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Abstract

Let 2°(#)’ denote the set of all elements in the ring # that are neither zero nor units, where
Z is assumed to be a commutative ring with a multiplicative identity satisfying 1 # 0.
Two distinct vertices w and « are defined to be adjacent if and only if x does not lie in the
ideal generated by w in %, that is, ¥ ¢ w#, and simultaneously, w does not lie in the ideal
generated by « in %, that is, w ¢ k%. The cozero-divisor graph of %, denoted by I (%), is
an undirected graph in which the vertices are given by the set 2°(%)’. This article presents
a comprehensive evaluation of both the Euler Sombor index and the average Sombor index
for the graphs I’ (Z,) corresponding to various values of n.

Keywords: cozero-divisor graph; the Euler Sombor index; the average Sombor index; ring
of integer modulo 7

MSC: 05C12; 05C25; 05C50; 15A18

1. Introduction

Unless stated otherwise, the notation % shall denote a commutative ring with identity,
where 1 # 0, throughout this paper. The ideal generated by an element « is denoted by
k% = {xc: c € #}. The set of all non-zero and non-unit elements of # is represented as
% (#)'. For any positive integer 1, Z, refers to the ring of integers modulo n.

The graph G is denoted by the pair G = (V, E), where V denotes the vertex set and
E denotes the edge set of G. In the graph G, if y; and y; are distinct vertices, the notation
Y1 ~ Yy signifies that y; is adjacent to y». A complete graph with m vertices is denoted by K.
The collection of vertices in G that are connected to the vertex y is called its neighbourhood
and is denoted by .4 (). The notation deg(y) denotes the degree of vertex y, which specifies
how many edges are connected to the vertex y € V. If vertex y has degree zero, it is referred
to as an isolated vertex. If every vertex in the graph G specifically has the same number of
connections, k then the graph G is known as k-regular.

The Sombor index, denoted as SO(G), is a recently introduced topological index by
Gutman [1]. It is defined for a graph G as the sum, over all pairs of adjacent vertices v; and
v;, of the square root of the sum of the squares of their degrees:

sOG) = Y.

U,‘NU]'

/(deg(vi))? + (deg(v)))2.
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In simple terms, to compute the Sombor index, take every edge in the graph, look at the
degrees of its two endpoints, calculate the square root of the sum of their squared degrees,
and then add up these values for all edges in the graph.

Further information about the Sombor index is available in references [1-8]. The Euler
Sombor index, written as EUS(G), and the average Sombor index, denoted SO0, (G), were
recently introduced by Gutman. The Euler Sombor index is defined for a graph G by
adding up, over all edges, the square root of the sum the squares of the degrees of the two
endpoints plus their product:

EUS(G) = ). \/(deg(vi))z + (deg(v;))? + deg(v;) deg(vy).

UiNU/'

Meanwhile, the average Sombor index SOy (G) is calculated by taking every edge, sub-
tracting the average degree " from each endpoint’s degree, computing the square root of
the sum, and adding these Values for all edges:

Zm’ 2 2m’\ 2
SOuvr = SOuur (G Z (deg v;) P > + (deg(vj) — n’)

0 ~V;

where m’, n’ denotes cardinality of edges, cardinality of vertices of graph G, respectively.

In other words, these two indices capture new ways of measuring graph structure,
by combining the degrees of adjacent vertices through geometric formulas.

Afkhami et al. [9] was the first to introduce the concept of the cozero-divisor graph for
commutative rings in their work. The cozero-divisor graph of #Z, denoted as 2 (#)’, has
vertices from the set 2 (%)’. Two distinct vertices w and « are joined by an edge only if w
is not contained in %, i.e., w ¢ k% and « is not contained in w%, i.e., k ¢ w%. For more
details on the cozero-divisor graph, readers may consult references [10-15].

Gursoy and collaborators [16] computed the Sombor index for the zero-divisor graph
of the ring Z, for a range of values of n in their study. Section 2 provides an overview
of essential ideas that form the basis for the main results. In Section 3, we calculate the
reduced Sombor index of I'(Z,) in the cases where n = &8, &2&, €365 and ¢18283, with
¢1,¢2 and &3 being distinct prime numbers. Section 4 presents the computation of the
Albertson index for I'(Z,), in the cases where n takes the forms n = &1&, (f%@z, (ﬁég, and
€16283, with &1, {2 and 3 being distinct primes.

2. Preliminaries

We begin by introducing the definition of a generalized join graph and outlining
several established results that form the foundation for our main findings.

Definition 1. Consider the disjoint graphs Hy(Vy, Ey) for 1 < k < m, each having order my. Let
G(V,E) be a graph of order m whose vertex set is {v1,vy,...,0m}. The generalized join graph
G[H1, Hy, . .., Hy| is constructed by connecting the graphs Hy, Hy, . .., Hy, together. Whenever k
and [ are adjacent in G, every vertex from Hy is connected to every vertex from Hj.

For a positive integer 1, the number of positive divisor of n is given by t(n). We
write x|n to denotes x divides n and (x,n) denotes the gcd of x and n. An integer x
divides n for 1 < x < n if and only if x is a proper divisor of n. Euler’s phi func-
tion, ¢(n) is defined as the set of positive integers less than or equal to n that are co-
prime to n, ie., ¢(n) = {k € Z"| x < nand (x,n) = 1}. The prime factorization of n is
n = 61111032 . .CZk, where the integers hy, hy, ..., Iy are positive and c1, ¢y, ..., cx are dis-
tinct primes.
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Denote the proper divisors of n by x1,xp,...,x¢. Let Ay, = {s € Zy, : (s,n) = x,} for
all r satisfying 1 < r < k. It is observed that Ay, N Ay, = ¢, whenever r # s. Hence, the sets
Ax,, Axy, - .., Ay, are pairwise disjoint, and therefore

V(I'(Zn)) = Ay UAx, U+~ U Ay,

Lemma 1 ([17] Lemma 3.3). Supposea € A, and b € AC]. forsomei,j € {1,2,...,k}. Then,
in I"(Zy), the vertices a and b are adjacent, i.e., a ~ b if and only if neither ¢; divides cj, ie, ¢t ¢j
nor c; divides c;, i.e., c; te.

Define 6, as the simple graph whose vertices are the unique proper divisors of 7,
denoted by ¢y, ¢, ..., ¢x. Two distinct vertices ¢; and ¢; in J, are adjacent precisely when
neither ¢; divides c¢; nor c¢; divides c;. If n has prime factorization n = §;'¢,?...¢}", then

the number of vertices of the graph J, is given by

Vo) =T +1) -2

i=1

Lemma 2 ([17] Lemma 3.6). Let c1,¢cy,...,cx be the proper divisors of n. Then, T'(Z,) =
onll"(Ae)), T (Agy), ..., T (Ag)]-

The following lemma determines the cardinality of A;:
Lemma 3 ([15]). For each divisor c; of n the set A, has cardinality ¢(), for 1 <i < k.

Remark 1. Let cq,ca, ..., ¢k be the prime divisors of n. For 1 < i < k, throughout the paper, we
consider the following sets A, = {x € Zy : gcd(x,n) = ¢;}.

Corollary 1 ([17] Corollary 3.4). The following statements hold:

(1) For all i in the range 1 to k, the induced subgraph T'(A.,) within T'(Zy) is isomorphic to
Kp(%), where KP(%) is a complement of the complete graph K‘P(%)'

(2)  For any distinct indices i,j,i € {1,2,...,k}, every vertex in T'(Ac,) is adjacent to either all
vertices in I (Ac;) or none of them.

3. The Euler Sombor Index of Cozero-Divisor Graph I’ (Z,,)

This section is devoted to computing the Euler Sombor index of the cozero-divisor
graph I (Zy,).

Theorem 1. For distinct prime numbers {1 and G, the Euler Sombor index of the cozero-divisor
graph T'(Zg, &, ) is given as

EUS(I (Zg,,)) = (&1~ )& — D/ (@ — 12+ (G2~ 12 + (6~ D(@ - 1).

Proof. Consider n = 1, where ¢; and ¢, are distinct primes; in this case, the numbers
¢1 and ¢, form the proper divisors of n. By Lemma 1, {; ~ &> and in view of Lemma 2,
we have I''(Zg,¢,) = 0,6, [I" (Ag, ), T'(Ag,)]. By Lemma 3, |Ag, | = ¢(2) and |Ag, | = ¢(&1).
Here, |Ag ||Ag,| is the number of edges. For v; € Ag,, deg(v;) = ¢1 — 1 and for v; € Ag,,
deg(vj) = G2 — 1. We have
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EUS(T'(Zg,z,)) = ). \/(deg( i))? + (deg(v)))? + deg(v;) deg(v))

U,‘NU]‘

- VE -1+ @-1+ @ - D@

=\Agl||A¢2|¢<¢1 12 (@12 (@ - D& 1)
=@ - DD @E@ - D2 G- 12+ (G- D@ - 1).

O

Example 1. Let n = 6 = 2.3, where 2 and 3 are distinct primes. Here, 2 and 3 are the proper
divisors of n. By Lemma 1, 6 : 2 ~ 3. By Lemma 2, we have T' (Zg) = 8¢[T"(A2),T"(A3)].

By Lemma 3, |Ay| = ¢(§) = 2 and |A3| = P(§) = 1.If2 € Ay, 2 ~ 3, then deg(2) =
|Az| = 1and if 3 € A3, 3 ~ 2, then deg(3) = |Aa| = 2. Thus, the Euler Sombor index of the
cozero-divisor graph T' (Zg) is:

EUS(T"(Ze) = Y ¢<deg<vi>>2+<deg<vj>>2+deg<vi>deg<vj>

=) \/ (deg(2))? + (deg(3))? + deg(2) deg(3)
23

=Y 2+ (22 12
23

| Ao||As VI T AT 2

=2V7.

Given two distinct prime numbers {; and (>, the subsequent theorem presents the
Euler Sombor index of the cozero-divisor graph I''(Z 3 52) :

Theorem 2. For two distinct prime numbers &1 and Gy, it follows that the Euler Sombor index of
the cozero-divisor graph T (Z & g,) s

EUS(I'(Zgg,)) =(61 —1) (62— 1)

(@~ e/ (@ — 6?4+ (@182 — 82 + (@ - E) (@l — &)

+¢1 \/(5152 —C1)2+ (G -1+ (51— &) (& - 1)

@12+ G- 12+ (@ -1D(&-1)|.

Proof. If n = §2§2 with distinct primes ¢; and ¢», then its proper divisors are 1, ¢2, @1
and ¢1¢2. So, by Lemma 1, 562 181~ Gy~ Cl ~ (162 and by Lemma 2, we have
(Zgz ) = 56262 [I'(Ag), I'(Ag,), T'(A gz) "(Ag¢,)]- According to Corollary 1, we obtain

, _ L
T'(Zgeg,) = 0z2¢, [Ko(eye) Kp(e) Ko(er) Koten) )
By Lemma 3/ |A§1‘ = (gl - 1)(62 - 1)/ |A§2| = g% - gll |A§%| - 52 - 1/ ‘Aélézl = 61 -1

If v € Ag, &1 ~ G2, then deg(v) is the cardinality of Ag,. i.e., deg(v) = |Ag,|, similarly
ifv € A§2,€1 ~ Gy ~ C%, then dEg(U) = |A§]‘ + ‘A§%|, ifv € Ag%,gz ~ (;‘% ~ (162, then
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deg(v) = |Ag,| + | Az, |, if 0 € Ay, &2 ~ &182, then deg(v) = |Az|, so the degree of
vertex v is defined as

‘A§2|, (A Aél

|Ag | + A

deg(v) = il
‘Ag2| + |A§1§2|, RS Acf,%

UGA(:Z

‘Aé%" ‘A Agl(;rz.
For any edge ¢ in I (Zg% & ), the following cases are possible:

Case 1: If v; € A, and v; € Ag, s.t. v;v; = . Here, |Ag || Ag, | is the number of edges and
deg(v;) = &2 — &1, deg(vj) = G162 — G1. We have

2 1/ (deg(v))? + (deg(v;))? + deg(v:) deg(v))

:]A€1||A§2|\/(§% = G1)?+ (6162 — 61)? + (8T — §1) (8162 — &)

Case 2: If v; € Ag, and v; € Ag% s.t. v;ju; = e. Here, |Ag,| |A§%| is the number of edges and
deg(v;) = G162 — G1, deg(v;) = &2 — 1. We have

Y- \/(deg(vy))? + (deg(v}))? + deg(v;) deg(v))

U,'NU]'

:|A§z||A§%|\/(§1§2 — G224 (B2 12+ (G182 - &)(E 1),

Case 3: If v; € Ag% and v; € Ag g, s.t. v;v; = e. Here, |Aé%||A§1§2| is the number of edges
and deg(v;) = ¢ — 1, deg(v;) = & — 1. We have

Y- \/(deg(v;))? + (deg(v}))? + deg(v;) deg(v;)

v ~V;

=|Ag%||A§1(§2|\/(§1 - 1)2 + (62 - 1)2 + (g% - 1)(‘;‘2 - 1)'

From all above cases, it follows that the Euler Sombor index of I’ (ZC% Cz) can be
written as

EUS(I (Zg,))

= ¥ \/(deg(v))? + (deg(v)))? + deg(v;) deg(v;)

=|A§1||A§2|\/(§% O (G~ )2+ (@ - ) (Ead2 — G)
+ 1Azl Az (@18 — G2+ (@ - D2+ (@6 - E)(@ - 1)
+1Agll Az (B~ 12+ (G- 12+ (@ - 1)@ - 1).

=@ - 1D)(E - D@ - @ a2+ (Gl — a2+ (@ - &) (@ad2 — &)
+ (@)@ - DY (@8~ a2+ (@ 12+ (@l — 8@ - 1)
+ @ -D@E@ - DY (@124 (G- 12+ (@ - D@ 1),
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=1 —-1)(&2—-1) [(‘ﬁ - 51)\/(5% — 8102+ (8162 —G1)2 4+ (83 = 81)(5182 — &1)

+¢1 \/((3152 —&1)2+ (G -1+ (518 — &) (& - 1)

+\/§2—1 +(G2—1)2+ (C%—l)(é‘z—l)]-

O

Example 2. Let n = 12 = 223 where 2 and 3 are distinct primes. Here, 2,3,4 and 6
are the proper divisors of n. So, by Lemma 1, 61 : 2 ~ 3 ~ 4 ~ 6. By Lemma 2, we
have T'(Z1p) = 612[T"(A2),T'(A3),T"(A4),T"(As)]. By Corollary 1, we obtain I'(Z1p) =
012[Ky(6) Koa) Kooy Koo

By Lemma 3, |Ay| = 2,|As| = 2,|As4] = 2,|Ag] = 1.If2 € Ap,2 ~ 3, then deg(2) =
|Az| = 2,if3 € A3,2 ~3 ~ 4, then deg(3) = |Ap| + |A4| = 4,if4 € Ay,3 ~ 4 ~ 6, then
deg(4) = |Az| +|Ag| = 3,if 6 € Ag, 4 ~ 6, then deg(6) = |As| = 2. Thus, the Euler Sombor
index of the cozero-divisor graph T'(Z12) is:

EUS(I"(Z12) = Y /(deg(v:))? + (deg(v)))2 + deg(v;) deg(v))

UiNU]‘

=|Az|| A3 \/(d@g(z))2 + (deg(3))? + deg(2) deg(3)

+ | As|| A4 \/(deg(3))2 + (deg(4))? + deg(3) deg(4)

+ |Ag|| Ag| \/(deg(4))2 + (deg(6))? + deg(4) deg(6)
=22,/(2)2 + (47 +24+22\/(4)2 + (3)2 +43 + 21,/ (3)2 + (2)2 + 3.2
=4V/28 + 4V/37 + 2V/19.

The following theorem determines the Euler Sombor index of the cozero-divisor graph
I (Zg% C§) for distinct primes ¢ and ¢ :

Theorem 3. For distinct prime numbers &1 and ¢y, the Euler Sombor index of the cozero-divisor
graph T’ (Zé% gg) is given as

EUS(T (Za;2))
=8162(81 —1)(&2— 1)

(G~ D)@~ D)@~ a8 + (@8~ a8)? + (@6 - 60 (@E — i)

+ (6~ D@8 - 68+ (63 - 02+ (B8 - a8) (GE &)
+ (&~ D (@8~ @82 + (B8 — 0% + (018 — 8162) (32— &)
+ \/ (6162 — 82)* + (6185 — 61)* + (6762 — 82) (6185 — &1)

(gzé )\/(Czé‘ —H)P+H (@ +E -0+ Ba-)@+E-a-&)

\/ 3380 —02)2+ (B3 —1)2 4+ (8382 — 82)(33 - 1)

https:/ /doi.org/10.3390/math14030414
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(G1—1)
o

@B @ @ W@

+ JEaB -0+ @18 -a- 0P+ @8- )@ +8 -4 -0

+£\/(€%—1)2+(C%*l)”(g%*l)@%*l) ‘

Proof. Let n = C‘%{f%, where {1 and ¢, are distinct primes. Then &1, &>, C%, ¢1Ca, C%, (',’%Cz
and ¢;¢3 are the proper divisors of n. So, by Lemma 1, 5(:%5% 18~ 8~~~
8183 ~ & ~ §18, 8 ~ &3 ~ €182, & ~ €7 and by Lemma 2, we have FI(ZC%Cﬁ) =
Sz [F’(A(;l),F’(Agz),F’(Ag%),l"’(Ag]gz),F’(Ar:%),l"’(Ag%gz),F’(Agli;%)]. Utilizing Corollary 1,
we get

, o B L L
U(Zag) = 02z Ko, Ko@e) Ko@) Ko@) Ko@) Ko@) Ko

By Lemma 3, |Ag | = 62(61 = 1)(62 — 1), |Ag,| = G1(61 = 1)(62 = 1), |Ag| = 62(C2 -
1), |A€1r§z| = (61 —1)(&2-1), |Ag§| =¢1(61—-1), ‘A§§g2| =(&2—-1), |Aglgg‘ = (61— 1).
Ifv e Ag, 82~ G~ {,‘%, then deg(v) is the cardinality of Az, and Aij%' ie., deg(v) =
|Ag, | + |A§%| similarly if v € Ag), & ~ 81,8 ~ &3, then deg(v) = |Ag |+ |A§%|, if
veE AC%,él(jg ~ &3~ 818,83 ~ 83,80 ~ €3, thendeg(v) = |Ag,| + |A§%| + |Ag, 5| + |A§1g%|,
if v € Ag g, &2 ~ €12, 835 ~ &182, then deg(v) = |A€%\ + |A§§|, ifv € Ag, &1 ~ 3~
8382, 81 ~ &3 ~ G182, then deg(v) = |Ag | + ‘Agﬂ +1Aqe| + |A§%§2|, ifv € Aé%gz,é‘% ~

Ci62 ~ 0183, then deg(v) = |Ag|+ |Agzl if v € Ay n, 830 ~ G183 ~ &F, then
deg(v) = |A§%| + |A€% &, |, so the degree of vertex v can be expressed as follows:

[Ag, |+ ‘Ag§|/ v E Ag
[Ag | + \A€%|, v E Ag,
|Ag, | +1Ag] + 1Azl + 1Azl veAg
deg(v) = |Ag%| + |A§§|’ v E Age,
[ Az |+ 1Azl +Aqel + 1Azl ve Ag
|A§§| + |Aglg§‘r S AC%Q’Z
|A§%| + |A§%g2‘r vE Az a2

Within the cozero-divisor graph I (Z ag ), each edge ¢ falls into one of the following categories:

Case 1: If u € Az and v € A, s.t. uv = e. Here, |Ag, || Ag,| is the number of edges and
deg(u) = £22, — €182, deg(v) = &183 — &182. We have

| Ag | |A§2|\/(§%§2 = 8182)? + (6165 — €162)% + (8362 — 6182) (6185 — G16a)-

Case 2: If u € Az, and v € Ag% s.t. uv = e. Here, |A§1||A§§| is the number of edges and
deg(u) = && — &18, deg(v) = &1 — &. We have

[Ag | \Ag§|\/(§%ﬁz = 8182)% + (6165 — €1)2 + (6762 — 6162) (6165 — &)

https:/ /doi.org/10.3390/math14030414


https://doi.org/10.3390/math14030414

Mathematics 2026, 14, 414

8 of 29

Case3: If u € Az, and v € A;;% s.t. uv = e. Here, |A§2||A¢%| is the number of edges and
deg(u) = G165 — 182, deg(v) = &332 — &2 We have

Agyl Azl (018 — 1822 + (B8 — 02)* + (G183 — 0182)(8382 — Ea).

Case 4: If u € Ag% and v € Ag% s.t. uv = e. Here, |Ag§HAg§| is the number of edges and
deg(u) = ¢3¢, — &, deg(v) = £15 — &1. We have

Azl Agly/ (@322 — @2 + (@8 — 82 + (B8 — ) (@8 — ).

Case5: If u € Ap and v € Ag¢, st. uv = &. Here, [Ap||Ag,¢, | is the number of edges and
1 1
deg(u) = 5%52 — &, deg(v) = ('f% + C% — €1 — ¢2. We have

Az \Aéléz|\/(§%f§2 8+ (T + 8 — 81— 82) + (876 — ) (G + 85— 61— )

Case 6: If u € Axpand v € A; » s.t. uv = €. Here, |Ax||A; x| is the number of edges and
é’1 6162 g] élgz
deg(u) = &3¢, — &, deg(v) = ¢3 — 1. We have

|A§%||Agl(§§|\/(§%§2 &)+ (G -1+ (8762 — 62)(& — ).

Case7:Ifu € Ap and v € Agg, s.t. uv = ¢. Here, |A§2 ||Ag,¢, | is the number of edges and
2 2
deg(u) = &183 — &, deg(v) = & + & — & — &. We have

|Ag§HAéfléz|\/(§1§% =GP (G H+E — 81— 82) + (6185 — (G + 85— 61— o)

Case8: Ifu € Ay and v € An; s.t. uv = €. Here, |Ax|| Az, | is the number of edges and
& £18) gy 11975818
deg(u) = glé% — (1, deg(v) = 6% — 1. We have

AgllAge, (@B - 82+ (@G - 12+ @Z - a)(@ - 1).

Case 9: If u € Aé%éz and v € Aéxlé% s.t. uv = e. Here, |A§%§2||A§1§%| is the number of edges
and deg(u) = &2 — 1, deg(v) = &5 — 1. We have

Azl A gl (@ -1+ (@ -1+ (@G - 1)@ - 1).

Combining all the previously discussed cases, we see that the Euler Sombor index of
I (Zg% 53)' is expressed as
EUS(T'(Zgg))

= ¥ /(deg(v:)? + (deg(v;))? + deg(v;) deg(v;)

U;NU]‘

=|Ag \|A§2|\/(§%§2 = 8182)? + (6165 — 6162)% + (8382 — 8182) (6185 — €182)
+14g 1Az |\ (B8 — 6182 + (@18 — 8% + (B8 — 818 (@18 — &)
+1Ag 1Az (63— 6182)? + (B8 — 0 + (018 — 0182) (32— &)
+ ‘Ag%HAg‘\/(C%CZ —&)2+ (8183 — €1)2 + (8782 — 62) (8185 — 1)
Azl Ane V(B0 — 0P+ B+ 3-8 - 02+ (B - )@+ E -0 - &)

https:/ /doi.org/10.3390/math14030414
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1Azl Ag /(B0 — 22 + (B - 12+ (B8 — &) (G - 1)
Azl Al (@B - a2+ @48 -0 0P+ (B -)(@+ B - -0
1Azl AV (@8 — 82 + (@ - 12+ (G - 4@ - 1)
+lAzelAnal/(@ - 12+ (@ - 12+ (@ -G - 1.

=088 — 2@~ DX (@8 - 6182 + (018 - 818 + (88 — 018 (613 — 418)
+&&E -1 6 - 1)\/(5%52 —8182)% + (5183 — €1)% + (8382 — €182) (8183 — 1)
+ a8~ D& -V (68 - 08)? + (B — 52+ (18 - 818) (32— &)
+ 686~ )& - D (@8~ 02+ (618 - 8)? + (88— &) (68 - &)
+ 6@ - D@D (@a 0P+ @+ 8- - 0P+ [Ga - )@ +3 -4 - &)
+0(6 - D)@ - D@8 - 22+ (G -1+ (B - )G 1)
0@ -2 - (EE -2+ @48 -4 - 0P+ (B - W)@+ B -4 -0
+a@E - D@ - D/ @B - a2+ @ -1+ (@E -G - 1)
(@ -DE - D@12+ (@ - 12+ (@ - 1)@ - .

=¢162(61 —1)(62 - 1)

(@~ D@~ D@8~ 86l + (68— G + (38— 618) (18 — &18)

+ (61— 1)\/(5%52 —8162)% + (5185 — §1)% + (8382 — 5182) (6185 — &)
+ (62— 1)\/(615% —162)% + (8382 — §2)* + (8183 — $182) (8782 — 02)
(@8~ 02+ (G862 + (B - &) (G — )

- )\/(CZC G @G- 0P G- 0@+ E-0-6)
g\/ 8o - 0P+ (B -1+ @0 - )@ -1
+ - )wslgg—cl)u<¢%+c§—¢1—gz>2+<¢1c§—gl><c%+¢§—¢1—e;2>

rey/ @B+ @ -1 @3 -a)@ -

+ e /@1 @2+ G- D@ -,
O

Example 3. Let n = 36 = 2232 where 2 and 3 are distinct primes. Here, 2,3,4,6,9,12 and 18 are
the proper divisors of n. So, by Lemma 1,036 : 3 ~2~9~12~18~4~6,4~9 ~ 6,3 ~ 4.
By Lemma 2, we have I (Zse) = d36[I"(A2),T"(A3),I"(A4),T"(As),T"(A9), I' (A12), I (Ass)]-
By Corollary 1, we get T'(Zag) = 036[Kg(18), Kp(12): Kg(9), Kp(6) Kg(a), Kp(3): Kg(2) -

By Lemma 3, [Az| = 6,[As| = 4,[A4] = 6,[As| = 2,[A9| = 2,[A1z| = 2,|As| = 1.
If2 € Ay,3 ~ 2 ~ 9, then deg(2) = |As| + |Ag| = 6,if3 € A3,3 ~ 2,3 ~ 4, then
deg(3) = |Az| + A4l = 12, if4 € Ay18 ~ 4 ~ 6,4 ~ 9,3 ~ 4, then deg(4) =
|A18’ + |Ag| + |Ag| + ‘A3| =9,if6 € Ag,4 ~ 6,9 ~ 6, then deg(6) = |A4] +|Ag| =8,
if9€ Ag,2~9~12,4~9~6,thendeg(9) = |Aa| + |A1n| + |Ag| + |Ag| = 16,if 12 € A1y,
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9~ 12 ~ 18, then deg(12) = |Ag| + |A1g| = 3,if 18 € A1g,12 ~ 18 ~ 4, then deg(18) =
|A12| + |As| = 8. Thus, the Euler Sombor index of the cozero-divisor graph T’ (Zze) is:

EUS(I" (Z3s)

=) \/ (deg(v;))? + (deg(v;))? + deg(v;) deg(v;)

v;~V;

=| 42| 43|/ (deg(2))? + (deg(3))? + deg(2) deg(3)

+ | Az[|As \/(deg(Z))2 + (deg(9))? + deg(2) deg(9)
+ | As|| A4l \/(deg(3))2 + (deg(4))* + deg(3) deg(4)
+ | Aa[|As] \/(deg(‘l))2 + (deg(9))? + deg(4) deg(9)
+ | Aa[|Agl \/ deg(4))? + (deg(6))* + deg(4) deg(6)
+ | Ag] | Ars|y/ (deg(4))2 + (deg(18))? + deg(4) deg(18)
+ | As] | Agly/ (deg(9))? + (deg(6))? + deg(9) deg(6)
)

+ | As| | Ara]/ (deg (9))2 + (deg(12))? + deg(9) deg(12)

+ | Aral| Arg |/ (deg(12))? + (deg(18))2 + deg(12) deg(18)

=64,/ (6)2 + (12)2 + 612+ 621/(6)% +

+4.6(/(12)2 + (9)2 4+ 129+ 621/(9) + (16)2 +9.16

(16)2 + 6.16

+62(/(9)2 + (8)2+98+6.11/(9) + (8)2 +98

+2. 2\/(16) +(8)2+16.8+ 2.2\/(16)2 +(3)2+16.3

+2.1,/(3)2 + (8)2 + 38
=241/252 + 12/388 + 241/333 + 12V/481 + 12v/217 + 6V/217
4+ 4/448 + 4V/313 + 21/97.

Given three distinct prime numbers &1, > and (3, the subsequent theorem presents
the Euler Sombor index of the cozero-divisor graph I'' (Z¢, ¢,¢, ) :

Theorem 4. For three distinct prime numbers ¢1, o and &3, it follows that the Euler Sombor index
of the cozero-divisor graph T' (Z¢ ¢,z ) is

EUS(F/(ZQL:Z@))
(G1—1)(G—-1)(&—-1)

(@ —1) (o +8G -G-GO -G+ 12+ (Obh+80hE& -8 - —&G+1)?
’ + (6162 + 6183 —¢1— 62— &3+ 1)(8182 + 8283 — 81 — &2 — &3+ 1)

CF — Fy— 2 - N 2
+(§2_1)\l('§1€2+51§3 G—G-G+1) +(G1l+80B-a-0-30+1)

+ (6182 + 6183 — 81— G2 — 33+ 1)(8183 + 8283 — 81 — 82— g3+ 1)

IRIGIERN IR ey 1%+ (88— 1)
+ (8182 +¢183 — &1 — G2 — G3 +1)(8283 — 1)
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F(E 1) (G182 + 88— -G+ + (G + 08— -G —3+1)?°
' + (6182 + 6283 —G1— G2 — 63+ 1)(8183 + 8283 — 81 — &2 — &3+ 1)

N (G162 +88B -6 -G —GB+1)+ (Ll —1)
+ (8182 + 8283 — 81— G2 — 63 +1)(8183 — 1)

n (GG + OG- G- -G+ + (EEH — 1)
\ +(@Gb+aib-a-a-G+)E&a-1)

+ @21_1)\/(5162 —1)2 4 (583 —1)2 + (&162 — 1)(ExE3 — 1)
+(gll_l)\/(ffléz1)2+(€1<’,‘31)2+(§1@.‘21)(5;1531)
+@31_1)\/(Czés—1)2+(§1€3—1)2+(5253—1)(5153_1) ,

Proof. Consider n = 1283, where §1, {2 and (3 are distinct primes; in this case, the num-
bers €1, 82,3, 8182, 6283 and ¢183 form the proper divisors of 1. So, by Lemma 1, ¢, #,z, :
8162 ~ G5 ~ €1 ~ 8o ~ G103 ~ G182 ~ 8283, &1 ~ G283 ~ €183, 2 ~ &3 and by Lemma 2,

we have r,(ZélezCs) = 5515253 [r,(Agl ), T (Aéz ), T’ (Aés ). T (Aé‘léz ), T’ (ACzC3 ), T’ (AC1§3 )]- By
Corollary 1, it follows that

T (Zeyzazs) = 0210085 [Kp(eaa) Ko(erzs) Ko(erea) Ko(es) Koty Ko

By Lemma 3, [Ag,| = (G2 = 1)(83 = 1), [Ag| = (&1 = 1)(5 — 1), [Ag| = (61— 1)(&2 -
D, [Age| = (83— 1), [Agsl = (61— 1), [Age = (G2 - 1).

Ifve Aél’ 53 ~ Cl ~ 52, 61 ~ 6253, then deg(v) is the cardinality of A[,‘er(fg and ACZ@'
ie., deg(v) = |A§2| + |AC3| + |A§2§3|, simﬂarly ifv € Agfz/gl ~ Gy ~ (1G3,Cp ~ C3, then
deg(v) = [Ag | + [Agy| + [Ag |, if v € Agy, 6182 ~ &3 ~ €1, 82 ~ 3, then deg(v) = |Ag | +
|Ag, | + Az |, if v € Agigy, 6182 ~ 83,8183 ~ G182 ~ 8283, then deg(v) = |Ag| + |Agyg,| +
| Az, if v € Agyz;, 6182 ~ 6283, 81 ~ 8283 ~ 8163, then deg(v) = |Ag, | + [Ag g, | + Azl
ifv € Az gy, G2 ~ G103 ~ G182, 6283 ~ G103, then deg(v) = |Ag,| + |Az g, | + | Agyz, |, s0 the
degree of vertex v is defined as

[Ag| +1Ag | +1Apzl, v e Ay
|A§1| + ‘A§3| + |A51§3|' vE A
|Ag, | 4+ [Ag, | + Az 5], v € Ag,
[Ag |+ 1 Age | +1Ag el v e Agg,
|A§1| + ‘A§1§2‘ + |A§1§3|' 0 E Az
|Ag, | + |Ag e, | + |Agel, v € Az,

deg(v) =

In the graph I (Z¢, ¢,¢, ), every edge e can be classified according to the situations below:

Case 1: If u € Az and v € Ag, s.t. uv = . Here, |Ag, || Ag,| is the number of edges and
deg(u) = (61 —1)(62+ 3 — 1), deg(v) = (82 —1)(&1 + &3 — 1). We have

Az || Ag| G164+ 888G -0 -0 -G+ + (& +0i— - L —3+1)
&l F(EE+ EE —E —E— &+ V) (E1E + Eafs — &1 — 82 — &3+ 1).
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Case 2: If u € Az, and v € Ag, s.t. uv = e. Here, |Ag, || Ag,| is the number of edges and
deg(u) = (61 —1)(62 + 3 — 1), deg(v) = (&3 — 1)(G1 + &2 — 1). We have

Az || Az | G162+ 88— 8 — G —8B+1)2+ (58 +80i — & — G — 8 +1)
GTEN L @nras-a - a-G+)EE+aG -G -G -G +1).

Case3: If u € Az and v € Agyg, s.t. uv = e. Here, |Ag, || Ag,g, | is the number of edges and
deg(u) = (61 —1)(G2+ 3 — 1), deg(v) = §283 — 1. We have

(Eo+aG -G -G - G+1)2+ (88— 1)
[Ag | Az
+ (8182 + G183 — 81— 82 — &3 +1)(6283 — 1).

Case 4: If u € Az, and v € Ag, s.t. uv = . Here, |Ag, || Ag,| is the number of edges and
deg(u) = (62 —1)(¢1+¢3 — 1), deg(v) = (¢35 — 1)(&1 + &2 — 1). We have

Az || Az | GO+ OG-0 -G+ + (GG +HG -G -G -G +1)?
R BT R )| (o TR Y R S )

Case 5: If u € Ag, and v € Ag g, s.t. uv = e. Here, |Ag, || Ag,¢,| is the number of edges and
deg(u) = (52 —1)(¢1 + &3 — 1), deg(v) = &1¢3 — 1. We have

(G182 +EEG -G -G —G+1) + (&8 - 1)

‘A€2||A§1€3|
+ (8182 + 8283 — &1 — G2 — &3 +1)(81G3 — 1).

Case 6: If u € Az, and v € Ag g, s.t. uv = e. Here, |Ag,||Ag,, | is the number of edges and
deg(u) = (3 —1)(&1 + 2 — 1), deg(v) = ¢1¢2 — 1. We have

(E8G+ OG- -G &G+1)>+ (& — 1)

‘A63||A§1€2|
+ (8183 + G283 — 81— &2 — 33 +1)(6182 — 1).

Case 7: If u € Ag g, and v € Agg, s.t. uv = e. Here, |Ag ¢, || Ag,¢, | is the number of edges
and deg(u) = ¢18» — 1, deg(v) = 283 — 1. We have

|A§1§2||A§2¢3|\/(§1§2 =12+ (8283 — 1)2 + (8162 — 1)(8283 — 1).

Case 8: If u € Az, and v € Ag g, s.t. uv = e. Here, |Ag ¢, || Ag, ¢, | is the number of edges
and deg(u) = ¢182 — 1, deg(v) = ¢1¢3 — 1. We have

|A§1¢2||A§1§3|\/(§1§2 =12+ (6163 — 1)* + (8162 — 1)(€163 — 1).

Case 9: If u € Az, and v € Ag g, s.t. uv = e. Here, | Az, || Ag | is the number of edges
and deg(u) = {»¢3 — 1, deg(v) = §1¢3 — 1. We have

|A§2§3||A§1§3|\/(§2§3 —1)24 (6183 — 1)* + (8283 — 1) (163 — 1).

By aggregating all the previously examined cases, the Euler Sombor index of I (Z¢, ¢, ),
can be determined as follows:
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EUS(T'(Zg,z5¢,))
= ¥ /(deg(vi))? + (deg(v;))? + deg(v;) deg(v;)

UiNU]'

_ (61824615381 — G~ 3B+ 1)+ (50182 + 6283 — &1 — G — &3+ 1)?
_|A§1||A52|

+ |A¢1||Ag3$
+ IAglllAézcsl\l
+ |Ag2||A¢3¢
+ |A§2||A§1§3||\J

+ |A€3||A51€2|\l

+ (6182 + 6183 —G1— G2 — 63+ 1)(8182 + 8283 — 81 — &2 — g3+ 1)

(Gl +8G -G - —-G+1)2+ (Gé6k+ 0 -8 - —8+1)
+ (8182 + 8183 — 81— 82— 83 +1)(8183 + 8283 — 81 — G2 — 83 +1)

(GO +aG—a -GG +1)2+ (&H&G—1)?
+ (8182 +¢183 — 81 — G2 — E3 +1)(8283 — 1)

(G140l — G — -G+ 1)+ (Gl +80G -8 —H—G+1)?
+ (6182 + 6283 —G1— G2 — 63+ 1)(8183 + 8283 — 81 — &2 — &3+ 1)

(GO + OG- -G —G+1)?+ (&8 1)
+ (8182 + G283 — 81 — G — &3 +1)(8183 — 1)

(GG + OG- -G —-G+1)?+ (HE —1)?
+ (8183 + 283 — 81 — G2 — G3+1)(8182 — 1)

+ |A§1§2||Aé‘2§3|\/(§1’§2 —1)2+ (6283 — 1)*+ (G182 — 1)(8265 — 1)
+ |A6162||A61§3|\/(§1§2 =12+ (618 —1)*+ (6182 — 1)(616s — 1)

+ |A52§3||A¢1¢3|\/(§2§3 —1)2+ (6183 — 1) + (5263 — 1) (8183 — 1).
=& -1 (& -1)(E-1)

+

G182+ 808G -0 -8B+ + (G0 +608G - -G —3+1)?
+ (G182 + 6183 — 61— G2 — 33+ 1)(8162 + 8283 — 81 — &2 — &3+ 1)

(& —1D(E-1)%(&-1)

+ (G -6 -1)(& - 1)J

(GO +aG -GGG+ + (GG +0hG -G -G - &+1)?
+ (6182 +¢6183— 61— G2 — 33 +1)(8163 + 8283 — 81 — &2 — 83+ 1)

(G162 + 818 — 81— G — G+ 1) + (8285 — 1)
+ (8162 +¢183 — 81 — G2 — ¢33 +1)(8283 — 1)

+(EH-DHEH-1)(EG-1)

(GO +0G -G-GO -G+1)+(EG+0hG -G -G - &G+1)?
+ (6182 + G283 —¢1— G2 — 33+ 1)(8163 + 8283 — 81 — &2 — &3+ 1)

+(C1—1)(&2—-1)(&—1)

+ (€1 —1)(&2—1)(¢3—1)

(G162 + 88— 81— G — G+ 1)+ (818 — 1)
+ (8162 + G283 — 81 — G2 — ¢33 +1)(8183 — 1)

GG+ OG- -G+ + (H& 1)
+ (8183 + G283 — 81— G2 — 33 +1)(€182 — 1)
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+ (@ - D@~ Dy (@82 — D2+ (Eds — 12+ (a8 — 1) (G2l — 1)
+ (@~ D@ - D)y (@ - D2+ (@8 — 12+ (@l — V(G — 1)
+ (@~ D)@~ Dy (Gals — D+ (@18 — 12+ (€2 — V(s — 1)
=& -1 (& - D@E 1)

(& —1) (G1+88B -0 -G —G+1)°+ (G +8hi— 6 —&H—3+1)
+ (6162 + 8183 — 61— 82— 3+ 1)(§182 + G283 — 1 — G2 — &3+ 1)

+(§2_1)¢(5162+§1€3—§1—52—§3+1)2+(§1§3+Czé3—gl_§Z_§3+1)2

+ (6182 + 6183 —¢1— G2 — 63+ 1)(8183 + 8283 — 81 — &2 — g3+ 1)

N GO+ OG- & — & —&G+1)?+ (58— 1)?
+ (€182 + G183 —C1 —Co—C3+1)(E283—1)

e _1)J (GO + OG-0 -G+ 2+ (GG +HG -G -G -G +1)?

+ (6182 +G¢283 —C1— G2 — 33+ 1)(8183 + 8283 — 81 — 82— g3+ 1)

N (G + OG- -G —-G+1)2+ (&8 —1)?
+ (8182 + 283 — 81— &2 — G3 +1)(8183 — 1)

L |EGrab a6t 12+ (16— 1)
+ (8183 + 8283 — 81— G2 — &3 +1)(8162 — 1)

+ eV @~ 1+ (G~ 1+ (G2 — 1) (Gl 1)

e/ a1 (@81 (Gl =) (@6 )

+ (5311)\/(5263 — 1)+ (8183 = 1)* + (8283 — 1) (6183 — 1) |-

O
Example 4. Let n = 30 = 2.3.5, where 2,3 and 5 are distinct primes. Here, 2,3,5,6,10 and 15

are the proper divisors of n. So, by Lemma 1,030 : 6 ~5~2~3~10~6 ~ 15,2 ~ 15 ~ 10,
3 ~ 5. By Lemma 2, we have T (Z3y) = 630[T"(A2),T"(A3),T"(As),T"(Ag),T'(A15), T (A10)]-
By Corollary 1, it follows that T"(Zs0) = 30[Ky(15), Kg(10), Ko (6): Ko (5), Kp(2): Kg(3))-

By Lemma 3, | Ay| = 8,|As| = 4,|As| = 2,|Ae| = 4,|A1s] = 1,|A10] = 2.If2 € A,
5~2n~3,2n~15, then deg(2) = |As| + |As| +|Ai5| = 7,if3 € A3,2 ~3 ~ 10,3 ~ 5,
then deg(3) = |Aa| + |Ajo| + |As| = 12,if5 € A5,6 ~5 ~ 2,3 ~ 5, then deg(5) = |A¢| +
|Az| 4+ |As| = 16,if6 € Ag,6 ~ 5,10 ~ 6 ~ 15, then deg(6) = |As| + |Awo] + |A15| = 5,
if15 € A15,6 ~ 15,2 ~ 15 ~ 10, then deg(15) = |Ag| + |Az| + |A10] = 14, if 10 € Ay,
3~10 ~ 6,15 ~ 10, then deg(10) = |A3| + |Ag| + |A15| = 9. Thus, the Euler Sombor index of
the cozero-divisor graph I" (Zzp) is:

EUS(T"(Z3)
= ¥ /(deg(v:)? + (deg(v;))? + deg(v;) deg(v;)

U,‘NU]‘

=|Az|[|As] \/(01955(2))2 + (deg(3))? + deg(2) deg(3)
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+ 142 A5/ (deg(2) ) deg(5)
+|Aa]| Ass|y/ (deg(2))? + (deg(15))2 + deg(2) deg(15)
+|A3||A5|\/ (deg(3 ) )
(

(2))? + (deg(5))* + deg(2
)
)
+ | A3l Avo|/ (deg(3))2 + (deg(10))2 + deg(3) deg(10)
)
)
)

2+ (deg(5))? + deg(3) deg(5

+ | As]| Ag |/ (deg(5))% + (deg(6))? + deg(5) deg(6)
+ | Agl| Ars|/(deg(6))2 + (deg(15))2 + deg(6) deg(15)
+ | Agl| Aro|/ (deg(6))2 + (deg(10))2 + deg(6) deg(10)
+ | Ass|| Aroly/ (deg (15))% + (deg(10))? + deg(15) deg(10)

=8.4,/(7)2 + (12)2 +7.12+ 82,/ (7)% + (162 + 7.16

+8.1,/(7)2 + (14)2 +7.14 + 42,/ (12)% + (16)% + 12.16

+4.1,/(5) + (14)2 +5.14 +42,/(5)2 + (9)2 + 5.9

+1.2/(14)2 4 (9)2 + 149
=32V/277 + 16V/417 + 8v/343 + 8/592 + 81/333 + 81/361
+4v/291 + 8v/151 + 21/403.

4. The Average Sombor Index of Cozero-Divisor Graph I (Z,,)

)?

+42,/(12)2 + (9)2 + 129 +241/(16)2 + (5)% + 165
)
)

This section is dedicated to determining the average Sombor index of the cozero-
divisor graph I’ (Z,).

Theorem 5. For distinct prime numbers &1 and Gy, the average Sombor index of the cozero-divisor
graph I (Ze, ¢, ) is given as

SOur (I (Zgy,)) = (&1 — 1)@ — 1)/ (1 — 22 + (&2 - 2)2

Proof. Suppose n = §1G2, with p; and p, being distinct primes. In this case, ¢; and ¢ are
proper divisors of n. From Lemma 1, it follows that {1 ~ ¢» and using Lemma 2, we obtain
r/(Zglgz) = 5(:152 [r,(Agl),r/(Agz)] By Lemma 3, |A§1| = ¢(€2) and |A§2| = 4’(51) Here,
|Ag,||Ag, | is the number of edges. For each v; € Az, we have deg(v;) = ¢ — 1, and for
each v; € Ag,, deg(v]) ¢ —1.Here,m' =1,1n' =2, then = 1. Thus, we obtain

2m’ \ 2 2m'\ 2
SO0 (T Zéléz Z (deg — n’) + (deg(vj) — n’)

vi~;

=Y (@ -1 12+ (& -1) - 1)?

|4 1A/ (& —2)2 + (&2 - 2))2
=@ - 1)(E@ - Dy (@ - 22+ (&2~ 2)2
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Example 5. Let n = 6 = 2.3, where 2 and 3 are distinct primes. Here, 2 and 3 are the proper
divisors of n. By Lemma 1, 6 : 2 ~ 3. By Lemma 2, we have T' (Z¢) = 66" (A2),I"(A3)].

By Lemma 3, |Ay| = ¢(§) = 2and |As| = ¢(§) = 1.If2 € Ay, 2 ~ 3, then deg(2) =
|Az| =land if 3 € A3, 3 ~ 2, then deg(3) = |Az| = 2.

Here m' = 1,n' = 2, then zn—"fl = 1. Thus, the average Sombor index of the cozero-divisor
graph T'(Zg) is:

2m'\ 2 2m’\ 2
SO0 (T Z <deg —:?) + (deg(vj)—;r/l)
vi~U;

2m’\ 2 2m’\ 2
_2;«; <deg _n’> +<deg(3)—n,)
=|Aal|As] /(1 - 12 + (2 - 1))2
=2.1v/0+1
=2.

Considering distinct primes ¢; and ¢, we state the average Sombor index of the
cozero-divisor graph I (Z & ¢,) in the theorem below:

Theorem 6. For two distinct prime numbers ¢y and ¢, it follows that the average Sombor index of
the cozero-divisor graph I (Z & g,) 1

SOur (T (Zg2:,))

~@ -1 [(é% —cn\/@% ca-3) +(an-a-3)
+§1\/(cléz—§1 - ;)2+ (é%— §>2+ \/(g - §>2+ (52 - ;ﬂ

Proof. Suppose n = ¢3¢, with ¢; and ¢ as distinct primes. The set of proper divisors of 1
includes &1, &o, C% and ¢1¢p. Lemma 1 implies 56% & follows the adjacency &1 ~ ¢p ~ C% ~
¢18> while, according to Lemma 2, F'(Zg%gz) = Oz¢, [T'(Ag, ),F’(Agz),l"’(Ag%),F’(Aglgz)}.
Applying Corollary 1, we obtain

T(Zzg,) = 0z2, Kp(120)- Kg(e2) Kp(2a) Koian) )

By Lemma 3, |Az, | = (&1 —1)(62— 1), [Ag,| = 81 — 1 [Agl = G2 — L and [Ag | = 61 - L.

If v € Ag, 81 ~ G, then deg(v) is the cardinality of Ag), i.e., deg(v) = |Ag,|, similarly if

v € A, 81~ G~ &2, then deg(v) = |Ag, | + |A§%|, ifv e AC%,(;‘Z ~ €2 ~ &8, then

deg(v) = |Ag,| + |Ag g, |, if v € Agg,, &2 ~ &182, then deg(v) = \A€%|, so the degree of a

vertex v is given by

‘A§2|, (NS Aél

Az |+ |Ax|, veEA

deg(v) = 4|+ §1| &
‘A§2| + |A§1§2|’ v E Ag%

‘Acf,%" UEAé]éz'

Here, m' =3,n’ =4, thenzg’f :%
For any edge ¢ in the graph I (Z 2c, ), the possibilities are as follows:
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Case 1: If u € Az, and v € Ag, s.t. uv = e. Here, |Ag, || Ag, | is the number of edges and
deg(u) = & — &1, deg(v) = &1¢2 — 1. We have

2 2
|A§1||A§z\/<g%‘:li> + (Cﬂfzgli) . (1)

Case 2: If u € Az, and v € Ag% s.t. uv = e. Here, |Agz||A§%| is the number of edges and
deg(u) = ¢182 — &, deg(v) = &7 — 1. We have

2 2
|A§2|Agg\/<§1§z—él—i> + <C%—g> : 2)

Case 3: If u € Ag% and v € Ag g, s.t. uv = . Here, |A§% ||A¢,¢, | is the number of edges and
deg(u) = ¢2 — 1, deg(v) = &2 — 1. We have

|Ag§||A§1§2|\/ (8-2) +(=-2) ®)

Utilizing Equations (1)—(3), we find that the average Sombor index of the graph I (Z & (:2)

can be formulated as

SOuor(I'(Z2,))

- (deg(vi) - 2:?'): (deg(vj) - 2’1,17,)2

U,'NU]'

:|A§1|A§2|\/(§%§12>2+ (clézai)Z
+|A¢2||A¢%¢(¢lgz—gl—§>2+ (a-3)
a5 6]

(- 1)(E - 1)@ —an\/(ﬁ% —a- ;)2+ (a-a-3)
+(§%—§1)(cz—1)\/(¢1¢2_§1 _g>2+ (C%_ §>2
+<61—1><¢z—1>\/(c%—§)2+(¢ —g)z.

=1 —-1)(&2—1) l(‘ﬁ _Cl)\/<§% —G1 - ;)24- ((3152 -1 - 2)2

+cl\/(§1¢z—5l - ;)2+ (@- §)2+ \/(g— §>2+ (e- ;)Z]

2

O

Example 6. Let n = 12 = 223, where 2 and 3 are distinct primes. Here, 2,3,4 and 6
are the proper divisors of n. So, by Lemma 1, 61 : 2 ~ 3 ~ 4 ~ 6. By Lemma 2, we
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have T'(Zy3) = 612[I"(A2),T"(A3),T"(A4),T'(Ag)]. By Corollary 1, we obtain I'(Z1p) =
012K () Kp(a) Koi) Kyl

By Lemma 3, |Ay| = 2,|A3] = 2,|A4| = 2,|A¢| = 1. If2 € A, 2 ~ 3, then deg(2) =
|Az| = 2,if3 € A3,2 ~3 ~ 4, then deg(3) = |Ap| + |As| = 4,if4 € Ay,3 ~ 4 ~ 6, then
deg(4) = |As| + |Ag| =3,if 6 € Ag,4 ~ 6, then deg(6) = |As| = 2.

Here m' = 3,n' = 4, then Zn—"fl = % Thus, the average Sombor index of the cozero-divisor
graph T (Zy3) is:

2m\ 2 m\ 2
ot — . 2] () 22)

(- 3) (3 () )
f(-3) ()

=2v/26 + 2v/34 + V/10.

For distinct primes &1 and ¢, we provide the average Sombor index of a cozero-divisor
graph I’ (Zzz ) in the following theorem:
6183

Theorem 7. For distinct prime numbers &1 and ¢y, the average Sombor index of the cozero-divisor
graph T’ (ZC% Cﬁ) is given as

Soavr(rl(zg%gg)) :(’;162(61 - 1)(62 - 1)
2 2
(1 —1)(&2— 1)\/(5%52 — 8182 — 178) + (515% — G182 — 178>

+<¢1—1>\/('«:%¢z n-2) + (a0 - 2)
+(§2—1)\/(§1§2 ae-2) s (gn-a-2)
\/(6262—62—178> t(ag-a-2Y
+@2é,1”\/(§%€z§zlf)2+(§%+§%a§178)2
S )

+Ezl )\/<§1é‘2 0V s(Brg-a-a-2)
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+ é\/(é‘lﬁ% —G1— 178)2+ (é‘% — 275>2
+ﬁ (6%— 275>2+ («:%— 275)2]

Proof. Suppose n = 3¢5, with & and & as distinct primes. The set of proper divisors
of n includes ¢, é‘z,@%, ¢18o, é‘%, C%Cz and é‘lé%. Lemma 1 implies 56% 2 follows the adjacency
G~ i~ G~~~ ~ 81k, & ~ &5 ~ G182, G2 ~ & while, according to
Lemma 2, r,(Zé%ég) = C%é% [F/(A§1)fF/(ACZ)fF/(Ag%)’F/(Agléz)’ FI(AC%)/ F/(AC%CQ)’ r/(Aglég)]
Applying Corollary 1, we obtain

, o
T(Zgg) = 02aKe2) Ko@a) Ko@)y Ko@e) Kpe) Ko@) Ko

By Lemma 3, |Ag | = 62(G1 = 1)(62 — 1), |Ag,| = 61(61 = 1)(82 = 1), |Ag| = 62(62 -
1 |Aggl = (61 —-1)(E2—-1), |A§§| =¢1(61-1), |A§%gz| =(62—1),and |A§1g§| =(61—1).

If v € Ag, G0 ~ &1 ~ C%, then deg(v) is the cardinality of Az, and AC%’ ie.,
deg(v) = |Ag,| + |A§%|, similarly if v € Ag,, & ~ €1,8 ~ 2, thendeg(v) = |Ag | + |A§%|, if
v € Ag, 815 ~ 8 ~ 0182, 0] ~ 83,82 ~ &F thendeg(v) = |Ag, |+ [Ag| + Az g | + Az 2,
if v € Az, 83 ~ 182,85 ~ €182, then deg(v) = ]A€%| + ’AC§|’ ifo e Ag &~ &~
812,87 ~ 03 ~ 8102, then deg(v) = |Ag | + [Ag| + [Agg, | + [Agg, | if v € Agg,, 33 ~

g3 ~ 183, then deg(v) = [Agl + Azl if v € A€1§%,§§5;2 ~ & ~ &, then
deg(v) = |A§%| + |A€%€z|, Therefore,

[Ag, |+ 1Azl v e Ag,
Az |+ 1Az, vE Ag,
[Ag, |+ Agl + [Age| + [Ag gl v e Ag
deg(v) = { |Ag| + Az, vE Asg,
|A§1|+‘A§%|+‘A§1§2‘+|AC%52|’ vE Az
|Ag§| + |Aglg§‘r vE AC%CZ
|Ag%| + |Ag%gz‘r ve A§1C§'

Here, m' = 9,n' = 7, then 2,7"7, =2
Any edge ¢ in T’(Zg%g% ), must fall into one of the following categories:

Case 1: If u € Az, and v € Ag, s.t. uv = e. Here, |Ag, || Ag, | is the number of edges and
deg(u) = (:%52 —(18o, deg(v) = Clér% — $1C2. We have

2 2
|A§1||A€z|\/(§%‘f2 — G162 — 178> + (é‘l‘f% — 8182 — 178> :

Case 2: If u € Az, and v € Ag% s.t. uv = e. Here, |A(§1||A§§| is the number of edges and
deg(u) = && — &18, deg(v) = &1 — &. We have

|A§1||A§%|\/<g%§2 — G162 — 178)2 + <§1‘§% — 01— 178)2
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Case3: If u € Az, and v € A;;% s.t. uv = e. Here, |A§2||A¢%| is the number of edges and
deg(u) = G165 — 182, deg(v) = &332 — &2 We have

|A§z||A§2|\/ gl‘:z 61(:2 18) <§2§2 _ (’;’2 _ 18) .

Case 4: If u € Ap and v € Ag s.t. uv = ¢. Here, |Ag%HAg§’ is the number of edges and
deg(u) = (ﬁéz — (o, deg(v) = §1§§ — &1. We have

2
|Ag§|Ag§\/<§%é‘2§2178) + (Cléz '5118) :

Case5:If u € Ap and v € Agg, s.t. uv = ¢. Here, |A§2 ||Ag,¢, | is the number of edges and
1 1
deg(u) = 6%62 — 02, deg(v) = 6% + C% — €1 — ¢p. We have

2
|Ag§||A51§z|\/<C%§2 — G — 178> + <C% +GB -8 -8 - 18) :

Case 6: If u € Axpand v € A; » s.t. uv = €. Here, |Ax||As x| is the number of edges and
& 6183 SR STS,
deg(u) = 6%52 — (@, deg(v) = (:% — 1. We have

|A¢%||Aglg§|¢ (c%az 52—18) (gz—%) .

Case7:If u € Ap and v € Ag¢, st. uv = ¢. Here, [Ag||Ag,¢, | is the number of edges and
2 2
deg(u) = &¢% — &1, deg(v) = &2 + &3 — & — &. We have

2
|A§%||A§1§2|\/('§1§%§1178> + <€%+€%§1 6218> )

Case8:If u € Ay and v € A, s.t. uv = ¢. Here, |Ax||Axz | is the number of edges and
& 6182 G170
deg(u) = &3 — &, deg(v) = ¢2 — 1. We have

18\?2 25
|Ag§||Ag%gZ|\/<61§% —G1— 7) <‘:l — ) .

Case 9: Ifu € A§%§2 and v € Ar;‘ﬂ;% s.t. uv = e. Here, |A§%§2||A§1§%| is the number of edges
and deg(u) = &2 — 1, deg(v) = &5 — 1. We have

25\ 2 25
|A¢%cz||A¢1¢§|\/(§% - 7 <Cz - ) :

Compiling the earlier analyzed cases enables us to present the average Sombor index of

I’ (ZC% §§) as follows:

Soavr(r/(zg%gg))
Zm’ 2 2m’\ 2
deg( ) + (de (v;) — )
Ul;l) < g n/ g ] n/
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2 2
:|A§1|Aiz|\/(€%§2 — G162 — 178> + (Cl@% — 8182 — 178)

2 2
+|A§1||Ag2|\/ ST —18> <é‘1<§2 178>
2
+|Ag2||Agz|\/ (- e - 18) (ge-a-7)
) 182
+ Azl Ag] 51§2§27> +<§1§2 &1 — )

+ IA(;§||A§1§2|\/<C%§2 -
8

2

+ &2+ - 62—18)

- !A€%||Agl¢§|\/(§%§2 —G = & - >

7)ol

) <l
+|Agg||Aglgz|¢(¢1cg—gl 78)2+(§+ 178)2
+|A€§||A§%¢2|\/(élc§¢1 7)2 (5 )

+
2 2

2 2
=2182(61 — 1)*(2 — 1)# (élcz ~ 812~ ) + (fslc% ~ 8162~ 178)

1 2

+

—_

2

2
+&&E -1 & - 1)\/(5%52 — G180 — 178) + (515% — 61— 18)

2
Fan@ 1)@ - 1)1 (2i-00-2) + (da-a-2)

+6162(8 —1)(E - W(é‘%éz - 178>2 + («:1@2 & - 18)

e (g2 (goa-a-a-2)
sy (5o 3) (53
+5l<¢1—1>2<€2—1>\/(€1€%—él—18>2+ <c%+§§—¢1—§2—178)2

+§1(€‘1—1)(§2_1)\/<§1€2 ‘- 18) +(€%_275>2

e —1>(§z—1>\/(f;2 - 25) (- 275)2

=G182(61 —1)(&2 - 1)
2
(@& —1)(& - 1)\/<§1§z —aE - 18) (f;lé% —EE - 178)

+ (61— 1)\/(5%@2 — 818 — 178)2 1 <,§1§2 & - 18)
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+(§2—1)\/<§1§2 n-2) + (G0 2)

¥ \/ (g-2-2) +(ag-0u-2)
+(§2¢ID\/<§2C—§2—18) (4+3-0-2-2)
= )
+@\/(clég—él—lf):(@%w%—cl n-2Y
e 2 %)
aa((#7) (CZ_ZSH‘

O

Example 7. Letn = 36 = 2232 where 2 and 3 are distinct primes. Here, 2,3,4,6,9,12 and 18 are
the proper divisors of n. So, by Lemma 1,036 : 3 ~2~9~12~18 ~4~6,4~9~ 6,3 ~ 4.
By Lemma 2, we have I (Zse) = d36[I"(A2),T"(A3),I"(A4),T"(As),I"(A9), I' (A12), I (Ass)]-
By Corollary 1, we get T'(Zsg) = 036[Kg(18), Kp(12): Kg(9), Kp(6) Kp(a), Kp(3): Kg(2) -

By Lemma 3, |Ap| = 6,|A3] = 4,|A4| = 6,|A6] = 2,|Ag| = 2,|A1n| = 2,|A18] = 1.
If2 € Ay,3 ~ 2 ~ 9, then deg(2) = |A3| + |Ag| = 6,if3 € A3,3 ~ 2,3 ~ 4, then
deg(3) = |Az| + |Ag| =12,if4 € Ay, 18 ~4 ~ 6,4 ~ 9,3 ~ 4, then deg(4) = |A1g| + |A¢| +
|Ag| + |A3] =9,if6 € Ag,4 ~ 6,9 ~ 6, then deg(6) = |Ag| + |Ag| = 8,if9 € Ag,2 ~9 ~
12,4 ~ 9 ~ 6, then deg(9) = |Az| + |A12| + |As| + |As| = 16,if 12 € A1p,9 ~ 12 ~ 18, then
deg(lZ) = |A9| + |A18| =3, lfl8 S A181 12 ~ 18 ~ 4, then d@g(18) = |A12‘ + |A4| =8.

Here m' =9,n' =7, then Zn—"f/ = %. Thus, the average Sombor index of the cozero-divisor
graph T’ (Zse) is

Soavr(r,(Z%))
2m’ 2 2m’\ 2
Z (deg v;) o > +<deg(vj)—n,)
UZNU
m'\ 2 2m’ \ 2
[l 43l (deg(2) = 257 )+ (deg@) - 27 )
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2

2m\ 2 o’
+ A4A18|\/(deg(4) - :,l> + <deg(18) - T:r,l

2m'\ m\ 2
¥ AgAM (eg9) - 22} (degte) - 22

2m'\ 2 2m\ 2
+ A9Au|\/ (teg9) - 22) 4 (deg2) - 22

2m/’ 2 2m! 2
+ A12||A18|\/ (deg<1z) - n) + (deg(18> - n) ‘

(6= 2)7 e (1) v (o ) (- )

.Mqﬂu_§y+@_§y+m¢@_fy+@&ggz
+m¢@_§f+@_§f+m¢@_§f+@_§y
+2.2\/(16 178)2+ (8 178>2+2.2\/(16 178>2+ (3 178>2
cay(5- Y4 (5- 2

/10861 /3469
4 1
+12 > +2 - 2 7+ 2 =

V2 VoI VEBST
7

V/34 102 4 14
+6 3769+4\/(7)80+4‘/855+2\/753.

The average Sombor index of the cozero-divisor graph I'" (Zg, ¢,¢,) for three distinct
primes 1, ¢2 and C3 is stated in the following theorem:

Theorem 8. Let the prime numbers §1, o and C3 be distinct. So the average Sombor index of the
cozero-divisor graph I (Zg, gz, ) is

Souvr(r/(ZCﬁzé’a))
=1 -G —-1)(G—1)

@& - D\ @+ 08— -GG 22+ (Gl + Eafs — &1 — G — &~ 2)?

+ (62— 1)\/(@152 +018—01—0—0—2)*+ (18 + 683 — 61— 52— 03— 2)?
@18+ Gl — 1 — G~ G5 — 22+ (a3 — 42
+(61 - 1)\/(5152 +00— 81— 8022+ (01l + 0B - 0L —0—2)?
+ \/(5152 +8283— 81— 62— 33 —2)*+ (6183 —4)?
+ \/(5153 0203801 — G2 — 83— 22+ (5182 — 4)?
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1
(2 —1)

V(@ =47+ (01— 42

+ \/(5152 —4)2+ (G283 —4)* +

(gll_l)\/((fl@ —4)2+ (163 —4)?

+

Proof. Let n = 18283, where §1,¢» and (3 are distinct primes. Then the proper divisors
of n are ¢1, 82, 83,8182, 8283 and §183. So, by Lemma 1, 6z ¢z, : G162 ~ 83 ~ G1 ~ &2 ~
§183 ~ 8182 ~ 8283, 81 ~ €283 ~ G183, &2 ~ &3 and by Lemma 2, we have I (Z¢,¢,z,) =
Ot,606 T (Ag) ) T (Agy), T (A, ) T (A, 5,) T (Ayi, ), TV (Agy )] By applying Corollary 1, it
follows that

, _ _ _ L
T(Zgyere3) = 012285 [Kop(eaz) Kop(ares) Ko 22)- Ko Kop(er) Kool

By Lemma 3, [Ag | = (2 = 1)(8 — 1), |Ag| = (61— 1)(G — 1), [Ag| = (61— 1)(&2 -
1)/ |A§1§2| = (53 - 1)’ |A§2§3| = (gl - 1)’ |AC1§3| = (52 - 1)'

Ifv e A§1/€3 ~ §1 ~ (2,81 ~ (aCs then deg(v) is the cardinality of ACZ’ AC3 and A§2§3,
ie., deg(v) = |A§2| + |A§3| + |A§2§3|, similarly ifv € A@zlgl ~ Gy ~ C1CG3,Gp ~ C3, then
deg(v) = |Ag | + Az | + Az, if v € Agy, 8182 ~ &3 ~ 81,2 ~ G, then deg(v) = |Ag, | +
|Ag,| + [Ag g, if v € Az, 6182 ~ 83,6183 ~ G182 ~ G283, then deg(v) = [Ag, | + |Ag,z;| +
|Azyzs |, if 0 € Agyzs, G182 ~ 8283, 81 ~ G283 ~ G163, then deg (v) = |Ag | + |Az iz, | + | Az |,
ifv € Az, G2 ~ G183 ~ G182, 6283 ~ G163 then deg(v) = |Ag, | + | Az g, | + |Agyz, |, so the
degree of v for a vertex v can be written as

|Ag,| + Az | + Azl v € Ag
[Ag | + Az | + Azl vEAg
|Ag, | + |Ag | + Az, vEAg
Azl + [Age | + 1Azl v € Agg,
[Ag |+ [Ag g +1Azal v € Age,
|Ag, | + |Ag e, | + |Agel, v € Agg,.

deg(v) =

Here, m' =9,n’ = 6, then 271—”,‘/ =3.

For any edge € in I’ (Z¢, ¢,¢, ), the following possibilities arise:

Case 1: If u € Az and v € Ag, s.t. uv = . Here, |Ag, || Ag,| is the number of edges and
deg(u) = (§1 —1)(G2 + &3 — 1), deg(v) = (g2 —1)(¢1 + &3 — 1). We have

|A§1||A§2\\/(§1§2 +818— 81— — 33— 22+ (L1562 + G283 — 81 — 82 — 83— 2)%

Case 2: If u € Ar, and v € Ag, s.t. uv = . Here, |Ag, || Ag,| is the number of edges and
deg(u) = (61 —1)(62 + &3 — 1), deg(v) = (&3 —1)(61 + G2 —1). We have

|A§1||A§3\\/(§1§2 +8183— 81— 02— 83— 22+ (S183 + G283 — 1 — 82 — 83— 2)%

Case3:If u € Az, and v € Agyg, s.t. uv = e. Here, |Ag, || Ag,, | is the number of edges and
deg(u) = (&1 —1)(é2 + &3 — 1), deg(v) = 283 — 1. We have

[Ag | |A§2§3|\/(§1§2 + 8163 —G1— 82— 63— 2)% + (8283 — 4)%
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Case 4: If u € Az, and v € Ag, s.t. uv = e. Here, |Ag, || Ag,| is the number of edges and
deg(u) = (62 —1)(61+ &3 —1), deg(v) = (&3 —1)(61 + 62 —1). We have

|A§2||A§3\\/(§1§2 +8203— 81— 02— 83— 2+ (S183 + G283 — 81 — 82 — 83 — 2)%

Case 5: If u € Az, and v € Ag g, s.t. uv = e. Here, |Ag, || Ag,¢,| is the number of edges and
deg(u) = (2 —1)(¢1+ &3 — 1), deg(v) = &183 — 1. We have

\A§2||A§1§3|\/(§1§z + 8283 —G1— 82— 3 —2)% + (5163 — 4)%

Case 6: If u € Ag, and v € Ag g, s.t. uv = e. Here, |Ag,||Ag ¢, | is the number of edges and
deg(u) = (& —1)(&1 + & — 1), deg(v) = ¢1& — 1. We have

\A§3||A51§2|\/(§1§3 +80— 81— 8 — 80— 22+ (5162 —4)%

Case 7: If u € Az ¢, and v € Agyg, s.t. uv = e. Here, |Ag ¢, || Ag,g,| is the number of edges
and deg(u) = ¢182 — 1, deg(v) = &283 — 1. We have

|A§1§2 | |A§2§3 | \/(61@ - 4)2 + (8283 — 4)2.

Case 8: If u € Ag¢, and v € Agg, s.t. uv = e. Here, |Ag ¢, || Ag | is the number of edges
and deg(u) = ¢18» — 1, deg(v) = 183 — 1. We have

Aol Agi /(@162 — 42 + (185 — 42

Case 9: If u € Ag,z, and v € Ag g, s.t. uv = e. Here, |Ag,g, || Ag, ¢, | is the number of edges
and deg(u) = ¢»83 — 1, deg(v) = ¢1¢3 — 1. We have

|A§2§3 | |A§1§3 | \/(6253 - 4)2 + (8163 — 4)2'

By gathering all of the previously considered cases, we can express the average Sombor
index of I (Z¢, ¢,¢, ) as follows:

SO“W(F,(ZQCZCE))
2m’\ 2 2m’\ 2
= Z (deg(vi) — n’) + (deg(v]-) - n’)
UiNU]'

:|A¢1||A§2|\/(§1§2 +618—C1—0—0-2)*+ (G182 + 083 — 61— 62— 83— 2)?

+ |A§1||A§3\\/(§1§2 +6183—01— 02— 33 —2)*+ (6183 + 883 — 81— G2 — {3 — 2)?
+ |A§1||Ag2f;3|\/(§1€2 +8183— 01— 02— 03— 2)+ (5283 — 4)*

+ |A§2||A§3\\/(51§2 +083— G162 —83—2)*+ (6183 + 683 — ¢1— G2 — §3 —2)?
+1Ag 1A |y (@182 + €8s — &1 — G2 — G — 22+ (G183 — 47

+ |A53||A§1¢2|\/(61§3 6283 — 81— G — 83— 2)2+ (8182 — 4)?

FAgl Ans |y (@162 — 92 + (225 — 72

+ |A§1§2||A§1§3|\/(§1§2 —4)2+ (6183 —4)?

| Age | Ag e |\ (Gas — 42 + (2183 — 4)2.
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=G -G -1 - 1)?

\/(5152 +818— 61— 60— 63— 22+ (6162 + 8283 — 61— 62— 63— 2)?

+(E -6 -1)%E-1)

\/(51@2 T8 -C1—-0—0—2)2+ (0183 + 08— 01— 62— 03 —2)?

+ (61 -1 (G2 -1 - 1)\/(5152 6183 — 81— G2 — 83— 2)2 + (8283 — 4)?

+ (G -G -1 -1)

\/(5152 T8 —01- 0022+ (5140801 - 8 —0—2)°

@ - D@ D@D (@8 0l — G -GG 22 + (G —4)?
+ (G -G —-1)(& - 1)\/(@153 +083— 01— 62— 33 —2)* + (G182 —4)?
(G1—-1)(G—1 \/ (6182 —4)2 + (5283 — 4)*
( (
( (

&~ 1)(& — Dy (@8 — 42 + (18 — 472
& - 1)(& — 1)y (@28 — 42 + (G183 — 42
=61 -G -1(-1)

_l’_
_l’_
_l’_

@& - D\ @+ 88— -G~ G 22+ (2 + Eafa — 1 — G2 — & — 2)?

+ (82— 1)\/(@152 t08 -0 -0 -2+ (01l + 08— - —0-2)?
@18+ Gl — G~ G~ s — 22+ (a3 — 42
+ (61— 1)\/(5152 TG00 - 010 —03—2)*+ (18 + 683 — 61— 62— 83— 2)?
Gt 0l -8 -G G 22+ (Gl — 4)2
+ \/(5153 +0203— 01— G2 — 03— 2)2+ (5182 — 4)?

(f;zl—lW (182 — 42+ (G283 — 42+ (5;11_1>¢ (6162 —4)>+ (6153 —4)°

(631_1)\/(5253 —4)2+ (6183 —4)*

+

+

O

Example 8. Let n = 30 = 2.3.5, where 2,3 and 5 are distinct primes. Here, 2,3,5,6,10 and 15
are the proper divisors of n. So, by Lemma 1,030 : 6 ~5~2~3~10~ 6~ 15,2~ 15~ 10,
3 ~ 5. By Lemma 2, we have I" (Z3y) = 630[I"(Az2),T"(A3),T"(As),T"(Ag),T'(A15), T (A10)].
By Corollary 1, it follows that F/(Zg,()) = 530[1(4’(15) K¢(1O) KfP( 6)r K‘P( 5), K¢( 2) K¢( )]

ByLemma3 |A2| =38, |A3| =4, |A5| =2, |A6| =4, |A15| =1, |A10‘ = 2.1f2 € Ap,5~
2 ~ 3,2 ~ 15, then deg(2) = |As| + |As| + |A15| = 7,if3 € A3,2 ~ 3 ~ 10,3 ~ 5, then
deg(3) = |Az| + |Aro|l + |As| = 12, if 5 € A5,6 ~ 5 ~ 2,3 ~ 5, then deg(5) = |Ag| +
|A2| + |A3| =16,if6 € Ag,6 ~ 5,10 ~ 6 ~ 15, then deg(6) = |A5| + |A10| + |A15| =5,1f
15 € A15,6 ~ 15,2 ~ 15 ~ 10, then deg(15) = |Ag| + |Az| + |A1o] = 14, if 10 € Ay, 3 ~
10 ~ 6,15 ~ 10, then deg(lO) = |As| + | Ag| + |A15] = 9.

Here, m' = 9,n’ = 6, then Zn—"f/ = 3. Thus, the average Sombor index of the cozero-divisor
graph T’ (Zsp) is:
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SOaor(T' (Za0))
=) (deg - 2nnf/>2 + <deg(vj) — 227/)2

v;~U;

=\A2|A3|¢ (deg(2) - 2’”) + (deg(a) - 27

2m'\? 2m'\?
+1allsly (dep@ — 27 )+ (deg(s) - 27 )

S\
N—
N

2m'\ 2 2m'\ 2
+Aall sl (deg(2) - 257 )+ (deg15) - 257 )

+ | As]|As| (deg<3> - 2:)2 " (deg@ } 221)2
+ |A3||A10|\/<d95(3) B 2:7/)2 " (deg(lo) } 2:/1/)2
+ | Ag|| Ass| <deg(6) _ 2;1”7’)2 + (deg(l5) — 2:?’)2

+ |A6||A10|\/<deg(6) - M)Z + (deg(lO) - 271”’1/)2

nl

2m’\ 2 2m\ 2
+ sl Al (deg15) - 27 )"+ (dega0) - 27"

=8.41/(7 - 3)2 + (12 - 3)2 +82,/(7 —3)2 + (16 - 3)2

+81\/(7 3) 4 (14— 3)2 +421/(12 - 3)2 + (16 — 3)2
+42,/(12-3)2 + (9~ 3)2 + 24\/(16 - 3)2 4 (5 - 3)?
+41,/(5-3)2 + (1432 +42\/(5 - 3)2 + (9 - 3)2

+1.2\/(14—3) +(9-3)2
=32v/97 + 16185 + 8v/137 + 8v/250 + 8v/117
+8v173 + 4v/125 + 8V/40 + 21/157.

5. Conclusions and Further Work

In our work, we have explicitly calculated both the Euler Sombor index and the average
Sombor index for the cozero-divisor graph defined over the integers modulo 7. These results
offer concrete formulas that can guide further exploration in this area. In fact, building
on this foundation, one could naturally extend our approach to analyze cases where n
takes the form &” Cz‘/V , with positive integers .#, .4, and with ¢1, §, being distinct primes.
Exploring such generalizations may lead to new formulas and a richer understanding of
how the arithmetic structure of n influences graph-theoretical properties. This opens up
exciting directions for future research, connecting the combinatorial intricacies of cozero-
divisor graphs to deeper algebraic insights, and encouraging others to investigate even
more complex prime power decompositions.
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