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Abstract

We develop a semi-inner product framework for 2 x 2 block operator matrices acting on
the direct sum K = % @ . of a complex Hilbert space /¢, generated by the diagonal
operator matrix A = diag(A, B), where A and B are distinct positive operators acting on
J€, neither assumed to be injective. This extends the setting of Bhunia, Paul, and Nayak
[Electron. ]J. Linear Algebra 36 (2020), 143-157], who treated the case A = diag(A, A) with
A injective. Using Douglas’ majorization theorem, we employ and develop the mixed (A, B)-
and (B, A)-adjoint formalism in the block operator matrix setting; these adjoints relate the
two distinct seminorms induced by A and B and take the place of the ordinary adjoint when
these seminorms differ. Within this framework, we establish upper and lower bounds for
the A-numerical radius of 2 x 2 operator matrices belonging to the appropriate A-bounded
or A-adjointable classes, extending and refining the bounds of the above-mentioned paper
to the case of two distinct, not necessarily injective, positive generators.

Keywords: mixed adjoint operator; semi-Hilbertian space; A-numerical radius; block operator
matrix; Douglas theorem; operator inequalities

MSC: 47A12; 47A30; 47A63

1. Introduction and Preliminaries

Inequalities serve as fundamental tools in functional analysis, with numerical radius
inequalities playing a central role in operator theory (see [1-3] and the references therein).
In this paper, we aim to establish generalized numerical radius inequalities for 2 x 2 block
operator matrices acting on asymmetric semi-Hilbertian spaces—that is, spaces induced by
a diagonal positive operator matrix on a direct sum Hilbert space, where the diagonal entries
are distinct positive operators acting on the same complex Hilbert space. The primary goal
of this section is to outline the foundational context of semi-Hilbertian spaces and recall the
essential properties of generalized numerical radii. This establishes the necessary theoretical
framework and clarifies the notation that will be utilized throughout the manuscript.

Let % be a complex Hilbert space with inner product (-, -) and norm || - ||, and let L(5¢")
denote the algebra of all bounded linear operators on J#. For X € L(J¢), the operator
norm is [ X|| = sup{l[Xull : u € S, |lull = 1} and the numerical radius is

w(X) = sup{|(Xu,w)| : u e 2, |lull = 1}.
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The numerical radius defines a norm equivalent to the standard operator norm, specif-
ically satisfying %||X|| < w(X) < IIX|I. It is widely used to study the numerical range and
estimate the location of polynomial zeros (see, for example, [4,5]). Improving these bounds
has inspired an extensive body of literature [2,6,7], including significant work on operator
matrices [8-10].

The theory of bounded operators extends naturally to semi-Hilbertian spaces, a frame-
work initiated by Krein [11] and extensively developed in recent years [12-15]. A positive
operator A € L(5¢), meaning that (Au,u) > 0 for all u € .7, induces the semi-inner prod-
uct (u,v), = (Au,v) and the seminorm |jul|, = y{Au, u), which becomes a norm if and
only if A is injective. The set of all non-zero positive operators on J# (explicitly excluding
the zero operator 0) will be denoted by L* (7). Note that (7, (-,-),) is in general neither
a normed space nor a complete space (see [12]).

For X € L(s¢), we denote by Ran(X) its range, by Ker(X) its kernel, and by X* its
adjoint. For a subspace .# C J#, ./ stands for its closure with respect to the norm topology
of J. For a closed subspace .# C ., we write I1 , for the orthogonal projection of 7
onto .#. We denote by 0 the zero operator on JZ, and by I, the identity operator on ¢
(we simply write I when the underlying space is clear from the context). The unit sphere
with respect to the A-seminorm is denoted by S}%(f%ﬁ ) = {u € 5 :|lull, = 1}. Throughout,
for n € N, M,(R) denotes the set of n x n matrices with real entries. Before stating the
fundamental range inclusion theorem, we recall the Léwner partial order for self-adjoint
operators. For self-adjoint operators C, D € L(J¢), the operator inequality C < D means
that (Cu,u) < (Du, u) for all u € 7#. The following celebrated assertion is known as the
Douglas theorem or Douglas majorization theorem (for its proof see [16]).

Theorem 1. If X,Y € L(5), then the following statements are equivalent:

(i) Ran(Y) C Ran(X),

(ii) There exists a positive constant A such that YY* < A2XX*, which is equivalent to the norm
inequality |[Y*ull < AIX*ull for allu € #;

(ili) XZ =Y for some Z € L(57).

Moreover, if one of these conditions holds, then there exists a unique solution Q € L(.5¢) of the

equation XZ =Y (known as the Douglas solution ) such that Ran(Q) C Ran(X*).

Let X € L(s#). An operator Y € L(.) is said to be an A-adjoint of X if for all
u, v € A, theidentity (Xu, v), = (u, Yv), holds [12]. Thus, the existence of an A-adjoint of
Xis equivalent to the existence of a solution of the equation AY = X*A. By Douglas’ theorem,
this is equivalent to the range inclusion Ran(X*A) C Ran(A). Clearly, the existence of an
A-adjoint operator for all X € L(J7) is not guaranteed unless the generator is invertible.
We denote by L, (57°) the subspace of all operators admitting A-adjoints:

L (27) = {X € L(47) : Ran(X*A) C Ran(A)}.

If X € L, (52), the reduced solution of the equation AY = X*A is a distinguished
A-adjoint operator of X, which is denoted by X#+. Note that X#» = ATX*A, where A" is the
Moore-Penrose inverse of A [13]. Recall that given an operator T € L(.%¢), its Moore—
Penrose inverse T' is defined as the unique linear extension of the inverse of the restricted
isomorphism Tl : Ker(T)* - Ran(T) to the domain Dom(T") = Ran(T) & Ran(T)*,
satisfying Ker(T") = Ran(T)+. Furthermore, T* represents the unique solution to the four
Moore-Penrose equations: TT'T = T, T'TT" = T', T'T = Iy, and TT" = Tiggrpslpomr -
The operator T' has a closed graph, and it is bounded if and only if Ran(T) is closed.
Additionally, if T is a self-adjoint operator, then (T*)* = T*. Consequently, if T is a positive
operator, its Moore-Penrose inverse satisfies TT = DD [13]. Notice that if X €
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L (7)), then X#a € L, (), (X#a)#a = Miganoa X Hganay, and ((X#a)8a)#a = X#a. Moreover,
if Y € L, () then XY € L, () and (XY)# = Y#aX#1. For more results concerning X#,
we refer the reader to [12,14].

An operator X is called A-bounded if there exists A > 0 such that [[Xull, < Allull4 for

all u € J#. An application of Douglas’ theorem shows that the subspace of all operators
admitting \/K—adjoints, denoted by L \/X(% ), is equal to the collection of all A-bounded
operators:

L@(e%”) ={X eL(s) : AA > 0such that [Xull, < Alully, Vu € 5#}.

Notice that L, (%) and L @(% ) are two subalgebras of L(.7°) which are, in gen-
eral, neither closed nor dense in L(J#). Moreover, we have the inclusion L, (5#) C
L () [12,14].

Example 1. We show that the inclusion L, (5¢) C L ﬁ(% ) may be strict when Ran(A) is not

closed. Let 7 = ¢*(N) with canonical orthonormal basis {e,},;. Let A = diag(1,272,372,...).

Then A € LT () and A = diag(1,271,371,...). Consider the vector v = (n72),,5, € H.
Letu = (n7'),5;. Since Y n™* < oo, we have u € . Moreover, JAu = v. Hence

v € Ran(\/A). On the other hand, suppose that Aw = v for somew € . Thenw,, = n*>n=2 =1
for all n. Since Z:;l 1 = oo, this is impossible. Thus v & Ran(A).
Now define the rank-one operator X € L(¢) by

Xx =(x,v)e;, x€X.
Its adjoint is given by X*y = (y,e)v forall y € . Since VA and A are diagonal, we have
X*\/Xy =X*Ay=yv, yeJ.

Therefore Ran(X* \/X) = Ran(X*A) = span{v}.
Since span{v} C Ran(\/X), Douglas’ theorem implies that X € L ‘/K(Jf ). Indeed, for all
X € I, we have

IXxllx = 106 V) lleglly = VA X, Wl < Jull X4

On the other hand, since span{v} € Ran(A), we get Ran(X*A) € Ran(A). By Douglas’ theorem,
the equation AY = X*A has no solution in L(5¢). Thus X admits no A-adjoint, that is, X & L, (7).
Consequently, Lo () C Lﬂ(%ﬂ).

This explains why the formulas involving X#» and the mixed adjoints require the assumption
X € L (), and not merely X € L‘/X(j‘f).

Cleatly, (-, )5 induces a seminorm on L \/K(‘%ﬂ ). Indeed,if X € L ‘/X(JZ” ), then it holds

that
Xullo
IXllo = sup T = sup |Xullp < co.
ueRan(A), ulia ues} ()
u#0

Furthermore, the A-numerical radius of an operator X € L ‘/X(j‘f ) was firstly defined
by Saddi in [17] as

wpa(X) = sup [(Xu,u),l
ues} ()

It should be emphasized that it may happen that [[X]|, and w, (X) are equal to +oo
for some X € L(#) \ L ‘/X(%ﬂ ) [18]. However, these quantities are equivalent seminorms
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onL ‘/X(jf ). More precisely, it was shown in [15] that for every X € L \/X(%ﬂ ), we have

%llelA < wp(X) < |IX]l5. Notice thatif X € L‘/X(%”) and satisfies AX? = 0, then by (Corollary
2, [19]) we have

1
WA (X) = EIIXIIA- (1)
For the sequel, for any arbitrary operator X € L, (), we denote the real and imaginary
parts by
X + X#a X — X#a

It has been proved in [20] that for X € L, (¢), it holds
wx (X) = sup ||9%A(ei9X)||A = sup ||§A(ei9X)||A. (2)
feR R

Recently, the concept of the A-spectral radius of A-bounded operators has been intro-
duced in [19] as follows:

1 1
ra(X) := %relg XA = Hm IX*R, X €Lz ().

Moreover, like the classical spectral radius of Hilbert space operators, it was shown
in [19] that 4 (+) satisfies the commutativity property, which asserts that

ra(XY) =ra(YX),

forall X,Y € L @(% ). In addition, the following relation between the A-spectral and
A-numerical radii of A-bounded operators was also proved in [19]:

ra(X) S w,a(X), forallX e Lﬂ(%ﬂ).

Recall that an operator X is said to be A-positive if AX > 0, in which case we write
X >, 0. Clearly, an A-positive operator is always A-selfadjoint (that is, AX is selfadjoint),
since ¢ is a complex Hilbert space. It is also clear that A-selfadjoint operators belong to
L, (s€). Notice that if X is A-selfadjoint, then by [19],

WA(X) =74 (X) = [X][4- (3)
Moreover, if X € L, (), then XX#2 >, 0, X¥4X >, 0, and
IX#aXllp = IXXFally = IXIA = IXPAI5. (4)

Finally, if X,Y € L(57) satisfy X —Y >4 0, then we write X >, Y. In recent years,
several results covering some classes of operators on a complex Hilbert space .7 were
extended to semi-Hilbertian spaces. Of course, the extension is not trivial since many
difficulties arise. For instance, as it is mentioned above, it may happen that [ X||, = oo for
some X € L(). Moreover, not any operator admits an adjoint operator for the semi-inner
product (-, -) ,. In addition, as mentioned earlier, even if X € L, (7¢), we have (XFa)ba £ X,

An operator X € L(J) is said to be an A-isometry if |[Xull, = [lull, forallu € 5#. An
operator U € L(J#) is said to be A-unitary if U € L, (#) and [[Uull, = [U%aull, = |lull, for
all u € 7. We denote the set of all A-unitary operators by U, (). Baklouti and Namouri
(Lemma 2.4, [21]) connected these notions with the fundamental properties of the usual
isometries and unitary operators, showing that X € L, (%) is an A-isometry if and only if
AX#X = A, and that U € L, (¢) is A-unitary if and only if AU*U = AUU#*» = A. The
reader is referred to [12-14,22] and the references therein for more details on this theory.

The exploration of numerical radii in semi-Hilbertian spaces has recently stimulated
a wealth of significant contributions. Various authors have focused on generalizing and
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improving fundamental estimations for the A-numerical radius of single operators [23-25].
Parallel investigations have successfully utilized the Moore—Penrose inverse and extended
Buzano inequalities to refine A-spectral bounds [26-28]. Furthermore, advanced refine-
ments and exact bounds for the A-numerical radius of semi-Hilbertian operators continue
to be extensively explored [29-31]. In the context of block matrices and structural config-
urations, sophisticated convex-block approaches have yielded highly accurate numerical
radius inequalities [32-34]. Related concepts, including A-partial isometries and A-Berezin
number inequalities, have also attracted considerable attention [35,36].

The concept of the numerical radius has also been extended to block operator matrices.
For 2 x 2 matrices, the investigation was initiated by Bhunia, Paul, and Nayak [37], who

0 z] acting on K, under the restrictive assumption
that A is strictly non-zero positive operator. Subsequently, Rout et al. [38,39] and Feki [40]

investigated the operator matrix A = [

removed this assumption, establishing A-numerical radius inequalities for 2 x 2 matrices
where A is simply a non-zero positive operator. Further results under the same conditions
were established by Bhunia and Paul in [41]. Several authors then generalized the framework
to g x g operator matrices [42,43], retaining the homogeneous generator A = diag(A, ..., A)
defined on the uniform direct sum J¢ & --- @ JZ.

A common feature of these results is that the same operator A occupies every diagonal
entry of A. While convenient, this uniformity assumption sidesteps a genuine structural
difficulty: in general, the two direct summands of K carry different semi-inner products, so
the off-diagonal blocks act as transformations between two distinct seminorms—a situation
the uniform theory simply does not capture. Closing this gap is the main goal of the present
manuscript. Throughout, we work with

A= [A 0],
0 B
where A,B € LT () are two, possibly distinct, non-zero positive operators, neither of
which is assumed to be injective.

The notion of a mixed adjoint relative to two positive operators goes back to Arias,
Corach, and Gonzalez ([14], [Section 3]), who studied the equation AY = X*B in the context
of lifting properties and described its reduced solutions. Using Douglas’ theorem [16], we
define the mixed (A, B)- and (B, A)-adjoints in the block matrix setting, where they play
the role of the usual adjoint once the two seminorms no longer coincide. When A = B,
they reduce to the ordinary A-adjoint, and all of our results recover the known ones for the
uniform generator diag(A, A). These adjoints are our main tool for deriving A-numerical
radius inequalities for arbitrary 2 x 2 operator matrices. In particular, our bounds extend
the quadratic numerical radius inequalities of Kittaneh [2], as well as their block versions
due to Bhunia, Paul, and Nayak [37], to distinct and possibly singular positive generators.

The paper is organized as follows. Section 2 introduces mixed adjoint operators and
mixed seminorms, and establishes their basic metric and submultiplicative properties.
Section 3 gives necessary and sufficient conditions for a 2 x 2 block operator matrix to admit
a mixed adjoint, together with upper bounds for its spectral radius. Section 4 then uses
these tools to derive bounds for the generalized A-numerical radius, treating the diagonal
and anti-diagonal block structures separately across the two seminorms.

2. Mixed Adjoint Operators and Mixed Seminorms

In this section, we define the foundational concepts of mixed adjoints and mixed
seminorms bridging different semi-Hilbertian spaces, and establish their core metric and
algebraic properties.
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The next definition formalizes the notion of a mixed adjoint operator.

Definition 1. Let X € L(.5¢). An operator Y € L(5) is called a mixed (A, B)-adjoint of X if
it satisfies

(Xu,v)g =(u,YV),, forallu,ve .

This defining relation is algebraically equivalent to the operator equation AY = X*B. We denote by
L, 5 () the set of all operators in L() that admit a mixed (A, B)-adjoint.

By applying Douglas’ theorem (Theorem 1), we deduce that the operator equation
AY = X*B possesses a solution if and only if the range inclusion Ran(X*B) C Ran(A) holds.
If this condition holds, then Douglas’” theorem guarantees the existence of a unique reduced
solution, denoted by X#+#, that satisfies Ran(X*#) C Ran(A) and Ker(X*#) = Ker(X*B).
Specifically, by using the Moore-Penrose inverse of A, this distinguished solution can be
explicitly represented as X*4# = ATX*B.

The next result generalizes a profound property established by Arias et al. [12] for
uniform generators. It establishes an explicit formula for the double mixed adjoint in terms
of orthogonal projections.

Lemma 1. Let X € Ly (7). Then, X#as Lg A () and we have

(X#ap)fBA — ez X ianay X

and
((X#A,B)ﬁB,A)ﬁA,B — X#aB_ (6)

Proof. LetY = X*A5, By definition, Y is the unique reduced solution satisfying the equation
AY = X*B such that Ran(Y) C Ran(A). Using the properties of the Moore-Penrose
pseudoinverse, this solution is explicitly given by Y = ATX*B.

Since At is typically an unbounded operator (unless Ran(A) is closed), we must
carefully apply the adjoint extension relations for densely defined operators. Specifically,
the adjoint of a product satisfies (5J )* D J *5*. Applying this to Y, we obtain:

Y* = (ATX*B)* D B*(X*)*(A")* = BXA™.

Since Y is a bounded operator on J#, its adjoint Y* is everywhere defined. The operator
BXA' is defined on the dense domain D (A') = Ran(A) @ Ker(A). Therefore, for any vector
u € D(A"), we have the exact equality Y*u = BXAtu.

Let Z = HW(B)XHW(A)' We aim to show that BZ = Y*A. Both BZ and Y*A are
everywhere defined bounded operators. Let v € 7. Clearly, Av € Ran(A) C D(A"). By

evaluating Y* at Av, we get:
Y*(Av) = BXAT(AV) = BXT Tz 55V
Since B is self-adjoint, we have B = Bl I 5;. Substituting this yields:

This establishes the bounded operator identity BZ = Y*A. Since Ran(Z) C Ran(B) by
construction, the uniqueness of the Douglas reduced solution guarantees that Y#4 = Z,
which proves (5).

To prove (6), let W = Z#+5. We seek to show W = Y. By definition, W is the unique
reduced solution to AW = Z*B with Ran(W) C Ran(A). Taking the classical adjoint of the

bounded operator Z, we get Z* = g5 X Tl Multiplying by B, we obtain:

Z'B = I_IRan(A)X’(.I_IRan(B)B = I_IRan(A)X*B'

https://doi.org/10.3390/math14214048
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Since Y solves AY = X*B and A commutes with its range projection, substituting X*B yields:
Z*B = Hm(AY) = AY

Since Y already satisfies Ran(Y) C Ran(A), the uniqueness of the reduced solution ensures
W =Y. This proves (6) and completes the proof. [

By using similar reasoning, we apply Douglas’ theorem to the square roots of the
generators to establish a broader class of bounded operators.
The next definition introduces boundedness across mixed generators.

Definition 2. An operator X € L(J€) admits a mixed VA, \/E)-adjoint if it satisfies the range
inclusion condition:

Ran(X*yB) C Ran(YA).

By Douglas’ theorem, this inclusion is equivalent to the existence of a constant ¢ > 0 such that
X*BX < ¢2A. This operator inequality translates precisely to the mixed boundedness condition:

IXullg < cllully, forallue .
We denote the set of all such (\/K, \/E)—bounded operators by L /A \/E(L%” ).

The next result establishes the inclusion between these mixed operator spaces. The
proof utilizes operator convexity properties for contractive maps [44,45] and extends a
brilliant technique due to Antezana, first presented by Arias, Corach, and Gonzalez in [14].

Lemma 2. We have L g() C L\/X,ﬁ(‘%ﬂ)'

Proof. Let X € L, g(77). Assume that X is a contraction, meaning that |X|| < 1; otherwise,
we scale it. In this case, the map ® : L(5#) — L(J¢) defined by ®(E) = X*EX is a
contractive positive map. By the definition of the mixed space, there exists an operator
Y € L(J7) such that AY = X*B. By substituting this, we obtain:

X*B*X = (X*B)(BX) = (AY)(Y*A) = AYY*A < |[Y|PA%
By leveraging the operator convexity properties established for contractive maps [44,45],

we obtain X*BX < VX*B2X. On the other hand, since the function f () = \/Z is operator
monotone, we deduce that VX*B2X < v/|[Y|2AZ = |[Y| A. By combining these bounds, we get:

X*VB)(X*VB)* = X*BX < IY|A = [YII(VA) (VA)*.

By using the equivalence between assertion (ii) and assertion (i) of Douglas’ theo-
rem (Theorem 1), this operator inequality guarantees the range inclusion Ran(X* VB) C
Ran(\/K). Thus, X € L /A \/E(%” ). This completes the proof. O

The following definition establishes the core metric topology across mixed generator
spaces.

Definition 3. For an operator X € L /A ‘/E(%” ), we define the mixed (A, B)-operator seminorm by
IXllo 5 = sup{IXullg : u € S} (&)}
Remark 1. Let X € LJK ‘/E(%). Then | Xlly g = 0 if and only if X(Ran(A)) C Ker(B). In

general, therefore, || - |5 p is only a seminorm on L /A \/E(‘%ﬂ ). 1t is a norm precisely when B is
injective, and no injectivity assumption on A is needed.

https://doi.org/10.3390/math14214048


https://doi.org/10.3390/math14214048

Mathematics 2026, 14, 4048

8 of 27

Analogously, the spaces Lg 5 (/) and L 3 \/X(‘%ﬂ ), the distinguished mixed adjoint
Y#84 and the mixed seminorm [Yllg 5 are defined symmetrically for an operator Y € L(7)
by reversing the roles of A and B. When considering operators under a uniform generator
A, we naturally recover the standard notations X#» and L, (7).

The next result expresses the mixed seminorm in terms of the semi-inner product,
establishes the fundamental isometric property of the mixed adjoint mapping, and provides
a generalized submultiplicativity property for operators mapping across different semi-inner
product spaces.

Proposition 1. Let A,B,C € L* (). Then, the following assertions hold:
(i) IfXel /A ﬁ(ji” ), then the mixed (A, B)-operator seminorm satisfies

IXllo 5 = sup{l{Xu, v)g| : u € S} (H),v € S{(H)}.
Consequently, if X € L (), we obtain the equality
IX#21lg, 5 = X5 5. (7)
(i) IfY e L‘/X,‘/E(t%”) and X € L\/E,\/E(‘%p)’ then XY € L‘/X,\E(%”) and we have

IXYlla,c < IXlg,cllYlaB-

Proof. (i) Suppose that X € L /A ‘/E(f%” ). By taking the supremum over all v € S} (%),

we obtain sup [(Xu, V)l < [Xullzg. On the other hand, if [ Xullzg # 0, by choosing v =
veSL()
Xu

T SL(), we deduce (Xu, v)g = [ Xullg. If [Xullg = 0, the equality holds trivially. Thus,
we deduce

sup  [{Xu, v)gl = [ Xullg. (8)
VESL(H)
By taking the supremum over all u € S} () in (8), we obtain the first identity.
To establish the norm equality, we utilize the definition of the mixed adjoint. Assume
that X € L, (7). By definition, we have (Xu, v)g = (u, X#asy) a- By substituting this into
the established supremum formula, we obtain:

Xllap = sup (Xu, v)g|
ueS) (5),veSy ()

= sup (u, XFany) |
uesh (#),vesSk ()

IX#28]lg 4.

This implies the desired equality.

(ii) Letu € S}\(%ﬂ ). By using the definition of the mixed (B, C)-operator seminorm
for X, we obtain for any vector v € # that [Xv|c < [[X|[zclVls. By substituting v = Yu,
we deduce:

IX(Ywllc < IXlg cllYullg.

Sifn;e YeL /A, \/E(%” ), we further bound the right side using the mixed (A, B)-seminorm
of Y:

IXYullc < IXIlg,cllYllaslulla-

Since this bound holds for all u € /7, it follows that XY € L /A \E(% ). By taking the supre-
mum over all u € Si\((%” ), we obtain [XY(|5 ¢ < IX|lgcllYlla 5. This completes the proof. [J
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3. Generalized Semi-Inner Products for 2 x 2 Operator Matrices

The goal of this section is to determine necessary and sufficient conditions for block
operator matrices to admit mixed adjoints. Building upon these conditions, we develop
new mixed-generator upper bounds for the spectral radii and seminorms of 2 x 2 matrices
within the direct sum space.

In this section, we introduce the foundational spaces and operators utilized throughout
the manuscript. Let 7 be a complex Hilbert space. Throughout this paper, K exclusively
denotes the direct sum Hilbert space # & ¢, and A denotes the 2 x 2 diagonal operator
matrix diag(A, B), where A,B € L (7). We equip K with the canonical inner product:

(W, v) = Uy, V1) g + (U, V1) s,

U Vi

for all column vectors u = [ } e Kandv = [ ] e K. Itis evident that A € LT (X).

u V2
The matrix A induces a positive semi-definite sesquilinear form on K:

(W, vy, = (Au,v) = (Auy, v) s + (Buy, vp) s = (Ug, vi)a + (Up, V))p.

The following theorem provides necessary and sufficient conditions for an operator
matrix to admit an A-adjoint.

Theorem 2. An operator matrix X = K” iu] admits an A-adjoint (ie., X € Ly(K)) if
21 An

and only if its components admit their respective mixed adjoints, specifically: X, € LA (),
Xy € Lg(H), X1 € Ly A (H), and X5y € L (). In this case, we have

#a # #
X1 Xip X Xy”

: 9)

#
X X X X5

Proof. By invoking Douglas’ theorem, an operator matrix X belongs to L, (K) if and only if
the range inclusion Ran(X*A) C Ran(A) holds. Let us explicitly evaluate the product X*A:

(X5, X5 |[A 0
T

0 B

* *
_X12 X22

[ X5, A X3B

XA X3,B)

Since A = diag(A, B), its range is strictly the direct sum of the ranges of its diagonal
components, meaning Ran(A) = Ran(A) & Ran(B). Therefore, the global condition
Ran(X*A) C Ran(A) is mathematically equivalent to stating that for any column vector

U

u= € K, the following holds:

Uy

Xi1Au, + X5,Bu,
€ Ran(A) & Ran(B). (10)

XAy + X5,Bu,

Assume that X € L (K). By setting u, = 0 in (10), we obtain Xj; Au; € Ran(A) and
Xj,Au; € Ran(B) for all u; € 4. This implies Ran(Xj;A) C Ran(A) and Ran(X},A) C
Ran(B). By Douglas’” theorem, this guarantees X;; € L, () and X, € Lg 4 (7). Similarly,
by setting u; = 0, we obtain X3,Bu, € Ran(A) and X3,Bu, € Ran(B) for all u, € .
This implies Ran(X3,B) € Ran(A) and Ran(X3,B) C Ran(B). Hence, X,; € L, () and
Xy € Lg(J7).
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Conversely, assume that the components belong to their respective mixed spaces. By
definition, we have Ran(X};A) C Ran(A), Ran(X},A) C Ran(B), Ran(X3};B) C Ran(A), and
Ran(X3,B) C Ran(B). Since Ran(A) and Ran(B) are linear subspaces, they are closed under
addition. Thus, for any vectors u;, u, € J¢, we obtain:

Xi;Au; + X3,Bu, € Ran(A),
Xi,Au, + X3,Bu, € Ran(B).

It follows that the resulting vector resides in Ran(A) @ Ran(B) = Ran(A). Therefore,
Ran(X*A) C Ran(A), which implies X € L, (X).

Let S be the matrix on the right-hand side of (9). By hypothesis, we have the identities
AXE = X1, A, BXE = X5,B, BX'3 = X3,A, and AXE® = X3,B. By computing the matrix
product AS, we obtain:

L [r o X

#s, 4
|0 B[X{3* X3

[AXE AXE®

BXT B

[ X5, A X3,B

[ XA X5,B

(X5, X5 ][A 0

= X*A.

[ X7, X3,]l0 B
Since X+ is the unique operator satisfying AX#+ = X*A such that Ran(X#4) C Ran(A), it

0

remains to show that Ran(S) C Ran(A). Letu = [ ] e K. Since Ran(Xff) C Ran(A) and

Uy
Ran(ng'B) C Ran(A), the first component of Su resides in Ran(A). Similarly, the second
component resides in Ran(B). Thus, we deduce that Su € Ran(A) & Ran(B) = Ran(A).
This implies that Ran(S) C Ran(A). This completes the proof. O

Remark 2. It should be noted here that the first summand of K = 7 & S carries the seminorm
| - lo and the second carries || - |lg. Throughout the paper, the block Xij of an operator matrix acts
from the j-th summand to the i-th summand, so its domain and codomain are in general equipped
with different seminorms. For instance, X, maps the B-summand into the A-summand, which is
why Xy € L o () and why its seminorm is |[Xy,lp a; likewise, Xy maps the A-summand into
the B-summand and belongs to L 5(7). In every mixed notion attached to a block, the generator of
the domain is written first and that of the codomain second. The mixed adjoint reverses the direction
of the block. Thus ng’B maps the B-summand into the A-summand and occupies the (1,2) position
in (9), while Xf‘z‘A occupies the (2,1) position. This convention is adopted solely to avoid confusion
between the indices of the blocks and those of the generators.

In the following corollary, we can directly apply Theorem 2 by replacing the positive
generators A and B with their respective square roots VA and VB.

Xll X12
X21 X22
Xit € L (A, Xy €L (), Xy EL g (), and Xy €Lz ().

Corollary 1. An operator matrix X = [ ] eL ‘/X(QK) if and only if its components satisfy
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The next result provides an upper bound for the A-operator seminorm.
Xi Xp
Lemma 3. Let X = S LA(JC). Then, we have
Xn Xp
X, < UK, (11)
- IXnlla  IXq2llg,A
where X* = .
Xa1llap X2l
Proof. Letu=|"'| € X. By using the definition, we obtain:
U
Xl = IVAXu?
= Xy + Xl + Xarty + Xoptt |
< (IXpuqlla + ||X12112||A)2 + (IXyuyllg + ||X22u2||3)2- (12)

Letd® = [”ul“A] € R2. Since [[@"]| = Iy I3 + luyl3 = [ull,, by expanding (12), we obtain:

Il
IXul} < (Xapllaliuglla + Xaolls, allusllp)?
+ (X1 lla pluglla + 1Xaollslualls)?
L
< IRAPIRYP = IKAP

By taking the supremum over all u € S} (X)) in the last inequality, we get (11) as requested.
This completes the proof. [

We are now in a position to state our next main result, which bounds the A-spectral
radius of an arbitrary 2 x 2 block operator matrix by the ordinary spectral radius of the 2 x 2
scalar matrix formed from the mixed seminorms of its entries.

X X2 .. )
Theorem 3. Let X = IS L‘@(JC). Then, ry (X) < r(X*). That is
Xn Xp
Xll X12 ”XllllA ”XlZ“B,A
s <r . (13)
X Xy Xallag Xl
Yy Ypo

Proof. LetY =

eL ‘/K(JC). To prove (13), we first establish a general entrywise
Y Yy
inequality between the 2 x 2 real matrices XY* and XA¥* for appropriately bounded block
matrices X and Y. To formalize the mappings, let E; = A and E, = B. The (,j) block
component of an operator matrix on K maps from the space equipped with the generator
E; to the space equipped with the generator E;. Thus, its bounding mixed seminorm is
evaluated as | - ”Ej,E,--
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By evaluating the (7,j) entry of <yt using matrix multiplication and the triangle
inequality, we obtain:

(=)

2
D XaYy
k=1

Y E,E,

2
<) XYl
k=1 /

By employing the generalized mixed submultiplicativity established in Proposition 1(ii),
we systematically bound each term:

2
A
(XY ) < D Xl 1Yl -
Y k=1

We observe that this upper bound is exactly the algebraic formula for the (i, /) entry of the
matrix product XAYA. Since this holds for all indices i, j € {1,2}, we deduce the global
entrywise matrix inequality:

0< STV < RAF-,

It is a standard property of the spectral norm for matrices with non-negative entries that if
0 <M < N entrywise, then [M]|| < [IN|. By applying this monotonicity property, we infer:

—A S SS
IKY ) < IKAYA).

Finally, since the standard matrix norm is submultiplicative, we obtain [|KAY4| < [IK4[IT74,
which yields the fundamental matrix bound:

A = =
IKY ) < IKANYA. (14)
By employing (11) alongside (14) and an induction argument, we deduce:

<A
X1, < |57

| < |(®4)"

7

for all n € N. By utilizing the formula for the A-spectral radius, we obtain:

1
n

P = Jim IX17 < lim [(R4)"]" = r(®A).

By using this, we obtain (13). O

To establish our subsequent result, we evaluate the seminorms and numerical radii by
isolating the diagonal and anti-diagonal components.

Proposition 2. Let X =

eL M(K)' Then, the following assertions

7

hold:
(a) Xy = max(IXqqlla, Xplls).
(b) 1Yll, = max(Xqallg A, Xa1llag)-

Proof. (a) Letu = [ul] andv = [Vl} € K. Applying the Cauchy-Schwarz and arithmetic-
Uz V2
geometric mean inequalities, we obtain:
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(X, v) | < KXqpuq, v al + KXo, vo) gl

< IXppllalwgllalivalia + IXpallgliuglislivalls

(gl + 413 + gl + [Ival3 )

1
< maX(HXn la, szzHB) E

1
= 5 Uy + Vi) max (X lla, 1Xz2lls)- (15)
By taking the supremum over independent vectors u, v € S} (X) in (15), we deduce:
||X||A < maX(||X11||A/ ||X22||B)-

z

Letx,z € S, (7). By lettingu = [3} andv = [0

], we have u,v € S}&(JC). By evaluating
the inner product, we obtain:
XNy = KX, v) | = KXq1X,2) 5l

By taking the supremum over all such x and z, we deduce that [X|, > IIX;{ll5. Symmet-
rically, by isolating the second component, we infer that ||X]||, > [X,,llz. This implies the
desired equality.

(b) Letu = [ul] € K. By expanding the squared seminorm, we obtain:
Uz

||Yu||i = ||X12u2||i + ||X21u1||23
< X2l Allugli3 + 1Xa1 13 gl IR
< max (X2l o, X113 5 ) (g1 + uli3 )

= max (X3 5, X113 g ) Iall3.-

This implies that [ Y[, < max(IXy,llga, X21llap)- Letx € 5}13(%) and define u = [O] e XK.
X
Since u € S} (K), we obtain:
YN, = IYully, = I1X3Xl-

By taking the supremum over all x € 5113(%” ), we deduce [V, > [Xq,llp . Similarly, by
isolating the first component, we infer [[Y]l, > Xyl AB- This implies the equality, which
completes the proof. [

The next definition introduces the concepts of mixed isometries and mixed unitary
operators mapping between two distinct semi-inner product spaces, extending the standard
A-unitary framework [12].

Definition 4. An operator X € L(J€) is called an (A, B)-isometry if it satisfies |[Xullg = |lull5 for
all u € . Furthermore, an operator U € Ly () is called an (A, B)-unitary operator if U is an
(A, B)-isometry and U*r® is a (B, A)-isometry. We denote the set of all (A, B)-unitary operators by
Up g ().

Remark 3. It should be noted here that if A = B, then LLA,B(%) reduces to Uy (), the set of all
A-unitary operators, originally introduced in [12].

The next result establishes a generalized unitary invariance property for the numerical
radius across different semi-inner product spaces.
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Lemma 4. Suppose that U € Uy g(J) is an (A, B)-unitary operator. Let X € LJK(%) and
Ye L‘/E(jf). Then, the following hold:

wg(UXUPA) = w, (X), (16)

and
wa (UPBYU) = wp(Y). (17)

Proof. Letu & Sé(%ﬁ ). By definition, since U is an (A, B)-unitary operator, we have
[U#aBy|| A =ullg =1. Letv = Utasy € S}\(%ﬂ ). By using the definition of the mixed adjoint,
we obtain:

(UXU#asu, u)y = (XU#ABu, UFasu) , = (XV, V).

By taking the supremum over allu € 5113(% ), we deduce that wB(UXU”ArB) < wp (X).
Conversely, suppose that y € S} (#). Let z = Uy. Since [Uyllg = llyll, = 1, we get
z € SL(). Since |[Uyl3 = llyl3, we deduce that (U*BUy,y) = (Ay,y) for all y, which
implies U*BU = A. By definition of the mixed adjoint, we have AU#B = U*B. Thus, we
obtain AU#»sU = U*BU = A. This implies that U”AfBUy —vy € Ker(A). SinceXe L JX(% ),

it leaves Ker(A) invariant, so AXU”AfBUy = AXy. Therefore, we obtain:

(UXU#r8z, z)p = (XU#22Uy, U*2sUy)
= (AXU*2#Uy, U*+sUy)
= (AXy, U*+sUy)
= (Xy, AUﬁA,BUy)
= Xy, Ay) = (XY, Y)a-

By taking the supremum over all such z € 8113(%” ), we deduce wy, (X) < wB(UXU”ArB).

Consequently, we obtain (16) as desired.

Let x € S}%(if ). Let w = Ux. Because U is an (A, B)-unitary operator, we have
Iwlz = IUx|lg = IIxlly = 1. Thus, we obtain w € 8113(%”). By applying the definition of the
mixed adjoint, we obtain:

<U#A,BYUX’X>A = (YUx, Ux)g = (Yw, w)p.

By taking the supremum over all x € S}A(ﬁf ), we deduce wA(UﬁA/BYU) < wg(Y).

Conversely, suppose that t € Sll_,,(%” ). Let s = U¥ast. Because U is an (A, B)-unitary
operator, we have ||s|l, = ||U“A'Bt||A = [ltlg = 1, which implies s € S}A(%). Since ||U"A'B’r||2A =
ItI13, we deduce that (AU#*st, U#ast) = (Bt, t) for all t. By definition of the mixed adjoint, we
have AU*# = U*B. This implies (U*Bt, U*5t) = (Bt, t), and therefore (Bt, UU*A5t) = (Bt, t).
Thus, we obtain BUU#*® = B. This implies that UU*#t — t € Ker(B). Since Y € L GO it
leaves Ker(B) invariant. This implies BYUU#A5t = BYt. Therefore, we deduce:

(U#asYUs, s), = (YUU#A8t, UU*5t),
= (BYUU#*8t, UU*8t)
= (BYt, UU*5t)
= (Yt, BUU#A5t)
= (Yt,Bt) = (Yt, t)p.

By taking the supremum over all t € 8}3(%” ), we deduce wi(Y) < w A(U”“YU). Conse-
quently, we obtain (17) as claimed. This completes the proof. [
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Remark 4. We point out that if A = B, then UA/B(%” ) reduces to Uy (A, the class of A-unitary
operators, and Lemma 4 recovers the known unitary invariance of the A-numerical radius,

W (UXU#s) = w, (UAAXU) = w, (X), (18)

forallU € Uy () and X € L 5 (H); see [46].

The next theorem establishes several structural assertions for appropriately bounded
operators.

Theorem 4. The following assertions hold for appropriately bounded operators:
(i) LetXy € L‘/K(%ﬂ) and Xy, € L‘/E(%). Then

X 0
WA({ 3 ]) = max {w (Xq1), wg(Xp)}.
0 Xy

Xll X12

(ii) Let € L, (K) and X = diag(B, A). Then

‘”‘*( ) - “’K( ) (19)
s, W)=l 5] @

(iii) Let Xi5 € Ly A (J) and Xy € Ly g(I). Then for any 6 € R,

o, )=l )

Proof. (i) LetT = [X(;l Xo ] andu = [ul} S Sk(fl{), which implies ||u1||2A + ||u2||23 =1. By
22 u,

X21 X22

Xll X12 X22 X21

X21 X22 X12 Xll

In particular, we have

using the Cauchy-Schwarz inequality for the mixed components, we deduce:

KTw, w) | < KXqqug, updal + XUy, up)gl
< WA(X11)||U1||2A + CUB(Xzz)”uz”%

< max {wp (Xq7), wp(Xp)}
By taking the supremum over all u € S} (K), we infer that

wy (T) < max {ws (Xq1), wg(Xp)}.
Suppose x € S () and define u = [g] € S} (K). Then, we obtain

[(Tu, u),l = |<X11X/ X) al-
By taking the supremum over all x € S}A(%ﬁ ), we deduce

sup Tu,u),| = wp(Xyq),
XESH ()
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and thus we infer w,(T) > wx(Xyy). Similarly, for any y € S(J#), by defining
0

v =

S S}%(JC), we deduce wy (T) > wg(X,,). Therefore, we obtain w,(T) =

max{wy (Xq1), wg(Xy,)}. This completes the proof of Theorem 4(i).

B 0 0

(i) Let A = be a diagonal operator matrix on K. Let U =

[l

Since Ran(U*A) C Ran(A) holds trivially, we deduce that U € Ly, (K). By solving the equa-
tion AY = U*A blockwise, we compute the explicit mixed adjoint using the Moore-Penrose

Ly
. By computing
A 0
the matrix multiplication, we obtain:

Le

0 L,][A 0
U*A =

0 B

I, 0

pseudoinverse. Specifically, we multiply the diagonal pseudoinverse A" = diag(B*, A")
by the matrix U*A. Applying the fundamental property T'T = Tlgp5 to the positive
generators A and B, we obtain:

~ Bt 0][0o B 0 B'B
U%ie = ATU*A = =
0 At[|lA o] [AtA o
_ |: 0 1_[Ran(B)_
1_[Ran(A) 0

By evaluating the respective mixed seminorms, we verify the isometric properties |[Uull, =
lull; for allu € K and ||[U#KVAVIIX = |||, for all v € K. Thus, we deduce that Uis a (&, A)-

Xy Xp
unitary operator mapping between the two semi-inner product spaces. Let S =

X1 Xy
Applying unitary invariance across these isometrically isomorphic spaces presented in (17),
we obtain:

wy(S) = wy (UhASU)

—w _HRan(B)XZZ HRan(B)X21 )
— WK
_HRan(A)Xlz HRan(A)Xll
—w _HRan(B) 0 X22 X21 J
- WK
0 HRan(A) X12 X11
X22 X21 X22 X21

= wx Ran(i) = wy .

o X12 Xll X12 Xll

The last equality follows from [38]. This proves (19). Suppose that X;; = 0 and X,, = 0. By

substituting these into (19), we obtain the desired equality (20).

(iii) Suppose that 8 € R. Let T = [ 0 X12] and U = [I‘%& 7.2 } It can be seen that
X,y 0 0 e ',

UU* = Iy and AU = UA. By definition, we have AU#+ = U*A. Then, we obtain UAU#+ =

UU*A = A. Since AU = UA, it follows that AUU# = A. Similarly, we get AU*+U = A.

Thus, we deduce that U € U, (K). Applying (18), we obtain w, (U*TU) = w, (T). Since

AU = UA, we have U* = HgammU* [12]. Since g7 does not affect the A-numerical
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radius, it follows that w, (U#+TU) = w, (U*TU). By computing the matrix multiplication,

we get:
(1, 0 0 Xp|[lw 0
U*TU = o "
i 0 6151% X21 0 | 0 6_151%
0 ef’gXlz o] 0 X2
= =e 2 .
_e’an 0 %5 0

We have wA(eflgS) = w, (S) for any block operator matrix S. We deduce:
WA(

Remark 5. Alternatively, as pointed out by the referee, we can prove Theorem 4 (ii) directly without

A = wy (T).
e%Xy; 0

This completes the proof. O

0 I,
explicitly using generalized mixed-unitary operators. Let U = l We observe that
I, 0
U*AU = A. Letu € K. Since Uu = [uz}/ we have
B

Va2 = (AU, Un) = (U*AUw, w) = (Au, u) = [[ul?.
Furthermore, for any block operator matrix S, the numerical radius formulation yields

wx(USU) = sup KUSUv,v)zl.
veS}X(JC)

By performing the change in variables v = Uu and utilizing the identity U*AU = A, we obtain
(USUv, v); = (AUSu, Uu) = (U*AUSu, u) = (ASu, u) = (Su, u) &~ Taking the supremum over
all unit vectors gives

wy (USU) = wy (S).

Xll X12

By applying this to S = , we immediately deduce (19).

X21 X22

The following result is a consequence of Theorem 4(i) by setting A = B and was
already proved in [38]. For the sake of completeness, we include its proof.

Corollary 2. Let X,Y € Ly (7).

XY
wA([Y XD =max {wa(X+Y), waX=Y)}.

In particular, by taking X = 0, we obtain:

(o

Ly Ly
Proof. Assume that A = B. Then A = diag(A, A). LetU = %[ . Since UU* = I
e —ly
XY

and UA = AU, we deduce that U is an A-unitary operator. Let S = . By computing

Y
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wA(

X+Y 0

the matrix multiplication, we obtain U*SU = . By applying the unitary

0 X-Y
invariance stated in (18), we obtain w,(S) = w, (U*SU). Since U** = Il U* and

| g
Ran(A)
Theorem 4(i) for the diagonal block matrix, we obtain

does not affect the A-numerical radius, we have w, (S) = w,(U*SU). By using

wy (U*SU) = max{wa (X +Y), wpa(X=Y)}.

This yields the first identity. Suppose that X = 0. We obtain max{w, (Y), w,(—=Y)}. Since
wa(=Y) = wu(Y), we deduce the second identity. This completes the proof. O

4. Applications to Generalized Numerical Radius for 2 x 2 Operator Matrices

In this section, we aim to demonstrate the invariance of the generalized numerical
radius under distinct isometric and unitary transformations, and calculate sharp estimations
for anti-diagonal operator blocks across separate seminorms.

The next result presents a computational lemma for the anti-diagonal component of a
2 x 2 operator matrix across distinct generators.

Lemma 5. Let Xy, € L o (J) and Xy € L g(H). Then, we have

0 Xpp 1
w = — suplle’®X;, + e~ OxF8||
Ly o)) = zmlexasensid,,
0 Xp
Proof. LetY = . By using Proposition 2(b) together with (7), we obtain:
0 Z
= 1IZlig,a, (21)
Z#a
A

for every Z € L 5 (). By utilizing the properties of the numerical radius for the general-
ized adjoint (since w, (Y) = w, (Y#)) and applying the first identity in (2) directly to Y#»
together with (9), we deduce:

Xi2 ) 0 X"
= (‘JA
0 Xy 0
1 i0 0 Xgi"B i0 0 (szB'A yFrn
= = suple +e
2 Seug #8,4 BAB\#p A
€ X12 0 (X21 ) 4 0 A
~ 1 [ 0 eiﬁxg?,B +€_i9(ng’A)#AB
T2 Sgug i0y ¥4 —i0 ;1\ EAB\Hp A
ER||[ Xy 4+ e (X5 T) 0 N
1 0 ez‘exgiw + e*iG(XfZB,A)ﬁA,B
= —Ssu ,
2 GEE (eiexg?,s + e—iﬁ(xf;,A)ﬁA,B)#B,A 0
- A
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where the last equality follows from (6). Since e""ng'B +e710 (sz“”“)”f*«B € Lp 4 (J7) and its
(B, A)-adjoint constitutes the (2,1) block component, then by evaluating the mixed norms
through (21), the maximum simplifies to a single term. By using this, we deduce:

1
wy(Y) = zseug
S

|ei9ng,B + 10 (Xf;’A ) #a

B,A

1
= -sup

|ei9Xf§'A + e‘i9X21H )
2 ek AB

The last equality holds by directly applying (7) to the composite operator Z = e"Qng'A +

e~%X,,, since the expression inside the (B, A)-seminorm is precisely Z*+*. By replacing 6
with —6 in the last equality, we obtain:

W

l be an operator matrix on K. By Theorem 4(ii), we infer that

1 . .
=5 sup”e“eXf;'A + 619X21HA . (22)
X,y O feR B

B o
Let A =
0 A

0 Xy
By applying the established identity (22) to the permuted matrix operating
X

under the flipped seminorm system generated by A, we explicitly interchange the roles of
X1, and X5, along with the generators A and B. From this substitution, we obtain:

wx

By substituting (24) into the unitary equivalence (23), we get the desired result. This

) _ %Sup”e—iengﬂ + eiBXuHB K (24)

X12 0 6k

completes the proof. O

The next result provides the main generalized upper bound utilizing a 2 x 2 scalar
matrix structure.

Xll X12

Corollary 3. Let X = € L, (K). Then,

X Xp
wy (X) < w(S),
where S = [S;] € M(R) is given by

wp (Xq1) Wy
S= Xa 011 (25)
Wy wB(Xzz)

Proof. By using the definition of the real part with respect to A for § € R, we obtain:
. 1, . .
R, (€0X) = 5 (e"X + e710X#)

R (€9Xq7) % <e”’X12 + e‘“’Xﬁf’B>

% (eiexm + e—iexﬁzB,A> Ry (€0X,,)
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By applying Lemma 3, specifically the block seminorm estimate (11), alongside the norm
monotonicity of matrices with non-negative entries, and subsequently utilizing Lemma 5
and the properties of the numerical radius, we deduce:

wp (Xq1) WA( X 0 )
R, X < 21
peeol <)l oy
wy WB(Xzz)

By taking the supremum over all # € R in the above inequality, we obtain w, (X)

). Since S is a real symmetric matrix, then w(S) = [IS||. By using this, we

IA

[SI, where S is defined in (25). Finally, by using (23), we deduce w&(

%(

infer the required inequality. This completes the proof. O

Recall that the notation Y <, X means that X —Y >, 0, which is equivalent to the
operator inequality A(X —Y) > 0. The next lemma establishes an essential monotonicity
property and was already stated in [37].

Lemma 6. Let X,Y € L\/X(‘%ﬂ) be A-bounded operators. If 0 <, Y <, X, then [Yllx < IXll5-

The next result provides the main bounds for the mixed anti-diagonal matrix.

Theorem 5. Let X;, € Ly o () and X,y € Lp g(J7). Then, for T = [XO X(;z], the following
21
bounds hold:

1
wi (T) > 7 max {X02XE3 + X5 "X lla, IX3 X + X X1 g},
and

1
W(T) < 5 max (XX + X3 Xala, X5 X1z + Xor X517l -
Proof. Let Hy = 3%, (¢T) = 3 (T + e~"T#) and
~ 0 1 . i
Ko = T4 (e™T) = E(E” T — e~ 0T#).
By expanding the squares of these components, we deduce:
1, .. ,
Hé + K% = Z(ezngZ 4 TT# 4+ TH#aT 4+ e—ZIG(T#A)Z)
_ jI(eZieTz — TT# — T#aT + e—2i9(T#A\)2)
-2 TT#: + T#T
= E( “+ A )

Next, by explicitly computing the products TT#+ and T#+T based on Theorem 2, we obtain:

# #
TTh — [ 0 Xu] 0 Xy"| _ [ XXi® 0
X 0 J|XB 0 0 XypX5t|

# #
TﬂAT — 0 XZlA/B |: 0 X12:| — XZI]A/BXZ‘l 0 ]
XBr 0 (X 0 0 XXy,
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By summing these two block diagonal matrices, we obtain:
1M 0
H2 + K3 == 2
o T 5% 2{ 0 N}' (26)

where we define M = X12Xf2“ + ng’BXm €L,(H)and N = ng’AXlz + X21X§f’5 € Ly (7).
By taking the norm on both sides and utilizing the triangle inequality and submulti-
plicativity of the seminorm, we deduce

1M 0
% | = < e+ it < 26
A
By evaluating the norm of the diagonal operator matrix, we obtain

1 2
5 max {[Mils, INll} < 27 (T).

This completes the proof of the first inequality.

Conversely, by rearranging the equality H3 + K3 = 1 [M 0 }, we obtain:

2lo N
1[M o
5—5[0 N]:—Kgs“.
M

0
Consequently, we infer that H3 <, %[ N]' Since H is A-selfadjoint, its square satisfies

0

HZ >, 0. Moreover, the block diagonal matrix %[1\: IST] is clearly A-positive by taking (26)

into consideration. Thus, the hypotheses of Lemma 6 are satisfied. Applying this lemma,
together with the identity ||]H1§|| N ||]HI9||2A, which holds because H, is A-selfadjoint (see [19]),
we deduce that

1{{|IM 0 1
I|H9||2A < E”[ 0 N]HA =3 max {[IMll», INlIg}.
By taking the supremum over all 6 € R, we infer

) 1
wi(T) < 5 max {IMlls, INII}-
This finishes the proof of the second inequality. O

The next result is a direct corollary for the uniform single-space framework. It follows
by letting X;, = X,; = T in Theorem 5, and it was originally obtained in [20]. For A =1,
it recovers the well-known inequalities of Kittaneh [2].

Corollary 4. Let T € L (7). Then
1 TT# THT 2T 1 TT# T#T
Z” A+ TATlA < wi(T) < §|| A+ TAAT 5.

The next result provides the commutativity property of the mixed spectral radius and
will be required in order to prove our next result.

Lemma?7. IfX e Lﬂ,ﬁ(‘%ﬂ) and Y € Lﬁ,@(%ﬂ), then YX € L\/X(f%”), XY e Lﬁ(%),and

ra (YX) = rg(XY).
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Proof. By using Proposition 1(ii), we obtain YX & L‘/X(%ﬂ) and XY € L‘/E(%). Letn>2
be an integer. We have

YX)" = Y(XY)"IX.
By applying the submultiplicativity property for mixed seminorms, we get
ICYX)" s < 1Y g, allXY)"igIXl A, p-
It follows that
IOVO"IE S (Il X0 8) " HOC) "1,

By taking the limit as n — oo, we obtain

n-1

n

P (Y0 < Jim (10007 7 = ry(X).

Similarly, we get rg(XY) < r, (YX). Hence, 5 (YX) = rg(XY). This completes the proof. O

The next result provides an upper bound for the A-numerical radius through a decom-
position of the matrix into row blocks.

X Xi2
Theorem 6. Let X =

l € L, (K). Then
X1 X

1
wy (X) < §<||X11||A + \/||X11X§? + XquE'AIIA>

1
+5 <||X22||B + \/||X21X§?'B + X22X§2B||B>'

Proof. Step 1: We first establish a key auxiliary bound for the upper triangular block
X Xz

1= . We claim that:

0 0

1
wy (Xy) < §<||X11||A + \/”Xllef + Xlzxfg'A”A)- (27)
Since the operator R, (¢/X;) is A-selfadjoint for 6 € R, we apply (3) to obtain
ra(Ra(€?X1)) = 1R4 (7K,

On the other hand, by using the spectral radius formulation, we get
. 1 , ‘
ra(Ra(€7X))) = 57 (€% + e K]

1
= ErA

eXyy + e‘”’Xff Xy,

j.

—i6y B,
e~ OX " 0
By factoring the block matrix, we obtain
#a i6 —if
. 1 Xit e"Ly|[ely 0
ra(RaeXy)) = ErA( fon :
X1y 0 X1 Xp
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e, 0 XEr i1,

LetC = and D =

] . Let A’ = diag(A, A) acting on K. Since
Xn X Xph 0

X1 E L‘/X(%) and X;, € L\/E‘/K(‘%ﬂ)’ we deduce C € L\/K\/K(K)' Similarly, since Xfi* S
LJX(%) and sz‘“ = L\/K,ﬁ(%)’ we obtain D € L\/K,\/X("K)' By applying Lemma 7, we get

).

) 1
YA(QQA (elexl)) = §rA’ ((CID))

1
= erl

By using (13) together with the identity ||Xff|| A = IXq1lla, we get

X Ly

4 s, i
Xu Xt +XpXip* Xy

N —

, [ e X, ITplls
ra(Ra(€9X))) < r( "

ﬁ .
_||X11X1”f + X X35 A 16Xl

) 1
rA(mA(eIGXQ) < §(||X11||A + \/||X11Xf1A + X12X?2B'A||A>~

|

IA
N| —

( [ X1l 1
r
XX+ XX e IXyla

It follows that

Since

wy (X1) = sup IR, (€X)Il, = supry (R (e9Xy)),
OeR OeR

we obtain (27).

0 0
Step 2: We estimate the lower triangular block X, = and combine the
X Xy
- 0 , L
bounds. Let A = be a diagonal operator matrix on K, and let U = . By
0 A I, 0
(19), we infer that
Xn Xy
CUA (Xz) = (UK 0 .

By applying (27) to this matrix under the permuted seminorm system generated by A,
we obtain

1
wy(Xp) < 7 (”Xzz”B + \/”Xszng + X21X2#?'B||B>-

Since X = X + X, the triangle inequality for the A-numerical radius gives w, (X) <
wy (X)) + wy (X,). Hence, we obtain the required inequality. This completes the proof. [

The next result presents our final generalized upper bound based on isolating the
diagonal and anti-diagonal elements.

Xll X12

Theorem 7. Let X = € L, (K). Then, we have

X21 X22

1 1
wy (X) < max{w,y (Xqp), wp(Xp)} + E\/”XlzXf;'A”A + E\/||X21X§f'8||13-
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Proof. By employing the triangle inequality and Theorem 4(i), we obtain:

(123

Since strictly off-diagonal block matrices are nilpotent of degree 2, then by applying (1), we

deduce that:
W — 1
2

Moreover, by (4), namely ||Z||2A = ||ZZ#*| 5, along with Proposition 2(a), we obtain:

0 0
xfa o

_ >X12Xf§'A 0
0 0

0 Xp 0 0

wy (X) < max{ws (Xq1), we(Xon)} + WA(

0 0 0 0

A

2

0 0

0 0

A A

A
#
= IX12X05 " A

Since scaling by the half coefficient evaluates the first off-diagonal term, we apply analogous

arguments to the transposed term corresponding to X,; to obtain % ||X21X§f'3||B. Finally, by

adding these expressions, we complete the proof. [

The following example illustrates the utility of the mixed-adjoint framework for
distinct singular generators, a scenario not covered by the uniform setting diag(A, A)
as stated.

Example 2. Let 7# = C? with the standard inner product. Let A = [(1) 8] and B = [O O}.

0 X
Then A and B are distinct singular positive operators. Let X = [X (;2] acton K = H & I,
21

00 1 10
Ran(B) = span{e,}, we have Ran(X},A) C Ran(B). Thus X;, € Ly (). The reduced

where Xiy = [0 1] and X, = [0 8} A direct computation gives X},A = [0 0}. Since

solution of BY = X},A is ng"* = [(1) 8}

Similarly, X3,B = {8

(1)] and Ran(A) = span{e;}. Hence Ran(X3;B) C Ran(A), so

01

X1 € Ly () and X&r = [0 .

]. By Theorem 2, X € Ly (K). Now, by applying Theorem 5,

wee have

M = Xpp X3t +X5X,, = 24,
N = XE4Xy, + X XE® = 2B.

Thus diag(M,N) = 2A and [M||4 = INllg = 2. Therefore, Theorem 5 gives

<w,(X)?P< 1

(ST
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In fact, wy (X) = 1. Letu = [ul} S S}&(QK) with u; = (a,b) and u, = (c,d). Then
Uy
la?> + |d> = 1. Since Xipu, = (d,0) and X,yu, = (0,a), we obtain

(Xu,u), = da+ad = 2Re(ad).

Hence [(Xu,u),| < 2lalld| < |al> + |d]> = 1, with equality fora = d = \/ii Thus wy (X) =1, and

the upper bound of Theorem 5 is attained.
We note that on Ran(A) @ Ran(B) the matrix X acts as the ordinary 2 x 2 flip matrix. Hence
the example does not produce new numerical values. It only shows that the mixed-adjoint framework

applies directly to distinct singular generators A # B, where the uniform setting diag(A, A) does
not apply as stated.

5. Conclusions

In this paper, we have ventured beyond the standard uniform semi-inner product
framework to address a natural yet technically demanding question: how do 2 x 2 block
operator matrices behave when their off-diagonal components map between entirely distinct,
non-injective semi-Hilbertian spaces? By deploying the generalized two-generator mixed
adjoint via Douglas’ theorem, we successfully bridged this gap, extracting a cohesive theory
of numerical radii that elegantly captures the asymmetry of distinct positive generators. The
structural upper and lower bounds established here not only encapsulate previous uniform
results as special cases but also open the door to analyzing highly singular, asymmetric
physical and operator systems. We hope this distinct-generator framework will serve as
a robust and inspiring mathematical tool for researchers exploring the next generation of
operator theoretic bounds.
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