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Abstract

Industrial robot severity diagnosis must combine evidence from coupled subsystems while 
remaining stable under fluctuating measurements. We develop an uncertainty-adaptive ro-
bust graph-based belief rule base (RG-BRB) that maps monitored attributes to transmission, 
servo-control, and motion-execution nodes. A row-stochastic graph propagates node evi-
dence, while local fluctuation adjusts antecedent widths and attribute reliability before rule 
activation. Normalized evidential reasoning yields a belief distribution over normal, slight-
degradation, severe-degradation, and failure-related states. An interpretability-constrained 
adaptive covariance search estimates graph and rule parameters under ordering and nor-
malization constraints. The evaluation uses one record of 2000 observations, with a fixed 
600-observation test partition for the primary comparison. Across 10 random-seed runs 
on that partition, RG-BRB achieved 91.55% mean Accuracy and 0.9115 mean Macro-F1. 
Condition-shift, noise, calibration, and ablation analyses on the same record show how 
subsystem-constrained propagation and reliability-aware matching contribute to robust 
four-state diagnosis.

Keywords: industrial robot; fault diagnosis; belief rule base; evidential reasoning; graph 
reasoning; uncertainty quantification; interpretable artificial intelligence

MSC: 62P30; 68T37; 90B25; 94D05

1.  Introduction
Industrial robots are coupled electromechanical systems in which transmission wear, 

servo instability, and motion anomalies can propagate across subsystem boundaries. A diag-
nostic system should distinguish normal operation from successive degradation stages and 
retain the evidence behind each decision. These requirements are central to condition-based 
maintenance and model-based fault diagnosis [1–3]. They are difficult under variable loads 
and non-stationary noise because an abrupt observation may indicate either a transient 
disturbance or a genuine state transition [4,5].

Machine-learning diagnosis has progressed from engineered descriptors to convolu-
tional, recurrent, capsule, attention-based, and graph-based representations [4,6–10]. These 
models capture nonlinear patterns in vibration, current, attitude, and process measure-
ments. Industrial deployment also calls for stable decisions across operating conditions 
and an intelligible link between measurements and subsystem states [11–15]. A belief 
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distribution adds a useful measure of decision confidence, especially when its calibration 
can be examined alongside classification accuracy [16,17].

Belief rule bases (BRBs) offer a knowledge-guided route. RIMER represents each rule 
consequent as a belief distribution and combines activated rules by evidential reasoning 
(ER) [18]. Evidence aggregation supplies the mathematical foundation [19,20]; constrained 
training learns rule and attribute weights while preserving their semantics [21]. Multilayer, 
hierarchical, and deep BRBs extend this framework to complex systems [22–24]. Electrome-
chanical diagnosis has also incorporated textual maintenance knowledge and multisource 
uncertainty [25,26]. RG-BRB builds on these advances by coupling fluctuation-sensitive 
rule matching with explicit subsystem evidence flow.

Graph models address structural dependence by representing components or vari-
ables as nodes connected by functional or causal relations. They have improved diagnosis 
under coupled industrial processes and changing conditions [27,28]. For maintenance use, 
the graph should expose how subsystem evidence enters rule activation and the final state 
belief [29,30].

This paper develops an uncertainty-adaptive robust graph-based belief rule base 
(RG-BRB) for direct diagnosis of four ordered states: normal, slight-degradation, severe-
degradation, and failure-related. The contributions are as follows:
1. A graph-constrained BRB architecture is derived in which a row-stochastic functional 

propagation operator maps monitoring evidence to subsystem evidence before rule 
activation. The construction keeps propagated node evidence within the range of its 
inputs and prevents amplification in the infinity norm.

2. A reliability-aware matching mechanism couples local fluctuation, adaptive an-
tecedent widths, rule matching, and ER fusion. The ER normalization is derived 
from rule-level probability masses, and the resulting diagnostic output remains on 
the probability simplex under the stated conditions.

3. A diagnosis-oriented adaptive covariance search combines class-balanced, ordinal, 
and knowledge-preservation terms under explicit feasibility constraints. The re-
sulting belief outputs support direct four-state decisions, class-sensitive evaluation, 
calibration, and selective review.

Section 2 positions the method among data-driven, BRB, and graph-based diagnosis. 
Section 3 defines the four-state task, Section 4 derives RG-BRB, and Section 5 presents the 
evaluation. Section 6 interprets the findings, followed by the conclusions in Section 7.

2.  Related Work
2.1.  Data-Driven Industrial Fault Diagnosis

Deep learning has shifted fault diagnosis toward learned multiscale representations. 
Convolutional and capsule networks capture impacts and local structures, while recurrent 
or convolutional-recurrent models encode temporal dependence [4,7,31]. Harmonic-drive 
and industrial robot studies demonstrate the value of task-specific signal transforms and 
multiscale feature learning [5,8]; sparse self-attention further emphasizes informative 
components of long monitoring sequences [9]. Robot-specific studies in Mathematics have 
evaluated transfer learning under varying loads, speeds, and motion patterns [32], while a 
focused review identifies data scarcity, computational burden, and the need for transparent 
prognostics and health management in industrial robots [33]. The same journal has also 
reported graph synthesis for class-imbalanced mechanical diagnosis [10] and explainable 
Bayesian learning for uncertainty-aware industrial abnormality detection [17].

Mechanism–data fusion, transfer learning, domain-feature decoupling, and class-
incremental learning broaden diagnosis across small samples and changing operating 
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conditions [12–15]. Reviews also emphasize robustness and trustworthy interpretation in 
machinery diagnosis [3,6,11]. RG-BRB addresses these needs through a visible subsystem-
to-rule evidence path and reliability-aware matching.

2.2.  Belief Rule Bases Under Uncertain Evidence
A BRB assigns a belief distribution to each rule consequent and combines the acti-

vated rules without forcing an early crisp label. RIMER provides the canonical inference 
structure [18], and ER supplies an analytical aggregation mechanism for multiple un-
certain attributes [20]. Constrained optimization then calibrates a BRB while preserving 
non-negativity and normalization [21].

Recent work has improved representational capacity through multilayer, hierarchical, 
and deep structures [22–24]. The parallel–serial BRB for industrial robots uses feature 
selection and grouping to reduce rule complexity in health-state assessment [34]. RG-
BRB instead organizes monitoring evidence through an explicit subsystem graph and uses 
fluctuation-dependent matching for direct four-state diagnosis. Other BRB models address 
trustworthy vehicle diagnosis and the conversion of qualitative maintenance reports into 
electromechanical rules [25,26]. The same numerical distance can represent strong evidence 
under a stable baseline but weaker evidence during a volatile interval. RG-BRB therefore 
lets reliability alter each attribute’s contribution to rule activation.

2.3.  Graph Structure and Explainable Diagnosis
Graph representations encode dependencies among components or process variables, 

and graph neural networks provide a general mechanism for message passing [27]. Causal-
intervention graph networks use structural information in complex industrial diagnosis [28]. 
For rule-based diagnosis, the graph can also make the pathway from measurement evidence 
to subsystem context, activated rules, and final state belief visible [29,30].

2.4.  Research Gap
The present task combines three requirements: measurement reliability changes with 

local fluctuation; subsystem interactions shape the meaning of each attribute; and four 
diagnostic stages retain an ordinal relationship. RG-BRB connects these requirements 
through functional graph propagation, reliability-aware rule activation, normalized ER 
fusion, and an objective tailored to direct four-state diagnosis.

3.  Problem Formulation
3.1.  Uncertain Multistate Observations

At sampling instant 𝑡, the monitored feature vector is modeled as

𝐱𝑡 = Φ(𝑦𝑡, 𝐨𝑡) + 𝝃 𝑡 + 𝜺𝑡, 𝑦𝑡 ∈ 𝒴 = {𝐷1, 𝐷2, 𝐷3, 𝐷4}. (1)

Here, 𝐱𝑡 ∈ R𝑀 contains 𝑀 monitoring features; 𝑦𝑡 is the true state; 𝐨𝑡 ∈ R𝐶 contains 
𝐶 operating-condition variables; Φ(⋅) is the ideal state–condition response; 𝝃 𝑡 denotes 
structured operating uncertainty; 𝜺𝑡 is random measurement noise; and 𝒴  is the diagnostic 
label set. States 𝐷1–𝐷4 denote normal, slight-degradation, severe-degradation, and failure-
related operation. The diagnostic target is the current severity stage.

3.2.  Functional Evidence Graph
Subsystem coupling is represented by a weighted directed graph

𝒢 = (𝒱, ℰ, 𝐀), 𝐀 = [𝑎𝑣𝑢] ∈ R𝐾×𝐾
+ . (2)
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Here, 𝒱 = {V1, … , V𝐾} is the set of 𝐾 functional nodes; ℰ  is the admissible directed-edge 
set; and 𝑎𝑣𝑢 measures how evidence at source node V𝑢 contributes to receiving node V𝑣. 
An entry is fixed to zero when (V𝑢, V𝑣) ∉ ℰ , preventing unsupported evidence transfer.

3.3.  Diagnostic Output
The required model maps the observation and graph to a state-belief vector:

𝜷̂𝑡 = 𝒟𝚯(𝐱𝑡, 𝒢), 𝜷̂𝑡 ∈ Δ4 = {𝐛 ∈ R4
+ ∶ 1T

4 𝐛 = 1}. (3)

Here, 𝒟𝚯 is the RG-BRB diagnostic mapping with trainable parameter vector 𝚯; 
𝜷̂𝑡 = [ ˆ𝛽1,𝑡, … , ˆ𝛽4,𝑡]T; Δ4 is the probability simplex over the four diagnostic states; 14 is a 
vector of four ones; and ˆ𝛽𝑛,𝑡 is the support assigned to 𝐷𝑛.

The direct decision and residual uncertainty are

ˆ𝑦𝑡 = 𝐷arg max1≤𝑛≤4 𝛽𝑛,𝑡
, 𝑞𝑡 = 1 − max

1≤𝑛≤4
ˆ𝛽𝑛,𝑡. (4)

Here, ˆ𝑦𝑡 is the diagnosed state and 𝑞𝑡 ∈ [0, 3/4] is residual decision uncertainty. 
Ordered severity is retained through

ˆ𝑠𝑡 = 𝝂T𝜷̂𝑡, 𝝂 = [0, 1/3, 2/3, 1]T, (5)

where ˆ𝑠𝑡 is expected severity and 𝝂 assigns increasing utility to the four ordered states. This 
scalar regularizes ordinal distance but does not replace the class decision in Equation (4).

4.  Proposed RG-BRB Method
4.1.  Feature-to-Node Mapping and Graph Propagation

Let 𝑥min,tr
𝑚  and 𝑥max,tr

𝑚  be the minimum and maximum of feature 𝑚 in the training set. 
The input to RG-BRB is

˜𝑥𝑚,𝑡 = clip[0,1]
(


𝑥𝑚,𝑡 − 𝑥min,tr
𝑚

max{𝑥max,tr
𝑚 − 𝑥min,tr

𝑚 , 𝜖𝑥}
)


, 𝑚 = 1, … , 𝑀, (6)

where clip[0,1](⋅) truncates its argument to the unit interval and 𝜖𝑥 > 0 supplies a positive de-
nominator only when a training feature has zero range. Thus, ˜𝐱𝑡 = [ ˜𝑥1,𝑡, … , ˜𝑥𝑀,𝑡]T ∈ [0, 1]𝑀, 
and validation and test observations cannot alter the normalization constants. Initial node 
evidence is

𝐞𝑡 = 𝐇 ˜𝐱𝑡, ℎ𝑘𝑚 ≥ 0,
𝑀
∑
𝑚=1

ℎ𝑘𝑚 = 1. (7)

Here, 𝐞𝑡 ∈ [0, 1]𝐾 is local node evidence; 𝐇 = [ℎ𝑘𝑚] ∈ R𝐾×𝑀
+  is the physically specified 

feature-to-node matrix; and ℎ𝑘𝑚 is the contribution of feature 𝑚 to node 𝑘. Row normalization 
makes each node an interpretable convex aggregation of its assigned features.

Define the receiving-node degree and normalized adjacency entries as

𝑑in
𝑣 =

𝐾
∑
𝑢=1

𝑎𝑣𝑢, 𝑎𝑣𝑢 =

{


𝑎𝑣𝑢/𝑑in
𝑣 , 𝑑in

𝑣 > 0,
1, 𝑑in

𝑣 = 0 and 𝑢 = 𝑣,
0, 𝑑in

𝑣 = 0 and 𝑢 ≠ 𝑣,

𝐀 = [𝑎𝑣𝑢]. (8)

Here, 𝑑in
𝑣  is the total incoming evidence weight of node 𝑣; 𝑎𝑣𝑢 is its normalized coun-

terpart; and 𝐀 is row-stochastic. The second and third cases give an isolated node a unit 
self-loop without requiring an inverse of a zero degree. A one-step propagation is then

𝐳𝑡 = 𝐏𝐞𝑡, 𝐏 = 𝜌𝐈𝐾 + (1 − 𝜌)𝐀, 0 ≤ 𝜌 ≤ 1. (9)
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Here, 𝐳𝑡 is propagated node evidence; 𝐏 is the propagation operator; 𝐈𝐾 is the 𝐾 × 𝐾
identity matrix; and 𝜌 retains local evidence. The remaining weight incorporates only 
graph-admissible neighbors.

The rule layer receives an explicit convex assignment of propagated node evidence 
and retained normalized features:

𝐯𝑡 = 𝐁[

𝐳𝑡
˜𝐱𝑡

]

, 𝑏𝑚𝑗 ≥ 0,

𝐾+𝑀
∑
𝑗=1

𝑏𝑚𝑗 = 1. (10)

Here, 𝐯𝑡 ∈ [0, 1]𝑀 is the BRB antecedent vector; 𝐁 = [𝑏𝑚𝑗] ∈ R𝑀×(𝐾+𝑀)
+  is a fixed, 

documented engineering assignment; and 𝑏𝑚𝑗 links rule attribute 𝑚 to propagated or directly 
retained evidence component 𝑗. A one-hot row selects one source, whereas a nontrivial 
row represents an interpretable convex aggregation. The matrices 𝐇 and 𝐁 are fixed before 
model fitting; the normalized graph weights are learned only on edges admitted by ℰ .

The graph normalization uses nonnegative weights in every non-isolated row, assigns 
a unit self-loop to each isolated node, and assumes finite normalized monitoring features. 
Under these conditions, every row of 𝐏 sums to one, so min𝑘 𝑒𝑘,𝑡 ≤ 𝑧𝑣,𝑡 ≤ max𝑘 𝑒𝑘,𝑡 for every 
receiving node 𝑣, and ‖𝐏‖∞ = 1. This boundedness follows because both 𝐈𝐾 and 𝐀 are 
row-stochastic and their convex combination is also row-stochastic. Each 𝑧𝑣,𝑡 is therefore 
a convex combination of the entries of 𝐞𝑡, while the maximum absolute row sum of the 
nonnegative propagation matrix remains one.

Figure 1 summarizes the evidence pathway. Graph propagation is performed before 
rule matching, so the functional structure cannot be bypassed by the decision layer.

System-level RG-BRB
four-state belief

Mechanical
transmission

Servo
control

Motion
execution

Reliability and
adaptive references

Figure 1. Functional organization of monitoring evidence before four-state RG-BRB inference. Solid 
arrows indicate aggregation into the system-level belief distribution; dashed arrows indicate reliability 
control and admissible cross-subsystem evidence flow.

4.2.  Local Fluctuation and Adaptive Reference Intervals
For a maximum causal window length 𝑊 ≥ 2, define the available history and its 

size by 𝒲𝑡 = {max(1, 𝑡 − 𝑊 + 1), … , 𝑡} and 𝑊𝑡 = |𝒲𝑡|. When 𝑊𝑡 ≥ 2, the local mean and 
standard deviation of antecedent attribute 𝑚 are

𝑣𝑚,𝑡 =
1

𝑊𝑡
∑

𝑖∈𝒲𝑡

𝑣𝑚,𝑖, 𝜎𝑚,𝑡 = [


1
𝑊𝑡 − 1 ∑

𝑖∈𝒲𝑡

(𝑣𝑚,𝑖 − 𝑣𝑚,𝑡)2]


1/2

. (11)

Here, 𝑖 is a temporal index within the current-and-past window; 𝑊 is fixed on validation 
data; 𝑣𝑚,𝑡 is the local mean; and 𝜎𝑚,𝑡 is local fluctuation. At the start of a monitored sequence, 
the causal buffer is initialized with the final development observations; if fewer than two 
valid observations are available, diagnosis is withheld rather than assigning a zero variance. 
Let 𝜎𝑚,0 be the corresponding normal-state baseline estimated from training samples. Excess 
fluctuation and reliability are

𝛾𝑚,𝑡 = max{0,
𝜎𝑚,𝑡

𝜎𝑚,0 + 𝜖𝜎
− 1}, 𝑟𝑚,𝑡 = exp(


−

𝛾2
𝑚,𝑡

2𝜏2
𝑚

)


. (12)
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Here, 𝛾𝑚,𝑡 is excess fluctuation relative to baseline; 𝜖𝜎 > 0 is the variance-ratio stabilizer; 
𝜏𝑚 > 0 controls reliability decay; and 𝑟𝑚,𝑡 ∈ (0, 1] is feature reliability. Evidence at or below 
the normal fluctuation level retains unit reliability.

For antecedent reference level ℓ , the adaptive half-width is bounded as

𝑤𝑚ℓ 𝑡 = min{𝑤max
𝑚ℓ , 𝜅𝑚ℓ (1 + 𝜐𝑚𝛾𝑚,𝑡)}, ℐ𝑚ℓ 𝑡 = [𝑐𝑚ℓ − 𝑤𝑚ℓ 𝑡, 𝑐𝑚ℓ + 𝑤𝑚ℓ 𝑡]. (13)

Here, 𝑐𝑚ℓ  is the ordered reference center; 𝜅𝑚ℓ > 0 is its nominal half-width; 𝜐𝑚 ≥ 0
controls expansion; 𝑤max

𝑚ℓ ≥ 𝜅𝑚ℓ  is a fixed upper bound; 𝑤𝑚ℓ 𝑡 is the current half-width; and 
ℐ𝑚ℓ 𝑡 is the resulting interval. Expansion reduces abrupt rule switching during short volatile 
periods, while the upper bound prevents all antecedents from becoming indistinguishable 
under extreme noise.

4.3.  Reliability-Aware Rule Activation
If rule 𝑘 selects reference level ℓ 𝑚𝑘 for attribute 𝑚, its triangular matching degree is

𝛼𝑚𝑘𝑡 = max{0, 1 −
|𝑣𝑚,𝑡 − 𝑐𝑚,ℓ 𝑚𝑘

|
𝑤𝑚,ℓ 𝑚𝑘,𝑡

}. (14)

Here, ℓ 𝑚𝑘 is the antecedent-level index and 𝛼𝑚𝑘𝑡 ∈ [0, 1] is the resulting match. Let 
𝜃𝑘 ∈ [0, 1] be rule importance, 𝛿𝑚 ∈ [0, 1] be attribute importance, and 𝛿𝑚 = 𝛿𝑚/ max𝑗 𝛿𝑗
with max𝑗 𝛿𝑗 > 0. Reliability modifies the attribute exponent through 𝛿eff

𝑚,𝑡 = 𝑟𝑚,𝑡𝛿𝑚. To pre-
vent an exactly zero match from permanently vetoing a rule when the corresponding 
attribute is unreliable, introduce a fixed numerical floor 𝜖𝛼 ∈ (0, 1) and define the unnor-
malized support and activation by

𝜔𝑘𝑡 = 𝜃𝑘

𝑀
∏
𝑚=1

𝜑(𝛼𝑚𝑘𝑡, 𝛿eff
𝑚,𝑡),

𝜑(𝑎, 𝑒) = exp(𝑒 log[𝜖𝛼 + (1 − 𝜖𝛼)𝑎]), 𝑆𝑡 =
𝐿

∑
𝑘′=1

𝜔𝑘′𝑡,

𝜔𝑘𝑡 =
{


𝜔𝑘𝑡/𝑆𝑡, 𝑆𝑡 > 𝜖𝑆,
0, 𝑆𝑡 ≤ 𝜖𝑆,

(15)

Here, 𝐿 is the number of rules and 𝑘′ indexes the normalization sum. The generic 
arguments of 𝜑 are 𝑎, 𝑒 ∈ [0, 1]. The activation-coverage threshold 𝜖𝑆 > 0 is fixed using 
development data. When 𝑆𝑡 > 𝜖𝑆, the activations are nonnegative and satisfy ∑𝑘 𝜔𝑘𝑡 = 1. 
The logarithm receives a value in [𝜖𝛼, 1], so 𝜑 remains defined at 𝑎 = 0 and 𝑒 = 0.

As 𝑟𝑚,𝑡 decreases, the 𝑚th exponent approaches zero and that attribute contributes 
a factor approaching one to each rule. Applying one common reliability multiplier to all 
rules would cancel during activation normalization. When 𝑆𝑡 ≤ 𝜖𝑆, activations are set to 
zero and the prior fallback below is used.

Rule 𝑘 has the form

𝑅𝑘 ∶ IF
𝑀
⋀

𝑚=1
(𝑣𝑚,𝑡 matches ℐ𝑚,ℓ 𝑚𝑘,𝑡), THEN {(𝐷𝑛, 𝛽𝑛𝑘)}4

𝑛=1, 𝛽𝑛𝑘 ≥ 0,
4

∑
𝑛=1

𝛽𝑛𝑘 = 1. (16)

Here, 𝑅𝑘 is the belief rule; ⋀ denotes conjunction across its 𝑀 antecedents; and 𝛽𝑛𝑘
is its consequent belief for state 𝐷𝑛. Complete consequent distributions are used so every 
activated rule has a direct probabilistic interpretation.

4.4.  Derivation of Evidential-Reasoning Fusion
For 𝑆𝑡 > 𝜖𝑆, activation discounts each complete rule consequent into state-specific and 

unassigned masses:
𝑚𝑛𝑘𝑡 = 𝜔𝑘𝑡𝛽𝑛𝑘, 𝑚𝑈𝑘𝑡 = 1 − 𝜔𝑘𝑡. (17)
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Here, 𝑚𝑛𝑘𝑡 is committed support for 𝐷𝑛; 𝑈 denotes the undifferentiated full state frame; 
and 𝑚𝑈𝑘𝑡 is the mass left unassigned because rule 𝑘 is not fully activated. Equation (16) 
gives ∑𝑛 𝑚𝑛𝑘𝑡 + 𝑚𝑈𝑘𝑡 = 1. Under ER combination, a product contributes to 𝐷𝑛 only if every 
selected factor either supports 𝐷𝑛 or remains unassigned. This gives

𝐺𝑛𝑡 =
𝐿

∏
𝑘=1

(𝑚𝑛𝑘𝑡 + 𝑚𝑈𝑘𝑡), 𝐺𝑈𝑡 =
𝐿

∏
𝑘=1

𝑚𝑈𝑘𝑡. (18)

Here, 𝐺𝑛𝑡 collects combinations compatible with 𝐷𝑛, and 𝐺𝑈𝑡 is the wholly unas-
signed product included in every 𝐺𝑛𝑡. Subtracting this duplicated product leaves the 
non-conflicting state masses 𝐺𝑛𝑡 −𝐺𝑈𝑡. Define the standard ER normalizer and their total by

𝑍ER
𝑡 =

4
∑
𝑛=1

(𝐺𝑛𝑡 − 𝐺𝑈𝑡), 𝜇𝑡 = (𝑍ER
𝑡 + 𝐺𝑈𝑡)−1,

ˆ𝛽𝑛,𝑡 =
𝜇𝑡(𝐺𝑛𝑡 − 𝐺𝑈𝑡)

1 − 𝜇𝑡𝐺𝑈𝑡
=

𝐺𝑛𝑡 − 𝐺𝑈𝑡

𝑍ER
𝑡

.
(19)

Here, 𝑍ER
𝑡  is the total committed mass and ˆ𝛽𝑛,𝑡 is the fused diagnostic belief. For four 

states, 𝑍ER
𝑡 + 𝐺𝑈𝑡 = ∑𝑛 𝐺𝑛𝑡 − 3𝐺𝑈𝑡; its reciprocal 𝜇𝑡 is the standard ER conflict normalizer. 

Equation (19) specializes analytical ER to four states with complete rule consequents [18,20]. 
Its final form gives the same belief with a simpler numerical implementation.

The committed-mass sum 𝑍ER
𝑡  is computed first. Let 𝜖ER > 0 be a fixed conflict thresh-

old. If 𝑆𝑡 ≤ 𝜖𝑆 or 𝑍ER
𝑡 ≤ 𝜖ER, the divisions in Equation (19) are bypassed; instead,

𝜷̂𝑡 = 𝝅(0), 𝝅(0) ∈ Δ4, (20)

where 𝝅(0) is a fixed diagnostic prior estimated from the development data or elicited before 
test evaluation. The thresholds 𝜖𝑆 and 𝜖ER are fixed before test evaluation. This branch 
makes insufficient rule coverage or complete evidence conflict explicit and prevents an 
arbitrary average of unrelated rule consequents.

The two-branch inference rule also preserves a valid belief distribution. If the rule 
consequents satisfy Equation (16), the activations satisfy Equation (15), and the prior 
satisfies Equation (20), then 𝜷̂𝑡 ∈ Δ4. When 𝑆𝑡 > 𝜖𝑆 and 𝑍ER

𝑡 > 𝜖ER, the discounted masses 
in Equation (17) are nonnegative and sum to one for every rule. Hence 𝐺𝑛𝑡 ≥ 𝐺𝑈𝑡, making 
every numerator in the stable form of Equation (19) nonnegative. Their sum is 𝑍ER

𝑡 , so 
division by this positive quantity produces a nonnegative vector with unit sum. In the 
fallback branch, Equation (20) belongs to Δ4 by construction. The diagnostic vector therefore 
lies in Δ4 in either branch.

4.5.  Constrained Diagnosis-Oriented Learning
Let the training set contain 𝑁tr observations, of which 𝑁𝑛 belong to state 𝐷𝑛. To reduce 

majority-state dominance, define the class weight 𝜚𝑛 = 𝑁tr/(4𝑁𝑛). The class-balanced 
cross-entropy is

𝒥cls(𝚯) = −
1

𝑁tr

𝑁tr

∑
𝑡=1

4
∑
𝑛=1

𝜚𝑛I(𝑦𝑡 = 𝐷𝑛) log(max{ ˆ𝛽𝑛,𝑡, 𝜖𝑝}). (21)

Here, 𝑡 retains its sampling-index meaning over the training observations; I(⋅) is the 
indicator function; 𝜖𝑝 ∈ (0, 1) is a fixed probability-log floor; and 𝒥cls directly rewards 
support for the correct state. Define the severity utility function by 𝜈(𝐷𝑛) = (𝑛 − 1)/3. 
The ordered-state penalty is

𝒥ord(𝚯) =
1

𝑁tr

𝑁tr

∑
𝑡=1

( ˆ𝑠𝑡 − 𝜈(𝑦𝑡))2, (22)
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where 𝜈(𝑦𝑡) is the utility assigned to the true class. This term penalizes a normal-to-failure 
error more heavily than confusion between adjacent states. Expert structure is retained by

𝒥know(𝚯) = (𝚯 − 𝚯0)T𝐑Θ(𝚯 − 𝚯0), (23)

where 𝚯0 is expert initialization and 𝐑Θ ⪰ 0 assigns different preservation strengths to 
graph, reference, rule, and consequent parameters. The complete problem is

𝚯⋆ = arg min
𝚯∈ℱ

(𝒥cls + 𝜆o𝒥ord + 𝜆k𝒥know), (24)

where 𝜆o, 𝜆k ≥ 0 control the ordinal and knowledge terms. For receiving node V𝑣, let 
𝒩−

𝑣 = {𝑢 ∶ (V𝑢, V𝑣) ∈ ℰ} denote its admitted source-node indices. The feasible set is

ℱ = {𝚯 ∶ 𝑎𝑣𝑢 ≥ 0, 𝐀1𝐾 = 1𝐾, 𝑎𝑣𝑢 = 0 if 𝒩−
𝑣 ≠ ∅ and 𝑢 ∉ 𝒩−

𝑣 ,
𝑎𝑣𝑢 = I(𝑢 = 𝑣) if 𝒩−

𝑣 = ∅, 0 ≤ 𝜌 ≤ 1,
0 ≤ 𝜃𝑘, 𝛿𝑚 ≤ 1, 𝜃𝑘∗

= 1, 𝛿𝑚∗
= 1, 𝜏min ≤ 𝜏𝑚 ≤ 𝜏max, 0 ≤ 𝜐𝑚 ≤ 𝜐max,

𝜅min ≤ 𝜅𝑚ℓ ≤ 𝑤max
𝑚ℓ , 𝑐min

𝑚 ≤ 𝑐𝑚1 ≤ 𝑐𝑚𝑄𝑚
≤ 𝑐max

𝑚 ,
𝑐𝑚,ℓ +1 − 𝑐𝑚ℓ ≥ Δ𝑚,min, 𝜷𝑘 ∈ Δ4},

(25)

Here, 𝚯 stacks the trainable blocks 𝐀, 𝜌, {𝜃𝑘}, {𝛿𝑚}, {𝜏𝑚}, {𝜐𝑚}, {𝜅𝑚ℓ }, {𝑐𝑚ℓ }, and {𝜷𝑘}. 
The indicator I(𝑢 = 𝑣) fixes an isolated graph row to its unit self-loop; for a non-isolated 
row, mass can be assigned only to edges in ℰ . The center-spacing constraint applies for 
ℓ = 1, … , 𝑄𝑚 − 1; 𝑄𝑚 is the number of reference levels for attribute 𝑚; [𝑐min

𝑚 , 𝑐max
𝑚 ] is its 

admissible normalized range; Δ𝑚,min > 0 is the minimum center separation; 0 < 𝜅min ≤ 𝑤max
𝑚ℓ

prevents degenerate or unbounded intervals; 0 < 𝜏min ≤ 𝜏max bounds reliability decay; 
and 𝜐max bounds interval expansion. The indices 𝑘∗ and 𝑚∗ identify expert-selected anchor 
rule and attribute weights; fixing them to one removes the common-scale ambiguity in 
normalized activation and makes max𝑚 𝛿𝑚 well defined. The vector 𝜷𝑘 is the consequent 
of rule 𝑘. The normalized adjacency is optimized directly on its permitted row simplices, 
which removes the scale non-identifiability of raw edge weights and avoids duplicating 
the self-retention already controlled by 𝜌. The fixed support ℰ  prevents the optimizer from 
inventing physically unsupported edges. All parameter blocks are closed and convex, so 
their Euclidean projections are well defined.

4.6.  Interpretability-Constrained Adaptive Covariance Search
The objective is nonlinear and contains simplex, order, and graph constraints. RG-BRB 

therefore uses an interpretability-constrained adaptive covariance search (ACSO-I) based 
on covariance matrix adaptation [35]. Each structured block is encoded in an unconstrained 
vector containing 𝑛Θ parameters, after which the decoded candidate is projected blockwise 
onto Equation (25). At generation 𝑔, candidate 𝑝 is sampled and projected as

𝐮(𝑔)
𝑝 = 𝝌(𝑔) + 𝜂(𝑔)(𝚺(𝑔))1/2𝜻(𝑔)

𝑝 , 𝜻(𝑔)
𝑝 ∼ 𝒩(0, 𝐈𝑛Θ

), 𝛀(𝑔)
𝑝 = Πℱ(𝐮(𝑔)

𝑝 ). (26)

Here, 𝝌(𝑔) is the search center; 𝜂(𝑔) > 0 is global step size; 𝚺(𝑔) ≻ 0 is the search covari-
ance; 𝐈𝑛Θ

 is the identity of order 𝑛Θ; 𝜻(𝑔)
𝑝  is a standard Gaussian vector; Πℱ  is the blockwise 

Euclidean projection onto Equation (25); and 𝛀(𝑔)
𝑝  is a feasible candidate. Projection consists 

of bounded clipping for scalar parameters, isotonic projection with minimum spacing for 
each ordered center vector, and simplex projection for every graph row and rule consequent.

After ranking the population by Equation (24), let 𝛀(𝑔)
𝑖∶Λ be the 𝑖th best of Λ candidates, 

and let 𝜓𝑖 > 0 satisfy ∑Λs
𝑖=1 𝜓𝑖 = 1 for the best Λs candidates. Define Λeff = (∑Λs

𝑖=1 𝜓2
𝑖 )−1

and 𝐲(𝑔)
𝑖 = (𝛀(𝑔)

𝑖∶Λ − 𝝌(𝑔))/𝜂(𝑔). Here, 𝜓𝑖 is the recombination weight of ranked candidate 𝑖. 
The center and covariance path update are

𝝌(𝑔+1) =
Λs

∑
𝑖=1

𝜓𝑖𝛀
(𝑔)
𝑖∶Λ, 𝐩(𝑔+1)

𝑐 = (1 − 𝑐𝑐)𝐩(𝑔)
𝑐 + √𝑐𝑐(2 − 𝑐𝑐)Λeff

Λs

∑
𝑖=1

𝜓𝑖𝐲
(𝑔)
𝑖 . (27)
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Here, 𝑐𝑐 ∈ (0, 1) is the path learning rate and 𝐩𝑐 accumulates successful directions. 
Covariance is updated by

𝚺(𝑔+1) = (1 − 𝑐1 − 𝑐s)𝚺(𝑔) + 𝑐1𝐩(𝑔+1)
𝑐 (𝐩(𝑔+1)

𝑐 )T + 𝑐s

Λs

∑
𝑖=1

𝜓𝑖𝐲
(𝑔)
𝑖 (𝐲(𝑔)

𝑖 )T, (28)

where 𝑐1 and 𝑐s are the rank-one and selected-population learning rates satisfying 𝑐1 +𝑐s < 1. 
Starting from 𝚺(0) ≻ 0, the positive coefficient retained on the previous covariance preserves 
positive definiteness. For step-size adaptation, define

𝐩(𝑔+1)
𝜎 = (1 − 𝑐𝜎)𝐩(𝑔)

𝜎 + √𝑐𝜎(2 − 𝑐𝜎)Λeff(𝚺(𝑔))−1/2
Λs

∑
𝑖=1

𝜓𝑖𝐲
(𝑔)
𝑖 ,

𝜂(𝑔+1) = 𝜂(𝑔) exp[


𝑐𝜎
𝑑𝜎

(


‖𝐩(𝑔+1)
𝜎 ‖2

E‖𝒩(0, 𝐈𝑛Θ
)‖2

− 1)


]

.

(29)

Here, 𝐩𝜎  is the isotropic evolution path; 𝑐𝜎  is its learning rate; 𝑑𝜎  is damping; and 
E‖𝒩(0, 𝐈𝑛Θ

)‖2 is the expected Euclidean norm of an 𝑛Θ-dimensional standard Gaussian 
vector. Projection after sampling is the interpretability constraint: every evaluated candidate 
has ordered references, admissible graph weights, bounded rule and attribute weights, 
and normalized consequents. To monitor the effect of projection, the implementation 
records both ‖𝐮(𝑔)

𝑝 − 𝝌(𝑔)‖2 and ‖𝛀(𝑔)
𝑝 − 𝝌(𝑔)‖2; persistent discrepancies prompt rescaling of 

the step size or parameter encoding.

4.7.  Computational Complexity
Let 𝑆𝐻 = nnz(𝐇) and 𝑆𝐵 = nnz(𝐁) be the numbers of stored nonzero assignment 

coefficients. For one observation, the two mappings cost 𝑂(𝑆𝐻 + 𝑆𝐵), graph propagation 
costs 𝑂(𝐾+|ℰ|) including self-retention, matching and activation cost 𝑂(𝐿𝑀), and four-state 
ER fusion costs 𝑂(4𝐿). Local means and variances are maintained by causal rolling sums in 
𝑂(𝑀) time rather than recomputed over all 𝑊 samples. With four fixed states, define

𝒞inf = 𝑆𝐻 + 𝑆𝐵 + 𝐾 + |ℰ| + 𝐿𝑀,
𝑇infer = 𝑂(𝒞inf),

𝑇train = 𝑂(𝑁𝑔[Λ(𝑁tr𝒞inf + 𝑛Θ log 𝑛Θ)

+ 𝑛3
Θ + (Λ + Λs)𝑛2

Θ + Λ log Λ]).

(30)

Here, 𝒞inf collects the leading inference operations; 𝑁𝑔 is the number of optimizer gen-
erations; Λ is population size; 𝑛3

Θ accounts for a dense covariance factorization; (Λ + Λs)𝑛2
Θ 

covers dense candidate generation and rank updates; 𝑛Θ log 𝑛Θ is a worst-case bound for 
blockwise simplex and ordered-center projection; and Λ log Λ covers population ranking. 
The factorization can be reused within a generation. A diagonal covariance reduces dense 
covariance generation and adaptation to 𝑂(Λ𝑛Θ) time and 𝑂(𝑛Θ) memory, while objective 
evaluation, projection, and ranking costs remain.

5.  Case Analysis and Experimental Protocol
5.1.  Data, Labels, and Task Boundary

The case study comprises 2000 ordered industrial robot observations, 10 candidate 
attributes, four retained normalized attributes, and four state labels. Class counts are 
600 normal, 600 slight-degradation, 500 severe-degradation, and 300 failure-related obser-
vations. The retained attributes characterize load, servo response, and motion behavior and 
are assigned to the functional nodes in Figure 1. Their ordered trajectories are shown in 
Figure 2. All reported evaluations draw on this case record.

https://doi.org/10.3390/math14214097

https://doi.org/10.3390/math14214097


Mathematics 2026, 14, 4097 10 of 21

Figure 2. Ordered monitoring trajectories and four diagnostic-state stages in the 2000-observation 
robot record. Normalization and feature selection used in model fitting were estimated from the 
development data only.

The labels identify normal operation, two degradation stages, and failure-related oper-
ation. The analysis therefore centers on the severity stage associated with each observation. 
Table 1 summarizes the case data and diagnostic role.

Table 1. Case data and diagnostic role.

Quantity Diagnostic Role

2000 ordered observations Training, validation, and order-preserving contiguous testing
10 candidate attributes Training-only redundancy and relevance analysis
4 retained attributes Common input to RG-BRB and every comparison method

Four ordered labels Normal, slight-degradation, severe-degradation, 
and failure-related

Class counts 600, 600, 500, and 300 observations, respectively

5.2.  Order-Preserving Split and Baselines
The evaluation preserves the ordering of observations within each severity stage. For ev-

ery state, the first 70% forms the development block and the remaining 30% forms the test 
block. The fixed test set contains 180, 180, 150, and 90 observations from 𝐷1–𝐷4, respectively, 
totaling 600. Each development block is further divided in order into 80% training and 
20% validation observations. Normalization constants, feature screening, window length, 
baseline fluctuations, antecedent references, optimizer settings, and uncertainty thresholds 
are determined from the development data.

RG-BRB was compared with a conventional BRB, a long short-term memory net-
work (LSTM), a one-dimensional convolutional neural network (CNN), and a radial-basis-
function support vector machine (RBF-SVM). The graph-free formulation was evaluated as 
an RG-BRB ablation. All six configurations used the same four retained attributes and fixed 
partition. Ten random-seed runs used the same 600 test observations to measure variation 
in model fitting. Subsequent analyses evaluate different conditions and fitted configurations 
using the same 2000-observation record.
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Table 2 summarizes the recorded candidate spaces and budgets; the selected configura-
tions were evaluated on the held-out test blocks. The candidate spaces and search budgets 
differ by model family.

Table 2. Recorded tuning spaces and budgets for the principal methods.

Method Candidate Space Recorded Budget

RG-BRB Graph, matching and regularization 
parameters 500 generations, population 20

LSTM Hidden units 32 or 64; learning rate 
0.0005–0.01; dropout 0.1 or 0.2 2 × 4 × 2 configurations, 5 seeds

CNN Filters 16 or 32; kernel 3 or 5; learning 
rate 0.0005–0.01 2 × 2 × 4 configurations, 5 seeds

Conventional BRB Reference-width candidates 10 configurations, 5 seeds

RBF-SVM 𝐶 ∈ {0.1, 1, 10, 100}; kernel scale or 
automatic 8 configurations, 5 seeds

5.3.  Diagnostic and Calibration Metrics
Let 𝚪 = [Γ𝑖𝑗] ∈ N4×4

0  be the confusion matrix, where Γ𝑖𝑗 counts observations with true 
state 𝐷𝑖 and predicted state 𝐷𝑗. Accuracy is 

Accuracy =
∑4

𝑛=1 Γ𝑛𝑛

∑4
𝑖=1 ∑4

𝑗=1 Γ𝑖𝑗
. (31)

Here, 𝑖 and 𝑗 index true and predicted classes. Class-wise precision, recall, and F1 are

Prec𝑛 =
Γ𝑛𝑛

∑4
𝑖=1 Γ𝑖𝑛

, Rec𝑛 =
Γ𝑛𝑛

∑4
𝑗=1 Γ𝑛𝑗

, 𝐹1𝑛 =
2Prec𝑛Rec𝑛

Prec𝑛 + Rec𝑛
, Macro-F1 =

1
4

4
∑
𝑛=1

𝐹1𝑛. (32)

Here, Prec𝑛 measures the reliability of predictions assigned to 𝐷𝑛; Rec𝑛 measures 
detection of 𝐷𝑛; and Macro-F1 weights every class equally. Together with Accuracy, these 
measures describe performance across the four ordered states [10,36].

If a precision or recall denominator is zero, the corresponding quantity and its 𝐹1𝑛 are 
defined as zero; the same convention applies to every method. Belief quality is assessed 
first using negative log-likelihood (NLL),

NLL = −
1

𝑁te

𝑁te

∑
𝑡=1

4
∑
𝑛=1

I(𝑦𝑡 = 𝐷𝑛) log(max{ ˆ𝛽𝑛,𝑡, 𝜖𝑝}), (33)

and using the multiclass Brier score

Brier =
1

𝑁te

𝑁te

∑
𝑡=1

4
∑
𝑛=1

( ˆ𝛽𝑛,𝑡 − I(𝑦𝑡 = 𝐷𝑛))
2
, (34)

where 𝑁te is the test-set size. Expected calibration error (ECE) is

ECE =
𝑁bin

∑
𝜄=1

|ℬ𝜄|
𝑁te

|acc(ℬ𝜄) − conf(ℬ𝜄)|, (35)

where 𝑁bin is the pre-specified number of confidence bins; 𝜄 is the bin index; ℬ𝜄 contains 
test observations whose maximum belief falls in that bin; and acc and conf are empirical 
correctness and mean maximum belief in the bin. Empty bins contribute zero. Calibration 
matters because an interpretable belief distribution should also correspond to observed 
correctness frequencies [16,17].
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5.4.  Experimental Records and Reproducibility
The 10-run primary comparison uses a fixed 600-observation test partition. Confu-

sion matrices and paired intervals provide a closer view of a selected fit. Condition-shift, 
Gaussian- and impulse-noise, calibration, selective-risk, and ablation analyses examine 
complementary diagnostic properties of the same source record.

Means and standard deviations describe variation across random-seed runs. The paired 
intervals characterize the selected fit, while the robustness curves show performance under 
controlled perturbations and operating conditions.

5.5.  Overall Performance and Repeated-Run Stability
Table 3 summarizes the 10-run results on the fixed test set. RG-BRB achieves a mean 

Accuracy of 91.55% and mean Macro-F1 of 0.9115, compared with 89.03% and 0.8874 for 
LSTM. The mean Accuracy difference is 2.52 percentage points. The Accuracy standard 
deviation (SD) is 0.52 percentage points for RG-BRB and 1.07 for LSTM. The graph-free 
variant reaches 89.58% mean Accuracy, 1.97 percentage points below RG-BRB.

Table 3. Performance over 10 runs on the same 600-observation test set. Values are mean ± sample 
SD. The graph-free variant is an ablation.

Method Accuracy (%, Mean ± SD) Macro-F1 (Mean ± SD)

RG-BRB 91.55 ± 0.52 0.9115 ± 0.0061
LSTM 89.03 ± 1.07 0.8874 ± 0.0112
CNN 86.62 ± 0.73 0.8629 ± 0.0073
Conventional BRB 86.05 ± 0.74 0.8563 ± 0.0072
RBF-SVM 82.82 ± 0.54 0.8244 ± 0.0061
Without graph propagation 89.58 ± 0.59 0.8921 ± 0.0058

Figure 3 displays the individual Accuracy values and their variation across random 
seeds. The fixed test partition is common to all configurations.

RG-BRB LSTM CNN

Conventional BRB
RBF-SVM

No graph
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Figure 3. Accuracy across 10 runs on the fixed test set. Points denote individual runs and error bars 
denote mean ± sample SD.

Figure 4 shows the differences obtained by matching the run identifiers. RG-BRB 
exceeds LSTM by 0.50–3.83 percentage points and the graph-free variant by 1.17–3.33 points 
across these runs. These differences quantify run-matched performance on the fixed partition.

https://doi.org/10.3390/math14214097

https://doi.org/10.3390/math14214097


Mathematics 2026, 14, 4097 13 of 21

LSTM CNN

Conventional BRB
RBF-SVM

No graph

0

2

4

6

8

10

Ac
cu

ra
cy

 d
iff

er
en

ce
 (p

er
ce

nt
ag

e 
po

in
ts

)

Figure 4. Run-matched Accuracy differences between RG-BRB and the other configurations on the 
fixed test set. Points denote individual differences and error bars denote mean ± sample SD.

Table 4 reports mean run-matched differences for the same 10 runs and intervals for 
run 01. Paired non-overlapping blocks are resampled within each state, preserving the state 
counts; 2000 resamples and a block length of 10 are used. The run-01 paired predictions 
also permit exact two-sided McNemar tests. The intervals describe the selected fit on this 
test partition, while the McNemar results test its paired classification outcomes.

Table 4. Paired comparisons on the fixed 600-observation test set. Mean differences are across the 
10 runs in Table 3; block-resampling intervals and exact two-sided McNemar 𝑝-values apply to run 01. 
Accuracy differences are in percentage points.

Comparison 10-Run Mean Run 01 Run 01 95% 
Interval McNemar 𝒑

RG-BRB − LSTM 2.52 3.17 [1.17, 5.33] 0.0026
RG-BRB − no graph 1.97 3.33 [2.00, 5.00] <0.001
RG-BRB − CNN 4.93 5.17 [3.17, 7.17] <0.001

Figure 5 displays the run-01 differences and their corresponding block-resampling 
intervals.

0 2 4 6 8
Accuracy difference (percentage points)

RG-BRB − LSTM

RG-BRB − No-graph

RG-BRB − CNN RG-BRB better ⟶

Figure 5. Accuracy differences and paired block-resampling intervals for run 01.
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5.6.  Class-Specific Diagnostic Structure
In run 01 of the 10-run comparison, RG-BRB correctly classifies 553 of 600 observa-

tions (92.17%), with a Macro-F1 of 0.9165. Its mean absolute ordinal error is 0.0983 and 
12 predictions span at least two state levels.

Table 5 isolates the contribution of ordinal learning on the same 600 test observations. 
Its dedicated full-model reference fit reaches 91.83% Accuracy. With the ordinal term, 
the model achieves lower ordinal MAE and fewer cross-level errors, while 𝐷4 non-recall is 
halved. Ordinal MAE averages the absolute difference between predicted and true state 
indices; a cross-level error spans at least two levels.

Table 5. Ordinal-loss ablation on the same 600-observation test partition, using its own full-model 
reference fit. D4 non-recall is calculated over the 90 D4 observations.

Model Accuracy (%) Ordinal MAE Cross-Level 
Errors (%)

D4 
Non-Recall 

(%)

Full RG-BRB 91.83 0.093 1.00 5.56
Without ordinal loss 90.67 0.118 2.00 11.11

Figure 6 displays the run-01 confusion matrices using class totals of 180, 180, 150, and 90. 
RG-BRB recalls are 93.3%, 92.8%, 92.7%, and 87.8% for 𝐷1–𝐷4, respectively. Eleven 𝐷4
observations are assigned to 𝐷3; no 𝐷4 observations are assigned to 𝐷1 or 𝐷2. The matrices 
show both adjacent-state ambiguity and less frequent errors spanning multiple levels.
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Figure 6. Run-01 confusion matrices for RG-BRB, LSTM, CNN, conventional BRB, and RBF-SVM on 
the 600-observation test set. Each cell reports the count and row percentage.

5.7.  Guard-Interval Sensitivity
The guard-interval analysis retains the same 600 test observations while varying the 

development–test gap by 0, 10, 25, or 50 observations per state. Figure 7 compares RG-BRB 
with feature-based and index-only controls across these settings. RG-BRB records 91.57% 
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Accuracy at zero gap and 88.0% at the widest gap, providing a direct view of boundary 
sensitivity on the ordered record.

The partition audit found no windows crossing the checked boundaries and no 
test-set fitting in the four gap settings. Development sizes were 1400, 1360, 1300, and 
1200 observations; the same 600 observations remained in the test partition.
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No graph
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Conventional BRB
RBF-SVM

Logistic regression
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Index-only diagnostic

Figure 7. Guard-interval results at the development–test boundary of the same robot record. The test 
set contains 600 observations; the index-only model is a diagnostic control.

5.8.  Condition Shift and Noise Robustness
The condition-shift analysis compares operating-condition subsets within the robot 

record. Gaussian and impulse perturbations are applied to its held-out measurements at 
the specified noise levels.

Figure 8 compares in-domain performance with a held-out operating condition. RG-
BRB achieves the highest held-out Accuracy at 85.8%, 4.1 percentage points above conven-
tional BRB. This result connects the model’s reliability-aware evidence processing with 
performance under the evaluated operating-condition shift.
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Figure 8. Experimental Accuracy under in-domain and held-out operating conditions. The annotation 
beside each method is the absolute decrease in percentage points.
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Across the Gaussian-noise settings in Figure 9, RG-BRB retains the highest Accuracy. 
At 10 dB, it reaches 83.6%, compared with 74.5% for conventional BRB, 73.9% for LSTM, 
68.4% for CNN, and 61.9% for RBF-SVM. Even at 5 dB, RG-BRB reaches 75.2%, 9.5 percentage 
points above the next-highest method.
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60

70

80

90
Ac

cu
ra

cy
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)

Gaussian-noise robustness

RG-BRB
LSTM
CNN

Conventional BRB
RBF-SVM

Figure 9. Experimental Accuracy under Gaussian perturbations at different signal-to-noise ratios. 
Lower SNR indicates more severe corruption.

The impulse-noise comparison gives the same method ordering (Figure 10). At 10% 
contamination, RG-BRB retains 81.9% Accuracy; conventional BRB, LSTM, CNN, and RBF-
SVM reach 72.8%, 72.3%, 68.5%, and 61.2%, respectively. Relative to the clean profile, 
RG-BRB changes by 9.7 percentage points, compared with 16.8 for LSTM and 18.2 for CNN 
under the same perturbation setting.
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Figure 10. Experimental Accuracy under increasing impulsive-noise contamination. Perturbation 
levels are the percentages of affected test observations.
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5.9.  Belief Calibration and Selective Diagnosis
The calibration profile in Figure 11 compares NLL, the Brier score, and ECE, for which 

lower values are preferred. RG-BRB has the lowest value for every measure: NLL of 0.284, 
Brier score of 0.126, and ECE of 0.043. Conventional BRB has the second-lowest ECE (0.068), 
whereas LSTM has the second-lowest NLL (0.356) and Brier score (0.153). The calibration 
measures therefore complement hard-label Accuracy.

RG-BRB LSTM CNN Conv. BRB RBF-SVM
0.0
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Sc
or
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w
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 is
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Calibration comparison

NLL Brier ECE

Figure 11. Experimental comparison of NLL, Brier score, and ECE. Lower values indicate better 
probabilistic calibration.

Figure 12 evaluates selective diagnosis. For RG-BRB, retaining all observations gives 
an 8.4% error rate, whereas retaining the 70% most confident observations gives 2.5%. 
At every displayed coverage, RG-BRB has the lowest observed error rate. The curve gives 
an operational interpretation to 𝑞𝑡: low-confidence observations can be routed to manual 
review, with the confidence threshold selected from validation data.
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Figure 12. Experimental selective-classification error rate as a function of retained coverage. Lower 
curves indicate fewer errors after rejecting uncertain observations.
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5.10.  Component Ablation
The full RG-BRB reference fit in Figure 13 achieves 91.6% Accuracy and 94.4% 𝐷4 recall 

on the common robot record. Accuracy is 89.4% without graph propagation, 89.7% without 
reliability weighting, and 90.1% with fixed antecedent widths. The ordinal term contributes 
most visibly to the failure-related stage: 𝐷4 recall is 94.4% with the term and 87.8% without 
it. These component comparisons locate the gains in graph-constrained evidence flow, 
reliability-aware matching, and ordered-state learning.

0 20 40 60 80 100
Accuracy (%)

Full RG-BRB

No graph

No reliability

Fixed width

No ordinal loss

No knowledge reg.
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89.4
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No graph
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No ordinal loss

No knowledge reg.

94.4

91.1

90.0

91.1

87.8

92.2

Figure 13. Experimental Accuracy and 𝐷4 recall for the full RG-BRB and five component removals. 
Numerical labels show the value of each bar.

Figure 14 extends the ablation to denser and reduced graph connections, a modified 
feature-to-node assignment, and removal of the motion-execution node. For node removal, 
the affected attributes are reassigned to the remaining nodes. The changes show how the 
specified functional structure influences diagnosis on the same record.
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Figure 14. Component and graph-structure ablation summaries. Labels give the reported values for 
each configuration.

5.11.  Interpretability and Failure Analysis
Table 6 reports median single-training and batch-inference times on the recorded 

Ryzen 7 7840HS CPU with 32 GB memory. The table measures one training pass and one 
600-observation inference batch.
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Table 6. Recorded median training and batch-inference times. The inference batch contains 
600 observations.

Method Training (s) Batch Inference (s)

RG-BRB 33.0 0.41
LSTM 19.0 0.26
CNN 15.6 0.21
Conventional BRB 8.4 0.16
RBF-SVM 3.2 0.05

The covariance comparison used five runs per formulation on the same robot record, 
with a population of 20 and 500 generations. Table 7 shows similar average diagnostic per-
formance, with lower median training time and peak memory for the diagonal formulation 
on the recorded hardware.

Table 7. Full- and diagonal-covariance optimization over five runs on the fixed test partition. Accuracy 
and Macro-F1 are mean ± sample SD; time and peak memory are medians.

Formulation Accuracy (%) Macro-F1 Training (s) Memory (GB)

Full 91.50 ± 0.64 0.9161 ± 0.0048 33.0 0.86
Diagonal 91.27 ± 0.68 0.9112 ± 0.0057 24.4 0.53

The inference pathway links feature evidence to functional nodes, activated rules, 
and the fused state belief. Through Equation (15), reduced reliability weakens the influence 
of a volatile attribute on relative rule activation. This pathway provides a trace from 
measurements through node evidence and activated rules to the final state belief.

The uncertainty score 𝑞𝑡 can support selective review by routing observations above 
a validation-selected threshold to manual inspection. Figure 12 shows the associated 
coverage–error trade-off.

6.  Discussion
The method assigns a distinct role to each component. The graph specifies admissible 

evidence flow; reliability-adjusted exponents and bounded reference intervals control rule 
activation; and ER fuses rule consequents into a state-belief distribution. Node evidence, 
activated rules, and state beliefs form a traceable diagnostic path. Row-stochastic propaga-
tion keeps node evidence bounded, and normalized ER preserves the belief simplex under 
positive denominators.

Across evaluations of the robot record, RG-BRB retains the highest Accuracy under 
the tested noise and condition shifts. Most run-01 classification errors lie between adjacent 
severity stages. Calibration and selective-risk results describe the belief outputs, while 
ablations locate the contributions of graph propagation, reliability adaptation, and ordinal 
learning. Together, these findings connect the model components to distinct aspects of 
diagnostic performance.

The evaluation concerns severity-stage decisions on one ordered robot record. The guard-
interval analysis probes sensitivity to neighboring observations. Additional robot acquisi-
tions and event-annotated sequences would extend this assessment to transfer and response 
timing; mechanism-specific labels would extend it to root-cause diagnosis.

7.  Conclusions
This study formulates an uncertainty-adaptive robust graph-based belief rule base 

for direct four-state fault diagnosis of industrial robots. A row-stochastic functional graph 
organizes subsystem evidence; local fluctuation determines reliability-adjusted attribute 
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exponents and bounded adaptive antecedent widths; and analytically normalized ER 
fusion produces a belief vector, a direct decision, and residual uncertainty. The learning 
problem combines class-balanced cross-entropy, ordinal consistency, and expert-knowledge 
preservation under explicit graph, reference, weight, and simplex constraints.

On one 2000-observation robot record, RG-BRB reached 91.55% mean Accuracy and 
0.9115 mean Macro-F1 across 10 runs on the fixed 600-observation test partition. It also 
achieved the highest Accuracy under the evaluated operating-condition shift and noise 
perturbations. Calibration, selective-risk, and ablation results connect its belief outputs and 
component mechanisms to diagnostic performance. RG-BRB thus offers a traceable route 
from subsystem evidence to four-state severity decisions.
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