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Abstract

A Roman dominating function for a (non-weighted) graph G = (V, E) is a function f :
V — {0,1,2} such that every vertex u € V with f(u) = 0 has at least one neighbor v € V
such that f(v) = 2. The minimum weight }_,cy f(v) of a Roman dominating function f
on G is called the Roman domination number of G and is denoted by yz(G). A graph
G = (V,E), together with a positive real-valued weight-functionw : V — R>0 is called a
weighted graph and is denoted by (G; w). The minimum weight Y,y f(v)w(v) of a Roman
dominating function f on G is called the weighted Roman domination number of G and
is denoted by Y,r(G). The domination and Roman domination numbers of unweighted
graphs have been extensively studied, particularly for their applications in bioinformatics
and computational biology. However, graphs used to model biomolecular structures often
require weights to be biologically meaningful. In this paper, we initiate the study of the
weighted Roman domination number in weighted graphs. We first establish several bounds
for this parameter and present various realizability results. Furthermore, we determine
the exact values for several well-known graph families and demonstrate an equivalence
between the weighted Roman domination number and the differential of a weighted graph.

Keywords: Roman domination; weighted graph; differential

MSC: 05C78; 05C69; 05C22

1. Introduction

A (simple, undirected) graph is a pair G = (V, E), where V is a finite set of vertices and
E is a set of unordered pairs {u, v} withu,v € Vand u # v. A graph G = (V,E) together
with a positive real-valued weight-function w : V — R>Yis called a vertex-weighted graph
or simply weighted graph and is denoted by (G; w).

Graph Theory has established itself as a versatile and essential tool across multiple
disciplines due to its unparalleled capacity to model any network in a structured and
mathematical manner. This process of abstraction allows researchers to deepen their
understanding of a system’s behavior, evaluate its operational capacities, and develop
robust predictive models. To achieve this, the practical challenge must first be formulated
as a formal mathematical problem, centered on the analysis of specific graph parameters
such as connectivity, centrality, or robustness.

In the majority of real-world scenarios, the components of a network and their inter-
connections are not uniform. They possess intrinsic properties that dictate the dynamics of
the entire system. In Chemistry and Molecular Biology, the atoms within a molecule possess
distinct masses and electronegativities [1,2] that influence molecular stability and reactivity.
When modeling a protein as a graph, where nodes represent amino acids, the weight of
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an edge serves as a critical indicator of the physical distance or the interaction strength
between them [3,4]. This spatial information is vital for understanding protein folding and
enzymatic functions. In Communication Networks, unlike simple graphs where a con-
nection is either “on” or “off”, real digital networks depend on bandwidth [5], latency [6],
and throughput [7]. Weighting an edge allows engineers to model the cost of sending data
through a specific route, which is the basis for modern internet routing protocols.

Despite the significant advances in Graph Theory and its widespread application in
complex networks, much of the current theoretical body of work is based on the study of
unweighted graphs. While these models are mathematically elegant, their scope is often
limited when applied to the inherent heterogeneity of real-world networks. A model that
treats all connections as equal can overlook critical bottlenecks or fail to identify the most
efficient paths in a resource-constrained environment.

The transition from unweighted to weighted graph theory is not a simple task of
direct translation. Some fundamental properties do not generalize easily. However, other
properties show remarkable resilience and can be adapted through advanced mathemati-
cal frameworks.

One of the most studied and applicable topics in the context of unweighted graphs is
domination in graphs (see [8]). In its simplest form, a dominating set is a subset of nodes
such that every node in the network is either in the set or adjacent to at least one member
of the set. In a weighted interconnection network, the challenge evolves into finding a
Minimum Weight Dominating Set. This has profound implications, for instance, in Ecology
by determining the critical habitat patches that must be protected to ensure the survival
of a species across a fragmented landscape [9] and in Communication when we want to
optimize the placement of sensors or servers to ensure total coverage of a network at the
lowest possible infrastructure cost [10].

Roman domination is one of the most intriguing and widely studied variants within
the field of domination in Graph Theory. Unlike classical domination, where a node simply
covers its neighbors, Roman domination introduces the concept of strategic redundancy.
This model does not merely seek coverage; it guarantees that the node providing protection
retains its own integrity and functionality after deploying its resources to assist others.
The concept is rooted in a military defense strategy proposed by the Emperor Constantine
the Great to protect the Roman Empire in the 4th century. Constantine decreed that no
legion could leave its current location to assist a neighboring region under attack unless
there was a second legion present to defend the original site. In mathematical terms, this
problem was formalized in 1990 by Stewart [11] and the notion of Roman domination in
graphs was introduced by Cockayne et al. [12]. A Roman dominating function (RDF for
short) on a non-weighted graph G = (V, E) is defined as a function f : V. — {0,1,2} such
that every vertex u € V with f(u) = 0 is adjacent at least to one vertex v € V for which
f(v) = 2. In other words, every RDF partitions the vertices into three sets (Vj, V1, V,) based
on the assigned label: V; is the subset of vertices with maximum resource capacity. V; is
the subset of vertices with enough resources for their own defense, but which are incapable
of assisting others. And Vj is the subset of vertices without their own resources. To be
considered protected or secured, they must be adjacent to at least one vertex in V;. The aim
is to find a RDF which ensures the entire graph is protected with the minimum cost. The
significance of Roman domination lies in its utility for systems where resource mobility
and service continuity are critical requirements. These are the cases of server architectures
and data centers, emergency logistics and public safety projects and especially of systems
biology and epidemic control, where it is used to identify control nodes within metabolic
or protein interaction networks. If a drug must intervene in a biological pathway, Roman
domination helps select intervention points that ensure the stability of the cellular system
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even under conditions of external stress or genetic mutation. Several studies have focused
on obtaining properties of this parameter and some of its variants (see for instance [13-18]).

In this research, we investigate the Roman domination number of a weighted graph.
Our study begins by establishing a formal upper bound expressed in terms of the classical
domination number. Furthermore, we derive and prove several general bounds that are
demonstrated to be optimal. Finally, we determine the exact values of this parameter for
various fundamental families of graphs, offering a precise reference for future applications
in network topology and design.

2. Definitions and Terminology

Throughout this article, only undirected simple graphs without loops or multiple edges
are considered. Unless otherwise stated, we follow References [8,19,20] for terminology
and definitions.

A (non-weighted) graph G is a pair (V, E), where V is a set of vertices, and E C (‘2/)
is a set of edges, which are connections between those vertices, usually represented as
unordered pairs of vertices. The neighborhood of a vertex u € Vof Gis N(u) = {v € V :
{u,v} € E}. The closed neighborhood of u is N[u] = N(u) U {u}.

A graph G = (V, E) together with a positive real-valued weight-functionw : V — R>0
is called a vertex-weighted graph or simply a weighted graph, and is denoted by (G; w). Given
a weighted graph (G; w) and a subset S C V the weight of Sis w(S) = Y s w(v). The order
of G is |V(G)| whereas the weight of G is w(G) = w(V(G)). A weighted graph (G; w) such
that w(G) = | V| is called a normed weighted graph. For every vertex v € V(G), the weighted
degree of v is defined as dy(v) = wg\lz(;v)). Furthermore, let 6, (G) = minyey{dy(v)}
and Ay (G) = maxyey{dw(v)} denote the minimum and maximum weighted degree of G,
respectively. The subgraph of G induced by S, denoted by G[S], is the graph with vertex
set S whose edges consist of all edges in G that connect two vertices in S. Analogously, the
subgraph of (G; w) induced by S, also denoted by G[S], is the weighted graph (G[S]; w).
In this case, the vertex and edge sets are defined identically to the unweighted case, and

the weight function is restricted to w : S — R>Y. A subset of vertices S C V is said to be
independent if no two vertices in S are adjacent.

A weighted complete graph of order 1, denoted by (K,; w), is a weighted graph in
which every pair of distinct vertices is adjacent. It should be noted that, unlike unweighted
graphs, a weighted complete graph is not unique. In fact, each weight function w defines a
distinct weighted complete graph.

Given a graph G = (V,E) (resp. a weighted graph (G;w)), every vertex v € V
dominates itself and each of its neighbors. We say that a subset D C V is a dominating
set (resp. weighted dominating set) of G if every vertex of V — D is neighbor of some
vertex of D; that is, if N[D] = V. The minimum cardinality of a dominating set of G is
called the domination number of G and it is denoted by (G). The minimum weight of a
weighted dominating set of G is called the weighted domination number of G and it is denoted
by 1w(G).

In a graph G : (V,E) (resp. weighted graph (G;w)), a Roman dominating function,
for short RDF, (resp. weighted Roman dominating function, for short wRDF) is a mapping
f: V. — {0,1,2} that satisfies the condition where each vertex u with f(u) = 0 must
be adjacent to at least one vertex v such that f(v) = 2. The total weight of an RDF (resp.
wRDF) is f(V) = Y ,ev f(u) (resp. f(V) = Lev f(u)w(u)). Throughout the paper, we
adopt the convention of viewing an unweighted graph as a vertex-weighted graph in which
w(v) = 1forall v € V. Under this convention, the expression f (V) consistently represents
the weight of a Roman dominating function in both the weighted and unweighted settings.
The smallest weight among all RDFs (resp. wRDFs) on G (resp. (G; w)) is called the Roman
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domination number of G (resp. weighted Roman domination number of (G;w)) and is denoted
by 7&(G) (resp. 1ur(G))-

3. General Bounds on Weighted Roman Domination Number

We first establish both upper and lower bounds for the weighted Roman domination
number in terms of the weighted domination number.

Theorem 1. For every weighted graph (G, w), it follows that v, (G) < Yur(G) < 27 (G).

Proof. First, let us show that 7, (G) < 74r(G). Let f be a ,r-function and consider the
associated partition (Vp, V1, V). Since every vertex of Vj has at least one strong neighbor in
V,, we can ensure that D = V; U V; is a weighted dominating set on (G; w);

Yw(G) < w(D) Z w(u) + Z w(u) < Z w(u)+2 2 w(u)

ueVy ucVy ueVy ucVy
2
= L ¥ fwl) = f(V) = vur(G).

Second, we prove that v,r (G) < 274 (G). Let D be a 7y, (G)-set of (G; w) and consider
the function f : V — {0,1,2} defined as f(u) = 2if u € D, and f(u) = 0 otherwise. It is
evident that f constitutes a wRDF on (G; w). Consequently, we obtain: v, (G) < f(V) =
Y 2w(u) =2w(D) = 274,(G). O
ueD

Next, we examine the classes of weighted graphs where the equality 7y, = ;g holds.
Before doing so, we state the following necessary remark.

Remark 1. Let f = (Vo, V4, Va) be a yyr-function on (G;w). If f is chosen such that the
cardinality of V; is minimized, then Vy is an independent set in (G; w).

Proof. Let f = (Vp, V1, V2) be a yyr-function that minimizes |V;|. To prove the property by
contradiction, suppose there exists an edge {u, v} connecting two vertices in V4. Without
loss of generality, we may assume that w(u) < w(v). We then define a new function
g:V — {0,1,2} as follows: g(u) = 2, g(v) = 0,and g(z) = f(z) forallz € V \ {u,v}.
Since u is assigned a value of 2, it is self-dominated and also dominates v. Consequently,
¢ is a weighted Roman dominating function with associated partition (Vo U {v}, V; \
{u,v},V, U {u}). The total weight of g satisfies g(V) = f(V) +w(u) —w(v) < f(V).
However this fact contradicts the minimality of | V1| in f. Therefore, no such edge {u, v}
can exist, implying that V] is an independent set. [J

We now characterize the classes of weighted graphs for which the lower bound of ¥,z
established in Theorem 1 is attained.

Theorem 2. Let (G;w) be a weighted graph of order n. The equality v, (G) = v4r(G) holds if
and only if G is the empty graph K.

Proof. If (G, w) has no edges, then the only weighted dominating set is D = V, and
consequently w(V) = 74 (G). Furthermore, the unique y,,r-function f on (G, w) is defined
by f(v) = 1forall v € V, with a weight of y,r(G) = f(V) = w(V) = 70(G). Now,
assume that v, (G) = v,r(G). According to Remark 1, it suffices to show that the only
Ywr-functionon (G, w) is f(v) = 1forallv € V. Let f be a ,r-function on G and consider
its associated partition (Vp, Vi, V). We aim to prove that V; = V. Since every vertex u with
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f (1) = 0 must be adjacent to at least one vertex v with f(v) = 2, it follows that V; U V, is a
weighted dominating set of (G, w). Then

Ywr(G) = ')/w(G) < w(ViuW) = Z w + Z w(u)

uevy ueVv,
< Y w42 ) wu) =) ) fwwu) = f(V) = 7ur(G),
uev uev, i=0ueV;
and therefore
Y w(u) =0. (1)
ucvy

This implies that V, = @ and, consequently, Vj = @. Thus, V = Vj, which completes
the proof. [

The following theorem upper bounds ;g in terms of the graph weight and the
maximum weighted degree A,. A similar bound for the weighted domination number was
given in [21].

Theorem 3. Let (G; w) be a non-trivial weighted graph. Then

2w(G)—‘

Ap+1]

Yor(G) = [

Proof. Since (G;w) is non-trivial, let v* € V be a vertex such that w(v*) = min{w(v)

v e V,N(v) # @}. It follows that w(N(v*)) > w(v*), and thus A, > 1. Let f : (G;w) —
{0,1,2} be a y,r-function with the associated partition (Vy, V4, V). For any u € V,, we
observe that }-yc nu)ny, w(v) < w(N(u)) < Apw(u). Summing over all u € V3, we obtain:

ueVp \veN(u) uev,

)3 ( Y. w(v)) <Ay Y wlu). 2)
nv

Then, it follows from (2) that

(Do +D)70r(G) = (Bo+1) Y w(u)+ (by+1) ), 2w(u)
uev uev,
> (Bot+1) w2 Y ww+2 ) [ Y w)
ueVl u€V2 uGVZ veNu)NVy
> 2 Y wu)+2 ) wu)+2 ) w
% ucVy veVy
= 2w(G).
2w(G) e
Hence, v, (G) > , which finishes the proof. [
Ay +1

For unweighted graphs, it was proven in [12] that yg > Az—frll, where n denotes the
order and A the maximum degree of the graph. The bound established in Theorem 3 serves
as a weighted generalization of this result. Indeed, if a weighted graph (G;w) of order n is
normed, then w(G) = n. Consequently, Theorem 3 implies that y,,g(G) > Aiil‘

The upper bound of Theorem 3 is tight, as we can see in the weighted graph (G; w)
depicted in Figure 1. Indeed, v,r(G) = 4, and the function f : (G;w) — {0,1,2}, defined
by f(v2) = f(vg) = 2 and f(v;) = 0 fori ¢ {1,6}, is a y,r-function. Furthermore,
based on the vertex weights (indicated in parentheses), we have A, = 6 and w(G) = 14.

Consequently, the following equality holds: y,r(G) = ZAZ:’U(fl) . There are also some families
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of weighted graphs for which the upper bound of Theorem 3 is reached, as we will see in
the next section.

vy (2)

v, (3) vy (1)

Vs (1)

Figure 1. An example for which the upper bound of Theorem 3 is reached.

The following proposition establishes several properties of the partition associated
with a 7y, r-function.

Proposition 1. Let (G;w) be a weighted graph and let f be a vy, r-function with associated
partition (Vo, V1, Va). Then, the following assertions hold:

(a) Ifu,v € Vjareadjacent, then w(u) = w(v).
(b) Noedge of G joins a vertex in Vj to a vertex in V.
(c) Vyisa yy-set of the induced subgraph G[Vy U V3).

Proof. (a) Without loss of generality, assume that w(u) < w(v). Consider the function
¢:V —{0,1,2} defined by g(u) =2, g(v) =0,and g(z) = f(z) forallz € V' \ {u,v}. Itis
clear that g is a wRDF on (G; w). Its weight is given by

g(V) =f(V) = (w(u) + w(v)) + 2w(u) = f(V) + w(u) —w(v) < f(V).

Since f is a yyr-function, it must follow that w(#) = w(v) to avoid a contradiction with
the optimality of f.

(b) Suppose, on the contrary, that there exists an edge joining u € V; and v € V. By
setting f(#) = 0 and leaving all other values unchanged, we obtain a new function f’
which is still a wRDF on (G; w). This is because the domination of u is maintained by its
neighbor v € V,, rendering the initial label f(u) = 1 redundant. Consequently, f’ is a
wRDF with a strictly smaller weight than f, contradicting the optimality of f.

(c) Since each vertex u € Vj has at least one neighbor in V;, it follows that V, is a
weighted dominating set of the induced subgraph G[Vy U V;]. Suppose V; is not a 7,-
set of G[Vp U V3]. Then, there exists a weighted dominating set D C VU V; such that
w(D) < w(V,). In this case, we define a new function g : V. — {0,1,2} as follows: g(v) =2
ifv e D, g(v) =1ifv € Vq, and g(v) = 0 otherwise. This function g is a wRDF on (G; w)
with an associated partition ((Vp U V2) \ D, V4, D). However, its weight satisfies:

g(V) = Zw(D) + ZU(V]) < 2ZU(V2) + w(Vl) = f(V),

which contradicts the optimality of f as a y,,g-function. O
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Next we will provide a condition that is both necessary and sufficient for a non-trivial
weighted graph to have a y,,r equal to its weight. Before this, we need to prove that every
two neighbors must have the same weight.

Lemma 1. Let (G;w) be a non-trivial weighted graph. Assume that v,gr(G) = w(G) and let
f be a yyr-function on (G;w) with the associated partition (Vy, V1, Va). Then, the following
assertions hold:

(i) Foreveryu € Vo, w(u) = Lyenu)ny, w(0)-
(i)  V, is an independent set.
(iti) Ifu € Vyand v € V; are adjacent, then the edge {u, v} is a connected component of (G; w).

Proof. (i) Suppose, for the sake of contradiction, that there exists u € V; such that
w(u) # LoeN(u)ny, w(0)-

Case 1: Assume w(u) < Yyen(u)ny, @(0). Define a function ¢ : V — {0,1,2} such
that g(u) =2, g(v) =0forallv € N(u) NV, and g(v) = 1 otherwise. It is clear that g is a
wRDF on (G; w). However, its weight satisfies:

g(V) = Y. w(v) +2w(u)
veV\(Nu)NVou{u})
< Z w(v) +w(u) + Z w(v) = w(G)
veV\(Nu)NVoU{u}) veN(u)NVy

which contradicts the assumption that v,z (G) = w(G).
Case 2: Assume w(u) > Yyen(u)ny, @(0)- In this case, we have:

w(G) = f(V) = )3 f(o)w(v) + 2w (u)
veV\(N(u)NVou{u})
> Z f@)w(v) +w(u) + 2 w(v) = g(V).
veV\(N(u)NVouU{u}) veN(u)NVy

This implies ¢(V) < f(V), contradicting the fact that f is a vy, g-function.

Consequently, w(u) = Y,en(u)ny, w(v) must hold for every u € V5.

(ii) If u,v € V, are adjacent, we can reassign g(v) = 0 and g(z) = 1 for all
z € N(v) N V. Since u dominates v, ¢ remains a wRDF. By item (i), we know that
Feen(ont, ©(z) = ©(0). Thus, g(V) = F(V) = 20(0) + Teenoyow, @(z) = F(V) (o) <
w(G), a contradiction. Hence, V, must be an independent set.

(iii) Let u € V, and v € V) be adjacent vertices. By Proposition 1 and item (if), it
follows that N(u) C Vp. From item (i), we have the identity:

wu) =Y w(z), ©))
z€N(u)
which particularly implies:
w(u) > w(v). (4)

Let g : V — {0,1,2} be the function defined by g(u) = 0, g(v) = 2, g(z) = 1 for all
z € N(u) \ {v}, and g(z) = f(z) otherwise. The function g has an associated partition
(V3. V1, V4), being V§ = (Vo U{u}) \ N(u), V{ = V4 U (N(u) \ {o}) and V§ = (V2 \ {u}) U
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v}. The only vertex in V! not in Vj is u, which is dominated by v € VJ. Thus, ¢ is a wRDF
{o} y 0 y 2 8
on (G;w). Based on Equations (3) and (4), we obtain:

Z f(z)w(z) + 2w(u)

Ywr(G) = f(V)

z€V\NJu]

= Y s@uwE+ww)+ Y wz)

z€V\NJu] z€N(u)

= Y s@w() + (wu) —w@©)+ Y gE)wz)
z€V\NJu] z€N(u)

§(V) +w(u) —w(v)
> g(V) > ’)/wR(G)'

This chain of inequalities implies that w(u) = w(v), which, according to (3), is only possible
if N(u) = {v}. Furthermore, as g(V) = f(V), the function g is also a y,g-function
with ¢g(v) = 2 and g(u) = 0. Applying the same reasoning to v leads to N(v) = {u}.
Consequently, every edge connecting V; and Vj is a connected component. [

Theorem 4. Let (G;w) be a non-trivial weighted graph. Then y,,r (G) < w(G). Equality holds if
and only if every connected component of G is either an isolated vertex or a single edge (x;,y;) such
that w(x;) = w(y;).

Proof. Clearly, 7,r(G) < w(G), as the function f : V — {0,1,2} defined by f(v) = 1
for all v € V is a wRDF with weight w(f) = Y ,ey w(v) = w(G). Suppose that every
connected component of G is either an isolated vertex or a single edge. Let the set of
edges be E = {{x1,y1},...,{x, y+}} and let Z be the set of isolated vertices, such that
V=XUYUZ where X = {xq,...,x,} and Y = {y1,...,y,}. Given that w(x;) = w(y;)
for all 7, it follows directly that y,r(G) = w(G).

Conversely, assume v,r(G) = w(G), and let f be a y,g-function with associated
partition (Vp, V3, V2). By the definition of weighted Roman domination, no vertex in V; can
be adjacent to a vertex in V;; otherwise, reassigning f(v) = 0 for the vertex v € V; would
yield a wRDF of smaller weight, a contradiction. Furthermore, by Lemma 1, we deduce
that each vertex has at most one neighbor, and that any two adjacent vertices must have
the same weight. This completes the proof. [

As a consequence of Theorem 4, we establish a Nordhaus-Gaddum-type inequal-
ity for the sum of the weighted Roman domination numbers of a weighted graph and
its complement.

Proposition 2. Let (G; w) be a weighted graph, with n > 3 vertices, such that both (G; w) and
(G; w) are non-trivial. Then,

4%151{10(0)} < Ywr(G) + 70r(G) < w(G) +w(G).

Proof. Let f be a yyr-function on (G;w) that minimizes the cardinality of V;. Since
(G;w) is a non-trivial graph, it contains at least one edge. This implies that V, # @,
and consequently, 7,r(G) = w(f) > 2min,ey{w(v)}. Applying the same reasoning
to the complement, we obtain v,r(G) > 2minycy{w(v)}. Summing these two lower
bounds yields the first inequality. Regarding the upper bound, Theorem 4 establishes
that 7,r(G) < w(G) and ,r(G) < w(G). According to the same theorem, equality
Ywr(G) = w(G) holds only if every connected component of G is either an isolated

vertex or an isolated edge. Crucially, a graph and its complement cannot simultaneously
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possess this structure. Therefore, at least one of the inequalities must be strict: either
Ywr(G) < w(G) or 1,r(G) < w(G). It follows that:

Ywr(G) + 1wr(G) < w(G) +w(G).
O

Since w(G) = w(G), the upper bound in Proposition 2 can be equivalently expressed
as Yur(G) + 'YwR( ) <2w(G).

4. The Weighted Roman Domination Number of Some Families
of Graphs

In this section, we determine the weighted Roman domination number for complete
graphs and complete bipartite graphs. Furthermore, we provide approximations for this
parameter in weighted cycles.

The following result is a direct consequence of Theorem 3.

Corollary 1. For a complete weighted graph (Ky; w) of order n > 2,
Ywr (Kn) = 2min{w(v) : v € V}.

Proof. Let u* € V be a vertex such that w(u*) = min{w(v) : v € V}. We shall prove that
Ywr (Kn) = 2w(u*). First, consider the function f : V' — {0,1,2} defined by f(u*) = 2
and f(v) = O forall v € V' \ {u*}. Itis clear that f is a wRDF, as u* is adjacent to all
other vertices in K,. The weight of this function is f(V) = 2w(u*), which implies that

Yuwr (Kn) < 2w(u*). To establish the lower bound, let A, be the weighted maximum degree.
w(Ky)—w(u*)

w(u*)

For a complete graph, Ay, = . By applying Theorem 3, we obtain:
2w(Ky) Zw(Kn)

— Ay t+1 w(Ky)
¢ ()

’YwR(Kn> = Zw(u*)'

g

Combining both inequalities, we conclude that v,z (Ky) = 2w(u*). O

In general, obtaining closed-form expressions for the exact value of the ;g parameter
is a challenging task, even when restricted to well-known families of weighted graphs.
In the classical unweighted case, an optimal strategy for Roman domination in complete
bipartite graphs Kj , is to assign labels from {1,2} to the vertices in the partition of cardi-
nality two. However, in the weighted case, this strategy may not be optimal, as the vertex
weights can favor a different distribution of values (see Figure 2). Indeed, the examples in
Figure 2 illustrate how the optimal weighted Roman dominating function (WRDF) adapts to
different weight distributions. In graph (a), the optimal wRDF assigns f(x1) = 2, f(xz) =1,
and f(y;) = 0 for j = 1,2,3. In graph (b), it is optimal to set f(x;) = 0 for i = 1,2, while
assigning f(y1) = 2 and f(y;) = 1for j = 2,3. In graph (c), the minimum weight is
achieved by setting f(x1) = f(y1) =2 and f(x2) = f(y;) = 0forj = 2,3.

The following proposition provides the exact value of the weighted Roman domination
number for a complete bipartite weighted graph. This value is expressed in terms of the
total weights of both vertex classes and the minimum vertex weight within each class.
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y1(2) v (D) y: (D
D %, (3) %y (2) %,
¥z (3) Y2 (2) y2 (3)
1) x, (4) x; (3) x;
vz (3) y3 3 y3 (4)
(a) (b) (c)

Figure 2. Optimal wRDF assignments for different weight distributions on Kj 3 (vertices not listed
have label 0): (a) f(x1) =2, f(x2) = 1;(b) f(y1) = 2and f(y2) = f(y3) = L; () f(x1) = f(y1) = 2.

Proposition 3. Let (Ks¢,w) be a complete bipartite weighted graph with vertex classes
X =A{xy,...,xs}and Y = {y1,...,y+}, where s < t. Assume the vertices are ordered so
that w(x;) < w(xjpq) fori=1,...,s =1, and w(y;) < w(yjs1) forj=1,...,t — 1. Then:

(i) Ifs =1, then yur (K1) = min{2w(x1), w(y1) + w(Y)}.

(i) Ifs > 2, then yr(Kss) = minfaw(x) + w(X), w(yr) + w(Y), 2(w(x1) + (1)) -

Proof. Let f = (Vp, V3, V2) be a y,r-function on K that minimizes |V;|. By Remark 1,
the set V] must be contained entirely within either X or Y. Proposition 1 establishes that
vertices in V7 and V, cannot be adjacent. Furthermore, note that if a vertex were assigned
label 1, any vertex with label 2 would be forced into the same partition class to avoid
adjacency; however, such a configuration would contradict Remark 1 or the minimality
of |V1|

(i) Case 1. Assume that s = 1. Since f is chosen to minimize |V;|, it follows that

f(x1) #1.

On the one hand, if f(x1) = 0, then x; must be dominated by Y. Therefore, there exists
y* € Ysuch that f(y*) =2and f(y) > 1forally € Y\ {y*}. Thus,

Tor(Kip) = f(V) =2 2w(y”) + w(Y\{y"}) = w(y") + w(Y).
Since w(y1) < w(y*), itis verified that w(y*) + w(Y) > w(y;) + w(Y). So,
'YwR(Kl,t) Z w(yl) + w(Y)

Now, consider the wR-function f’ defined by f'(y1) =2, f'(y) =1fory € Y\ {1},
and f’(v) = 0 otherwise.

Yor(K1) < f1(V) =2w(y1) + w(¥Y \ {y1}) = w(y1) + w(Y).

On the other hand, if f(x1) = 2, then all vertices in Y are already dominated, im-
plying f(y;) = 0 for all j. Reasoning analogously to the previous case, this leads to
Ywr (K1,6) = 2w(x1).

Therefore, if s = 1, it follows that

Ywr (K1,1) = min{2w(x1), w(y1) +w(Y)}.

(ii) Case 2. Assume that s > 2. We distinguish two subcases:
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Subcase 2.1. Suppose that V; # @ and, hence either V; C X or V; C Y. Without loss
of generality, assume that V; C Y. This implies that V, C Y, and therefore f(x) = 0 for all
x € X.So, f(y) > 1fory € Y and there exists y* € Y with f(y*) = 2. Consequently,

Tor(Kst) = 20(y") + w(Y \ {y*}) = w(y") + w(Y) = w(y1) + w(Y).

This inequality holds because the function f’ defined by f'(y1) = 2, f'(y) = 1 for
y €Y\ {1}, and f'(x) =0 for x € X, is a wRDFE.
Subcase 2.2. Assume V; = @. Then, there exist x* € X and y* € Y satisfying

f(x*) = f(y*) = 2. Thus,
Yur(Keg) = 20(x") +20(y") > 2(w(x1) + w(y)).

The function defined by f'(x1) = f'(y1) = 2 and f’(v) = 0 otherwise is a wRDF, which
confirms the previous inequality.
Therefore, for s > 2, it follows that:

Tar (Ks ) = min{w(x) + w(X),w(yr) + w(Y), 2(w(x) +w(y1))},
and the proof is complete. [

The Roman domination number of an unweighted cycle C,, of order n is well known
and straightforward to determine; specifically, yg (C,) = [27”] . However, when weights are
assigned to the vertices, the problem becomes considerably more complex. In the following
theorem, we provide an upper bound for the weighted Roman domination number in
terms of the total weight of the cycle. Furthermore, for cases where n # 0 (mod 3), we
will prove that this bound is attained if and only if the weights are uniformly distributed
among all vertices.

Theorem 5. Let (C,, w) be a weighted cycle of order n > 3, and let k = |n/3|. Then:

k
')’wR(Cn) < (1 - n> w(cn)'
Proof. Let the weighted cycle be denoted by Cy, : uy,uy, ..., uy, u;. We analyze the problem
by considering three cases based on the remainder of # modulo 3.

Case 1: n = 3k. For each m € {1,...,n}, define the function f,, : V. — {0,1,2} as:

fm(u(m+3l-) (modn))zz fori:0,...,k—1,

and f,,(v) = 0 otherwise. Each f,, is a weighted Roman dominating function (WRDF) on
Cy. Summing the weights of all such functions, we obtain:

1 Yur(Ch) < i fm(V) =2k Z w(uj) = 2kw(Cy). (5)
m=1

It follows that g (Cy) < zn—kw(Cn) = (1 — %)w(cn)
Case 2: n = 3k + 1. Foreachm € {1,...,n}, define f,, : V. — {0,1,2} as:

fm(um) =1, fu(Umi243i) (modn)) =2 fori=0,...,k—1,
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and f,(v) = 0 otherwise. Since each f, is a wRDF on C,, we have:

n

n")/wR(Cn) < 2 fWI(V) (2k+1)
m=1 j

M:

w(uj) = (2k +Dw(Cy). (6)

1

Therefore, y,r(Cy) < 2"T“w(cn) = (1 - %)w(Cn)
Case 3: n = 3k + 2.Foreachm € {1,...,n}, define f,, : V — {0,1,2} as:

fm(u(erBi) (mod n)) =2 fori=0,...,k

and fy(v) = 0 otherwise. Clearly, {f,, : m = 1,...,n} is a set of wRDFs on C,,,
which implies:

M:

1 Yur(Cn) < Z_) 2(k+1) Y w(u;) = (2k +2)w(Cy). 7)

1

j

Thus, 7er(Cr) < %2w0(Cy) = (1= £)w(Cy). O

Theorem 6. Let n,k > 1 be integers such that n = 3k + ¢ for £ € {1,2}. Let (Cy,w) be a
weighted cycle of order n. Then,

Tar(G) = (1= 2 )w(C)

if and only if the weights of all vertices are equal (i.e., w is a constant weight function).

Proof. Let the weighted cycle be denoted by C;; : uy,uy, ..., uy, uq. If all vertex weights are
equal, say w(u;) = p for some constant p > 0, then (C,, w = p) can be identified with an
unweighted cycle C), scaled by p. In this case, y,r(Cr) = Yr(C),)p = [%”] p=(2k+0)p.

Now, let us show the converse. Assume that v,z (Cy) = (1 — %)w(CH) Under this
assumption, all inequalities in Theorem 5 become equalities—specifically, those in (6)
if n = 3k + 1, and those in (7) if n = 3k 4+ 2. Consequently, every function in the set
{fmw:m=1,...,n}isa y,r(Cy)-function. The set of n identities { f, (V) = vwr(Cu)}_;
can be expressed as a linear system of the form A@ = b, where:

w(ul) ')'wR(Cn)

- w(uZ) - '}’wR(Cn)

w = . , b= . ’
w(un) ’YwR(Cn)

and A is a circulant matrix whose rows correspond to the labels assigned by each f,.
Specifically, the entries of each row are determined by the labels {0,1,2} defined in the
construction of the functions f;;. This linear system has a unique solution by the Rouché-
Frobenius Theorem, provided that rank(A) = n (i.e., A is non-singular). We observe that
the sum of the entries in each row of A is constant and equal to 2k + 1if n = 3k + 1, and
2k + 2 if n = 3k + 2. Since the vector b is also constant, it follows that w(u;) = @
foralli =1,...,n is a solution to the system. Given that the matrix is non-singular, this
is the unique solution, which implies that all vertex weights are equal, thus completing
the proof. O

The reasoning used in the proof of Theorem 6 can be extended to the case n = 3k to
demonstrate that ,r(Cs) = 3w(C,) does not necessarily imply that all vertex weights
are equal. This occurs because the circulant matrix associated with the linear system
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{fu(V) = ywr(Cn)}! _;, derived from Equation (5) in Theorem 5, has a rank strictly less
than n. Specifically, for n = 3k, the rank of this matrix is 3 (for n > 3). Consequently,
when n = 3k, there are infinitely many weighted graphs for which the bound in Theorem 5
is attained. Figure 3 illustrates this by showing two weighted hexagons ((Cs; w)) with

the same total weight but different vertex weight distributions, both of which satisfy the

equality in Theorem 5.
Vg (1) vy (1) Vg (2) vy (1)

Vs (2) v, (2 ve(D) v, (3)
v, (3) v3(3) v, (3) U3 (2)

Figure 3. Examples of weighted hexagons where the equality in Theorem 5 holds.

5. The Weighted Roman Domination Number and the Differential of a
Weighted Graph

The concept of the differential of an unweighted graph was first introduced in [22],
with subsequent applications in the study of information diffusion within social networks.
For an unweighted graph G = (V,E) and a subset S C V, the differential of S is defined as
d(S) = |B(S)| — |S|, where B(S) denotes the set of vertices in V' \ S adjacent to at least one
vertex in S. The differential of the graph G is then given by:

d(G) =max{a(S): SC V}

A subset S C V is called a d-set (or differential set) if it satisfies d(S) = 9(G).
This notion naturally extends to weighted graphs. For a weighted graph (G, w) and a
subset S C V, the differential of S is defined as:

9(8) = w(B(S)) — w(S)
where w(X) = Y ,cxw(v). Similarly, the differential of (G,w) is defined as 9(G) =
max{d(S) : S C V}.
The following theorem establishes a relationship between the weighted Roman domi-
nation number and the differential of a weighted graph.

Theorem 7. Let (G; W)) be a weighted graph. Then y,r(G) = w(G) — 9(G).

Proof. Let f be a 7,r(G)-function with its associated partition (Vp, V4, V2). By setting
S = V,, we observe that B(S) = Vpand V; = V' \ (SU B(S)). Consequently, we have:

Yur(G) = 2w(V2) +w (V)

=w(V2) +w(Vo) —9(V2) +w(V1)
=w(G) —a(V2)

> w(G) —max{d(S): S C V}

— w(G) - (G).
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To prove the reverse inequality, let S* C V be a subset such that 0(G) = 9(5*). We define a
function g : V. — {0,1,2} as follows: g(v) = 2ifv € §%, g(v) = 0ifv € B(S*), g(v) =1
otherwise. Since g is a wRDF, it follows that:

Tor(G) < g(V) = 2w(8") +w(V \ (S*UB(SY)))

=w(S*)+w(B(S*)) —a(S*) +w(V\ (S*UB(S5")))
=w(G) —9(S5")
=w(G) —9(G).

Thus, we conclude that y,r(G) = w(G) —9(G). O

6. Discussion

While research on unweighted graphs is extensive, its application to real-world net-
works is often limited. Real-world structures typically consist of points of interest with
varying degrees of relevance, which are more accurately modeled by graphs with vertex
weights. In this paper, we have initiated the study of weighted Roman domination in
weighted graphs. Specifically, we have established several bounds for the weighted Roman
domination number in terms of graph invariants such as total weight, maximum weighted
degree, and the weighted domination number.

Furthermore, we have determined the exact values of y,r for specific families of
graphs, including complete weighted graphs, complete bipartite weighted graphs, and
weighted cycles. Finally, we have established a fundamental relationship between the
weighted Roman domination number and the differential of a weighted graph.

As a continuation of this research, we suggest the following lines of investigation:

*  Establish new lower bounds for ;g in terms of the minimum weighted degree Jy,.
*  Building upon Theorem 7, seek further refinements of the general bounds presented
in this work.
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