {

var_between_A_deatt = var_between_A;

The fmax (0, -) ensures the de-attenuated variance is non-negative, as required for a
variance estimate.

Appendix B.4.3. Estimand B: Full-Design (Descriptive) Decomposition

vector [N] eta_full = alpha + u_statel[state_id]

+ u_stratum[stratum_id] + u_psulpsu_flat_id];
vector [N] p_ij;
for (i in 1:N) p_i[i] = inv_logit(eta_full[i]);

// State means via weighted mixture (Equation (24))
vector [S] p_state_B;

vector[S] state_w_obs;

for (s in 1:S) state_w_obs[s] = 0;

for (i in 1:N) state_w_obs[state_id[i]] += w_1lik[i];
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for (s in 1:8) {
real den = state_w_obs[s];
if (den > 0) {

real num = 0;

for (i in 1:N) if (state_id[i] == s) num += w_1lik[i] * p_i[i];
p_state_B[s] = num / den;

} else {
p_state_B[s] = inv_logit(alpha + u_state[s]);

}

Estimand B (Section 4) incorporates the realized design effects. First, individual
probabilities are computed using the full linear predictor (Equation (23)):

pi = logit_l (“ + Ustateli] + Ustratumli] + Upsuli] ) (A31)
(B)

The state mean p; ’ is computed as a weighted average of the individual probabilities
within each state (Equation (24)):

(B) _ Liss;=sW; Pi

" (A32)
Pe Yoiis,—s W;

For states without sampled observations (an edge case), the code falls back to the
Estimand A definition for numerical stability.
The within-state variance for Estimand B includes both the average binomial vari-

ance and the mixture variance induced by heterogeneous design effects within states
(Equations (26) and (27)):

var_within_B = 0.0;

for (s in 1:8) {
real den = state_w_obs[s];
real term_mean_binvar = 0.0;

real term_mixture_var = 0.0;

if (den > 0) {
for (i in 1:N) if (state_id[i] == s) {
real wnorm = w_lik[i] / den;
term_mean_binvar += wnorm * (p_il[i] * (1 - p_il[il));
term_mixture_var += wnorm * square(p_il[i] - p_state_B[s]);
}
} else {
real ps = inv_logit(alpha + u_state[s]);
term_mean_binvar = ps * (1 - ps);
}

var_within_B += wS[s] * (term_mean_binvar + term_mixture_var);

Appendix B.4.4. Finite-Population Standard Deviations

The code computes both unweighted and population-weighted finite-population
standard deviations of state effects on both the logit and probability scales:

real s_state_logit_unw = sd(u_state);

https:/ /doi.org/10.3390/math14030512


https://doi.org/10.3390/math14030512

Mathematics 2026, 14, 512

44 of 47

real s_state_logit_w;

{
vector[S] wS = w_state_pop_share / sum(w_state_pop_share);
real mu = dot_product(wS, u_state);
real acc = 0;
for (s in 1:8) acc += wS[s] * square(u_state[s] - mu);
s_state_logit_w = sqrt(fmax(0, acc));

¥

The unweighted SD treats all states equally, while the weighted SD accounts for
population shares. These quantities complement the variance decomposition by providing
direct measures of state-effect heterogeneity.

Appendix B.4.5. Diagnostics: Weighted Log-Likelihood and Posterior Predictive Checks

vector [N] log_lik;
array[N] int y_rep;
for (i in 1:N) {
real e = alpha + u_state[state_id[i]]

+ u_stratum[stratum_id[i]] + u_psulpsu_flat_id[i]];
log_lik[i] = w_1ik[i] * bernoulli_logit_lpmf (y[i] | e);
y_rep[i] = bernoulli_logit_rng(e);

}

The pointwise log-likelihood values 1log_lik are weighted by the survey weights, con-
sistent with the pseudo-likelihood formulation. These can be used for model comparison
via pseudo-LOO or WAIC, though their interpretation differs from standard information
criteria due to the weighting.

The replicated data y_rep are generated from the posterior predictive distribution
(unweighted) and can be used for graphical posterior predictive checks to assess model fit.

Appendix C. Prior Sensitivity Analysis

To assess the robustness of our conclusions to prior specification for variance com-
ponents, we re-estimated the Bayesian Hybrid model for the NSECE application under
three alternative prior distributions for the state-level standard deviation Otate, keeping all
other model components (likelihood, design features, and priors for remaining parameters)
identical to the main analysis.

1.  Baseline (main analysis): half-Student-£(3,2.5)
2. More concentrated: half-Normal(0, 1)

3. Heavier tails: half-Cauchy(0, 2.5)

4.  Wider scale: half-Student-£(3,5)

Each model was fit using Hamiltonian Monte Carlo (NUTS) in Stan (4 chains; 1000 warmup
and 1000 sampling iterations per chain; adapt_delta = 0.95; max_treedepth = 12). Table Al
reports posterior means and 90% credible intervals for osate and the key substantive
quantity of interest (Estimand A*: the de-attenuated between-state proportion on the
probability scale).
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Table Al. Prior sensitivity for the state-level SD and the de-attenuated between-state proportion
(Estimand A*). Entries are posterior means with 90% credible intervals, estimated via MCMC

(HMC/NUTS).
. . Estimand A*
Prior for Tstate Ostate (logit SD) (Betweeil-nSI’:ZEE %, de-att.)
Baseline: half—Student-t(3, 2.5) 0.812[0.351, 1.248] 5.6 [0.0, 12.9]
More concentrated: half-Normal(0, 1) 0.763 [0.317, 1.165] 4.810.0,12.0]
Heavier tails: half-Cauchy (0, 2.5) 0.821 [0.416, 1.235] 5.7 10.0,13.3]
Wider scale: half-Student-#(3, 5) 0.837 [0.434, 1.247] 5.8[0.0,13.1]

Across these reasonable prior perturbations, the posterior mean of csate ranges from
0.763 to 0.837, with a maximum relative deviation of 6.1% from the baseline specification.
The posterior mean of Estimand A* ranges from 4.8% to 5.8%, a spread of 1.0 percentage
points. Credible intervals overlap substantially across specifications, indicating that the
posterior is largely data-driven in this application.

All MCMC runs exhibited good computational behavior (no divergent transitions
and no maximum-treedepth saturations), and convergence diagnostics were satisfactory
(for ostate, R < 1.01 with effective sample size > 540). Overall, the qualitative conclusion
is unchanged: after de-attenuation, true between-state heterogeneity accounts for only
a modest share of total variation in subsidy receipt. Nevertheless, for applications with
fewer domains or smaller within-domain samples, we recommend conducting similar
sensitivity analyses because variance components can be more weakly identified and thus
more prior-dependent.
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