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Abstract

We propose a hybrid Riemannian optimization framework that combines trust-region
methods with retraction-based backtracking line search to reduce the cost of repeatedly
solving subproblems corresponding to rejected trial steps. If a trust-region step is not
accepted, the algorithm reuses the descent direction and performs a backtracking line
search instead of resolving the subproblem. Under the stated assumptions, we establish
liminf,_, [l grad f (x)ll X = 0. Numerical experiments on three matrix optimization prob-
lems with orthogonality constraints, namely Brockett cost function minimization on the
Stiefel manifold, Rayleigh quotient minimization on the sphere manifold, and independent
component analysis on the Stiefel manifold, demonstrate that RTR-LS and LRTR-LS are
computationally more efficient than classical Riemannian trust-region methods.

Keywords: Riemannian optimization; trust-region method; line search; retraction; global
convergence

MSC: 90C30; 65K10; 90C26

1. Introduction

In this paper, we consider the optimization problem on a Riemannian manifold given by
i 1
minf (x), (1)

where M is a Riemannian manifold and f is a smooth objective function. Riemannian opti-
mization extends classical unconstrained optimization from Euclidean spaces to nonlinear
geometric settings and has been successfully applied in numerous domains, including
low-rank matrix completion [1,2], phase retrieval [3-5], phase synchronization [6,7], blind
deconvolution [8], and dictionary learning [9,10].

Many algorithms have been developed for optimization on manifolds. In addition to the
standard Riemannian gradient and Newton methods [11], a number of efficient approaches
have been proposed in recent years for solving problem (1), such as Riemannian conjugate
gradient methods [11-14], Riemannian quasi-Newton methods [12,15,16], Riemannian
trust-region methods [12,15,17,18], Riemannian stochastic algorithms [9,19-21], as well as
several other techniques [8,22-25].

Among the various approaches for Riemannian optimization, we focus in particular
on trust-region methods on manifolds. At each iteration, a Riemannian trust-region method
builds a quadratic model of the objective function on the tangent space at the current iterate,
and computes a trial step by approximately minimizing this model within a neighborhood
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where the model is regarded as reliable. This auxiliary problem is known as the Riemannian
trust-region subproblem. The overall efficiency of the method depends strongly on two
factors: the accuracy with which the subproblem is solved and the strategy for updating
the trust-region radius.

Compared with trust-region methods, Riemannian line-search methods usually have
a lower per-iteration cost and are often attractive for large-scale problems. Such methods
generate a descent direction in the tangent space and determine an acceptable step size by
enforcing sufficient decrease along a retraction curve. Although line-search methods are
generally simpler and cheaper to implement, trust-region methods are usually more robust,
as they exploit second-order model information and incorporate a principled mechanism
for accepting or rejecting trial steps. This complementarity suggests that the two strategies
may be combined advantageously. We note that the strategy has been adopted in Euclidean
optimization by [26]. Our work differs in that it is developed in the Riemannian setting
and extends their approach to this broader geometric framework.

In standard trust-region methods, a common practice is to enlarge or shrink the trust-
region radius by a fixed factor based on the quality of the trial step. However, when a trial
point is rejected, this mechanism may require resolving the trust-region subproblem several
times within a single outer iteration, which can be computationally expensive for certain
problems [27]. To alleviate this drawback, adaptive strategies for updating the trust-region
radius have been developed. In these approaches, the radius is adjusted more flexibly by
exploiting information available at the current iterate, such as the Euclidean gradient and
the inverse Hessian [28,29].

Another key component of trust-region methods is the numerical solver for the sub-
problem [30]. The truncated conjugate gradient method [11] is one of the most widely
used choices. However, its computational cost generally increases with problem size, since
solving the trust-region subproblem may require many inner iterations. Therefore, it is
desirable to reduce the number of repeated subproblem solves, especially when a candidate
step has already been computed but is rejected only because it is too aggressive.

This observation motivates the incorporation of Riemannian line-search ideas into the
Riemannian trust-region framework. In particular, when the computed trust-region step
already provides a sufficient descent direction, it is natural to consider whether one can reuse
this direction and perform a cheaper step-size correction, rather than immediately reducing
the trust-region radius and resolving the subproblem. Such a strategy is especially appealing
on manifolds, where a backtracking procedure can be implemented along a retraction curve.

Motivated by this idea and by the work of [26], we propose a hybrid framework that
incorporates a retraction-based backtracking line search into the Riemannian trust-region
algorithm. When a subproblem solver such as the Steihaug-Toint truncated conjugate
gradient method [31] is employed, the resulting trial step d; naturally satisfies a sufficient
descent condition [17]. This property allows the algorithm to safely reuse the computed
direction whenever the original trust-region trial point is rejected. Instead of repeatedly
solving new trust-region subproblems, our method performs a backtracking line search
along the retraction associated with d;.. This strategy reduces computational overhead while
preserving the robustness and convergence guarantees of the trust-region framework. The
theoretical contributions of this work are as follows:

1. We establish global convergence in the sense that liminf; _, ., || grad f (xlly, =0, under
standard assumptions including Lipschitz continuity of the Riemannian gradient, and
the second-order retraction property;

2. We propose a novel mechanism that triggers a line search only when a trust-region
trial step is rejected. This approach circumvents the high cost of repeatedly resolving
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the manifold subproblem while ensuring a sufficient decrease in the objective function,
thereby significantly reducing the total CPU time in large-scale settings;

3. Through problems such as Rayleigh quotient minimization, independent component
analysis, and Brockett cost function minimization, we provide empirical evidence that
the proposed hybrid RTR-LS and LRTR-LS framework outperforms classical Rieman-
nian trust-region methods in terms of both iteration count and computational efficiency.

2. Preliminaries

We introduce the elements of manifold optimization that will be needed in the study
of (1). The concept of retraction is given as follows:

Definition 1 ([11]). Let M be a differentiable manifold. A retraction R : TM — M is defined as
a smooth map that fulfills two specific criteria. Throughout this paper, we use R, to represent the
restriction of R to the tangent space T M.:

1. R.(0,) =x, Vx € M, where 0, denotes the zero element of T, M.
2. With the canonical identification Ty T .M = T, M, R, satisfies

DRx(Ox) = idTXMr (2)

where DR, (0,.) denotes the differential of R, at 0, and idr._y denotes the identity map on T, M.

An important retraction R, is the exponential mapping, denoted by Exp, satisfying
Exp (1,) = (1), where ¥(0) = x, 7' (0) = #,, and 7 is the geodesic passing through x.

For a smooth real-valued function f defined on a Riemannian manifold, its Riemannian
gradient is characterized as the sole tangent vector that fulfills the condition:

(gradf (x), &)y = DfF(0)[E], V& € TM,

where Df (x)[¢] denotes the directional derivative along the direction ¢ [11]. The Rieman-
nian Hessian of f is a linear mapping from T, M to T, M defined by

Hessf(x)[&] = Vs gradf (x), V¢ € T, M,

where Hessf (x)[{] denotes the action of Hess f (x) on a tangent vector { € T, M, and Vis
the Riemannian connection [11]. Assuming the objective function f (x) admits a smooth
extension to the embedding Euclidean space R, its Riemannian gradient grad f (x) and
Riemannian Hessian Hessf (x) can be derived as follows:

grad f(x) = Py (Vf(x)),

(3)
Hess f (x)[{] = Pr (D grad f(x)[Z]),
where D is the Euclidean derivative. If M is the Euclidean space, we have
grad f(x) = Vf(x),
(4)

Hess f(x) = V?f (x).

The objective function f on M is lifted to an objective function f, = f o R, on T, M.
Note that f, is a real-valued smooth function on a vector space. If M is endowed with a
Riemannian metric, we have

gradf,(0,) = gradf (x).
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As is well known, tangent vectors residing in different tangent spaces cannot be added
directly. A mathematically natural way to address the issue is to use the parallel translation
operator, denoted P [32]. However, parallel translation is sometimes computationally
expensive, and for certain manifolds—such as the Stiefel manifold—no explicit formula is
available [11]. Vector transport is a reasonable approximation of parallel translation [11],
and it can be more amenable to computation. Vector transport is defined as follows.

Definition 2 ([11]). The vector transport I on a manifold M is a smooth map
TM&TM - TM: (1,8) » T,(&) € TM,

which satisfies the following properties forall x € M, where & denotes the Whitney sum TM@&TM =
{(érxl ;7‘6) : gx’ x € TxM/x € M}

1. There exists an associated retraction R such that Ih (6) € Tr,(y M forall ., ¢, € TM,
2. :76X(§x) =¢ forall i, € T M,

3. ]:]X (aé, +bl,) = aj;lx((fx) + bjzx(gx)for alla,b € Rand n,, ¢, ¢, € TM.

It is worth noting that if M is an embedded submanifold of a Euclidean space and M
is endowed with a retraction R, then a particular choice of vector transport is given by

1, (&) := DR.(m,)[&],

where P, denotes the orthogonal projector onto T, M. In [18], an isometric vector transport
I is proposed; it is a special vector transport that satisfies the following condition

<\‘7;,7X§X/ j;,ixgﬁx = (Gxs Ox)x-

In computing the step size &, on R”, the strong Wolfe conditions are often used on
M [33], which require «; to satisfy

F(Ry, (i) < f () + crag(grad f (xg), i), . 5)

Kgrad f (R (@i, Jayp MR, g < C24gTrad f (), i) (6)

where 0 < ¢; < ¢, < 1, and #; is the search direction. We call the conditions (5) and (6) the
strong Wolfe conditions.

Proposition 1. Let M be a Riemannian manifold with a retraction R. If a smooth objective function
f on M is bounded below on {Ry, (amy) | & > 0} for x;. € M and for a descent direction 1, € .M,
and if constants ¢y and ¢, satisfy 0 < c; < ¢, < 1, then there exists a step size oy which satisfies the
strong Wolfe conditions (5) and (6).

We note that the strong Wolfe conditions (5) and (6) together with the existence of a
step size satisfying them are also discussed in [12].

3. Riemannian Trust-Region Method with Backtracking Line Search

In the Riemannian trust-region method, the trial step d € T,, M is obtained by solving
the trust-region subproblem [11].
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_ 3 1
derr%g}w Pe(d) = (gradf (xy), d)xk + §<de' d)xk )

st |dll,, < Ay,

where A > 0 is the trust-region radius and gradf (x;) € T, M denotes the Riemannian
gradient of f at the current iterate x, on the manifold M. The operator H : T, M — T, M
is a self-adjoint approximation to the Riemannian Hessian.After obtaining a trial step d;
from (7), trust-region methods compute the ratio p; between the actual reduction in the
function value, f (x;) — f (ka(dk) ), and the predicted reduction, ¢ (0) — ¢, (dy):

F@0 —f Ry (d)
P = ¢r(0) — pp(dp)

(8)

the trust-region radius A, is updated according to the value of py.

Line search strategies are often effective in improving global descent behavior by
enforcing a sufficient decrease condition along a given search direction. Motivated by
these complementary advantages of the two approaches, we combine the trust-region
mechanism with a line-search procedure to enhance both stability and practical efficiency.
More specifically, the trust-region subproblem is first used to generate a candidate direction
in the tangent space. If the step d is not successful, that is, if f Ry, (di)) > f(x;), then a line
search step is performed along this direction to determine a suitable step length. This hybrid
strategy preserves the geometric structure of the Riemannian setting while improving the
adaptability of the algorithm in challenging optimization scenarios.

We now describe the proposed trust-region algorithm with a backtracking line search.
At each iteration, the algorithm approximately solves a quadratic trust-region subproblem in
the current tangent space to obtain a trial step. If the full step decreases the objective function,
it is accepted, and the ratio of actual to predicted reduction determines the subsequent
radius update. Otherwise, the computed direction is reused in a backtracking line search
along the retraction curve, rather than immediately resolving the subproblem. The accepted
tangent step is then used to construct the SR1 pair, and the model information is transported
to the new tangent space. The framework is summarized in Algorithm 1, followed by the
subproblem solver and the SR1 update.

For the sequences generated by Algorithm 1 above, we have the following properties.

Lemma 1 ([11]). A vector d* € T, M is a solution of the subproblem (7) if there exists A* > 0
such that
(M +/\>e idef\/[)d* == _gradf(x)/ (9)

<v, (H+Ar idTXM)U>x >0,Voe T .M, (10)

which means (U + A*idr () is positive semidefinite on T, M. Furthermore,
AT (A = d*lly) =0, (11)
and the solution of the trust-region problem is given by
d* = —(H + A% ideM)‘l gradf(x) + v, v € ker(H + A*]), (12)

where (H + A*idr_y)~" denotes the pseudoinverse of the operator H + A*idr_y on T, M, and v is
chosen so that ||d*|, < Aand A*(A — |ld*|,) = 0.
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Algorithm 1 Riemannian trust-region framework with backtracking line search (RTR-LS)

1: Given a Riemannian manifold M, x, € M, an initial Hessian approximation operator
33y, and an initial trust-region radius Ay = 1. Set the trust-region parameters 0 < ¢, <
;3 <1< ¢, 0< 6 < 1. Initialize the iteration counter as k := 1;

2: loop

3. Solve the trust-region subproblem (7)

4: Computef(ka(dk));

5 if f(R,, (dy)) < f(x;) then

6

Compute
X1 = Ry, (d); (13)
7: Compute the ratio:
i = SO 2 ) (14)
—(grad f (x;), di)y, — 5(dk, H'kdk>xk
8: Update the trust-region radius:
Ay, if pp = 6 and |ldill < A
Ak+1 = [C2||dk||, C3Ak], lf pk < 0 (15)
[Ak/ ClAk]/ if Px > 6 and ”dk” = Ak
9: else
10: Find the minimum positive integer i; such that
f Ry () < f (i), (16)
where ' '
I, € [y, alld1,,, 0 < @y <ap <1,i=1,2,..y (17)
Compute '
X = Ry (dF); (18)
11: Set '
Diiy € Pl 3t (19)
12 endif

13:  Compute grad f (x;,,) and update H;,;
14:  if a stopping criterion is satisfied then

15: return x q;
16:  end if
17: Setk:=k+1;
18: end loop

Lemma 2 ([11]). The global convergence theory of trust-region algorithms only requires that the
computed trial step dy satisfies

Il grad f (xe)lly, } 20)

¢ (0) — P (dy) = Bllgrad f (xp)lly, min{Akr A
kg

for all k, where B is a positive constant. In Algorithm 1, the truncated conjugate gradient method is
used to obtain the returned value d,, where § = % is taken. Inequality (20) is clearly satisfied if d;
is the exact solution of (7).

Theorem 1. If d* is a solution of (7) and satisfies |d*|, < A, and gradf(x) # O, then

I gradf(X)le}

111, =

(d*, gradf (x)), < —plligradf (x)ll, min{A,

Here, A > 0 denotes the trust-region radius and < 1/4.
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Proof. By the optimality conditions, there exists A* > 0 such that
A:=H+AI>0, Ad* = —gradf (x), A*(A —|d*],) = 0.
Since gradf (x) # 0, we have |All, > 0. Moreover,

Igradf (x)I2 = |Ad* |2
< |IAll(d*, Ad*),
= Al [—(gradf (x),d*),],

hence q )
_<gradf(x),d*>x > M (22)
Al
If |Hll, = 0, the subproblem is linear, and its minimizer is d* = —Agradf(x)/

Igradf (x)ll,. The result follows immediately. We therefore assume [|H]|, > 0.

Case I: ||d*|l, < A. Complementary slackness gives A* = 0. According to (20), we have

1
(P(O) - (P(d*) = _<d*/gradf(x)>x - E(Md*/d*>x

I gradf(x)llx}

> d in{ A,
> Bligra f(x)llxmm{ T

Case II: |d*||, = A. From A*d* = —gradf (x) — Hd*, we obtain
AN < igradf (0l + IH1,A,

therefore,

Igradf (0l
1AL, < 1M, +A* < 2101, + %,

using (22), we have

> Iigradf (x)|I2
* 7 2l + ligradf ()1l /A
ligradf (x)ll, }
2| Ml
ligradf (x)ll, }
I, )

—(gradf (x),d*
1 .

> ~ligradf (x)ll, mm{A,
1 .

2 7 ligradf ()l mm{A,

thus, there always exists a positive number B such that (21) holds in both cases. [J

We now show that the angle between d and — grad f (x) is a monotonic function of A.
To establish this result, we assume that in the hard case, we always choose a solution at the
boundary of the trust region.

Theorem 2. Assume that gradf (x) # 0. Let A® > AV > 0, and define dya) and d e to be the
solutions of the Riemannian trust-region subproblem (1) when A = AN and A = A®, respectively.

Then
cos Z(dpm, —gradf(x)) > cos Z(dpm, —gradf(x)), (23)
where (1w, v)
Z(u,v) = —X, 24
cos £ 0) = ol 24)
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Proof. From Lemma 1, there exist A; > 0 and A, > 0 such that

(H + Alj)dA(l) = — gradf(X), )\] (A(l) - ”dA(l)”x) = 0/ (25)

(H + A, D)dpe = —gradf (x), A, (AP —|ldpell,) = 0. (26)

We first show that A; > A,. Suppose by contradiction that A, > A, so we have A, > 0,
and it yields [ldye [, = A®. Because / + A, is positive semidefinite on T, M, i.e.,

(dpy — dpe, (H + M T)(dpa) — dpe))y =0, (27)
using the condition (26), (27) becomes
(day — Ay, (H 4+ Ay D)dpe — (H + A, D)dpe),
=(dpyn —dpe, (Ay —Adpe)y
=(Ay = A) ({dpo, dpe)x = ldael3), (28)
since [ldymll, < AV and [dpe |, = A@,
(pn, dp)y < ldpollldpell, < ADAD,

hence
(A = A (ADAD — A®%) <0,

which contradicts (27). Thus A; > A,. We prove the result (23) considering three cases.
Case LI If H + A,J is positive definite, then
daoy = —(H +A;d) L gradf(x),
define
(gradf (x), (4 + ATL)"L grad f (x)),
(M + AT~ grad f (x) ||l grad f ()]l

by spectral decomposition in T, M, 8(A) is monotonically increasing for A > max{0, —c,, (}{)},

cos((dy, —gradf(x))) = 6(A) =

where —c,, (H) is the smallest eigenvalue on T, M.
Case IL: If H + A, J is singular, then A; = —0,,(H), and we have the condition A; > A, and
H + A,d is positive semidefinite, so that A; = A, = —c,, (). In this case, the minimizers
may not be unique. By the selection rule in the theorem, we choose boundary minimizers
satisfying [danll, = AD,i=1,2.
(gradf (x), (4 — o, (H)T)~ L grad f (x)),

AW grad f ()l
_ (gradf(o), - o, (H)I)~ grad f(x)), (29)
- A@| grad f ()l

= cos({dpe, — gradf(x))).

cos({dpm, —gradf (x))) =

Case IIL: If / + A, J is positive definite and A, = —¢,, (), then by the monotonic increase of
O(A) as A —» —o,(H), we obtain
(gradf(x), (J + A, I)"L grad f (x)),
I + A1)~ grad f (x) |l [l grad f ()l
> lim (gradf (x), (H + Ad)~Lgradf (x)),
T Ao—a, 00 [(H + Ad) T grad f (x) |l )l grad f ()l
_ (gradf(x), (H — o, (H)) " grad f (x)), (30)
T I(H = o, (H)D)~  grad f (1)l ll grad f (x)l,
- (gradf (x), (4 — o, (H)D) "t grad f (x)),
- lldpe LIl grad f ()1l
= cos Z(dpm, — gradf(x)),

cos({(dpm, —gradf(x))) =

this completes the proof. O
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The preceding results concern exact global minimizers of the Riemannian trust-region
subproblem. Since computing them can be costly for large-scale problems, we use iter-
ative methods such as truncated conjugate gradient (TCG) to approximately solve the
subproblem [17,34].

As detailed in Algorithm 2, the inner CG iterations are systematically truncated when-
ever the iterates encounter a direction of negative curvature or breach the trust-region
boundary Ay, thereby ensuring both global convergence and computational efficiency. Note
that we use superscripts to denote the evolution of d within the inner iteration, while sub-
scripts are used in the outer iteration. Another component that needs to be addressed in
Algorithm 1 is the update strategy for the Riemannian Hessian approximation. Several
strategies have been proposed in the literature. In this paper, we adopt the symmetric
rank-one update method. The Riemannian trust-region method based on the symmetric
rank-one update can be interpreted as a Riemannian generalization of the classical Eu-
clidean SR1 trust-region method [33]. Several aspects discussed in [11] remain applicable
to Algorithm 3. In this paper, we follow the scheme proposed in [18].

Algorithm 2 Truncated Conjugate Gradient method for Trust-Region Subproblem [11]

1:setd® =0,7 =g, 6g = —70,j = 0;
2: loop

3 if (g, Hkéj)xk < 0 then

4: Compute 7 > 0 such that ||/ + Tojlly, = D
5: return d, :=d/ + T9;;

6: endif

. Ty

7:  Set step size: a; = W ;

8:  Update step: d*' = d/ + a;0;;

9: if \|df+1||xk > A, then
10: Compute 7 > 0 such that ||/ + Toilly, = B
11: return d; :=d + 76;
12:  endif

13:  Update residual: 7;,; = r; + ;. 6;; Orthogonal projection: 7,,; = PTxk IGTY)
14:  if a stopping criterion is satisfied then

15: return d, := d'*;

16:  end if

(it rj41)
17:  Update conjugate direction parameter: ;. = Mhsafiig ¥

(i’,‘,i’ﬂxk
18:  Update new direction: §,,; = —7j,1 + Bj116;;
19:  Updatej=j+1;
20: end loop

Algorithm 3 Symmetric Rank-one Update on Riemannian Manifolds

1: Let s = d;, where d; denotes the final accepted step, and compute y, =
I;‘Il gradf(R,, (s;)) — gradf (x);

2: if (s, Yo — HiSi) x| = 1070 lIslly, Iy — Hiesilly, - then

3:  Update the Hessian approximation using the SR1 formula:

Wi — Hisi) ® (Y — Hisy)

Hior = Hy +
S (S Yr — Hisi,

, (31)

else

Hk+1 - Hk;
end if
: Compute

N 9o

M1 < jgsk o Mg 0 g~

1
Sk
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The Analysis of Convergence

The trial step d;, computed by Algorithm 2 at each iteration is such that there exists a
positive constant § that satisfies (20) and (21). In Algorithm 1, we can see that if d; is not
accepted, that is, if f Ry, (di)) > f(x;), we can perform a backtracking line search along the
direction d;. In the backtracking line search, we determine the minimum positive integer i,
such that

f(ka(lXikdk)) <f(xp), (32)
where o € (0,1) is a positive constant. The sequence of trial points d;{i) satisfies (17):
11, € Loy, alldP N, 0 < @y < ap <1,
and from Theorem 2, we have
cos £(d?, — gradf (x;)) = cos Z(dy, — gradf (x;)). (33)
Fori=0,1,2,....,d° =d,.
To analyze the new algorithm, we need to make the following assumptions:

Assumption 1. The sequence {x;.} generated by Algorithm 1 is contained in a compact set KX C M.

Assumption 2. For the pullbacks f, = f o R,, there exists a constant M > 0, independent of x,
such that

IVF (1) = VA, < Ml =y,
forall x € K and 1l 101y < Dypyax, where 0 < Ay < Apay < oo forall k. Since R is a second-order

retraction,
V2f,(0) = Hessf (x),

IV2f.(0)Il, = || Hess f (x)l, <M, Vx € K.

Based on the above assumptions, we will prove that the sequence {x;} generated by
Algorithm 1 is globally convergent and satisfies:

lim inf || grad f (x¢)1l,, =0, (34)

we proceed by contradiction. If (34) were not true, then there would exist a constant
0 < 4 < 1such that

I gradf(xk)llxk >06>0, (35)

for all k. There exists a positive constant y such that
¢ (0) — P (dy) = pmin{A, 1/||Hk||x,(}, (36)
(dy, grad f (x))y, < —pmin{Ay, 1/I1Mll,, ), (37)

where p > 0 is a positive constant independent of k, whose existence follows from (20)
and (21).

Lemma 3. Suppose that Assumption 1 holds, and define the set I as the index set of iterations in
Algorithm 1 for which p;, > 6. Then

k_lgr}:gmm{Ak, 1/M;} =0, (38)
where
M =1+ {2%’}(||Mi||xi/ (39)
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Proof. Algorithm 1 ensures that the sequence {f (x;)} is monotonically decreasing. There-
fore, we can obtain

DI = f ()] 2 Y [F ) = f ()]
k=1

ked
>0 [9(0) — i(dy)]
ked
> 0p ) min{Ay, /1M, ), (40)
kel

here, the second inequality follows from (8) and the definition p; > 6. Since Assumption 1
and Assumption 2 imply that the sequence {f (x;)} is bounded below, it follows from (39)
and (40) that

Z min{A;, 1/M;} < oo, (41)
ked
so that
li in{A,, 1/M,} =0.
. k_)ogrllejmln{ o 1/M}

For the above problem, we also have the following result. This limit also holds for
k & J. If J is a finite set, it follows from Equations (15) and (19) that Ay,; < c34; for all
sufficiently large k, so that {A;} — 0, which gives

I}im min{A,, 1/M;} =0, (42)

if 7 is infinite, we consider an index j & J, and let j be the greatest integer less than j such
that j € J. Since the sequence {M,} is monotonically increasing and A; < ¢,A;, we obtain

min{4A;, 1/M;} < ¢ min{Af, 1/Mj}. (43)

Note that the limit (42) was established under the assumption that || grad f (x; )|l x, 18
bounded away from zero. It states that if the algorithm fails then either {A;} converges to
Zero or ||}£k||xk is unbounded. We will use this limit to arrive at a contradiction.

The next two lemmas consider the two cases under which the trust region is reduced
by Algorithm 1.

Lemma 4. If inequality (35) and Assumptions 1 and 2 are satisfied, then

Ay 2 lldglly, = min{p(1 = 6),1}/My, (44)

for all sufficiently large k for which x;.,, is defined by (13) of Algorithm 1, and for which p; < 6.

Proof. The algorithm ensures that IIdkllxk < Ay, so the first inequality holds.
If the second inequality is false, there exist infinitely many k;(i = 1,2, ...) such that

Px, <0,

and
”dki”xki < min{u(1-0), 1}/Mk, (45)

combining the first inequality in (44), (42) and (45), we can have

lim [idy |, = 0. (46)
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By the Cauchy-Schwarz inequality and the definition of the operator norm [11],
Assumption 2, (39) and (45), we obtain
. 1 (i, Hidi ), — (i, Hess f (&) [y Dy,
— 4+ = i i
=273 9,(0) — ¢ ()
1 il p(1=0) + Mlldkl.lliki

> 1 , 47
2T ) = g () (47)
the limit (46) implies that for sufficiently large i
1
Mlldkilliki < 5 IIdkillxkl_ u(l—10). (48)
Moreover, (45) implies that [l Il,, < 1/M;, and since we also know that [ld I, < A,
we see that
e Ly, . 19
S et S
min{Aki, 1/ka} - ( )
using (36), (48) and (49), for sufficiently large 7, we obtain the following from (47):
3 ldilly, p(1—6)
Px > A, T
pomin{Ay, 1/M; }
3
>1-370-0) >0, (50)

since § < 1. This contradicts (3). O

Lemma 5. If inequality (35) and Assumptions 1 and 2 are satisfied, there is a constant 0 < ji < 1
such that
Ay > AR, > i min{u(l - 0), 1}/M; (51)

for all sufficiently large k for which x;,, is given by x;,; = ka(d,(jk)) in (18) of Algorithm 1.

Proof. The first inequality follows from (17).
Assume that the second inequality does not hold. Then there exist infinitely many k
such that x4 = R, (d,((ik)) and
11, = o(1/My), (52)

hence, we have from Assumption 2, (17), (33), (37), and [31] that

fe0 = f(R, @)

> 14l Il grad f (v, cos( £ (@Y, — grad f (x;)))
~Md3 VR /2

> d Iy, | grad f (x0)

cos( £ (dy, — grad f (x))) — MId{¥ |2 /(243)

> 1A, e min{A /1Ly, /1M1 Il )
— M1, /(242)

> [d), e min1, 1/ (Mg} — MIdSPI2 /(2a3)

1 . .
> 5L I, [pmin{My, 1/A.) — MIdgFll, M/ (2a3)]. (53)
The radius update ensures that A, < A, for all k. Using this condition and (52), we see

that the right-hand side of (53) is positive for large k, which contradicts our definition of
. O
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A global convergence result can now be obtained based on the above lemmas. The
only assumption needed is that the growth of IIHkllxk is not excessively rapid.

Theorem 3. Suppose that Assumptions 1 and 2 hold. If

= 1
— = oo, (54)
L

holds as an additional growth assumption on the model operators, then the sequence {x,} generated
by Algorithm 1 satisfies
likrn inf | gradf(xk)llxk =0. (55)

Proof. We proceed by contradiction. Assume that there exists a positive constant § > 0
such that
I gradf(xk)llxk >, Vk. (56)

If there are only finitely many k such that Ay ; < Ay, there exists a positive constant
5 > 0 such that A, > § for all k. Due to (42), we have lim,_, . 1/M; = 0, and hence (33)
holds for all large k.

Now assume that there are infinitely many k such that A ; < A;. From Lemma 4 and
Lemma 5, there exists an integer k such that if k > k and A, < Ay, then

let k be an integer such that k > k and Apq < A We now show that
Ay = jicomin{u(1 — 0), 1}/M, (58)

holds for any k > k.
Case I If Ay 1 < Ay, then (57) holds, which implies (58) since ¢, < 1.
Case IL: If Ay > Ay, let k' be the largest integer less than k such that Ay, < A,.. We see
from (19), Assumption 2, (44) and (51) that
A 2 By

= Oolldy Iy,

> i min{u(l —0), 1} /M.

> Czﬁmm{]’l(l - 9)/ 1}/Mk/
for all sufficiently large k. Then, we have a constant v > 0 such that

Ak > V/Mk (59)

for all sufficiently large k.

Let J denote the set of successful iterations, which means p > 6. Then, from (15)-(19)
and the definition (39), for k & J, either the full step is accepted with p; < 6, or backtracking
is performed. In the former case, (15) gives Ap,; < c3A;. In the latter case, (15) and (17)
give

A, < aolidylly, < .

Thus, either choice in (19) satisfies

ANy < gh, g = max{cs, &} <1,

and we have

Ak+1 < ClAk/ ied (60)
Mot < b, el (61)
M1 =M, for all k (62)
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and from (59), we have
. min{v, 1}
min{A,, 1/M} > ———
My
with (41), we obtain
Z 1 ! mem 1/M} < oo (63)
= My~ min{y, 1} & ks k ’

Because c; > 1,9 < 1are positive constants, let the indices of the failed steps be k1, k», k3,
...... , i.e.,kj ¢ J, which means A,. Since each failed step leads to (61), we have Ak, < qf‘lAkl.
The sum of a geometric series is finite:

ZAkj <A Zq]’—l =1 < (64)
j=1 j=1
this proves that
Y A<, (65)
ked

then with (63)—(65), we obtain

0

k=1

(66) contradicts (54). O

4. Numerical Experiments
4.1. Experimental Settings

In this section, we verify the effectiveness of the proposed algorithms through a series
of test problems. All the test problems in this section are matrix optimization problems
with orthogonality or normalization constraints. The Brockett cost function minimization
and the independent component analysis are formulated on the Stiefel manifold St(n, p),
while the Rayleigh quotient optimization is formulated on the sphere manifold S"~!. These
problems serve as representative benchmarks for Riemannian optimization algorithms. All
experiments were conducted on a Lenovo laptop using MATLAB R2024a, equipped with
an Intel Core i7 processor (4.9 GHz) and 24.00 GB of memory.

The performance of the Riemannian Trust-Region method with Symmetric Rank-One
update and Truncated Conjugate Gradient (RTR-SR1-TCG), Riemannian Trust-Region
method with Symmetric Rank-One update and Truncated Three-Term Conjugate Gradient
(RTR-SR1-TTCG), Limited Riemannian Trust-Region method with Symmetric Rank-One
update and Truncated Conjugate Gradient(LRTR-SR1-TCG), and Limited Riemannian Trust-
Region method with Symmetric Rank-One update and Truncated Three-Term Conjugate
Gradient (LRTR-SR1-TTCG) algorithms, as well as their variants combined with line search
techniques, is demonstrated in solving trust-region subproblems (7).

The manifold operations are implemented through separate interfaces for the Rie-
mannian metric, tangent-space projection, retraction, and vector transport. Tangent-space
projection is used to control numerical drift in the inner iterations. In the implementation,
the exponential mapping is chosen as the retraction operator, and parallel transport is used,
ensuring that the updated points remain on the manifold.

In our algorithm, the parameters c;, ¢,, c; are set to 2, 0.25, and 0.6. The initial radius
and the maximum radius are set to 1 and 200, and 6 is chosen as 0.6; the error tolerance is
set to 1 x 107° and the maximum number of iterations max, to 8000, so as to achieve a good
balance between computational efficiency and solution accuracy.
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In Steps 4 and 10 of Algorithm 2, the boundary parameter 7 is determined by solving
for the positive root of the quadratic equation:

T26), 8, + 2T, 8+, dl), = A

A key computational advantage of the TCG scheme is its inverse-free property; it
interacts with the Hessian H, solely through matrix-vector products of the form J};4;,
thereby avoiding the prohibitive cost of explicit matrix inversion or the construction of the
full Hessian operator.

To ensure numerical robustness in large-scale applications, practical implementations
often incorporate several refinements. For instance, the residual norm (Fjt1, T )x, 18 cached
to avoid redundant inner product computations in subsequent iterations. Additionally, we
apply an orthogonal projection P, (-) to the iterates d, r, and 6, which is crucial for mitigating
numerical drift and ensuring that all search directions remain strictly within the relevant
tangent space. The authors of [26] conducted similar experiments combining trust-region
and line search techniques in the Euclidean setting, showing that performing a backtracking
line search from a failed trust-region step reduces the overall computational cost. Motivated
by this idea, we extend it to the Riemannian setting. And the SR1 formula is used to update
Hy.. In our Riemannian trust-region algorithm, the trial step is computed by Algorithm 2,
and M, is updated by the symmetric rank-one formula in Algorithm 3. Let the step and
gradient difference be defined as

S = dy, (67)

Ve = I;l(gradf(xkﬂ)) — gradf(x;), (68)

where J;7!(-) denotes the vector transport operator along the retraction curve.
Sk
Backtracking is performed along the direction of the failed trial step and is based on
truncated quadratic interpolation. If f (R, (di)) = f(xx), we compute

e = max{0.1, 0.5/[1 + (f (x) = f (Ry, (di)))/ ({grad f (x,), die)y, )1}, (69)

set d; := a;d), and repeat this process until a lower function value is obtained.
To avoid numerical instability, the update is performed only when the denominator
satisfies the regularity condition

(ks Yie = Hiclsi Dy, | = 1078 liselly, Ny — Hiclsillly,, (70)

otherwise, the SR1 update is skipped and #{; remains unchanged.

To reduce the storage and computational cost of the full SR1 update in Algorithm 3,
we employ a limited-memory Riemannian SR1 scheme [35]. Instead of storing the entire
Hessian approximation J{, € L(T, M), we only keep the most recent m pairs of step and
gradient-difference vectors:

(i YD Yokmirs (71)

all stored vectors are transported to the current tangent space by vector transport at each
accepted iteration. Given these pairs, the action of the approximate Hessian on any tangent
vector v € T, M is computed implicitly as

My
Hio = 1o + Z a; (Yi = YiSi)s (72)

i=1

where the coefficients &« = (a4, ..., &, ) are determined from the small linear system

(Li + Dy + L = 1SS & = (i = 18t 0 )iy (73)
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here, the matrix ((L; + Dy + L,;r) represents the symmetrized version of S; Y, where L, and
D are the strict lower triangular and diagonal parts of the matrix with elements (s;, Yidxpr
and S] Sy denotes the m; xm; matrix whose (i, j)-th element is the Riemannian inner product

(Sis Sj)x,- Yk 1s a scalar scaling parameter, typically chosen as

_ <yk/ yk>xk

Tk = (St Yidx,

Consequently, the storage requirement is O (mn) instead of O (1?) to reduce consump-
tion. To avoid numerical instability, the memory update is performed only when the
denominator satisfies the following regularity condition [33]

K8k Yie = Hisi | = 1078 lisgl, Iyic — Hisills,. (74)

otherwise, the SR1 update is skipped and H remains unchanged.

We use TCG and TTCG to solve the trust-region subproblem. Compared with the stan-
dard two-term tCG method, the TTCG scheme introduces an additional correction direction,
which improves the stability of the inner iterations under nonconvex or ill-conditioned
curvature. The search direction is updated as

where the additional term 4, is a previously stored direction that helps correct loss of
conjugacy. The coefficient 7; is chosen adaptively to maintain numerical stability

3 (i1 = Ty,

T Oyt — 1y,

In practice, this additional correction term is activated only when needed, and it
effectively prevents the search direction from degenerating when the SR1 model is indefinite.
To avoid numerical instability in the SR1 update, we perform the update only if

(s Y — Hielsi D, | = 1078lIsglly Ny — Hilsilly, . (76)

otherwise, the SR1 update is skipped and H, is kept unchanged.

4.2. Tests and Results
4.2.1. Brockett Cost Function Minimization on the Stiefel Manifold

In this experiment, we study a Brockett cost function minimization problem [36].

Consider a symmetric matrix A € R**", which is generated by a random orthogonal
matrix Q such that A = QAQT, where A is a diagonal matrix, and N = diag(1:p).

Our goalis to find a rank-r subspace on the Stiefel manifold that minimizes the following
objective function:

min trace(xTAxN),
xeR™P (77)
st. xTx = L,
the constraint x"x = I, indicates that the column vectors of x are orthonormal on the
Riemannian manifold, i.e., x € St(n, p). This model is commonly used in low-rank subspace
learning and feature subspace optimization, which corresponds to finding an optimal
r-dimensional subspace according to the spectral structure of matrix A.

We conducted numerical experiments on the aforementioned problem. Using Algorithm 2
and Algorithm TTCG as the trust-region subproblem solvers, we compared the Riemannian
trust-region SR1 method (denoted as RTR-SR1) with its line-search-enhanced variant (de-
noted as RTR-SR1-LS), as well as the limited-memory SR1 method with and without line
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search (denoted as LRTR-SR1-LS and LRTR-SR1, respectively). The results are summarized
in Tables 1 and 2. In these tables, “iter” denotes the number of iterations, ‘time” represents the
computational time (in seconds), and ’f” denotes the final objective function value.

Table 1. Performance comparison of RTR-SR1 solvers with and without line search for the Brockett
problem.

RTR-SR1-TCG RTR-SR1-TCG-LS RTR-SR1-TTCG RTR-SR1-TTCG-LS
n
Iter Time(s) f Iter Time(s) f Iter Time(s) f Iter Time(s) f

5 1767  90.13 35.01 631 34.54 3598 2008 101.91 35.01 1675 87.19 35.12

100 8 1269 111.14 120.10 1401 125.86 120.04 1928 166.32 120.01 1692 152.11  120.02
10 1331 160.18  220.58 824 97.09 22159 1945 24279 220.09 1224 17145 220.67

5 1815 310.00 3515 1081 19049  35.00 1857 308.35 35.01 419 67.79 35.82

200 8 4525 2008.64 120.07 1123 49439 12196 3645 1575.62 120.05 2104 945.02 120.89
10 2623 185498 220.10 1666 1206.01 220.25 1864 1289.51 220.49 988 716.14  221.48

5 2021 94227 3524 1587 753.59 3534 2187 1032.06 35.07 1937 92590  35.09

300 8 1125 141436 12284 611 79554 125.68 3588 454539 120.03 3259 432724 120.32
10 1766 376253 221.726 502  989.25 223.09 2727 7020.38 221.30 976 274343 223.77

Table 2. Performance comparison of LRTR-SR1 solvers with and without line search for the Brockett
problem.
LRTR-SR1-TCG LRTR-SR1-TCG-LS LRTR-SR1-TTCG LRTR-SR1-TTCG-LS
n p
Iter Time(s) f Iter Time(s) f Iter Time(s) f Iter Time(s) f

5 682 10.30 35.00 571 8.88 35.00 717 10.60 35.00 457 7.34 35.00
100 8 802 26.65 120.00 863 28.38 120.00 854 28.23 120.00 845 27.94 120.00
10 1468 63.89 220.00 1031 44.85 220.00 1565 70.23 220.00 1269 61.69 220.01

5 929 53.57 35.01 915 54.02 35.00 891 51.24 35.01 945 55.15 35.00

200 8 1956 273.64 120.04 1811 250.40 120.00 1674 233.40 120.01 1973 27327 120.01
10 1560 330.85 220.01 1407 29270 220.01 1413 302.64 220.02 1247 267.76  220.03

5 1238 180.69 35.01 1234 174.65 35.02 1201 170.63 3524 1125  159.35 35.03
300 8 2544 96650 120.18 3410 1323.71 120.02 2407 901.78 120.03 2313 904.04 120.03
10 2243 202216 220.06 2381 2029.54 220.02 2928 233256 220.03 1962 1659.83 220.12

Across the tested Brockett problems, incorporating line search generally reduces
the computational cost, particularly within the RTR-SR1 framework. For example, at
(n,p) = (100,5), RTR-SR1-TCG-LS reduces the iteration count from 1767 to 631 and the
CPU time from 90.13 s to 34.54 s. Substantial reductions are also observed for TTCG: at
(n,p) = (200,5), adding line search reduces the iterations from 1857 to 419 and the CPU
time from 308.35 s to 67.79 s. The limited-memory variants also benefit in several cases. At
(n,p) = (100,10), LRTR-SR1-TCG-LS reduces the CPU time from 63.89 s to 44.85 s, with both
methods reporting an objective value of 220.00. At (n,p) = (200, 10), the corresponding
times decrease from 330.85 s to 292.70 s, while both reported objective values are 220.01.

The improvements are not uniform. For example, LRTR-SR1-TCG-LS increases the CPU
time from 966.50 s to 1323.71 s at (n,p) = (300, 8). The additional line-search evaluations
may offset computational savings in some instances. Furthermore, where final objective
values differ, timing reductions require confirmation at matched accuracy. Overall, the
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tables indicate substantial benefits in many cases, alongside a dependence on the problem
instance and subproblem solver.

4.2.2. Rayleigh Quotient Optimization Problem on the Sphere Manifold

We study a Rayleigh quotient optimization problem on the sphere manifold, which
is a well-known problem in spectral analysis and feature extraction. A symmetric matrix
A € R™" is generated as A = QAQT, where Q € R"™" is a random orthogonal matrix
and A = diag(1:n) is a diagonal matrix. The spectral structure of A is determined by its
eigenvalues A; > A, > - > A,

Our goal is to find the eigenvector corresponding to the smallest eigenvalue of A by
solving the following Rayleigh quotient optimization problem:

min R(x) = x"Ax,
x€R"
st. xTx=1,

the constraint x"x = 1 ensures that x lies on the sphere manifold 5”1, where all feasible
solutions are normalized. Note that the sphere manifold $"~! is a special case of the Stiefel
manifold St(n,1), and hence this problem can also be regarded as a matrix optimization
problem with a single orthonormal column. The minimum objective value is A;,(A) =1,
attained at a unit eigenvector associated with the smallest eigenvalue of A.

In the implementation, the unit normalization is chosen as the retraction operator
to ensure the updated points remain on the sphere manifold during optimization. Fur-
thermore, parallel transport is used to update the tangent vectors while preserving the
geometric structure of the manifold, which facilitates the use of Riemannian optimization
methods. This experiment leverages manifold-based optimization techniques, focusing
on dynamically adjusting the trust-region radius and utilizing a geometric framework to
achieve rapid convergence while maintaining the spherical constraints. Based on the above
problem, numerical experiments are conducted using eight algorithms in Tables 3 and 4.

Table 3. Performance comparison of RTR-SR1 solvers with and without line search for Rayleigh
quotient optimization.

RTR-SR1-TCG RTR-SR1-TCG-LS RTR-SR1-TTCG RTR-SR1-TTCG-LS
n
Iter Time(s) f  Iter Time(s) f  Iter Time(s) f  Iter Time(s) f
500 270 0.3949 1.00 259 0.3704 1.00 217 0.3392 1.00 252 0.3694 1.00
800 282 0.8897 1.00 263 0.8568 1.00 227 0.7248 1.00 275 0.8584 1.00
1000 384 1.8321 1.00 355 1.6692 1.00 311 1.4709 1.00 351 1.6605 1.00
Table 4. Performance comparison of LRTR-SR1 solvers with and without line search for Rayleigh
quotient optimization.
LRTR-SR1-TCG LRTR-SR1-TCG-LS LRTR-SR1-TTCG LRTR-SR1-TTCG-LS
n
Iter Time(s) f Iter  Time(s) f Iter Time(s) f Iter  Time(s) f
500 646 0.0569 1.00 493 0.0583 1.00 601 0.0571 1.00 531 0.0564 1.00
800 762 0.0971 1.00 676 0.1065 1.00 790 0.1144 1.00 681 0.1147 1.00
1000 1020 0.1815 1.00 824 0.1732 1.00 1113 0.2025 1.00 910 0.1724 1.00

Tables 3 and 4 report objective values of 1.00 at the displayed precision, consistent with
the known minimum A_;,(A) = 1. Adding line search reduces the iteration count of the

TCG variants at every tested dimension. Within the RTR-SR1 framework, these reductions
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are accompanied by lower CPU times in all three cases. For example, at n = 1000, the
iterations decrease from 384 to 355, while the CPU time decreases from 1.8321 s to 1.6692 s.
For LRTR-SR1-TCG at the same dimension, line search reduces the iteration count from
1020 to 824 and the CPU time from 0.1815 s to 0.1732 s. The limited-memory TTCG variant
also benefits: at n = 1000, adding line search reduces the iterations from 1113 to 910 and
the CPU time from 0.2025 s to 0.1724 s.

The timing improvements are not uniform across all variants. For example, at n = 800,
RTR-SR1-TTCG-LS takes 0.8584 s compared with 0.7248 s without line search. For LRTR-SR1-
TCG at this dimension, fewer iterations are accompanied by a slight increase in CPU time.
Additional line-search evaluations may offset the savings from fewer iterations. Overall, the
results show consistent iteration reductions for the TCG variants, while the computational
benefit depends on the solver and problem dimension.

4.2.3. Independent Component Analysis on the Stiefel Manifold

ICA is a technique for blind source separation that seeks statistically independent
components from multivariate observations. We consider the following ICA-related opti-
mization model on the Stiefel manifold:

XER™

N
min  f(x) = — ||di.a1g(xTCix)||2
Zl ? (78)

Tx = L,

st. x
here, p < n, C; € R™",i = 1,...,N, are symmetric matrices, and diag(M) denotes the
vector of diagonal entries of M. The negative sign converts maximization of the summed
squared diagonal entries into minimization. In ICA applications, the matrices may represent
cumulants or time-lagged covariances. The optimization is conducted over the compact
Stiefel manifold St(n,p) = {x € R™P : x"x = L} [18,37]. In our experiments, we set
N = 100.

Tables 5 and 6 show that adding line search reduces CPU time for the TCG variants in
all reported cases. For RTR-SR1-TCG at (1, p) = (200, 10), the iteration count decreases from
7817 to 3147, while the CPU time decreases from 1074.56 s to 532.80 s. The improvement is
particularly consistent for LRTR-SR1-TCG-LS, which reduces both iteration counts and CPU
times in every tested case. For example, at (1, p) = (300, 8), the iterations decrease from 2248
to 1226 and the CPU time from 197.49 s to 90.07 s. The TTCG variants also achieve lower
CPU times in most cases. At (n,p) = (100,8), RTR-SR1-TTCG-LS reduces the iterations
from 4279 to 2074 and the CPU time from 157.91 s to 79.63 s. The final objective values are
close relative to their magnitudes, although this alone does not establish matched accuracy.

The improvements are not uniform across all performance measures. At (1, p) = (200,5),
LRTR-SR1-TTCG-LS reduces the iterations from 1560 to 1496 but increases CPU time from
110.49 s to 113.94 s. Conversely, at (1, p) = (300, 8), RTR-SR1-TCG-LS requires more iterations
but less CPU time than its non-LS counterpart. These cases show that iteration counts and
runtime may not change together.
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Table 5. Performance comparison of RTR-SR1 variants for ICA on the Stiefel manifold.
RTR-SR1-TCG RTR-SR1-TCG-LS RTR-SR1-TTCG RTR-SR1-TTCG-LS
n
b Iter Time(s) f Iter Time(s) f Iter Time(s) f Iter Time(s) f
5 2714 48.43 —4,802,636.99 2085 42.89 —4,802,643.84 2073 41.58 —4,802,642.97 1847 38.06 —4,802,653.17
100 8 2529 92.39 —7,454,450.42 2266 85.33 —7,454,463.09 4279 157.91 —7,454,448.59 2074 79.63 —7,454,436.54
10 4183 195.87  —=9,128,972.77 2537 14443  -9,128,971.91 2895 152.69 -9,128,973.03 2223 123.39  -9,128,971.22
5 1602 12092  -19,602,270.07 1119 108.83  —19,602,279.54 2641 20646  —19,602,264.65 2024 168.65  —19,602,268.52
200 8 3186 478.88  —30,896,240.07 2838 468.60  —30,896,374.35 2284 304.41  —30,896,224.06 2108 301.57  —30,896,357.12
10 7817 1074.56  —38,230,942.54 3147 532.80  —38,230,966.96 3732 616.46  —38,230,955.54 3492 581.38  —38,230,966.23
5 167 22.21 —44,402,684.55 144 19.82  —44,402,720.72 229 30.75 —44,402,699.73 161 21.84  —44,402,712.28
300 8 2163 329.84  —70,334,767.66 2488 316.75  —70,334,780.88 1803 311.71  —-70,334,748.27 2051 269.50  —70,334,734.55
10 1983 323.39  —87,330,328.37 1723 289.10 —87,330,377.52 2091 378.74  —87,330,348.57 1752 358.22  —87,330,287.44
Table 6. Performance comparison of LRTR-SR1 variants for ICA on the Stiefel manifold.
LRTR-SR1-TCG LRTR-SR1-TCG-LS LRTR-SR1-TTCG LRTR-SR1-TTCG-LS
n
b Iter Time(s) f Iter Time(s) f Iter Time(s) f Iter Time(s) f
5 2316 42.94 —4,802,627.96 1527 28.18 —4,802,647.74 2167 39.21 —4,802,611.19 2092 37.90 —4,802,642.87
100 8 2070 66.68 —7,454,443.47 1216 40.15 —7,454,473.51 2331 75.67 —7,454,462.48 2127 71.49 —7,454,453.67
10 2147 98.04 —9,128,946.99 1653 66.89 -9,129,013.25 2212 107.66  —9,128,958.82 1884 81.76 —9,128,940.74
5 1278 8599  —19,602,269.23 893 7134 —19,602,324.37 1560 11049  —-19,602,285.85 1496 113.94  -19,602,280.57
200 8 3346 266.27  —30,896,394.23 1812 22045 -30,896,481.34 3208 488.64 —30,896,357.04 3137 388.29  —-30,896,407.13
10 3258 388.18  —38,230,875.98 1676 196.34  —38,231,042.54 3469 405.92  —38,230,908.51 3029 368.58  —38,230,814.24
5 303 3543  —44,402,670.67 185 22.64  —44,402,713.50 292 34.21 —44,402,703.49 267 3340  —44,402,705.32
300 8 2248 19749  —-70,334,799.50 1226 90.07  —70,334,931.64 2231 216.76  —70,334,751.03 2140 169.32  —70,334,725.65
10 2373 259.18  —87,330,389.29 1252 131.87  —87,330,608.78 2395 254.64  —87,330,383.50 2230 24321  —-87,330,310.58
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5. Conclusions

In this paper, we proposed Riemannian trust-region and limited-memory Riemannian
trust-region algorithms equipped with symmetric rank-one updates and an inexact line
search strategy for unconstrained optimization problems on Riemannian manifolds. We
established liminf, _, || grad f (), =0 and revealed the computational advantages of
combining the standard TCG solver with the line search mechanism. We also applied our
method to instances of Brockett cost function minimization on the Stiefel manifold, Rayleigh
quotient optimization on the sphere manifold, and independent component analysis on the
Stiefel manifold. In future work, we will use Dolan-Moré performance profiles to compare
the algorithms, provide a separate accounting of the cost of the backtracking procedure
relative to the savings from avoiding repeated trust-region subproblem solves, analyze
theoretically whether the radius update may lead to unnecessarily aggressive contractions,
and explore the adaptability of this framework to other complex quotient manifolds, as well
as apply the proposed algorithms to large-scale machine learning applications involving
orthogonal constraints.
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