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Abstract

The present work aims to utilize two extended reduction strategies to the (3 + 1)-dimensional
nonlinear Vakhnenko-Parkes equation and construct some novel exact non-traveling wave
solutions. These approaches transform the main equation into several solvable reduced
equations. In each strategy, we first isolate an unconstrained regime of the reduction in
which the reduced equation holds identically for an arbitrary smooth reduced function;
the exponential, trigonometric, hyperbolic, rational, Jacobi elliptic, and hybrid solution
types are then obtained as particular choices of this general family. The solutions obtained
from the proposed techniques are expressed in generalized forms that combine exponen-
tial, trigonometric, hyperbolic, rational, Jacobi elliptic, and hybrid wave structures. One
of the main properties of the constructed solutions is the presence of arbitrary functions,
which allows the solutions to possess greater flexibility in describing various phenomena
in practical applications. Consequently, the resulting solutions generalize conventional
traveling wave solutions and provide a flexible description of non-autonomous and spatially
modulated nonlinear wave patterns. The reduction strategies employed generate several
families of exact solutions with diverse functional forms. We subsequently include several
graphical representations to illustrate the shape of the given solutions. The correctness of
all solutions is verified by direct substitution into the governing equation. The proposed
framework systematically constructs non-traveling exact solutions for higher-dimensional
or variable-coefficient nonlinear evolution equations across diverse physical fields.

Keywords: non-traveling wave solutions; reduction methods; Jacobi elliptic solutions;
rational forms; Vakhnenko—-Parkes equation

MSC: 35C05; 35C07; 35C08; 35Q51; 37K40

1. Introduction

Nonlinear evolution partial differential equations (NEPDEs) serve as fundamental
mathematical tools for modeling diverse physical phenomena in fluid flows, acoustic waves,
fiber lasers, and plasmas [1-5]. Finding exact solutions to these equations is therefore of
great importance in applied mathematics and physics. Over the past few decades, var-
ious analytical methods have been used to derive exact solutions of diverse nonlinear
equations. For instance, Hirota’s bilinear method [6], Backlund transformations [7], expan-
sion methods [8], the generalized exponential rational function method [9], the inverse
scattering transform [10], Lie symmetry analysis [11], auxiliary-equation methods, the
(G'/G)-expansion method [12], and non-traveling wave reductions [13]. The application
of these methods yields a diverse range of exact solutions for the studied nonlinear models,
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including solitary waves, periodic waves, breather solutions, and other localized or evolving
wave structures.

The (3 + 1)-dimensional Vakhnenko-Parkes equation (VPe) is a nonlinear evolution
model for high-frequency wave perturbations in relaxing high-rate active barotropic media.
An early version of this model was studied by Vakhnenko in 1992 in the form [14]

d ([ du du
$<§+u$>+u:0, (1)

which describes high-frequency waves in a relaxation medium [15]. Several higher-
dimensional extensions of the model were also proposed by Victor et al. [16]

YA a9 o )
ax tay\a e Ty ) =0 @
and by Wazwaz [17]

a+a+a a+ a+a+a +u=0 (3)
dx dy 0Jz )\ ot "\ ox dy = oz wru=u
Further, using the variable transformations, the author of [18] proposed the following

nonlinear VPe:
Unext + Uy + Uz + Upllye + Uy Uy + U, + U, =0, (4)

where u = u(x,y, z,t) denotes the dependent variable and the subscripts represent partial
derivatives. Equation (3) is the (3 + 1)-dimensional extension of the Vakhnenko-Parkes
equation, which models high-frequency wave perturbations in relaxing, high-rate active
barotropic media [14,15].

In recent studies, several analytical techniques have been applied to Equation (4). Mul-
tiple soliton solutions for the model were obtained using the simplified Hirota method [18].
Moreover, several multi-wave, breather wave, lump-kink, lump-periodic solutions and
interaction solutions to the model were obtained in [19]. The modified auxiliary equa-
tion approach and the extended (G'/G?)-expansion method were used in [20] to study
the dynamic behavior of the model. The modified auxiliary equation method and the
improved F-expansion method were subsequently employed in [21] to derive solitary wave
solutions that were combined with periodic waves and rational forms. The Nucci reduction
method and an extended direct algebraic approach were also utilized in [22] to construct
exact solutions of the governing equation. Beyond exact analytical solutions, Ref. [22] also
investigates the qualitative dynamical behavior of the model using bifurcation analysis and
phase-plane representations to determine parameter intervals associated with qualitative
changes in solution behavior. The multiple exp-function technique was used to construct
N-soliton solutions to the model in [23]. Also, a Backlund transformation and lump-kink
solutions were derived in [24] for a variant of Equation (4). It is notable that conventional
traveling wave reductions give solutions that depend on just one phase and a few constants.
These forms describe waves propagating in a fixed, rigid manner, lacking the flexibility
to adapt when the wave’s amplitude, background, phase, or location varies with respect
to the remaining independent variables. These considerations motivated us to develop
an expanded set of analytical methods capable of yielding solutions with a more general
dependence on the independent variables, including non-traveling wave structures. A
comparison of the present work with these studies is summarized in Table 1.

The rest of this paper is arranged as follows. In Sections 2 and 3, two extended reduction
strategies are introduced to reduce the nonlinear VPe to some simpler forms. The first
transformation, Equations (6) and (7), follows our earlier work [25] on a different equation,
while the second transformation, Equations (25) and (26), with two reduced variables,
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follows the approach of [26]; both are applied here to the VPe. The explicit solution families

derived in this work contain arbitrary functions of z — y, t — y and t — z. In each strategy we

present the unconstrained regime in which the reduced equation is satisfied identically by

an arbitrary, smooth, reduced function. This produces a general family, and the exponential,

trigonometric, hyperbolic, rational, Jacobi elliptic, and hybrid cases then appear as particular

choices of the reduced function. Section 4 gives graphical illustrations of selected solutions.

Finally, the last section summarizes the main conclusions and possible directions for future

investigations of our approach.

Table 1. Comparison with the closest studies of Equation (4).

Ref. Method Solutions Obtained Arb1t1tary
Functions
[18] Simplified Hirota method Multiple soliton No
[19] Hirota’s bilinear form with symbolic Multi-wave, breather, lump-kink, No
computation lump-periodic, interaction
[20] M?dlleed aux1hz'iry equation; extended Traveling wave solutions No
(G'/G")-expansion
Modified auxiliary equation; improved Solitary waves combined with periodic
[21] . . No
F-expansion and rational forms
Nucci reduction; extended direct Exact solutions; bifurcation and
[22] ) . No
algebraic method phase-plane analysis
[23] Multiple exp-function method N-soliton, front waves No
Backlund transformation; lump-kink Lump-kink solutions (variant of
P p
[24] . No
ansatz Equation (4))
General unconstrained family plus
This work Two reduction strategies, Equations (6), selected exponential, trigonometric, Yes: functions of

(7), (25) and (26)

hyperbolic, rational, Jacobi elliptic,
hybrid profiles

z—yY,t—y,t—z

2. First Reduction Strategy

To derive exact analytical solutions, we first define 1) = 9, + 9, +9..

can be written as

D (Uyy) + 1 (Du+1) =0.

Now, we reduce Equation (4) through the following transformation:

ulx,y,z,t) =ply,z, H® ) + q9(x,y,z,1),

where the similarity variable ¢ is defined by

C=ex+0(y,zt),

Then, Equation (4)

(5)

(6)

(7)

where ¢ # 0 is a constant parameter. Here, p(y, z, t), q(x,y,z,t), and 8(y, z, t) are auxiliary

functions to be determined, while ®(¢) denotes the reduced dependent variable.
Substituting (6) and (7) into Equation (5) (which is Equation (4) written with D) and

applying the chain rule, it is convenient to introduce the abbreviations

C(J3 = o{Dg,

wy = Dp,

Ws = [y,

C(J6:p.

Since Dx = 0, we have D¢ = DO = w;, and since Dt = 1, the chain rule gives DP({) =

w;P . Therefore,

U, = ewg®s + ws,

Uyx = £2w6q)§§ + Gxr
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Du+1 = w, @ + wew; @z + (Dg + 1),
D(thyy) = E[wyPpz + W3wePizz] + Dy

Multiplying u, by (Du + 1) gives

Uy (D + 1) = ewywe PP + ewswy P + ewe(Dg + 1) Pg + wyws P + wiwsws Pg + ws(Dg +1).

Adding D (u,,) and collecting the coefficients of ® and its derivatives, the two D, terms
combine as wy[e(Dg + 1) + g.w3] = wew,, and the terms free of ® combine as Ig,, +
7,(Dq + 1) = w,. Equation (5) thus becomes

2 w3wsPsaz + €Wy Pz + Wy Py + eWgw3 PG + ewWewy; PP + W5y @ + wy =0,  (8)

where

wy =D + (D +1), w,=q,D0+e(Dg+1), wy=D0, wy=Dp, ws=4q, ws=p. (9)

Equation (8) provides a reduced equation whose particular form depends on the choice of
auxiliary functions.

2.1. General Unconstrained Family

Here, we consider the case in which the reduced equation holds identically for an
arbitrary reduced function.

Proposition 1. If
wlszZW3=W4=O, (10)

then Equation (8) is satisfied identically for every smooth function ®. Moreover, solving (10)
together with (9) gives

P,z t) =1 (z—y,t—y),
qx,y,z,t) = =y + Hx,z—y,t—y), (11)
0,z,t) =gz -y, t—y),

and hence the following general family of non-traveling solutions of Equation (4):

Ugen (%, Y,2,1) = g1z =y, t —y) Dex + g3z —y,t — 1))

(12)
t&z-yt=y) —y,

where g1, 8, &3 are arbitrary sufficiently smooth functions and @ is arbitrary.

Proof. Under (10), every term in Equation (8) contains at least one of w,, w,, w;, w, as
a factor, so Equation (8) is satisfied identically for every smooth ®. It remains to solve
the constraint system (10) together with (9). The equation w; = 26 = 0 implies that 6
is annihilated by 2 = 9, + d, + 9d.; its general solution is § = g3(z — y,t — ). Similarly,
wy =PDp =0givesp = g1(z—y,t —y). The equation w, = g,w; + e(Dg + 1) = 0 reduces,
using w3 = 0, to g = —1, whose general solution is g = —y + g,(x,z — y,t — y). Finally,
wy = DGy + q.(Dg + 1) = Dq,, = 0 is automatically satisfied because q,, = (§),, is
annihilated by 2. This yields (11) and, via ansatz (6) and (7), the family in (12). O

2.2. Selected Choices of the Reduced Function ®

The solutions in this subsection are particular cases of (12). For each example, we
state the profile ®; the auxiliary functions p, g, # are those of (11) (with the identifications
specified in each case).
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2.2.1. Exponential Kink-Type Profile
Taking
€% + ¢y
1+ef '
in (12) gives the kink-type exponential solution

@) = (13)

81z =y, t = y)(cre™tHEVIY 1 ¢))

1 + eEX+8E-Y,t-Y) —Yt& (x,z — y,i - y) (14)

ul (x/ y/ z, t) =

(Here, the full three-argument g, of (11) is used; in the graphical discussion of Section 4, it
is taken independent of x.)

2.2.2. Trigonometric Profile

Taking the constraint w5 = 1 (so g, = 1) together with (10), and the profile
D (&) = cysin(g) + ¢y cos (), (15)
the corresponding family (12) gives
Uy (x,y,z,t) =g1(z—y,t —y)(cysin(g) + c,cos(8)) +x —y + H(z—y,t —y), (16)

where § = ex + g3(z — y,t — y), and g, in this equation stands for the particular choice
Hx,z—y t—y) =x+3(z—y,t—y) with §, relabeled as g,.

2.2.3. Hyperbolic Profile
Taking p = 1 (so wy = 1) together with (10) and

D(§) = ¢y sech(¢) + ¢, tanh((), (17)
we obtain the pulse-kink exact solution
us(x,y,z,t) = cysech(§) + ey tanh(¢) —y + g1(z—y,t —y), (18)

where ¢ = ex + g,(z — y,t — y). Here, the role of the free functionsis: p=1,9 = -y + g,
9 = gz.

2.2.4. Rational Profile

Under the constraints w; = -+ = ws = 0 together with
2
D¢ = —, 19
(&) 71 (19)

Equations (8) and (9) yield the localized rational solution

S1z—yt=y)c
(£x+g3(z—y,t—y))2 +c,

uy(x,y,2,t) = —Y+&E-yt=y). (20)

For ¢, > 0, the denominator is positive for all real arguments, so 1, is regular wherever
81,82, 83 are finite. For ¢, < 0, it is singular at ex + g3 = +,/—¢, and is a solution only on
domains that exclude these points. We thus distinguish between a formal exact solution
(satisfying Equation (4) wherever it is defined) and a globally regular solution.

2.2.5. Jacobi Elliptic Profile

Taking the profile
@ (&) = cyen(,m) + cpsn(é,m), (21)
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and replacing the amplitude ¢, (z — y,t — y) in (12) by g1(z — y,t — y) €¥~!, we obtain the
Jacobi elliptic solution
us(x,y,z,t) = g1z =y, t —yeV(cren(g, m) + cysn(é,m)) —y + (z—y,t—y), (22)

where { = ex + g3(z — y,t — y), and m is the elliptic modulus. The arbitrary function
g1 controls the amplitude modulation through the combination z — y and ¢ — y, while g,
provides background deformation, and g; determines the phase progression. In the limit
m — 0, this solution reduces to a trigonometric form describing linear periodic waves, while
in the limit m — 1, it yields hyperbolic localized (sech/tanh-type) structures.

2.2.6. Hybrid Sech-Sin Profile
Taking the profile
@ () =sech(g)(sin(¢) + c1cos(4)), (23)

the family (12) gives the sech-sin exact solution

ug(x,y,z,t) = g1(z —y,t —y)sech(¢)(sin(g) + c;cos(Q)) —y + Lz -y, t—y), (24)

where ¢ = ex + g3(z — y,t — y). This hybrid solution combines localized sech behavior with
oscillatory trigonometric modulation, producing a localized oscillatory profile where the
arbitrary functions control amplitude, background, and phase.

3. Second Reduction Strategy

To obtain additional classes of exact solutions, we introduce a second extended reduc-
tion strategy based on two reduced variables. We consider the transformation

u(x,y,z,t) = A&, ) +4,z1), (25)
where the reduced variables are defined by
E=ex+0(y,t), p=ex+nzt), (26)

with € # 0, and where g, §, and 7 are auxiliary functions to be determined.

Unlike the first reduction strategy, the present transformation introduces two reduced
variables. Consequently, the reduced function A(¢, p) retains dependence on two combina-
tions of the original independent variables. This additional degree of freedom enables the
construction of exact solutions with functional modulation in both reduced directions.

Substituting ansatz (25) into Equation (4) yields the following simplified equation:

szglAégp + eznggpp + €03, Az + €0, (Ag + A,) + €05 (Aé + eAggg) + €04 (A/% + sAppp) =0, (27)

where the coefficients g; are given by
01 =1, +20; + 1, +20,
02 =21, + 0, +21,+ 06,
0=1n+0+mn+0,

(28)
O4=qr+q,+9.+1,
05=0,+0,,
06 =1y + 1.

The derivation of Equation (27) is given in Appendix A.

Different compatible constraints imposed on the coefficient functions in (28) lead to
reduced equations of different forms. Two main cases are considered below: a nonzero-
coefficient family (Section 3.1) and the unconstrained zero-coefficient regime (Section 3.2),
in which all ¢; vanish and (27) holds identically for every smooth A.
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3.1. A Nonzero-Coefficient Family
In accordance with the constraints
02 =04=0, 05 =1, (29)
Equation (27) together with (28) admits
A(G,p) =c1sin(2o+ &) +c,cos(2p + &), (30)
and
gy, z,t) = =y +g1(z—y,t—y),
0y, t) =y + &t —y), (31)
z
n(z,t) = —5 + g3t —2).
As a result, a trigonometric solution to the model is obtained as
uy(x,y,z,t) = ¢y sin(A) + cocos(A) —y + g1(z—y, t —y), (32)

where
A=3ex—z4+2¢(t—2)+y+HE—y).

This two-variable trigonometric solution exhibits phase modulation through multiple arbi-
trary functions and demonstrates the versatility of the second reduction strategy.

3.2. General Zero-Coefficient Family

In this part, we consider the regime in which all coefficient functions ¢; vanish.

Proposition 2. If

01=0=03=04=05=0=0, (33)
then Equation (27) is satisfied identically for every smooth function A(C, p). Solving (33) together
with (28) gives

W,z 0 =y +&81z-yt=y),

Oy, t) =g (t—y), (34)

1z, t) = gt = 2),
and hence the following general family of non-traveling solutions of Equation (4):

USen (X, Y, 2,1) = Nex + gt —y), ex + g3(t —2)) —y + @1z =y, t — ), (35)

with arbitrary sufficiently smooth ,,,,85 and arbitrary A.

Proof. Under (33), every term in Equation (27) contains at least one of ¢;,...,0¢ as a
factor, so Equation (27) is satisfied identically for every smooth A(¢,p). It remains to
solve the constraint system (33) together with (28). The equations ¢5 = 6, + 6, = 0 and
06 =1+ 1 = 0give 8 = g, (t —y) and i = g3(t — z). The equation ¢, = q; + 4, +9.+1 =0
gives g = —y+g;(z—y,t—y). The remaining coefficients ¢, 0,, 05 then vanish automatically,
since they are linear combinations of g5 and g¢. This yields (34) and, via ansatz (25)—(26),
the family in (35). O

3.3. Selected Choices of the Reduced Function A

All solutions in this subsection are instances of (35), with the auxiliary functions g, 6,1
given by (34).
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3.3.1. Variable-Coefficient Exponential Profile
Taking
AG,p) = A + f(p)e 0 (36)
in (35) gives the variable-coefficient exponential solution
ug(x,y,z,t) = f1 (P)eﬁ(p)g +f2(.0)3f4(p)§ —y+sz-yt-y), (37)

U (x,y,z,t) =

where § = ex + g,(t —y) and p = ex + g3(t — z). With four arbitrary functions f;, ..., f; of p,
this solution describes exponentially growing or decaying modes with spatially varying
coefficients.

3.3.2. sech? Profile
Taking
A(Z,p) = fi(p) sech® (&) + f(p), (38)

in (35) gives the sech? solution

ug(x,v,2,t) = f1(0) sech’(¢) +hHE) —y+&z-y,t-y), (39)

where ¢ = ex + g,(t —y) and p = ex + g3(t — z). The amplitude and background are
controlled by f; and f,, while the position and width are modulated through g, and g3.

3.3.3. Two-Variable Jacobi Elliptic Profile
Taking
A(G,p) = fip)sn(&,m) + fr(p) en(E, m), (40)

in (35) gives the two-variable Jacobi elliptic solution

U1 (X, y,z,t) = fi(p) sn(&,m) + fr(p) en(&,m) —y + g1 (z—y, t— ), (41)

with § = ex 4+ g,(t —y) and p = ex + g3(t — z). This extends u5 by introducing dependence
on two reduced variables; the functions f;, f, modulate the amplitudes of sn and cn, while
m provides the continuous transition from trigonometric to hyperbolic forms.

3.3.4. Two-Variable Rational Profile
Taking

__he
A@m)—zaqxa, (42)

in (35) gives the two-variable rational solution

filex + g5(t — 2))
€2x2 + 2¢,(t —y)ex + g5 (t — y) + folex + g3(t — 2)
We require f,(p) > 0 on the domain considered (equivalently % +f,(p) # 0); if f, can vanish

)—y+gdz—%t—y% (43)

or change sign, uy; is singular on the set & = —f»(0), which must then be excluded. As
with u,, we distinguish between a formal exact solution and a globally regular solution.

3.3.5. Kink-Background Profile

Taking
£(0)
A, 0) = 200 44
€0 =hle)+ 7= (44)
in (35) gives the kink-background solution
(ex + g5(t — 2)
2 (%, Y, 2, 1) = fiex + g3(t — 2)) +f21 Hﬁgz(t_w L yrgmeyioy. ()

Since 1 + ¢ > 0 for real &, neither u;, nor u; has a singularity coming from its denominator
wherever the functions involved are finite.
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Remark 1. The correctness of the derived solutions is verified by direct substitution into the main
equation. Moreover, detailed substitutions for u, and u, are given in Appendix B.

Remark 2. Table 2 summarizes the relative merits and drawbacks of the two strategies employed
in this paper. The first uses a single reduced variable and gives a simple ordinary reduced equation
with explicit constraints but permits modulation in only one direction; the second uses two reduced
variables and allows modulation in two directions, at the cost of more constraints, ansatz-based
solutions and a less direct interpretation.

Table 2. Comparison of the two reduction strategies.

First Strategy Second Strategy
Reduced variables One: ¢ = ex + 0(y,z,t) Two: ¢ and p
Reduced equation Equation (8), simple to analyze Equation (27), PDE in two variables
General family Equation (12), ® arbitrary Equation (35), A arbitrary

Explicit constraints; arbitrary functions of

Modulation in two directions; additional

Merits (z —y,t —y) control amplitude, background arbitrary functions f.(0)
and phase
More constraints; solutions come from
Only one reduced phase; few free constants ]
Drawbacks ansatz forms, not a general solution; harder

(1,9, €)

interpretation

4. Graphical Representation of Selected Solutions

In this section, we present graphical visualizations of selected exact solutions. No
numerical solver for the PDE was used: the figures are plots of the closed-form expressions
obtained in Sections 2 and 3, evaluated for selected parameters and arbitrary functions.

4.1. Exponential Kink-Type Solution u,

The exponential kink-type solution u; given by Equation (14) represents a smooth
transition layer with variable amplitude and background. The factor g; modulates height
and steepness, g, provides an additive background deformation, and g; controls the position
of the kink front through ¢ = ex + g3(z — y,t — y). Figure 1 presents several plots of this
solution when the fixed parameters are taken as

e=1, =2, =1, x=1, y=0, (46)

and three different choices of arbitrary functions (with g, taken independent of x, as noted
in Section 2.2.1):

(a) g(r,s) =0.5cos(r) + 0.3sin(s),
(%, 7,5) = 046705 1 0.2 cos(x +5),
g3(r,s) = 0.6r + 0.5sin(0.8s),
(b) g1(r,s) = 0.7e7030°+" 4 0.2,
g (x,7,8) = 0.5tanh(x + 0.4r) + 0.3 cos(x + 1.2s), (47)
g3(r,s) = 0.4r + 0.6sin(s),

0.6
(o) gi(r,8) = I + 0.3 cos(s),

+0.2r2
2 (x,1,8) = 0.3sin(x + r) + 0.4 cos?(x +s),

g3(r,s) = 0.5r + 0.7 sin(0.6s).
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(a)

In case (a), the exponential and trigonometric combination produces a localized amplitude
modulation with an oscillatory background. In case (b), the Gaussian amplitude creates a
localized kink with saturating envelope. In case (c), the rational decay generates algebraic
localization with trigonometric corrections affecting the kink position and shape. Figure 2
also depicts the cross-sectional behavior of u;.

(b) (c)

Figure 1. Three-dimensional representation of u; when (46) and free functions (47) are considered.
The subfigures (a—c) illustrate cases (a)—(c) of (47), respectively.

0.5

BN/,

t=0 k| N\ \ x=0
17— t=1 — x=1
—_—t=2 _osk ] = x=2
é 1‘0 —;0 —‘5 0 é 1‘0

05+

-051

Figure 2. Different cross-sections of u; using case (c) in (47) with the fixed parameters of (46).
(First row): u versus z at fixed t, u versus f at fixed x. (Second row): Sensitivity of the solution to ¢,

(u versus z) and to ¢, (u versus t).

4.2. Trigonometric Solution u,

The trigonometric solution u, given by Equation (16) is a modulated wave train with a
linear drift: its oscillations are governed by sine and cosine functions of § = ex + g3(z — y,t — y),
where g5 provides nonlinear phase modulation. The amplitude is set by g;, the linear back-
ground drift comes from x — y, and g, adds an additive deformation. Figure 3 presents
several representations of this solution for the fixed parameters (46) and three different
choices of arbitrary functions:
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(a) g1(r,s) =0.7cos(1.2r) + 0.3sin(0.8s),
9>(r,s) = 0.5sin(0.6r 4 0.4s) + 0.2 cos(1.5s),
g5(r,5) = 0.8r 4+ 0.6sin(1.1s),
(b) g1(r,s) = 0.6(1 —e™0%") 4+ 0.3cos(r),
g»(r,s) = 0.4sin(1.3r) cos(0.7s), (48)
g3(r,s) = 0.5r + 0.8sin(0.9s) + 0.3 cos(r),
(c) &(r,s) =0.5sin(r) cos(1.2s) + 0.3cos(0.8r +s),
2,(r,8) = 0.6cos?(1.1r) + 0.3sin(1.4s),
g5(r,5) = 0.7r + 0.5sin(0.8s) + 0.4 cos(0.67).
In case (a), sine and cosine terms are combined with varying frequencies, which results in a
wave train with regular periodic modulation. In case (b), g; is characterized by a saturating
exponential envelope that modulates a wave train with a smooth onset. In case (c), the
product and sum of trigonometric terms generate quasi-periodic patterns across several

frequencies, leading to a complex modulation landscape. The cross-sectional behavior of u,
is also presented in Figure 4.

(a) (b) (c)

Figure 3. Three-dimensional representation of 1, when (46) and free functions (48) are considered.
The plots in panels (a—c) are associated with cases (a)—(c) of (48), respectively.
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Figure 4. Different cross-sections of u, using case (c) in (48) with the fixed parameters of (46).
(First row): u versus z at fixed t, u versus f at fixed x. (Second row): Sensitivity of the solution to ¢,
(u versus z) and to ¢, (u versus t).
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(a)

4.3. Hyperbolic Pulse-Kink Solution us,

The hyperbolic solution 5 given by Equation (18) represents a modulated pulse—kink
wave structure. The positive value of c; produces a localized pulse through the sech(¢) term,
while ¢, tanh(¢) creates a smooth kink-type transition. The arbitrary function g, modulates
the effective wave coordinate, producing a non-rigid deformation of the wave profile, while
g1 controls the background deformation. The profile combines a localized pulse with a
kink-type background (a statement about its shape only). Figure 5 presents several repre-
sentations for the fixed parameters (46) and three different choices of arbitrary functions:

(a) g1 (r,s) =0.7cos(r) —0.2sin(s),
g-(r,5) = 0.3sin(r) + 0.5cos(s),
() g1(r,5) =1-e705,

g(r,5) = 1.1sin(0.8r) 4+ 0.7 cos(s),
—0.7r2

(49)

(c) &i(rs)=e
9(r,8) = 0.5c08?(r) + 0.4sin*(s).

(b) (©

Figure 5. Three-dimensional representation of 13 when (46) and free functions (49) are considered.
Each subfigure (a—c) corresponds to the respective case (a)—(c) of (49).

Case (a): g; and g, are periodic sums of sine and cosine, giving a regular oscillatory
modulation of the pulse-kink with recurring amplitude changes. Case (b): g; adds a smooth

saturating background via 1— =05

, while g, combines a cosine with an offset, producing an
asymmetric kink modulation. Case (c): g; is a Gaussian =077 that localizes the background,
and g, uses squared trig terms to yield a positive, ripple-like modulation of the carrier.
Furthermore, the parametric study of u; is illustrated in Figure 6. In this demonstration,
the top row presents the evolution of the solution with respect to the spatial coordinates z

and ¢, while the bottom row shows the sensitivity of the solution to the constants c¢; and c,.

4.4. Hybrid Sech-Sin Solution ug

The hybrid sech-sin solution u4 given by Equation (24) combines localized sech be-
havior with oscillatory trigonometric modulation through the expression sech(¢) (sin(¢) +
c1cos(¢)). This structure produces a localized profile with internal carrier oscillations.
Figure 7 presents several representations for the fixed parameters

e =0.5, =2, x=1, y=1, (50)

and three different choices of arbitrary functions:
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(a) g1(r,8) =0.5cos(r) + 0.3sin(s),
go(r,8) = 0.4sin(r) + 0.2 cos(s),
g3(r,s) = 0.6r + 0.5sin(s),
(b) gi(r,5) =0.7e70%" + 02,
g (r,8) = 0.5tanh(0.3r) + 0.3 cos(s), (51)
g3(r,8) = 0.5r + 0.6sin(0.8s),

() g(r,8) = + 0.3sin(s),

1+022
>(r,8) =03 cos(r) + 0.4 sin(s),
g3(r,8) = 0.4r 4+ 0.7 sin(0.6s).
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Figure 6. Different cross-sections of u5 using case (b) in (49) with the fixed parameters of (46).
(First row): u versus z at fixed t, u versus f at fixed x. (Second row): Sensitivity of the solution to c;
(u versus z) and to ¢, (u versus t).

(a) (b) (©

Figure 7. Three-dimensional representation of u, when (50) and free functions (51) are considered.
Panels (a—c) correspond to cases (a)—(c) of (51), respectively.

Case (a) yields a regular oscillatory profile formed by purely oscillatory components.
Case (b) features a localized envelope structure, produced by an exponential envelope super-
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imposed on a background deformation. Case (c) exhibits algebraic localization from rational
decay. Figure 8 illustrates the sensitivity of the solution u to its variables and parameters.
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Figure 8. Different cross-sections of u; using case (c) in (51) with the fixed parameters of (50).
(First row): u versus z at fixed t, u versus f at fixed x. (Second row): Sensitivity of the solution to ¢,

(u versus z) and to e (u versus t).

4.5. Two-Variable Trigonometric Solution u,

The two-variable trigonometric solution u; given by Equation (32) represents a
modulated wave train whose phase depends on both reduced variables through A =
3ex —z 4 2g3(t —z) +y + §,(t —y). The term —y + g;(z — y,t — y) provides a background
deformation, while the trigonometric terms generate oscillatory behavior with a phase that
evolves nontrivially in space and time. Figure 9 presents several representations for the
fixed parameters

e=0.7, ¢ =2, =1, x = 0.6, y =038, (52)

and three different choices of arbitrary functions (with g,, g3 one-variable, as required

by (31)):
(a) g1(r,s) = 0.5cos(r) + 0.3sin(s),

§o(r) = 0.4sin(r) + 0.2 cos(r),
g3(r) = 0.6r + 0.5sin(r),
(b) gi(r,5) =0.7e702" £ 0.2,
$>(r) = 0.5tanh(0.37) + 0.3 cos(r), (53)
g3(r) = 0.5 + 0.6 sin(0.87),

() g1(r,8) = 1 + 0.3 sin(s),

+0.2r2
2(r) = 0.3cos(r) + 0.4sin(r),

g3(r) = 0.4r 4+ 0.7 sin(0.6r).
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-2

-3

Figure 9. Three-dimensional representation of 1; when (52) and free functions (53) are considered.
Panels (a—c) correspond to cases (a)-(c) of (53), respectively.

These choices for g, », and g3 illustrate the effect of the arbitrary functions on the
two-variable trigonometric solution. In case (a), the purely oscillatory functions produce a
regular wave train with periodic phase modulation. In case (b), the exponential amplitude
creates a localized envelope with a smooth background, while the hyperbolic tangent intro-
duces a transition in the background deformation. In case (c), the rational decay generates
algebraic localization with oscillatory corrections affecting the phase structure. Further, as
illustrated in Figure 10, we investigate the solution’s dependence on its parameters and inde-
pendent variables. The top-left panel presents the spatial profiles along z at fixed time slices
t =-2,-1,0,1,2, revealing the oscillatory structure of the profiles across the domain. The
top-right panel displays the temporal evolution along t at fixed y valuesy = —2,-1,0,1,2,
illustrating how the wave amplitude varies with the coordinate y. The bottom-left panel
demonstrates the influence of constant ¢; on the solution profile, and the bottom-right panel
explores the effect of constant ¢, on the evolution of u;.
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Figure 10. Different cross-sections of u, using case (a) in (53) with the fixed parameters of (52).
(First row): u versus z at fixed t, u versus f at fixed y. (Second row): Sensitivity of the solution to ¢,

(u versus z) and to ¢, (u versus y).
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4.6. sech* Solution u

The sech” solution u, given by Equation (39) represents a localized profile whose
amplitude and background are independently modulated through f; (o) and £, (p), while the
phase dynamics are controlled by g, (t — ) and g5 (t — z). The term £ (p) sech’(¢) generates
a localized pulse with variable amplitude, where ¢ = ex + g,(t —y) determines the position
and width, and p = ex + g3(¢ — z) governs the amplitude modulation through f; and f,. The
background deformation is provided by —y + g,(z — y,t — y). Figure 11 presents several
representations for the fixed parameters

e=1, x=1, y=0, (54)

and three different choices of the arbitrary functions (with g,, g; one-variable):

(@) fi(p) =1+sin(p), fo(p) = cos(p),
81(r,8) = sin(r +s),
$o(r) =sin(r) + cos(r), g3(r) = sin(r) + cos(r),

b fip) =e ", folp)=05e",
§1(r,s) = tanh(r),

(1) =sin(r), g3(r) = cos(r),
1 0.5
© filp) = sz, frlp) = szr
g1(r,8) = cos(s) + sin(r),

(1) = cos(r) +sin(r), g3(r) = cos(r) + sin(r).

These forms of fi, f>, g1, §», and g illustrate the effect of the arbitrary functions on
the sech” solution. In case (a), the oscillatory functions produce a localized pulse with
periodically varying amplitude and background. In case (b), the Gaussian modulations
create a localized envelope with smooth background variations. In case (c), the rational
decay generates algebraic modulations with oscillatory corrections affecting the amplitude
and position of the pulse. Further, as illustrated in Figure 12, we investigate the solution’s
dependence on its key parameters and independent variables.

(a)

(b) (©)

Figure 11. Three-dimensional representation of u, when (54) and free functions (55) are considered.
The plots in panels (a—c) are associated with cases (a)—(c) of (55), respectively.
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Figure 12. Different cross-sections of 14 using case (a) in (55) with the fixed parameters of (54).
(First row): u versus z at fixed ¢, u versus t at fixed y. (Second row): u versus ¢ at fixed x, u versus z at
fixed x.

5. Conclusions

In this work, we developed a systematic framework for constructing exact non-traveling
wave solutions of the (3 + 1)-dimensional nonlinear Vakhnenko-Parkes equation. Two
extended reduction strategies were introduced to reduce the governing multidimensional
equation into tractable reduced equations while preserving dependence on combinations
of the original independent variables. In each strategy we first identified the unconstrained
regime in which the reduced equation held identically for an arbitrary smooth reduced
function; this yielded the general families (12) and (35). The exponential, trigonometric,
hyperbolic, rational, Jacobi elliptic, and hybrid solution types were particular choices of the
reduced function within these families (with the exception of u;, which used nonzero o;).

The exact solutions obtained from the two reduction strategies exhibited several dis-
tinct functional structures. From the first strategy, we obtained exponential kink-type,
trigonometric, hyperbolic pulse-kink, rational localized, Jacobi elliptic, and hybrid sech-sin
solutions. From the second strategy, we obtained two-variable trigonometric, variable-
coefficient exponential, sechz, two-variable Jacobi elliptic, two-variable rational, and kink-
background solutions.

A distinguishing feature of the constructed solutions is the presence of arbitrary func-
tions of combinations of the independent variables, such as z—y, t —y, t —z, and correspond-
ing combinations appearing in the second reduction. The arbitrary functions appearing
in the solutions must be selected according to the physical boundary or initial conditions
of the problem under consideration. The results demonstrate that the proposed reduc-
tion framework is effective and systematic for constructing generalized exact solutions
of higher-dimension nonlinear evolution equations. The employed reduction strategies
and their possible extensions provide an efficient way for constructing more general exact
solutions of diverse nonlinear evolution equations. Since the solutions contain arbitrary
functions, no single stability result applies to them. A stability analysis, whether linear
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or by direct numerical simulation of the full nonlinear VPe (4), requires fixing specific
functions, boundary and initial data, and a class of perturbations, and remains a direction
for future work.
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Abbreviations and Symbols

The following abbreviations and symbols are used in this manuscript:

NEPDE Nonlinear evolution partial differential equation
VPe Vakhnenko—-Parkes equation
D Operator 9, + 9, + 9,

€ Nonzero constant in the similarity variables

¢, 0 Reduced (similarity) variables

DA Reduced dependent variables (first/second strategy)
19,6,y Auxiliary functions in the transformations

w;, 0; Coefficient functions of the reduced equations

Sifi Arbitrary functions

1,6y Constants

m Elliptic modulus

sn, cn Jacobi elliptic functions

sech, tanh Hyperbolic secant and tangent

A Phase of u,, A = 3ex —z + 2g3(t —2) + y + g (t — V)

Appendix A. Derivation of Equation (27)

Equation (27). Letu = A({,p) +9, ¢ = ex + 0y, 1), p = ex + n(z,t). Then, u, =
N +Np), DG =0,+6,=05,Dp=1,+1n,=0gsand Du +1 = g5As + g\, + ¢4. Hence,

D) = €2[05(Nggz + 20ggp + Agpp) + 06(Ngzp + 2000 + Nppp) ], (AL

Collecting terms gives Equation (27) with ¢; = 205 + 04, 00 = 05 + 204, 03 = 05 + 0¢, In
agreement with Equation (28).

Appendix B. Detailed Verification of Representative Solutions

u, (first strategy). Let ¢ = ex + g3and ® = ¢;sin¢ + ¢y cos ¢, withg; = g;(z—y,t —v),
and iy = g;® +x —y + &. Then, u, = e¢;®; + 1 and u,, = £°¢;P;;. Since Dg; = 0 and
D¢ = 0, we get D(u,,) = 0. Moreover, Du = D(x —y) = —1,s0 Du+1 =0, and (5)
holds identically.

u; (second strategy). Let A = 3ex —z 4y + 2¢3(t —2) + & (t —y) and u; = ¢;sinA +
¢y cosA—y+g(z—y,t—y). Then, DA = —=1+1+0+0 = 0, because D (t—z) = D(t—y) = 0.
Hence, u,, = —9¢2(c; sinA+c¢, cosA) has D (u,,) = 0,and Du = D(-y) = —1,s0 Du+1 =
0. In terms of Equation (27): g5 = 1, 04 = —%, 04 =0, hence ¢, = %, 0,=0,03 = %, and with
A =F(2p+ ), the F’? terms cancel (1+1—2 = 0), and the F” terms cancel (3+1—4 = 0),
so Equation (27) is satisfied.
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