
 

 
 

 

 
Mathematics 2026, 14, 4040 https://doi.org/10.3390/math14214040 

Article 

Probabilistic BESS Scheduling for Duck-Curve Mitigation  

Under Correlated DER Penetration in Distribution Systems 

Sami M. Alshareef 1,*, Ahmed Fathy 1 and Yasser O. Assolami 2 

1 Department of Electrical Engineering, College of Engineering, Jouf University, Sakaka 72388, Saudi Arabia; 
afali@ju.edu.sa 

2 Department of Electrical Engineering, College of Engineering and Architecture, Umm Al-Qura University, 

Makkah 24382, Saudi Arabia; yoassolami@uqu.edu.sa 

* Correspondence: smalshareef@ju.edu.sa 

Abstract 

High penetration levels of photovoltaic (PV) generation and electric vehicles (EVs) exac-

erbate the duck-curve effect in distribution systems. This paper proposes a probabilistic 

scheduling framework for battery energy storage systems (BESSs) to mitigate substation 

power variability under uncertain and correlated distributed energy resource (DER) pen-

etration. Correlated PV, EV, and BESS penetration scenarios are generated by Gaussian-

copula-based Monte Carlo sampling, weighted by a fuzzy duck-curve relevance index, 

and reduced to ten representative scenarios by K-means clustering; their substation power 

profiles are obtained with OpenDSS. BESSs are allocated to the six buses with the highest 

power variability and scheduled in 2-h intervals using a three-state (charge, idle, dis-

charge) binary encoding. For each scenario, a day-ahead schedule is optimized with an 

improved binary Equilibrium Optimizer (IBiEO). On the IEEE 34-bus feeder, IBiEO 

achieves the lowest probability-weighted objective, 48.0% below the no-action case, and 

significantly outperforms four of five binary benchmark algorithms under equal evalua-

tion budgets, while performing comparably to a hybrid DBA-PSO algorithm. The 

OpenDSS-validated schedules reduce the probability-weighted maximum ramp, peak-to-

valley range, and evening ramp by 38.2%, 47.4%, and 53.8%, respectively. Under Monte 

Carlo propagation of the measurement uncertainty of the state-of-charge estimate, BESS 

capacity, and PV peak power, the probability-weighted mean improvement of the duck-

curve indices remains 25.2% (95% coverage interval: 20.4–29.7%). These findings demon-

strate the effectiveness of the proposed framework in mitigating the duck-curve effect 

under correlated DER penetration and device-parameter uncertainty, supporting the re-

liable integration of high PV and EV shares in distribution systems. 
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1. Introduction 

1.1. Background and Motivation 

The increasing penetration of renewable energy sources (RESs), particularly photo-

voltaic (PV) generation, is reshaping the operation of modern distribution systems. De-

clining PV costs and the need to reduce greenhouse-gas emissions have accelerated PV 

deployment worldwide [1,2]. At the same time, the growing adoption of electric vehicles 

(EVs) introduces new and potentially flexible electricity demand. The combined presence 

of distributed PV generation and EV charging can substantially alter the temporal and 

spatial characteristics of distribution-system power flows. High PV penetration can pro-

duce the well-known duck-curve profile, which represents the net demand that remains 

after accounting for renewable generation [3,4]. During daylight hours, increasing PV out-

put reduces net demand and can create a pronounced midday minimum. As PV genera-

tion declines toward sunset while demand remains relatively high, the net demand in-

creases rapidly, resulting in a steep evening ramp. This behavior increases the need for 

flexible resources and can impose additional ramping and balancing requirements on the 

power system. EV charging can further influence the net-load profile because its magni-

tude and timing depend on EV penetration and charging behavior. When charging coin-

cides with periods of high demand, it can aggravate peak loading and evening ramps; 

when appropriately coordinated, EV charging can instead provide demand-side flexibil-

ity. BESSs provide another important flexibility resource by shifting energy between pe-

riods of high PV availability and periods of high net demand. Consequently, coordinated 

management of PV generation, EV charging, and BESS operation can provide an effective 

means of reducing substation power variability and mitigating the duck-curve effect. 

However, the operating conditions of these distributed energy resources (DERs) are in-

herently uncertain. PV and EV penetration can vary across locations and operating peri-

ods, while their penetration levels may also exhibit statistical dependence. Therefore, a 

BESS schedule optimized for a single deterministic operating condition may not provide 

satisfactory performance across the range of conditions encountered in practical distribu-

tion systems. This motivates a probabilistic scheduling framework capable of representing 

the uncertainty and correlation of DER penetration while maintaining computational trac-

tability. 

1.2. Related Work and Research Gap 

Various approaches have been investigated to mitigate the operational effects of high 

PV penetration. EV integration and coordinated charging have been studied from per-

spectives including charging infrastructure allocation, energy-loss reduction, generation 

scheduling, cost minimization, and load-profile smoothing [5–10]. Demand-side strategies, 

including smart load shedding and residential pre-cooling, have also been proposed to 

modify demand during critical periods [11,12]. Other studies have considered PV curtail-

ment, alternative PV configurations, and advanced inverter control to reduce midday gen-

eration and associated net-load variations [13–17]. BESSs have received considerable at-

tention because of their ability to shift energy temporally and directly address the charac-

teristic midday-to-evening transition of the duck curve. Storage scheduling has been in-

vestigated using dynamic pricing, optimal control, pumped-hydro storage, hybrid en-

ergy-storage technologies, and metaheuristic optimization [18–24]. Residential BESSs 

have also been considered for increasing PV self-consumption and reducing the adverse 

effects of high PV penetration [25]. More integrated approaches have combined BESSs 

with EVs, including battery-swapping systems, to exploit available storage capacity for 

temporal energy shifting [26]. Recent studies have further investigated coordinated and 

forecast-assisted BESS dispatch for mitigating PV-induced reverse power flow, reducing 
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grid exchanges, and alleviating duck-curve effects [27]. Despite these developments, 

many existing approaches are formulated for deterministic or limited operating condi-

tions. PV penetration, EV adoption, and storage capacity are commonly represented by 

fixed values, and the BESS schedule is optimized for a specific operating condition. Such 

formulations may be insufficient when DER penetration varies substantially across the 

operating space. Probabilistic methods have been introduced to address uncertainty in 

DER-integrated systems. Monte Carlo simulation has been used to model stochastic EV 

characteristics and determine storage requirements [6], while probabilistic duck and ramp 

curves have been developed to represent uncertainty under high PV penetration using 

statistical dependence models [28]. Load-forecast uncertainty associated with distributed 

energy resources has also been investigated using real-world demand data [29]. These 

studies demonstrate the importance of probabilistic modeling; however, the joint and cor-

related uncertainty of PV, EV, and storage penetration has received limited attention in 

distribution-level BESS scheduling for duck-curve mitigation. Furthermore, directly in-

corporating a large number of Monte Carlo realizations into time-series distribution-sys-

tem optimization can result in a substantial computational burden. Although scenario-

reduction techniques can alleviate this problem, the relative importance of different oper-

ating conditions should also be considered when selecting representative scenarios. In ad-

dition, BESS placement is commonly determined using electrical, economic, or optimiza-

tion-based criteria, whereas identifying locations according to temporal power variability 

can directly target buses associated with significant net-load fluctuations. Recent studies 

have demonstrated the potential of optimization-based BESS scheduling for reducing PV-

induced ramps and duck-curve effects [26,28]. Nevertheless, a unified framework that 

captures correlated DER penetration uncertainty, assigns importance to operating scenar-

ios, reduces the scenario set, identifies critical BESS locations from temporal variability, 

and determines a BESS schedule effective across representative scenarios remains limited. 

This gap motivates the probabilistic framework proposed in this paper. Table 1 compares 

representative duck-curve mitigation studies with the proposed approach.  

Table 1. Comparison of duck-curve mitigation studies with the proposed approach. 

Reference Test System DERs 
Duck-Curve 

Mitigation 

Optimization 

Approach 
EVs 

Stochastic 

Modeling * 
PV–EV Corre-

lation 

BESS Sched-

uling 
PV EV 

[6] IEEE 33-bus PEV, BESS  
Nonlinear pro-

gramming 
     

[7] California ISO PV, EVs  
Quadratic pro-

gramming 
     

[8] 
Residential 

system 
PV, EVs  

Quadratic and 

linear program-

ming 

     

[9] 
Commercial 

MG 
PV, ESS, EVs  MILP      

[11] 
Pakistan sys-

tem 
PV, BESS, EVs  

Smart load shed-

ding 
     

[12] 
Residential 

system 
PV, pre-cooling  

Pre-cooling strat-

egy 
    — 

[13] — PV, BESS  

Improved 

Gamma-type in-

verter 

     

[14] — Bifacial PV  MIQP     — 

[15] 
IEEE 24-bus 

RTS 

High–penetration 

PV, BESS, 
 MILP      
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curtailment, load 

shedding 

[16] IEEE 69-bus Bifacial PV  
Analytical 

method 
    — 

[18] — 
Distributed stor-

age 
 

Bilevel program-

ming 
     

[19] Real system 
PV, pumped-hy-

dro storage 
 

Dynamic pro-

gramming 
     

[20] Taiwan grid 
RES, hydro stor-

age 
 MATPOWER      

[21] Real system 

Battery, green hy-

drogen, hybrid 

storage 

 
Model-based 

framework 
     

[23] IEEE 33-bus PV, BESS  PSO      

[25] 
Residential 

system 

PV, household 

BESS 
 

Measurement-

based analysis 
     

[26] — 

PV, BESS, bat-

tery-swapping 

EVs 

 

Battery swapping 

and energy shift-

ing 

     

[27] Real system PV, BESS  LP-GA-DNN      

[28] 
Qinghai sys-

tem 
PV  

KDE, discrete 

convolution, and 

copula 

    — 

[30] — 
Reused-battery 

ESS 
 

ESS-based ap-

proach 
     

[31] California ISO PV, EVs, BESS  MILP      

[32] 
Residential 

system 
PV  

Evolutionary al-

gorithm 
    — 

[33] Real system 
PV (two 1.5 MW 

plants), BESS 
 

Whale optimiza-

tion 
     

[34] IEEE 1547 
PV, BESS, 

DSTATCOM 
 

Third-order G.I. + 

FLL 
     

[35] Belgian grids 
Wind, solar, ther-

mal units 
 

Multi-timescale 

optimization 
     

[22] Smart grid 

Pumped hydro, 

CSP, thermal 

units 

 
PSO + hybrid 

PSO 
     

[36] Real system 
EV chargers, 

BESS 
 

Five-step optimi-

zation 
     

[37] Real system 
Multi-pumped 

storage 
 

Random forest + 

Lagrange optimi-

zation 

     

[38] 
Alberta mar-

ket 
PV, BESS  

Merit-order and 

market analysis 
     

The current 

work 
IEEE 34-bus PV, EVs, BESS  IBiEO      

: Considered, : Not considered; MILP: Mixed-Integer Linear Programming; MIQP: Mixed-Integer 

Quadratic Programming; PSO: Particle Swarm Optimization; BiEO: Binary Equilibrium Optimizer; 

BPSO: Binary Particle Swarm Optimizer; BDA: Binary Bat Algorithm; DBA-PSO: Detective Behavior 

Algorithm and PSO; Stochastic modeling*: the PV output and/or the EV penetration or charging 

behavior is represented by random variables or scenarios. The term does not denote a metrological 

measurement-uncertainty budget [39]. 
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1.3. Work Contributions 

This paper proposes an integrated probabilistic framework for mitigating the duck-

curve effect through BESS scheduling under uncertain and correlated PV, EV, and BESS 

penetration. The main contributions are summarized as follows: 

• Correlation-aware scenario modeling: A Monte Carlo framework incorporating pre-

scribed correlations among PV, EV, and BESS penetration is integrated with fuzzy 

scenario weighting and K-means clustering to identify a compact set of representa-

tive operating conditions for probabilistic scheduling. 

• Variability-based BESS siting and three-state scheduling: BESS locations are se-

lected based on bus-level temporal power variability, while a two-bit encoding ena-

bles charging, idling, and discharging in 2-h intervals. Scenario-specific day-ahead 

schedules are optimized using OpenDSS-derived baseline profiles, with the forecast 

scenario determining the implemented schedule. 

• Improved binary optimization: An improved binary Equilibrium Optimizer (IBiEO) 

is developed by incorporating an elitist memory pool, greedy selection, bit-flip map-

ping, and stagnation-triggered restart to address the discrete BESS scheduling prob-

lem. 

• Statistically validated evaluation and robustness assessment: On the modified IEEE 

34-bus feeder, IBiEO is compared with five binary benchmark algorithms under an 

identical budget of 7500 fitness evaluations and 30 independent runs, and every 

schedule is validated by 24-h OpenDSS simulation. IBiEO attains the lowest expected 

objective, 48.0% below the no-action case, and improves the probability-weighted 

duck-curve indices by 36.1%. Robustness is further assessed with respect to forecast 

errors, BESS size, and the measurement uncertainty of the SOC estimate, BESS capac-

ity, and PV peak power (JCGM 101:2008). 

2. Research Methodology 

2.1. Overall Framework of the Proposed Method 

The proposed framework coordinates the BESSs to mitigate substation power varia-

bility under uncertain DER penetration. As illustrated in Figure 1, the methodology inte-

grates probabilistic scenario generation, duck-curve-relevance assessment, scenario re-

duction, BESS location identification, and coordinated scheduling within an unbalanced 

distribution-system model. 

A modified IEEE 34-bus radial feeder with aggregated residential load, EV charging, 

PV generation, and BESSs is considered. Correlated Monte Carlo sampling generates joint 

DER penetration scenarios, which are evaluated by a fuzzy inference system according to 

their duck-curve characteristics. K-means clustering is then applied to obtain representa-

tive scenarios. Candidate BESS locations are identified from the temporal variability of the 

feeder power profile, and the BESS schedules are optimized using the IBiEO algorithm 

with a probabilistic duck-curve objective. The optimized schedules are subsequently eval-

uated through time-series power-flow simulations in OpenDSS (Electric Power Research 

Institute, Palo Alto, CA, USA). The resulting framework integrates the probabilistic char-

acterization of DER penetration levels and scenario reduction with coordinated BESS 

scheduling while preserving the spatial and temporal characteristics of the distribution 

feeder. In this paper, two sources of uncertainty are distinguished. The first is the plan-

ning-level variability of DER penetration, that is, the unknown number of EVs, PV units, 

and BESSs connected at the residential aggregation buses, which is represented by corre-

lated random penetration scenarios (Section 2.4). The second is the metrological uncer-

tainty of device parameters, such as the SOC estimate, the usable BESS capacity, and the 

PV peak power at standard test conditions. This measurement uncertainty is propagated 
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through the power-flow simulations by the Monte Carlo method of the Guide to the Ex-

pression of Uncertainty in Measurement (GUM) Supplement 1 [39], and its effect on the 

duck-curve indices is quantified in Section 4.7 

 

Figure 1. Proposed probabilistic BESS scheduling framework: (I) feeder modeling and critical-bus 

identification; (II) correlated scenario generation, fuzzy weighting, and reduction; (III) scenario-spe-

cific BESS scheduling with IBiEO; (IV) OpenDSS-based evaluation. 𝒔∗ denotes the critical scenario, 

and 𝐗𝒌
∗  the optimized schedule of scenario 𝒌. 

2.2. Distribution Feeder and DER Formulation 

2.2.1. Modified IEEE 34-Bus Feeder 

The proposed method is evaluated on a modified IEEE 34-bus radial distribution 

feeder. The original feeder topology and electrical parameters are retained, including its 

unbalanced three-phase configuration, phase-dependent loads, voltage-regulation equip-

ment, shunt capacitors, and distribution transformers. The complete set of feeder buses is 

defined as: 

𝐵 = {1, 2, … , 34} (1) 

Ten residential aggregation buses are introduced at selected feeder locations. These 

buses form a subset of the complete feeder-bus set and are denoted by: 

𝐵𝑅 = {𝐵𝑅,1, 𝐵𝑅,2, … , 𝐵𝑅,10} ⊆ 𝐵 (2) 

The residential aggregation locations are illustrated in Figure 2. Each aggregation bus 

represents a group of residential customers and may have different load, EV, PV, and 

BESS characteristics. 
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Figure 2. Modified IEEE 34-bus distribution feeder with residential aggregation buses and the six 

critical buses selected for BESS scheduling. 

2.2.2. Residential Demand 

Let 𝑇 = {1,… , 𝑁𝑇}denote t he h ourly s imulation horizon, with  𝑁𝑇 = 24. L et  ℋ𝑖 de- 

note the households represented at aggregation bus 𝑖. T he a ctive -power demand of 

household ℎ ∈ ℋ𝑖is computed as follows: 

𝑃𝑖,ℎ,𝑡
𝐿 = 𝑃𝑖,ℎ

𝐿,rated𝜆𝑖,ℎ,𝑡
𝐿 , 𝑖 ∈ ℬ𝑅 ,  ℎ ∈ ℋ𝑖 ,  𝑡 ∈ 𝒯 (3) 

where 𝑃𝑖,ℎ
𝐿,ratedis the reference demand and 𝜆𝑖,ℎ,𝑡

𝐿 is the normalized hourly load profile. The 

aggregated load at bus 𝑖 can be expressed as: 

𝑃𝑖,𝑡
𝐿 = ∑ 𝑃𝑖,ℎ,𝑡

𝐿

ℎ∈ℋ𝑖

 (4) 

2.2.3. EV Charging 

Let ℰ𝑖 denote the EVs associated with aggregation bus 𝑖. The charging power of EV 

𝑒 ∈ ℰ𝑖at time 𝑡 is modeled as: 

𝑃𝑖,𝑒,𝑡
𝐸𝑉 = 𝑃𝑖,𝑒

𝐸𝑉,rated𝜆𝑖,𝑒,𝑡
𝐸𝑉  (5) 

where 𝑃𝑖,𝑒
𝐸𝑉,ratedis the rated charging power and 𝜆𝑖,𝑒,𝑡

𝐸𝑉 ∈ [0 , 1] represents its normalized 

charging profile at time 𝑡. Accordingly, the aggregate EV demand at bus 𝑖 is given by: 

𝑃𝑖,𝑡
𝐸𝑉 = ∑ 𝑃𝑖,𝑒,𝑡

𝐸𝑉

𝑒∈ℰ𝑖

 (6) 

The total EV charging demand across the feeder is then expressed as: 

𝑃𝑡
𝐸𝑉 = ∑ 𝑃𝑖,𝑡

𝐸𝑉

𝑖∈ℬ𝑅

 (7) 
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2.2.4. PV Generation 

Let 𝒫𝑖denote the PV units located at aggregation bus 𝑖. The generated power of PV 

unit 𝑝 ∈ 𝒫𝑖 is calculated as follows: 

𝑃𝑖,𝑝,𝑡
𝑃𝑉 = 𝑃𝑖,𝑝

𝑃𝑉,rated𝜆𝑖,𝑝,𝑡
𝐺 𝜆𝑡

𝑊 (8) 

where 𝑃𝑖,𝑝
𝑃𝑉,rated denotes the rated capacity of PV unit 𝑝, 𝜆𝑖,𝑝,𝑡

𝐺 ∈ [0,1] represents the nor-

malized solar profile, and 𝜆𝑡
𝑊accounts f or weather -dependent effects, including irradi-

ance and temperature. Therefore, the PV output satisfies the following: 

0 ≤ 𝑃𝑖,𝑝,𝑡
𝑃𝑉 ≤ 𝑃𝑖,𝑝

𝑃𝑉,rated (9) 

The aggregate PV generation at bus 𝑖and across all residential aggregation buses is 

expressed as: 

𝑃𝑖,𝑡
𝑃𝑉 = ∑ 𝑃𝑖,𝑝,𝑡

𝑃𝑉

𝑝∈𝒫𝑖

 (10) 

𝑃𝑡
𝑃𝑉 = ∑ 𝑃𝑖,𝑡

𝑃𝑉

𝑖∈ℬ𝑅

 (11) 

2.2.5. BESS Model 

Let 𝒮𝑖 denote the BESS units associated with bus 𝑖. A signed power convention is 

adopted, where positive power represents discharging and negative power represents 

charging as follows: 

𝑃𝑖,𝑠,𝑡
𝐵 = 𝑃𝑖,𝑠,𝑡

𝑑𝑖𝑠 − 𝑃𝑖,𝑠,𝑡
𝑐ℎ  (12) 

The charging and discharging powers satisfy the following formulas: 

0 ≤ 𝑃𝑖,𝑠,𝑡
𝑐ℎ ≤ 𝑃𝑖,𝑠

𝑐ℎ,max (13) 

0 ≤ 𝑃𝑖,𝑠,𝑡
𝑑𝑖𝑠 ≤ 𝑃𝑖,𝑠

𝑑𝑖𝑠,max (14) 

Hence, 

−𝑃𝑖,𝑠
𝑐ℎ,max ≤ 𝑃𝑖,𝑠,𝑡

𝐵 ≤ 𝑃𝑖,𝑠
𝑑𝑖𝑠,max (15) 

The normalized SOC is constrained as: 

𝑆𝑂𝐶𝑖,𝑠
min ≤ 𝑆𝑂𝐶𝑖,𝑠,𝑡 ≤ 𝑆𝑂𝐶𝑖,𝑠

max (16) 

Its temporal evolution is calculated as: 

𝑆𝑂𝐶𝑖,𝑠,𝑡+1 = 𝑆𝑂𝐶𝑖,𝑠,𝑡 +
𝜂𝑐ℎ𝑃𝑖,𝑠,𝑡

𝑐ℎ Δ𝑡

𝐸𝑖,𝑠
−
𝑃𝑖,𝑠,𝑡
𝑑𝑖𝑠Δ𝑡

𝜂𝑑𝑖𝑠𝐸𝑖,𝑠
 (17) 

where 𝐸𝑖,𝑠is the usable energy capacity, and 𝜂𝑐ℎand 𝜂𝑑𝑖𝑠are the charging and discharging 

efficiencies. Since the study uses hourly simulations, Δ𝑡 = 1 h. Each optimized BESS has 

a usable capacity of 200 kWh and a rated power of 50 kW. The charging and discharging 

efficiencies are set to 𝜂𝑐ℎ = 𝜂𝑑𝑖𝑠 = 0.95, w hich c orresponds t o t he 9 0% r ound -trip effi-

ciency of commercial residential lithium-ion systems [40]. The SOC is bounded by 

[SOCmin, SOCmax] = [0.2,1.0], where the lower bound limits the depth of discharge, a dom-

inant driver of cycle ageing in lithium-ion batteries [41]. The initial SOC is set to 0.8, and 

the terminal-SOC penalty (93)–(94) penalizes any deviation of the final SOC from this 

value, so that the daily schedule is approximately periodic and can be applied on consec-

utive days. The influence of uncertainty in these parameters, notably in the SOC estimate 

and the usable capacity, is quantified in Section 4.7. 

The aggregate BESS power at bus 𝑖 is as follows: 

𝑃𝑖,𝑡
𝐵 = ∑𝑃𝑖,𝑠,𝑡

𝐵

𝑠∈𝒮𝑖

 (18) 
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With this convention, positive 𝑃𝑖,𝑡
𝐵   reduces feeder demand, whereas negative 𝑃𝑖,𝑡

𝐵  

increases feeder demand. 

2.2.6. Net Feeder Demand 

The net active-power demand at aggregation bus 𝑖 is computed as follows: 

𝑃𝑖,𝑡
𝑛𝑒𝑡 = 𝑃𝑖,𝑡

𝐿 + 𝑃𝑖,𝑡
𝐸𝑉 − 𝑃𝑖,𝑡

𝑃𝑉 − 𝑃𝑖,𝑡
𝐵  (19) 

The corresponding total feeder-level net demand is defined as: 

𝑃𝑡
𝑛𝑒𝑡 = 𝑃𝑡

𝐿 + 𝑃𝑡
𝐸𝑉 − 𝑃𝑡

𝑃𝑉 − 𝑃𝑡
𝐵 (20) 

The substation active power obtained from the network solution is expressed as fol-

lows: 

𝑃𝑡
𝑠𝑢𝑏 = 𝑃𝑡

𝐿 + 𝑃𝑡
𝐸𝑉 − 𝑃𝑡

𝑃𝑉 − 𝑃𝑡
𝐵 + 𝑃𝑡

𝑙𝑜𝑠𝑠 (21) 

where 𝑃𝑡
𝑙𝑜𝑠𝑠denotes the feeder active-power losses. The resulting feeder formulation pro-

vides substation power, bus voltages, branch flows, and feeder losses. This procedure es-

tablishes a direct link between residential DER operation and the electrical response of the 

complete feeder. 

2.3. Critical-Bus Identification 

BESS control locations are selected according to the temporal variability of bus power. 

For each non-source bus 𝑏, 

Δ𝑃𝑏(𝑡) = ∣ 𝑃𝑏(𝑡) − 𝑃𝑏(𝑡 − 1)∣ ,   𝑡 = 2,… , 𝑁𝑇 (22) 

and the corresponding variability index is expressed as: 

𝑉𝑏 =∑Δ

𝑁𝑇

𝑡=2

𝑃𝑏(𝑡) (23) 

The source bus is excluded because it represents the feeder reference. The remaining 

buses are ranked according to 𝑉𝑏, and the six buses with the largest variability indices are 

selected as critical buses: 

ℬ𝐶 = {𝑏1, 𝑏2, … , 𝑏𝑁𝐶},  𝑁𝐶 = 6 (24) 

Restricting the optimization to these locations reduces the control dimension while 

concentrating BESS actions at buses exhibiting the largest temporal power variations. The 

variability index is evaluated in the critical scenario 𝑠∗ defined in (67), i.e., the combina-

tion of EV, PV, and customer-BESS penetration that produces the steepest substation ramp 

among the 216 combinations {0, 10, …, 50}3. Evaluating the index under this worst-case 

condition places the BESSs where the duck-curve variation is most severe; the resulting 

buses and their contribution to the substation profile are analyzed in Section 4.1. 

2.4. Correlated Monte Carlo Generation of DER Scenarios 

2.4.1. Correlation Modeling 

The statistical dependence among EV, PV, and BESS penetration levels is represented 

using a Gaussian copula. For Monte Carlo realization 𝑗, where 𝑁𝑀𝐶  = 5000 is the number 

of Monte Carlo samples (𝑗 = 1,… , 𝑁𝑀𝐶), 

𝑧(𝑗) = [

𝑧𝐸𝑉
(𝑗)

𝑧𝑃𝑉
(𝑗)

𝑧𝐵
(𝑗)

] ∼ 𝒩(0, 𝑅) (25) 

where 
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𝑅 = [

1 𝜌𝐸𝑉,𝑃𝑉 𝜌𝐸𝑉,𝐵
𝜌𝐸𝑉,𝑃𝑉 1 𝜌𝑃𝑉,𝐵
𝜌𝐸𝑉,𝐵 𝜌𝑃𝑉,𝐵 1

] (26) 

The coefficients 𝜌𝐸𝑉,𝑃𝑉, 𝜌𝐸𝑉,𝐵, and 𝜌𝑃𝑉,𝐵 define the dependence structure among the 

DER penetration variables. In this study, 𝜌𝐸𝑉,𝑃𝑉 = 0.6, 𝜌𝐸𝑉,𝐵 = −0.3, and 𝜌𝑃𝑉,𝐵 = 0.5. These 

coefficients are planning assumptions rather than estimates from measured data. The pos-

itive coefficients represent the tendency of residential customers who install PV to also 

adopt EVs and home batteries [42,43], whereas the negative EV–BESS coefficient reflects 

partial substitution: a household that owns an EV already has access to a large flexible 

battery and is therefore less likely to install a stationary BESS. For (25) to define a valid 

joint distribution, R must be symmetric and positive definite; this holds for the selected 

values, whose smallest eigenvalue is 0.056. 

2.4.2. Feeder Representation 

The correlated Gaussian samples are transformed into uniform variables using the 

standard-normal cumulative distribution function: 

𝑢𝑞
(𝑗)
= Φ(𝑧𝑞

(𝑗)
) ,   𝑞 ∈ {𝐸𝑉, 𝑃𝑉, 𝐵} (27) 

The corresponding penetration levels are as follows: 

𝑁𝑞
(𝑗)
= 𝑁𝑞

max𝑢𝑞
(𝑗) (28) 

Hence, the 𝑗-th Monte Carlo scenario is expressed as: 

𝜉(𝑗) = [𝑁𝐸𝑉
(𝑗)

𝑁𝑃𝑉
(𝑗)

𝑁𝐵
(𝑗)]

𝑇
 (29) 

The resulting samples preserve the rank dependence imposed by the Gaussian cop-

ula while mapping each variable onto its prescribed penetration range. Since 𝛷(·) trans-

forms each standard-normal component of 𝑧 into a uniform variable on [0, 1], every pen-

etration level is marginally uniform on [0, 𝑁𝑞
max], with 𝑁𝐸𝑉

max = 𝑁𝑃𝑉
max = 𝑁𝐵

max = 50. The 

Gaussian assumption is therefore confined to the dependence structure: the penetration 

levels are uniformly distributed individually, whereas their joint behavior inherits the cor-

relations prescribed by 𝑅. Figure 3 illustrates the generated samples of 𝑧 and the corre-

sponding penetration levels. 

 

Figure 3. Correlated Monte Carlo samples of DER penetration (𝑵𝑴𝑪 = 𝟓𝟎𝟎𝟎): (a–c) marginal distri-

butions of 𝒛𝑬𝑽, 𝒛𝑷𝑽, and 𝒛𝑩; (d–f) pairwise scatter plots of 𝑵𝑬𝑽, 𝑵𝑷𝑽, and 𝑵𝑩. 𝝆, 𝝆𝒛, and 𝝆𝑺 de-

note the prescribed, sample, and Spearman rank correlation coefficients, respectively. 
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2.5. Fuzzy-Based Weighting of Monte Carlo Scenarios 

A fuzzy inference system with a Mamdani-type linguistic rule base is employed to 

assign a duck-curve relevance (DCR) score to each Monte Carlo scenario. EV, PV, and 

BESS penetration levels are represented by the linguistic terms Low (L), Medium (M), and 

High (H). The inference consists of fuzzification, rule evaluation with the minimum oper-

ator, and defuzzification by the activation-weighted average of singleton consequents. 

2.5.1. Fuzzification 

For 𝑞 ∈ {𝐸𝑉, 𝑃𝑉, 𝐵}, the triangular membership function is defined as: 

𝜇(𝑥; 𝑎; 𝑏; 𝑐) = max {min [
𝑥 − 𝑎
𝑏 − 𝑎

,
𝑐 − 𝑥
𝑐 − 𝑏

] , 0} (30) 

For Monte Carlo scenario 𝑗, the membership degree corresponding to linguistic level 

𝑟 ∈ {𝐿,𝑀,𝐻} is as follows: 

𝜇𝑞,𝑟
(𝑗)
= 𝜇 (𝑁𝑞

(𝑗)
; 𝑎𝑟; 𝑏𝑟; 𝑐𝑟) (31) 

where (𝑎𝑟 , 𝑏𝑟 , 𝑐𝑟)are t he p arameters o f t he c orresponding m embership f unction. T he  

breakpoints of the input membership functions are listed in Table 2. The three inputs share 

the universe [0, 50] devices and the breakpoints L = (0, 0, 20), M = (10, 25, 40), and H = (30, 

50, 50). The peaks lie at the lower bound, the midpoint, and the upper bound of the range, 

and adjacent terms overlap on [10, 20] and [30, 40], so that every penetration level has a 

non-zero membership in at least one term and the transitions between terms are gradual. 

Table 2. Breakpoints (𝒂, 𝒃, 𝒄) of the triangular input membership functions. 

Variable Universe L (𝒂, 𝒃, 𝒄) M (𝒂, 𝒃, 𝒄) H (𝒂, 𝒃, 𝒄) 

EV penetration 𝑁𝐸𝑉 [0, 50] (0, 0, 20) (10, 25, 40) (30, 50, 50) 

PV penetration 𝑁𝑃𝑉 [0, 50] (0, 0, 20) (10, 25, 40) (30, 50, 50) 

BESS penetration 𝑁𝐵 [0, 50] (0, 0, 20) (10, 25, 40) (30, 50, 50) 

2.5.2. Rule Evaluation 

Let 𝑚 = 1,… ,𝑁𝑅 denote the fuzzy-rule index, where 𝑁𝑅 = 27 is the total number of 

rules in the complete rule base (Section 2.5.5). For rule 𝑚, w ith a ntecedent l evels  

(𝑟𝐸𝑉 , 𝑟𝑃𝑉 , 𝑟𝐵), the activation degree for scenario 𝑗 is as follows: 

𝛼𝑚
(𝑗)
= min {𝜇𝐸𝑉,𝑟𝐸𝑉

(𝑗)
, 𝜇𝑃𝑉,𝑟𝑃𝑉
(𝑗)

, 𝜇𝐵,𝑟𝐵
(𝑗)

} (32) 

Each rule is assigned a DCR consequent according to the rule base defined in Section 

2.5.5. 

2.5.3. Singleton Consequents and Defuzzification 

Each linguistic DCR term is represented by a singleton at its ordinal value. The con-

sequent of rule 𝑚, 𝐷𝑚 ∈ {L,M, H}, defined by the rule base of Section 2.5.5, is therefore 

mapped to: 

𝑑𝑚 = {

1, 𝐷𝑚 = L
2, 𝐷𝑚 = M
3, 𝐷𝑚 = H

 (33) 

The DCR score of Monte Carlo scenario 𝑗 is the activation-weighted average of the 

rule consequents: 

𝐷𝐶𝑅𝑗 =
∑ 𝛼𝑚

(𝑗)
𝑑𝑚

𝑁𝑅
m=1

∑ 𝛼𝑚
(𝑗)𝑁𝑅

m=1

 (34) 
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2.5.4. Properties of the Relevance Score and Scenario Weighting 

The weighted average (34) is the centroid of the singleton output set under sum ag-

gregation and coincides with the output of a zero-order Takagi–Sugeno system with the 

same rule base, so that no implication or aggregation of continuous output membership 

functions is required. Because the input partitions overlap and cover the universe [0, 50], 

at least one rule is active for every sample; the denominator of (34) is therefore positive, 

and the score is bounded by: 

1 ≤ 𝐷𝐶𝑅𝑗 ≤ 3 (35) 

Consequently, the most relevant sample receives at most three times the weight of 

the least relevant one. The weighting thus shifts probability mass towards penetration 

combinations that intensify the duck curve without suppressing the remaining operating 

conditions, which would otherwise be under-represented in the reduced scenario set. The 

normalized Monte Carlo weight is as follows: 

𝑤𝑗 =
𝐷𝐶𝑅𝑗

∑ 𝐷
𝑁𝑀𝐶
ℓ=1 𝐶𝑅ℓ

 (36) 

when, 

∑𝐷

𝑁𝑀𝐶

ℓ=1

𝐶𝑅ℓ > 0 (37) 

Thus, 

∑𝑤𝑗

𝑁𝑀𝐶

𝑗=1

= 1 (38) 

If all DCR scores are zero, uniform weights are assigned: 

𝑤𝑗 =
1

𝑁𝑀𝐶
, 𝑗 = 1, … , 𝑁𝑀𝐶 (39) 

The resulting weights quantify the relative relevance assigned to the sampled DER 

penetration scenarios by the specified fuzzy rule base. 

2.5.5. Complete Fuzzy Rule Base 

Each input variable, EV, PV, and BESS penetration, is represented by L, M, and H 

linguistic levels. Therefore, 𝑁𝑅 = 33 = 27 rules are required. 

The DCR consequent is specified by the following matrices for the three BESS levels: 

𝒟(𝑐) =

{
 
 
 
 

 
 
 
 [
𝐿 𝑀 𝐻
𝑀 𝐻 𝐻
𝐻 𝐻 𝐻

] , 𝑐 = 𝐿,

[
𝐿 𝑀 𝐻
𝑀 𝑀 𝐻
𝑀 𝐻 𝐻

] , 𝑐 = 𝑀,

[
𝐿 𝑀 𝑀
𝑀 𝑀 𝑀
𝑀 𝑀 𝐻

] , 𝑐 = 𝐻.

 (40) 

Here, 𝑐 ∈ {𝐿,𝑀,𝐻}denotes the BESS linguistic level, while the rows and columns cor-

respond to the EV and PV levels, respectively. The general rule is as follows: 

𝑅𝑎𝑏𝑐: IF EV = 𝐴𝑎 AND PV = 𝐵𝑏  AND BESS = 𝐶𝑐 THEN DCR = 𝐷𝑎𝑏𝑐  (41) 

where 𝑎, 𝑏, 𝑐 ∈ {𝐿,𝑀,𝐻}, and 𝐷𝑎𝑏𝑐is the corresponding element of 𝒟(𝑐). The fuzzy infer-

ence stage therefore converts the sampled DER penetration levels into scenario-specific 

relevance weights used in the subsequent scenario reduction. 
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2.6. Probabilistic Scenario Reduction 

Direct optimization over all Monte Carlo samples would result in an unnecessarily 

large computational burden. Therefore, the Monte Carlo samples are reduced to a finite 

set of representative scenarios. 

Let 

𝑥𝑗 = [𝑁𝐸𝑉
(𝑗)

𝑁𝑃𝑉
(𝑗)

𝑁𝐵
(𝑗)]

𝑇
 (42) 

denote the 𝑗- th Monte Carlo sample. The samples are clustered into 𝑁𝐾representative  

groups using K-means clustering. In the case study, 𝑁𝑀𝐶  = 5000 Monte Carlo samples are 

reduced to 𝑁𝐾 = 10 representative scenarios. The value 𝑁𝐾 = 10 was adopted to balance 

scenario granularity against the computational cost of each fitness evaluation. K-means 

was run with k-means++ initialization and 5 replicates, and the solution with the lowest 

within-cluster sum of squares was retained; each centroid is then rounded to the 10-unit 

penetration resolution. Because a separate schedule is optimized for each scenario, this 

reduction lowers the number of optimization problems from 𝑁𝑀𝐶  to 𝑁𝐾, a factor of 500. 

With 𝑁pop = 30 candidates and 𝑁iter = 250 iterations per optimization, solving one prob-

lem per Monte Carlo sample would require 𝑁pop · 𝑁iter · 𝑁𝑀𝐶  = 3.75 × 107 fitness evalua-

tions, compared with 𝑁pop · 𝑁iter · 𝑁𝐾  = 7.5 × 104 after the reduction. 

For cluster 𝑘, the centroid is given by: 

𝑐𝑘 =
1

∣ 𝒞𝑘 ∣
∑ 𝑥𝑗
𝑗∈𝒞𝑘

 (43) 

where 𝒞𝑘denotes the set of samples assigned to cluster 𝑘. The representative scenario is 

obtained by mapping each centroid to the prescribed penetration resolution: 

𝜉𝑘 = 𝑄(𝑐𝑘) (44) 

where 𝑄(⋅)denotes the scenario quantization operator. 

The probability of representative scenario 𝑘is calculated from the fuzzy-weighted 

Monte Carlo samples belonging to that cluster: 

𝑝𝑘 = ∑ 𝑤𝑗
𝑗∈𝒞𝑘

 (45) 

The probabilities are normalized as: 

𝑝̅𝑘 =
𝑝𝑘

∑ 𝑝ℓ
𝑁𝐾
ℓ=1

 (46) 

such that 

∑𝑝̅𝑘

𝑁𝐾

𝑘=1

= 1 (47) 

For notational simplicity, the normalized probability is subsequently denoted by 𝑝𝑘. 

The resulting representative scenario set is as follows: 

𝒮 = {(𝜉𝑘 , 𝑝𝑘)}𝑘=1
𝑁𝐾  (48) 

The resulting scenario set preserves the fuzzy-assigned relevance of the Monte Carlo 

population while substantially reducing the number of operating conditions considered 

by the subsequent BESS optimization. 

2.7. BESS Scheduling Formulation 

2.7.1. Scheduling Decision Variables 

The optimization is performed for the critical buses 𝐵𝐶 , with 𝑁𝐶 = 6 as given in (24). 

The daily horizon is divided into 𝑁𝐵 scheduling blocks (𝑁𝐵 = 12 blocks of 2 h in the case 

study). Each block of each BESS is encoded by two bipolar bits, an activity bit and a 
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direction bit, which together represent the three operating states (charge, idle, and dis-

charge) with binary variables. The number of decision variables is therefore: 

𝑁𝑋 = 2𝑁𝐶𝑁𝐵 (49) 

and the binary decision vector is: 

𝑋 = [𝑋1, 𝑋2, … , 𝑋𝑁𝑋]
𝑇
 (50) 

with 

𝑋𝑙 ∈ {−1,+1}, 𝑙 = 1,… ,𝑁𝑋 (51) 

For critical bus 𝑖 and scheduling block 𝑟, the activity bit 𝑎𝑖,𝑟 (+1 = active, −1 = inac-

tive) and the direction bit 𝑑𝑖,𝑟 (+1 = discharge, −1 = charge) are extracted from X as: 

𝑎𝑖,𝑟 = 𝑋2[(𝑖−1)𝑁𝐵+𝑟]−1, 𝑑𝑖,𝑟 = 𝑋2[(𝑖−1)𝑁𝐵+𝑟] (52) 

The three-state block command and the corresponding hourly normalized storage 

command are: 

𝑢𝑖,𝑟 =
1 + 𝑎𝑖,𝑟
2

 𝑑𝑖,𝑟 ∈ {−1,  0,  +1},  𝑢𝑖(𝑡) = 𝑢𝑖,𝑟 ,  𝑡 ∈ 𝑇𝑟 (53) 

where 𝑇𝑟 is the set of hours in block 𝑟. The direction bit is thus effective only for active 

blocks, and the command takes one of three values: 

𝑢𝑖(𝑡) = −1 ⇒ charging, 𝑢𝑖(𝑡) = 0 ⇒ idle, 𝑢𝑖(𝑡) = +1 ⇒ discharging (54) 

The factor (1 + 𝑎𝑖,𝑟)/2 equals 0 for an inactive block and 1 for an active block, so (53) 

maps every pair of bits to a feasible state and every state is reachable by the binary opti-

mizers without additional constraints. In particular, the all-idle vector 𝐗𝑖𝑑𝑙𝑒   (𝑎𝑖,𝑟 = −1 

for all 𝑖 and 𝑟) reproduces the uncontrolled feeder and serves as the no-action reference 

in (72). The idle state is required because, with a single bit per block (charge or discharge 

only), every BESS would operate at rated power in every block; a schedule tuned to the 

high-penetration scenarios was found to increase the ramps of the low-penetration sce-

narios. 

2.7.2. Requested Storage Power 

For critical bus 𝑖, let 𝑃𝑖,max
𝐵 denote the maximum BESS power. The requested storage 

power is as follows: 

𝑃𝑖
𝐵,req(𝑡) = 𝑢𝑖(𝑡)𝑃𝑖,max

𝐵  (55) 

Positive values denote discharge and negative values denote charging. For an idle 

block, 𝑢𝑖(𝑡) = 0 and therefore 𝑃𝑖
𝐵,𝑟𝑒𝑞(𝑡) = 0. 

2.7.3. State-of-Charge Dynamics 

Let 𝐸𝑖
𝐵,rateddenote the rated energy capacity of the storage unit and 𝑆𝑂𝐶𝑖(𝑡) repre-

sents its normalized state of charge, subject to: 

𝑆𝑂𝐶𝑖
min ≤ 𝑆𝑂𝐶𝑖(𝑡) ≤ 𝑆𝑂𝐶𝑖

max (56) 

During discharge, 

𝑆𝑂𝐶𝑖(𝑡 + 1) = 𝑆𝑂𝐶𝑖(𝑡) −
𝑃𝑖
𝐵(𝑡)

𝜂𝑖,𝑑𝐸𝑖
𝐵,rated

, 𝑃𝑖
𝐵(𝑡) > 0 (57) 

where 𝜂𝑖,𝑑is the discharge efficiency. The maximum feasible discharge power is as follows: 

𝑃𝑖,𝑑
𝐵,max(𝑡) = 𝜂𝑖,𝑑[𝑆𝑂𝐶𝑖(𝑡) − 𝑆𝑂𝐶𝑖

min]𝐸𝑖
𝐵,rated (58) 

Thus, the actual discharge power is expressed as: 
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𝑃𝑖
𝐵(𝑡) = min[𝑃𝑖

𝐵,req(𝑡), 𝑃𝑖,𝑑
𝐵,max(𝑡)] (59) 

During charging, 

𝑆𝑂𝐶𝑖(𝑡 + 1) = 𝑆𝑂𝐶𝑖(𝑡) +
∣ 𝑃𝑖

𝐵(𝑡) ∣ 𝜂𝑖,𝑐

𝐸𝑖
𝐵,rated

 (60) 

where 𝜂𝑖,𝑐is the charging efficiency. The available charging energy is as follows: 

𝐸𝑖,𝑐
𝐵,avail(𝑡) = [𝑆𝑂𝐶𝑖

max − 𝑆𝑂𝐶𝑖(𝑡)]𝐸𝑖
𝐵,rated (61) 

giving the maximum grid-side charging power as: 

𝑃𝑖,𝑐
𝐵,max(𝑡) =

𝐸𝑖,𝑐
𝐵,avail(𝑡)

𝜂𝑖,𝑐
 (62) 

Consequently, 

𝑃𝑖
𝐵(𝑡) = −min[∣ 𝑃𝑖

𝐵,req(𝑡)∣ , 𝑃𝑖,𝑐
𝐵,max(𝑡)] (63) 

These relations keep the requested BESS operation within the nominal power and 

energy limits of the storage model. In the optimization, the SOC and the BESS parameters 

are taken as known; the effect of their measurement uncertainty is evaluated in Section 

4.7, whereas the sub-hourly dynamic response of the BESS is not represented. In the idle 

state, 𝑃𝑖
𝐵(𝑡) = 0 and the SOC is unchanged, 𝑆𝑂𝐶𝑖(𝑡 + 1) = 𝑆𝑂𝐶𝑖(𝑡). 

2.8. Probabilistic Substation Power Model 

Each representative scenario 𝑘 is defined by its penetration vector (64) and its device 

set (65), and its uncontrollable substation profile (66) is obtained from a 24-h quasi-static 

time-series power flow of the feeder 𝒢 with the devices 𝒟𝑘, computed with OpenDSS: 

s𝑘 = [𝑁𝐸𝑉,𝑘,  𝑁𝑃𝑉,𝑘 ,  𝑁𝐵,𝑘] (64) 

𝒟𝑘 = 𝒟1:𝑁𝐸𝑉,𝑘
𝐸𝑉 ∪ 𝒟1:𝑁𝑃𝑉,𝑘

𝑃𝑉 ∪ 𝒟1:𝑁𝐵,𝑘
𝐵  (65) 

𝑃𝑘
𝑏𝑎𝑠𝑒(𝑡) = 𝒫𝑡  (𝒢,  𝒟𝑘), 𝑡 ∈ 𝑇 (66) 

where the device sets are nested subsets of one fixed fleet of EVs, PV units, and customer 

BESSs generated once with a fixed random seed, so that two scenarios differ only in the 

number of connected devices and not in their random profiles. The customer BESSs are 

part of 𝒟𝑘 and are not optimized. The circuit is rebuilt from a clean state before each 

scenario. The critical scenario used in Section 2.3 and in the performance evaluation is the 

penetration combination with the steepest baseline ramp: 

s∗ = arg max
s∈𝒮𝑔𝑟𝑖𝑑

 max
𝑡
|𝑃s
𝑏𝑎𝑠𝑒(𝑡 + 1) − 𝑃s

𝑏𝑎𝑠𝑒(𝑡)| (67) 

where 𝒮𝑔𝑟𝑖𝑑 = {0,10, … ,50}
3  contains the 216 combinations of EV, PV, and customer-

BESS counts. The six optimized BESSs at the critical buses are dedicated units that are 

available in every scenario. Because a single schedule cannot suit both high- and low-

penetration days, a separate day-ahead schedule 𝐗𝑘 is optimized for each representative 

scenario 𝑘 and for the critical scenario (Section 3.3); in operation, the schedule of the sce-

nario that matches the day-ahead forecast of EV, PV, and BESS penetration is applied. The 

aggregate power of the six BESSs under schedule 𝐗𝑘 is: 

𝑃𝑘
𝐵(𝑡) = ∑  𝑃𝑖

𝐵

𝑖∈𝐵𝐶

 (𝑡;  X𝑘) (68) 

Using the adopted sign convention, the substation power of scenario 𝑘 evaluated in 

the fitness function is: 

𝑃𝑘
𝑠𝑢𝑏(𝑡) = 𝑃𝑘

𝑏𝑎𝑠𝑒(𝑡) − 𝑃𝑘
𝐵(𝑡) (69) 
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Discharging therefore reduces the power drawn from the upstream substation, 

whereas charging increases it. Each optimized schedule is subsequently validated in 

OpenDSS in its own scenario, where each optimized BESS is represented by a constant-

power element at its critical bus that follows its SOC-feasible schedule: 

𝑃̂𝑘
𝑠𝑢𝑏(𝑡) = 𝒫𝑡  (𝒢,  𝒟𝑘 ∪ {𝑃𝑖

𝐵(𝑡;  X𝑘)}𝑖∈𝐵𝐶) (70) 

The convergence of every hourly solution is checked. The difference between the val-

idated and the modeled profiles, 

𝜀𝑘 = max
𝑡∈𝑇

|𝑃̂𝑘
𝑠𝑢𝑏(𝑡) − 𝑃𝑘

𝑠𝑢𝑏(𝑡)| (71) 

reflects the change in feeder losses and voltage-regulator tap positions caused by the BESS 

power; it remained within about one BESS rating in all validations. All duck-curve indices 

in Section 4 are therefore computed from the validated profiles. The expected objective of 

the all-idle schedule defines the no-action reference: 

𝐽𝑟𝑒𝑓 =∑𝑝𝑘

𝑁𝐾

𝑘=1

  𝐽𝑘
𝑡𝑜𝑡 (X𝑖𝑑𝑙𝑒), 𝑎𝑖,𝑟 = −1  ∀ 𝑖 ∈ 𝐵𝐶 ,  𝑟 = 1,… , 𝑁𝐵 (72) 

where 𝐗𝑖𝑑𝑙𝑒  reproduces the uncontrolled feeder in every scenario and 𝐽𝑘
𝑡𝑜𝑡 is defined in 

(95). The objective reduction of an algorithm is expressed as 100 (𝐽𝑟𝑒𝑓 − 𝐽𝑒𝑥𝑝)/𝐽𝑟𝑒𝑓, with 

𝐽𝑒𝑥𝑝 from (90). 

3. Probabilistic Duck-Curve Objective and BESS Optimization 

3.1. Probabilistic Duck-Curve Objective Function 

The duck-curve characteristics of the substation power profile are quantified using 

four complementary aspects: maximum power ramp, peak-to-valley range, midday de-

pression, and evening variation. These metrics are evaluated for each representative sce-

nario and subsequently combined into a probabilistic objective. 

3.1.1. Duck-Curve Metrics 

Maximum Ramp 

For scenario 𝑘, the maximum hourly variation in substation power is defined as: 

𝑅𝑘 = max
𝑡=1,…,𝑁𝑇−1

∣ 𝑃𝑘
sub(𝑡 + 1) − 𝑃𝑘

sub(𝑡)∣  (73) 

This metric represents the largest hour-to-hour change in substation power over the 

considered time horizon and is used to quantify the severity of rapid power fluctuations. 

Peak-to-Valley Range 

The maximum and minimum substation power values for scenario 𝑘are defined as: 

𝑃𝑘
max = max

𝑡∈𝒯
𝑃𝑘
𝑠𝑢𝑏(𝑡) (74) 

𝑃𝑘
min = min

𝑡∈𝒯
𝑃𝑘
𝑠𝑢𝑏(𝑡) (75) 

The daily peak-to-valley range is as follows: 

𝐷𝑘 = 𝑃𝑘
max − 𝑃𝑘

min (76) 

This metric quantifies the overall variation in substation power between its daily 

peak and valley values and therefore provides a measure of the magnitude of the duck-

curve profile. 
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Midday Shape Metric 

Let 𝑇𝑀denote the predefined midday interval. The average substation power during 

this interval is calculated as: 

𝑃𝑘
𝑚𝑖𝑑 =

1

∣ 𝒯𝑀 ∣
∑ 𝑃𝑘

𝑠𝑢𝑏

𝑡∈𝒯𝑀

(𝑡) (77) 

The midday shape metric is then defined as: 

𝑀𝑘 = (𝑃𝑘
max − 𝑃𝑘

𝑚𝑖𝑑)
2
+ (𝑃𝑘

min − 𝑃𝑘
𝑚𝑖𝑑)

2
 (78) 

This metric measures the deviation of the midday average power from the daily peak 

and valley levels, thereby capturing the characteristic midday depression associated with 

the duck-curve phenomenon. 

Evening Ramp 

Let 𝑇𝐸denote the predefined evening interval. The maximum substation power ramp 

within this interval is defined as: 

𝑅𝑘,𝐸 = max
𝑡∈𝒯𝐸

∣ 𝑃𝑘
𝑠𝑢𝑏(𝑡 + 1) − 𝑃𝑘

𝑠𝑢𝑏(𝑡)∣  (79) 

In addition, the evening-rise penalty is formulated as: 

𝐸𝑘 = [𝑃𝑘
𝑠𝑢𝑏(𝑡𝐸

𝑒𝑛𝑑) − 𝑃𝑘
𝑠𝑢𝑏(𝑡𝐸

𝑠𝑡𝑎𝑟𝑡)]
+

2
 (80) 

where 

[𝑥]+ = max{𝑥, 0} (81) 

and 𝑡𝐸
startand 𝑡𝐸

enddenote the beginning and end of the predefined evening interval, re-

spectively. The evening-ramp metric captures the maximum short-term variation during 

the evening period, whereas the evening-rise penalty quantifies the magnitude of the net 

increase in substation power across the interval. The midday-shape metric (78) and the 

evening-rise penalty (80) use squared deviations because the operational burden of the 

duck curve grows faster than linearly with the deviation: a deep valley or a large evening 

rise determines the required ramping and reserve capacity, whereas small deviations are 

absorbed by regular control. Squaring penalizes one large excursion more than several 

small excursions of equal total magnitude and thus steers the search away from schedules 

that leave a single severe deviation. Because the profiles are simulated rather than meas-

ured, large deviations are genuine operating features rather than outliers. Normalization 

by 𝑃𝑠𝑐𝑎𝑙𝑒
2  in (85) and (87) keeps the squared terms commensurate with the linear worst-

case metrics (73), (76), and (79), which are retained. 

3.1.2. Objective Normalization 

To avoid domination of the objective by differences in physical units and magnitudes, 

the quantities are normalized with one substation-power scale common to all scenarios: 

𝑃𝑠𝑐𝑎𝑙𝑒 = max
𝑘, 𝑡∈𝑇

|𝑃𝑘
𝑏𝑎𝑠𝑒(𝑡)| + 𝜖 (82) 

where 𝜖 > 0 is a small numerical constant. 

The normalized metrics are as follows: 

𝑅̅𝑘 =
𝑅𝑘
𝑃𝑠𝑐𝑎𝑙𝑒

 (83) 

𝐷̅𝑘 =
𝐷𝑘
𝑃𝑠𝑐𝑎𝑙𝑒

 (84) 

𝑀̅𝑘 =
𝑀𝑘

𝑃𝑠𝑐𝑎𝑙𝑒
2  (85) 
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𝑅̅𝑘,𝐸 =
𝑅𝑘,𝐸
𝑃𝑠𝑐𝑎𝑙𝑒

 (86) 

and, 

𝐸̅𝑘 =
𝐸𝑘

𝑃𝑠𝑐𝑎𝑙𝑒
2  (87) 

3.1.3. Probabilistic Duck-Curve Fitness 

The scenario-specific objective is defined as: 

𝐽𝑘 = 𝜔𝑅𝑅̅𝑘 + 𝜔𝐷𝐷̅𝑘 + 𝜔𝑀𝑀̅𝑘 + 𝜔𝐸𝑅̅𝑘,𝐸 + 𝜔𝐸𝑅𝐸̅𝑘 (88) 

where 

𝜔𝑅 +𝜔𝐷 + 𝜔𝑀 + 𝜔𝐸 + 𝜔𝐸𝑅 = 1 (89) 

Each representative scenario 𝑘  receives its own optimized schedule 𝐗𝑘
∗   (Section 

3.3). The probabilistic performance of the framework is the expected objective of these 

schedules over the reduced scenario set: 

𝐽𝑒𝑥𝑝 =∑𝑝𝑘

𝑁𝐾

𝑘=1

  𝐽𝑘
𝑡𝑜𝑡 (X𝑘

∗ ) (90) 

where 𝐽𝑘
𝑡𝑜𝑡  is the complete scenario objective defined in (95). The same weights 𝜔𝑅 =

0.40, 𝜔𝐷 = 0.20, 𝜔𝑀 = 0.20, 𝜔𝐸 = 0.15, and 𝜔𝐸𝑅 = 0.05 are used for all scenarios. 

3.1.4. Storage-Usage and Terminal-SOC Regularization 

To limit unnecessary storage activity, a storage-utilization regularization term is in-

troduced. The normalized storage utilization is as follows: 

𝑈𝐵 =
1

𝑁𝐶𝑁𝑇
∑∑

∣ 𝑃𝑖
𝐵(𝑡) ∣

𝑃𝑖,max
𝐵

𝑡∈𝑇
𝑖∈𝐵𝐶

 (91) 

The corresponding regularization term is as follows: 

𝐽reg = 𝜆reg𝑈𝐵 (92) 

where 𝜆regis a weighting parameter. The terminal SOC deviation is calculated as: 

𝐷SOC =
1

𝑁𝐶
∑∣ 𝑆𝑂𝐶𝑖(𝑁𝑇 + 1) − 𝑆𝑂𝐶𝑖(1)∣ 

𝑖∈𝐵𝐶

 (93) 

The corresponding terminal-SOC penalty is represented as follows: 

𝐽SOC = 𝜆SOC𝐷SOC (94) 

The complete objective of scenario 𝑘, minimized by the optimizer, is therefore: 

𝐽𝑘
𝑡𝑜𝑡(X) = 𝐽𝑘(X) + 𝐽𝑟𝑒𝑔(X) + 𝐽𝑆𝑂𝐶(X) (95) 

The resulting physical storage power and SOC satisfy the following: 

−𝑃𝑖,max
𝐵 ≤ 𝑃𝑖

𝐵(𝑡) ≤ 𝑃𝑖,max
𝐵  (96) 

and 

𝑆𝑂𝐶𝑖
min ≤ 𝑆𝑂𝐶𝑖(𝑡) ≤ 𝑆𝑂𝐶𝑖

max (97) 

The resulting formulation provides the probabilistic objective evaluated by the IBiEO 

optimizer while maintaining feasible BESS operation across the considered DER scenarios. 

Because the idle state is available, the storage-utilization term (92) is no longer a constant 

offset: it favours idle blocks whenever charging or discharging does not reduce the duck-

curve objective. The weights used in the case study are 𝜆𝑟𝑒𝑔 = 0.001 and 𝜆𝑆𝑂𝐶 = 0.01. 
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3.2. Improved Binary Equilibrium Optimizer (IBiEO) 

The scheduling problem of Section 2.7 is solved with an improved binary Equilib-

rium Optimizer (IBiEO). The underlying Equilibrium Optimizer (EO) is a population-

based metaheuristic that updates candidate solutions toward an equilibrium pool of 

promising solutions [44]; binary variants map the continuous EO update to bit decisions 

through transfer functions [45]. I The EO was originally validated on 58 benchmark func-

tions and three engineering problems against GA, PSO, GWO, GSA, SSA, CMA-ES, 

SHADE, and LSHADE-SPACMA [44]. In the present study, each bit of 𝐗 is a bipolar ac-

tivity or direction bit of one BESS in one scheduling block (Section 2.7.1). In a direct binary 

implementation of EO (BiEO), the equilibrium pool is built from the current population 

only, every updated position is accepted, and a triggered bit is redrawn at random; in 

preliminary tests, this implementation was outperformed by several of the benchmark 

algorithms, which motivates four modifications: 

i. Memory-based equilibrium pool: the pool holds the four best distinct solutions found 

so far, as in the continuous EO [39], rather than the four best members of the current 

population, so that good schedules are not lost between iterations (110b). 

ii. Particle memory saving (greedy selection): an agent moves to its trial position only if 

the objective does not deteriorate (110a), which is the memory-saving step of the con-

tinuous EO [39] applied to bipolar vectors. 

iii. Generation-rate term and bit-flip mapping: the generation-rate term (103)–(105) with 

𝐺𝑃 = 0.5 enters the concentration update, and a triggered bit is inverted (−1 ↔ +1) 

rather than redrawn at random, so that every triggered transition changes the state 

(110). 

iv. Diversity control: each bit is additionally flipped with the mutation probability 𝑝𝑚 =

1/𝑁𝑋 in (108), and if the best objective has not improved for 15 consecutive iterations, 

the worse half of the population is re-initialized at random while the equilibrium 

pool is retained. 

Modifications (i) and (ii) and the generation-rate term are taken from the continuous 

EO [44] and adapted to the bipolar decision space; the bipolar three-state encoding, the 

bit-flip mapping, the uniform bit-flip mutation, and the stagnation-triggered restart are 

introduced in this work. Both versions use 𝑁𝑝𝑜𝑝 fitness evaluations per iteration, so the 

modifications do not increase the evaluation budget. Because the optimizer is applied here 

to a specific engineering problem, its performance is assessed directly on the BESS sched-

uling problem against five binary algorithms (Section 4). According to the no-free-lunch 

theorem [46], rankings obtained on benchmark suites do not transfer reliably to a partic-

ular application. 

3.2.1. Equilibrium-Based Search 

Let the 𝑛-th IBiEO candidate be represented by the concentration vector 𝑌𝑛. The in-

itial population is generated within the prescribed search bounds as: 

𝑌𝑛
0 = 𝑌min + 𝜁𝑛(𝑌max − 𝑌min), 𝑛 = 1,2, … , 𝑁pop (98) 

where 𝑌𝑛
0is t he i nitial c oncentration vector o f c andidate  𝑛,  𝑌minand  𝑌maxare t he l ower  

and upper concentration bounds, respectively, and 𝜁𝑛is a random vector whose elements 

are uniformly distributed over [0, 1]. In IBiEO, the four best distinct candidates found up 

to the current iteration are selected together with their arithmetic mean to construct the 

equilibrium pool: 

ℰ = {𝑌𝑒,1, 𝑌𝑒,2, 𝑌𝑒,3, 𝑌𝑒,4, 𝑌𝑒,avg} (99) 

where 
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𝑌𝑒,avg =
1

4
∑𝑌𝑒,𝑎

4

𝑎=1

 
(100

) 

For each candidate, one member of ℰ is selected as the reference equilibrium vector. 

This equilibrium pool provides the reference states toward which the candidate concen-

trations are updated. The exponential coefficient controlling the equilibrium-based move-

ment is defined as: 

𝛹 = 𝑎1 sign (𝜌 −
1

2
) [𝑒−𝜒𝜏 − 1] 

(101

) 

where 𝑎1is a control parameter, 𝜌and 𝜒are independent random vectors with elements 

uniformly distributed over [0, 1], and 𝜏is the normalized iteration parameter given by: 

𝜏 = (1 −
𝜈

𝑁iter
)

𝑎2𝜈
𝑁iter

 
(102

) 

where 𝜈denotes the current IBiEO iteration, 𝑁iteris the maximum number of iterations, 

and 𝑎2is a control parameter. EO also employs a generation-rate mechanism to improve 

the refinement of promising solutions. The generation-rate vector is expressed as: 

𝛤 = 𝛤0𝛹 
(103

) 

where 

𝛤0 = 𝛺(𝑌𝑒 − 𝜒𝑌) 
(104

) 

and the generation-control coefficient is as follows: 

𝛺 = {
0.5𝜌1, 𝜌2 ≥ 𝐺𝑃,
0, 𝜌2 < 𝐺𝑃,

 
(105

) 

where 𝜌1and 𝜌2are independently generated random numbers in [0, 1], 𝐺𝑃is the gener-

ation probability, and 𝛺controls the contribution of the generation-rate mechanism. The 

continuous EO concentration update is then expressed as: 

𝑌+ = 𝑌𝑒 + (𝑌 − 𝑌𝑒)𝛹 +
𝛤

𝜒𝑉
(1 − 𝛹) 

(106

) 

where 𝑉is the volume parameter used in the EO formulation. In the case study, 𝑎1 = 2, 

𝑎2 = 1, and 𝐺𝑃 = 0.5. 

3.2.2. Binary Mapping and BESS Scheduling 

Because the scheduling variables in Section 2.7 are binary, the continuous equilib-

rium update is converted into a bit-transition probability. In IBiEO, the bipolar position 

𝐗𝑛 of agent 𝑛 plays the role of 𝑌 in (106), and the concentration variation is defined as 

the difference between the continuous EO update 𝑌+ and the current position: 

𝛥𝑌 = 𝑌+ − 𝑌 
(107

) 

In addition to the transfer-function trigger, every bit is flipped with the mutation 

probability: 

𝑝𝑚 =
1

𝑁𝑋
 

(108

) 

The magnitude of the concentration variation is mapped to a bit-flipping probability 

using the V-shaped transfer function: 
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Π(Δ𝑌) =
∣
 
 2

𝜋
tan−1 (

𝜋

2
Δ𝑌)

∣
 
 
 

(109

) 

For bit 𝑑 of agent 𝑛, the trial state is obtained by flipping the bit when the transfer 

function or the mutation is triggered: 

𝑋̃𝑛,𝑑 = {
−𝑋𝑛,𝑑

𝜈 , 𝜌𝑛,𝑑
(1) < 𝛱𝑛,𝑑

𝜈  or 𝜌𝑛,𝑑
(2) < 𝑝𝑚

𝑋𝑛,𝑑
𝜈 , otherwise

 
(110

) 

where 𝜌𝑛,𝑑
(1) and 𝜌𝑛,𝑑

(2) are independent random numbers uniformly distributed on [0, 1]. 

The trial vector is accepted only if it does not deteriorate the objective (particle memory 

saving): 

X𝑛
𝜈+1 = {

X̃𝑛 , 𝐽(X̃𝑛) ≤ 𝐽(X𝑛
𝜈)

X𝑛
𝜈 , otherwise

 
(111

) 

and the equilibrium pool keeps the four best distinct solutions found so far: 

E𝜈+1 = best4  (E
𝜈 ∪ {X̃1, … , X̃𝑁𝑝𝑜𝑝}) 

(112

) 

where best4(⋅) returns the four distinct vectors with the lowest objective values. If the 

best objective value has not improved for 15 consecutive iterations, the worse half of the 

population is re-initialized at random and evaluated; the pool is kept. The overall proce-

dure is summarized in Figure 4. A V-shaped rather than an S-shaped transfer function is 

used for three reasons. First, (109) yields a flip probability that vanishes at Δ𝑌 = 0, so a 

candidate that coincides with its equilibrium reference retains its bits, whereas an S-

shaped function returns 0.5 and keeps re-randomizing converged bits. Second, the V-

shaped rule inverts a bit relative to its current value instead of forcing it to a value deter-

mined by the sign of Δ𝑌, which is consistent with the symmetric bipolar encoding (51)–

(53), in which neither value of an activity or direction bit is preferred. Third, V-shaped 

functions have been shown to provide stronger exploitation and less stagnation than S-

shaped functions in binary metaheuristics [47]. 

3.2.3. Computational Complexity 

Let 𝑁pop, 𝑁iter, and 𝑁𝑋 = 2𝑁𝐶 · 𝑁𝐵 denote the population size, the number of itera-

tions, and the number of binary variables, and let 𝐶𝑓 be the cost of one fitness evaluation. 

Evaluating (95) requires the SOC propagation over 𝑁𝐶   buses and 𝑁𝑇  hours and the 

duck-curve metrics of one profile, so 𝐶𝑓 = 𝑂(𝑁𝑇 · 𝑁𝐶); the OpenDSS baselines are com-

puted once beforehand and do not contribute to 𝐶𝑓. Per iteration, IBiEO additionally up-

dates the memory pool and evaluates (101)–(110), both 𝑂(𝑁pop · 𝑁𝑋), and forms the aver-

age candidate, 𝑂(𝑁𝑋). O ne o ptimization t herefore r equires  𝑂(𝑁iter · 𝑁pop · (𝑁𝑋 + 𝑁𝑇 ·

𝑁𝐶))  time and 𝑂(𝑁pop · 𝑁𝑋)  memory, the same order as BPSO and the other binary 

benchmarks. A complete schedule table requires 𝑁𝐾  + 1 independent optimizations, 

which can be executed in parallel; in the case study, 𝑁𝑋 = 144, 𝑁𝐾 = 10, 𝑁𝑇 = 24, and 𝑁𝐶  

= 6. 

All algorithms used 𝑁pop = 30, 𝑁iter = 250, and a hard budget of 7500 fitness evalu-

ations per optimization, enforced by a counter that returns a penalty once the budget is 

exhausted. They solved identical problems (device fleet, scenarios, baselines, and critical 

buses), and run 𝑟 of every algorithm used the same random seed for each scenario. All 

algorithms consumed the full budget except BDMO, which used 7023 evaluations on av-

erage within the same number of iterations. The mean time per optimization, excluding 

the OpenDSS validation, was 1.49 s for IBiEO and 1.53–3.40 s for the benchmarks (16.4 s 

for all 11 optimizations of IBiEO) on an Intel Core i7-4930K CPU (3.4 GHz; Intel Corpora-

tion, Santa Clara, CA, USA) with 32 GB RAM under Windows 10 Home (Microsoft 
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Corporation, Redmond, WA, USA) and MATLAB R2024a (The MathWorks, Inc., Natick, 

MA, USA). After 30 iterations, IBiEO already attains 0.0412, close to the final mean objec-

tive of BPSO (0.0408) (Section 4.4); its advantage therefore does not result from additional 

evaluations. 

 

Figure 4. Flowchart of the proposed IBiEO. Shaded steps denote the modifications to the original 

BiEO. 

3.3. The Proposed Optimization Problem 

The IBiEO algorithm optimizes the binary scheduling vector 𝑋 defined in (50)–(53). 

Each candidate binary vector specifies the charging, idle, or discharging state of the BESSs 

at the selected critical buses over the predefined scheduling blocks. For each candidate 

solution, the corresponding physical BESS power is obtained from the SOC-constrained 

relations in (55)–(63), and the resulting storage schedule is evaluated in the scenario for 

which it is optimized. One optimization problem is solved for each representative scenario 

of Section 2.6 and for the critical scenario (denoted *): 

X𝑘
∗ = argmin

X
 𝐽𝑘
𝑡𝑜𝑡(X), 𝑘 ∈ {1, … , 𝑁𝐾} ∪ {∗} 

(113

) 

subject to 

𝑋𝑙 ∈ {−1,+1},   𝑙 = 1, … , 𝑁𝑋 
(114

) 

−𝑃𝑖,max
𝐵 ≤ 𝑃𝑖

𝐵(𝑡) ≤ 𝑃𝑖,max
𝐵 ,  𝑖 ∈ 𝐵𝐶 ,  𝑡 ∈ 𝑇 

(115

) 

and 

𝑆𝑂𝐶𝑖
min ≤ 𝑆𝑂𝐶𝑖(𝑡) ≤ 𝑆𝑂𝐶𝑖

max,   𝑖 ∈ 𝐵𝐶 ,  𝑡 ∈ 𝑇 
(116

) 
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Here, 𝐽(𝑋)is t he c omplete o bjective of s cenario  𝑘  defined in (95), comprising the 

duck-curve objective, storage-utilization regularization, and terminal-SOC penalty. For 

each candidate 𝑋, the corresponding BESS schedule is propagated through the SOC dy-

namics, and the substation-power profile of the scenario is calculated using (69). The re-

sulting profile is then used to evaluate the duck-curve objective (88) together with the 

regularization terms in (92) and (94). The optimization therefore determines a three-state 

BESS operating schedule that minimizes the duck-curve severity of each representative 

DER scenario while limiting unnecessary storage utilization and terminal SOC deviation. 

The best feasible candidate identified by IBiEO is retained as the optimized scheduling 

solution and is subsequently evaluated using the performance measures defined in Sec-

tion 3.5. The resulting set of schedules forms a day-ahead schedule table; the schedule of 

the scenario that best matches the day-ahead forecast is applied, and the expected perfor-

mance of the table is given by (90). 

3.4. Overall Proposed Algorithm 

The sequential implementation of the proposed framework is summarized in Algo-

rithm 1. The procedure begins with correlated DER scenario generation and scenario rel-

evance assessment, followed by scenario reduction and critical-bus identification. The re-

sulting representative scenarios and selected BESS locations are then used in the proba-

bilistic IBiEO-based scheduling process implemented in MATLAB. The optimized sched-

ules are subsequently evaluated through automated 24-h time-series distribution-system 

simulations in OpenDSS using the MATLAB–COM interface. The resulting substation 

power profiles are then used to quantify the duck-curve performance and validate the 

effectiveness of the proposed framework. 

Algorithm 1: Overall procedure of the Proposed Probabilistic BESS Scheduling Frame-

work 

Input: Distribution-network model; hourly load, PV, and EV profiles; penetration ranges 

of PV, EV, and BESS; prescribed correlation coefficients; BESS technical limits; fuzzy-rule 

base; number of Monte Carlo samples 𝑁MC; number of clusters 𝑁𝐾; IBiEO parameters. 

Output: Table of optimized BESS charging/idle/discharging schedules, one per scenario, 

and corresponding substation-power profile. 

1. Initialize the distribution system. 

Load the IEEE 34-bus distribution-system model and define the residential aggregation 

buses, load profiles, PV generation, EV charging profiles, and BESS parameters. Define 

the 24-h simulation horizon and the BESS power, energy, SOC, and operating con-

straints. 

2. Identify candidate BESS locations. 

Simulate the 216 penetration combinations, select the critical scenario with the steepest 

substation ramp (67), and perform its baseline time-series power-flow simulation with-

out optimized BESS operation. Calculate the temporal power-variability index for each 

non-source bus and rank the buses according to their variability. Select the buses with 

the highest variability as the critical BESS control locations. 

3. Generate correlated DER scenarios. 

Construct the correlation matrix for PV, EV, and BESS penetration levels. Generate cor-

related Gaussian random samples using the prescribed dependence structure. Trans-

form the samples through the standard-normal cumulative distribution function and 

map them to the specified DER penetration ranges to obtain 𝑁MCjoint operating scenar-

ios. 

4. Evaluate scenario relevance. 

For each Monte Carlo scenario, apply the fuzzy inference system using the PV, EV, and 

BESS penetration levels as inputs. Perform fuzzification and rule evaluation, and 
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compute the activation-weighted average of the singleton rule consequents to obtain the 

duck-curve relevance (DCR) score of each scenario. 

5. Assign scenario weights. 

Normalize the DCR scores to obtain the probability weight associated with each Monte 

Carlo scenario. 

6. Reduce the scenario set. 

Apply K-means clustering to the generated Monte Carlo scenarios. For each cluster, de-

termine the centroid and map it to the prescribed penetration resolution. Calculate the 

representative-scenario probability from the normalized fuzzy weights of the samples 

belonging to each cluster. The resulting set contains 𝑁𝐾representative operating scenar-

ios. 

7. Define the probabilistic BESS scheduling problem. 

Construct the binary scheduling vector with one activity bit and one direction bit per 

critical bus and scheduling block, and decode it into charge, idle, or discharge com-

mands (53). For each candidate schedule, determine the feasible BESS charging, idle, or 

discharging power and update the SOC while enforcing BESS power and energy con-

straints. 

8. Evaluate each candidate schedule across representative scenarios. 

Compute the baseline substation profile of every representative scenario and of the criti-

cal scenario once with OpenDSS (66). For each candidate schedule of scenario 𝑘, propa-

gate it through the SOC-constrained storage model and subtract the aggregate BESS 

power from the baseline profile of scenario 𝑘 (68)–(69). 

9. Calculate the probabilistic objective. 

For the scenario being optimized, calculate the normalized maximum ramp, peak-to-val-

ley range, midday depression, and evening variation. Combine these metrics according 

to the prescribed objective weights (88). Add the storage-utilization regularization and 

terminal-SOC penalty to obtain the complete fitness value. 

10. Optimize the BESS schedule using BiEO. 

For each scenario 𝑘, initialize the IBiEO population with random bipolar vectors and 

maintain the memory pool of the four best distinct solutions and their mean. Update 

each agent with the equilibrium and generation-rate terms, map the variation to flip 

probabilities with the V-shaped transfer function, apply bit flips and mutation, and ac-

cept the trial vector only if it does not deteriorate the objective. Re-initialize the worse 

half of the population after 15 iterations without improvement. 

11. Check feasibility and update the optimum. 

For each updated candidate, enforce the BESS power and SOC constraints and evaluate 

its probabilistic objective. Retain the best feasible candidate and repeat the IBiEO update 

process until the evaluation budget 𝑁pop · 𝑁iter is exhausted. 

12. Obtain the optimized schedule 

For each scenario, select the best feasible IBiEO solution as the final BESS charg-

ing/idle/discharging schedule for the critical buses. The day-ahead forecast selects which 

schedule of the table is applied. 

13. Perform time-series validation. 

Implement each optimized BESS schedule in the distribution-system model of its sce-

nario as six constant-power elements following the SOC-feasible schedule (70), and per-

form 24-h time-series power-flow simulations. Check the convergence of every hourly 

solution and obtain the resulting substation power. 

14. Evaluate performance 

Compare the optimized and baseline substation-power profiles using the maximum 

ramp and peak-to-valley range, together with the other defined duck-curve indices. Cal-

culate the corresponding percentage improvements. 

15. Statistical validation. 
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Repeat the optimization for multiple independent runs and compare IBiEO with the 

benchmark algorithms under the same evaluation budget and random seeds using ap-

propriate statistical tests to assess the significance and repeatability of the obtained opti-

mization results. 

End Algorithm 

3.5. Performance Evaluation 

The performance of the optimized schedule is evaluated by comparing the original 

and optimized substation-power trajectories. The original maximum ramp is: 

𝑅𝑜𝑟𝑖𝑔 = max
𝑡=1,…,𝑁𝑇−1

∣ 𝑃𝑠𝑢𝑏,𝑜𝑟𝑖𝑔(𝑡 + 1) − 𝑃𝑠𝑢𝑏,𝑜𝑟𝑖𝑔(𝑡)∣  
(117

) 

whereas the optimized maximum ramp is as follows: 

𝑅𝑜𝑝𝑡 = max
𝑡=1,…,𝑁𝑇−1

∣ 𝑃𝑠𝑢𝑏,𝑜𝑝𝑡(𝑡 + 1) − 𝑃𝑠𝑢𝑏,𝑜𝑝𝑡(𝑡)∣  
(118

) 

The percentage change in maximum ramp is computed as: 

Δ𝑅(%) =
𝑅𝑜𝑟𝑖𝑔 − 𝑅𝑜𝑝𝑡

max{𝑅𝑜𝑟𝑖𝑔 , 𝜖}
× 100 

(119

) 

Similarly, the original and optimized peak-to-valley ranges are: 

𝐷𝑜𝑟𝑖𝑔 = max
𝑡∈𝒯

𝑃𝑠𝑢𝑏,𝑜𝑟𝑖𝑔(𝑡) − min
𝑡∈𝒯

𝑃𝑠𝑢𝑏,𝑜𝑟𝑖𝑔(𝑡) 
(120

) 

𝐷𝑜𝑝𝑡 = max
𝑡∈𝒯

𝑃𝑠𝑢𝑏,𝑜𝑝𝑡(𝑡) − min
𝑡∈𝒯

𝑃𝑠𝑢𝑏,𝑜𝑝𝑡(𝑡) 
(121

) 

The corresponding change in peak-to-valley range is: 

Δ𝐷(%) =
𝐷𝑜𝑟𝑖𝑔 − 𝐷𝑜𝑝𝑡

max{𝐷𝑜𝑟𝑖𝑔 , 𝜖}
× 100 

(122

) 

These metrics quantify the change in the maximum substation ramp and peak-to-

valley range resulting from the coordinated BESS schedule. 

4. Results and Discussion 

The proposed IBiEO is compared with five binary benchmark algorithms: the Binary 

Detective Behavior Algorithm (BDBA), Binary Dragonfly Algorithm (BDA), Binary Dwarf 

Mongoose Optimizer (BDMO), Binary Particle Swarm Optimization (BPSO), and a hybrid 

of the Detective Behavior Algorithm and Particle Swarm Optimization (DBA-PSO). All six 

algorithms solve the identical problems defined in Sections 2 and 3: one fixed device fleet, 

the ten representative scenarios of Section 2.6 with their OpenDSS baselines and the criti-

cal scenario s∗ = (50,50,0), the six critical buses of Section 2.3, the three-state encoding 

with 𝑁𝑋 = 144, 𝑁𝑝𝑜𝑝 = 30, a budget of 7500 fitness evaluations per optimization, and 30 

independent runs with seeds shared across algorithms. In each run, every algorithm op-

timizes 11 schedules (ten representative scenarios and the critical scenario). All duck-

curve indices are computed from OpenDSS validations, and each scenario is compared 

with its own uncontrolled profile. 

4.1. Substation Power Profiles 

Figure 5 compares the uncontrolled substation profile of the critical scenario with the 

mean of the 30 validated profiles of each algorithm. The uncontrolled profile reaches a 

morning peak of 1.99 MW at hour 7, falls to a midday valley of about 1.56 MW over hours 
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12–15, and rises to an evening peak of 2.31 MW at hour 19; the steepest ramp, 266.2 kW, 

occurs between hours 18 and 19, and the peak-to-valley range is 752.1 kW. These features 

originate largely at the six critical buses identified in Section 2.3, namely mid806, 860, 

mid846, mid848, mid828, and mid822 (Figure 2). The devices at these buses produce 57.4% 

of the substation evening rise (431.8 of 752.1 kW over hours 15–19) and 48.2% of the steep-

est hourly ramp (128.4 of 266.2 kW), while their largest hourly swing of 148.2 kW remains 

within the 300-kW aggregate rating of the optimized BESSs. The critical buses therefore 

constitute the dominant source of the substation duck curve, and the installed BESS power 

is sufficient to offset their variation. Complete compensation of their net demand would 

remove about 48% of the steepest ramp, which bounds the ramp reduction attainable by 

acting on these buses alone. All optimized schedules reshape the profile in the same way: 

they lower the night and morning hours, raise the midday valley to about 1.63–1.66 MW, 

and flatten the evening peak to about 2.06–2.07 MW. For IBiEO, the evening peak of the 

mean profile decreases from 2.31 MW to 2.06 MW, the valley rises from 1.56 MW to 1.66 

MW, and the largest hourly ramp decreases from 266.2 kW to 120.8 kW. The profiles of 

IBiEO, DBA-PSO, BDMO, BDA, and BPSO nearly coincide in this scenario, whereas BDBA 

leaves a visibly higher evening peak (2.14 MW). The evening peak is limited by the 300-

kW total BESS rating and by the share of the critical buses in the evening rise. 

 

Figure 5. Substation power profiles in the critical scenario s* = (50, 50, 0): uncontrolled feeder and 

mean validated profiles of the six algorithms over 30 runs. 

4.2. Hourly Energy-Storage Operations 

Figure 6 shows the hourly substation-power reduction in the critical scenario for the 

run of each algorithm with the lowest critical-scenario objective; positive values corre-

spond to discharging and negative values to charging. All algorithms discharge during 

the night, the morning, and the evening peak (hours 19–21) and charge during the midday 

valley (hours 9–17). IBiEO achieves the largest reduction, 360.9 kW at hour 19, against 

297.5–314.8 kW for BDA, BDMO, BPSO, and DBA-PSO and 238.7 kW for BDBA, and its 

largest charging power, about 220 kW at hour 15, raises the valley. Over all runs and rep-

resentative scenarios, the BESSs are active in about 33% of the BESS-hours for IBiEO (32–

35% for the benchmarks) and idle otherwise, which confirms that the idle state is used 

extensively. 
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Figure 6. Hourly substation power reduction in the critical scenario for the best run of each algo-

rithm. Positive bars (algorithm color) denote a reduction of the substation power by BESS discharg-

ing, and negative (red) bars an increase by charging; the outlined bar marks the largest reduction, 

and the gray bands mark the hours outside the daytime period (06:00–18:00). 

4.3. Duck-Curve Indices 

Table 3 reports the improvement of the maximum ramp, peak-to-valley range, even-

ing ramp, and evening peak in the critical scenario and probability-weighted over the ten 

representative scenarios; Figure 7 shows the latter, which corresponds to the optimized 

quantity. IBiEO yields the largest probability-weighted improvement: 38.2% in maximum 

ramp, 47.4% in peak-to-valley range, 53.8% in evening ramp, and 4.9% in evening peak 

(mean 36.1%). DBA-PSO is close (35.3%, 𝑝 = 0.11), whereas BDMO (28.9%), BDA (28.2%), 

BPSO (24.9%), and BDBA (8.8%) are significantly inferior (Wilcoxon rank-sum, 𝑝 < 10−9). 

IBiEO improves every representative scenario, from 7.4% in the low-penetration scenario 

(10, 0, 10) to 44.0% in (40, 40, 40), whereas BDA, BDMO, BPSO, and BDBA deteriorate 

scenario (10, 0, 10). In the critical scenario, IBiEO reduces the maximum ramp by 47.6%, 

the peak-to-valley range by 41.7%, the evening ramp by 52.6%, and the evening peak by 

10.4% (mean 38.1%); in this scenario, IBiEO, DBA-PSO (38.6%), BDMO (38.4%), and BDA 

(37.5%) are statistically indistinguishable (𝑝 ≥ 0.47), whereas BPSO (35.9%, 𝑝 = 0.015) and 

BDBA (22.2%) are inferior. The ramp reduction of 47.6% approaches the 48.2% share of 
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the critical buses in the steepest hour (Section 4.1), indicating that the schedules exploit 

most of the controllable variation. The evening peak decreases by only about 10% because 

the objective contains no explicit peak term and the six BESSs, sized to the EV demand at 

their buses, provide 300 kW against a 2.3-MW peak. 

 

Figure 7. Probability-weighted improvement of the duck-curve indices over 30 runs: (a) maximum 

ramp; (b) peak-to-valley range; (c) evening ramp; (d) evening peak; (e) mean of the four indices. 
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Table 3. Improvement (%) of the duck-curve indices in the critical scenario and probability-

weighted over the representative scenarios (mean ± standard deviation over 30 runs). 

Algorithm Max Ramp Peak–Valley Evening Ramp Evening Peak Mean of Four 

Prob.-

Weighted 

Mean of Four 

IBiEO 47.6 41.7 52.6 10.4 38.1 ± 3.8 36.1 ± 1.9 

DBA-PSO 49.0 41.6 53.4 10.6 38.6 ± 3.5 35.3 ± 1.6 

BDMO 48.8 40.2 54.2 10.2 38.4 ± 2.5 28.9 ± 2.4 

BDA 49.4 37.8 52.9 10.0 37.5 ± 3.1 28.2 ± 2.1 

BPSO 46.4 35.5 51.6 10.0 35.9 ± 2.7 24.9 ± 1.8 

BDBA 26.4 21.5 33.9 6.8 22.2 ± 4.3 8.8 ± 2.3 

4.4. Overall Performance 

Figure 8 shows the convergence and the final expected objective (90). Relative to the 

no-action reference of 0.0647, IBiEO reduces the mean objective to 0.0412 within 30 itera-

tions and continues to improve until the budget is exhausted, reaching 0.0336. DBA-PSO 

converges fastest initially (0.0387 after 30 iterations) but stagnates at 0.0341 after about 123 

iterations and is overtaken by IBiEO after about 205 iterations; BPSO levels off near 0.041, 

BDA and BDMO reach 0.0385 and 0.0377 only after a late descent, and BDBA reaches only 

0.0529. The final reductions relative to no action are 48.0% for IBiEO, 47.4% for DBA-PSO, 

41.8% for BDMO, 40.5% for BDA, 36.9% for BPSO, and 18.3% for BDBA. The sustained 

improvement of IBiEO is consistent with the memory pool and restart of Section 3.2, 

which counteract premature stagnation. 

 

(a) (b) 

Figure 8. Convergence of the six algorithms over 30 runs: (a) mean probability-weighted best objec-

tive versus iteration; (b) mean final expected objective. 

4.5. IBiEO-Based Scheduling of the Critical Buses 

Figure 9 shows the IBiEO schedule of the critical scenario (run with the lowest criti-

cal-scenario objective) at the six critical buses. All three states occur: 34 of the 144 BESS-

hours are discharging, 28 charging, and 82 idle (Figure 9a). Discharging is concentrated in 

hours 1–7 and at the evening peak, where all six BESSs discharge simultaneously at hours 

19–20, while charging occurs from the late morning to hour 18. The net operational index 
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(Figure 9b) accordingly changes from discharging-dominant at night to charging-domi-

nant at midday and back to full discharge in the evening. 

The activity differs between buses (Figure 9c–e): the BESSs at 860 and mid822 operate 

most (7 discharging and 6 charging hours each), whereas the BESS at mid806 is idle for 16 

h, and each unit performs two to three discharge and one to three charge episodes. The 

schedule is therefore sparse and bus-specific, and the idle hours show that a BESS is acti-

vated only when its action reduces the objective. 

 

Figure 9. IBiEO schedule of the critical buses in the critical scenario: (a) hourly operating states; (b) 

fraction of charging and discharging BESSs and net operational index; (c) daily participation in each 

state; (d) discharge and (e) charge activation episodes per bus. In (a), the dashed lines and light 

shading mark the morning transition (hours 8–10) and the evening peak (hours 18–21); in (b), the 

shaded areas indicate the fractions of charging and dis-charging BESSs. 
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4.6. Statistical Analysis 

The statistical significance of the results is assessed on the expected objective (90) of 

the 30 independent runs of each algorithm, shown as boxplots in Figure 10 and summa-

rized in Table 4. IBiEO has the lowest mean (0.0336) and median (0.0338). The Friedman 

test, applied to the 30 × 6 matrix of results with one observation per run and algorithm, 

gives 𝑝 = 3.0140×10−29, so the null hypothesis of equivalent performance is rejected at 𝛼 

= 0.05. The mean Friedman ranks (rank 1 = lowest objective) are 1.37 for IBiEO, 1.63 for 

DBA-PSO, 3.17 for BDMO, 3.83 for BDA, 5.00 for BPSO, and 6.00 for BDBA. 

 

Figure 10. Expected objective (90) of the six algorithms over 30 independent runs. ***, Holm-ad-

justed p < 0.001 versus IBiEO; n.s., not significant; Friedman mean ranks in parentheses. 

Pairwise comparisons between IBiEO and each benchmark algorithm use the Wil-

coxon rank-sum (Mann–Whitney U) test, because the runs of different algorithms are in-

dependent samples; the signed-rank test would require paired observations [48]. To con-

trol the family-wise error rate over the five comparisons, the p-values are adjusted with 

the Holm–Bonferroni procedure [49]. The adjusted p-value is 1.5099×10−10 for BDA, BDMO, 

BPSO, and BDBA, so IBiEO is significantly better than these four algorithms; this is the 

smallest attainable value for two samples of 30 runs and indicates that every IBiEO run 

outperformed every run of these algorithms. For DBA-PSO, the adjusted p-value is 0.154; 

IBiEO has the lower mean and median objective, but the difference is not statistically sig-

nificant at 𝛼 = 0.05, and the two algorithms are regarded as comparable on this problem. 

The Kruskal–Wallis test (𝑝 = 1.0287×10−33) confirms that the six result distributions are not 

identical. The one-way ANOVA (𝑝 = 4.1792×10−147) leads to the same conclusion; because 

ANOVA assumes normally distributed residuals with equal variances, which is not guar-

anteed for metaheuristic results, it is reported only as a supplementary check [48]. In sum-

mary, IBiEO ranks first, is significantly better than BDA, BDMO, BPSO, and BDBA, and is 

statistically comparable to DBA-PSO in objective value, while it gives the largest proba-

bility-weighted improvement of the duck-curve indices (Section 4.3). 
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Table 4. Expected objective (90) and statistical comparison of the six algorithms over 30 independent 

runs. 

Test/statistic IBiEO DBA-PSO BDMO BDA BPSO BDBA 

Expected objective: mean 0.03365 0.03406 0.03766 0.03852 0.04083 0.05287 

Expected objective: standard de-

viation 
0.00093 0.00071 0.00108 0.00080 0.00091 0.00103 

Expected objective: best 0.03142 0.03295 0.03495 0.03683 0.03929 0.05064 

Reduction vs. no action (72) 48.0% 47.4% 41.8% 40.5% 36.9% 18.3% 

Friedman: mean rank (order) 1.37 (1) 1.63 (2) 3.17 (3) 3.83 (4) 5.00 (5) 6.00 (6) 

Friedman: p-value 3.0140×10−29 

Rank-sum vs. IBiEO: h-value – 0 1 1 1 1 

Rank-sum vs. IBiEO: p-value – 1.5367×10−1 3.3384×10−11 3.0199×10−11 3.0199×10−11 3.0199×10−11 

Rank-sum vs. IBiEO: Holm p-

value 
– 1.5367×10−1 1.5099×10−10 1.5099×10−10 1.5099×10−10 1.5099×10−10 

Null hypothesis rejected (𝛼 = 

0.05) 
– No Yes Yes Yes Yes 

Direction – n.s. IBiEO better IBiEO better IBiEO better IBiEO better 

Kruskal–Wallis: p-value 1.0287×10−33 

ANOVA: p-value 4.1792×10−147 

Rank 1 = lowest objective; ℎ = 1 when the Holm-adjusted rank-sum test rejects equal performance 

at 𝛼 = 0.05; n.s. = not significant. No-action reference: 0.06472. 

4.7. Propagation of Measurement Uncertainty 

The scenarios of Section 2.4 represent the variability of DER penetration, whereas the 

device parameters within a scenario have so far been treated as exact. In practice, the SOC 

estimated by battery management systems deviates from the true value; the estimation 

errors reported for different methods range from below 1% to about 6.5% [50]; the availa-

ble capacity of lithium-ion batteries decreases markedly at low temperatures [51] and with 

ageing [41]; and the factory measurement of the PV peak power at standard test conditions 

has a typical uncertainty of about ±3% [52]. Bounds of ±10% were therefore assumed for 

the SOC and the usable BESS capacity, deliberately wider than the reported estimation 

errors, and ±3% for the PV peak power. The effect of these uncertainties on the optimized 

schedules was evaluated with the Monte Carlo method of JCGM 101:2008 [39] (Figure 11). 

Four input quantities were treated as uncertain: the SOC estimate of every EV (±10% 

of capacity), the SOC estimate of every customer and optimized BESS (±10%), the usable 

BESS capacity (±10%), and the PV peak power (±3%). As only their limits are known, rec-

tangular distributions were assigned [39], with an independent draw for every device, 

and the charging time of each EV was recomputed from its true SOC. The schedules were 

not re-optimized: the six BESSs executed the commands of the run with the median ex-

pected objective, and their power followed from (57)–(63) with the true initial SOC and 

capacity, so that SOC limits could be reached earlier or later than planned. 
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Figure 11. Monte Carlo propagation of measurement uncertainty according to JCGM 101:2008. The 

asterisk (*) denotes the critical scenario, and 𝐗𝒌
∗  the optimized schedule of scenario 𝒌. 

For each representative scenario and the critical scenario, 𝑀 = 1000 trials were per-

formed, each consisting of two OpenDSS simulations with the same parameter draw, 

without and with the optimized BESSs. This pairing isolates the effect of the schedule from 

the perturbation of the uncontrolled profile. With zero deviations, the procedure repro-

duces the validated profiles of Section 4 exactly. The probability-weighted trial results 

yield the mean, the standard uncertainty 𝑢, and the probabilistically symmetric 95% cov-

erage interval. Halving 𝑀 changes the mean by 0.01 and the interval limits by less than 

0.3 percentage points, so 𝑀 = 1000 is adequate (JCGM 101:2008, Clause 7.9). An uncer-

tainty budget was obtained from 100 additional trials per input, with only that input var-

ied. The schedules remain effective under all parameter draws: the mean improvement of 

the four indices is positive in every trial, both in the critical scenario and probability-

weighted (Table 5). Relative to the nominal values of the median run, 41.6% and 33.8%, 

the improvement decreases to 39.0% (𝑢 = 2.6%, 95% interval 33.1–43.6%) in the critical 

scenario and to 25.2% (𝑢 = 2.4%, 20.4–29.7%) probability-weighted. The loss is concen-

trated in the two ramp indices: because they are maximum values and the schedules are 

tuned to the nominal profiles, a deviation in any hour can create a new, larger ramp. The 

peak-to-valley range (41.7%) and the evening peak (4.1%) are nearly unaffected, and the 

95% band of the controlled profile stays well below that of the uncontrolled feeder 

throughout the evening peak (Figure 12). 
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Figure 12. Substation power profiles in the critical scenario under measurement uncertainty: nomi-

nal profiles and 95% coverage bands of the uncontrolled feeder and the IBiEO schedule.  

The sensitivity varies strongly between scenarios. Scenarios with high PV penetration retain 

most of their benefit, whereas the low-penetration scenarios are the most fragile: in (10, 0, 10), the 

schedule of the median run already deteriorates the indices at nominal parameters (−21.2%) and 

does so in all but 0.1% of the trials (interval −64.4% to −9.9%), while (30, 10, 10) and (0, 10, 30) im-

prove in 93% and 98% of the trials; these scenarios are also the most sensitive to forecast errors 

(Section 4.8). In the probability-weighted result, the uncertainty budget (Table 5) is dominated by 

the SOC estimates: the BESS SOC contributes 49% of the variance, the EV SOC 32%, the BESS capac-

ity 18%, and the PV tolerance about 1%. In the critical scenario, which has no customer BESSs, the 

EV SOC (48%) and the capacity of the six optimized BESSs (47%) contribute almost equally, since 

the capacity sets the energy available to these units during the evening discharge. Improved SOC 

estimation and capacity tracking therefore reduce the uncertainty of the benefit far more than tighter 

PV tolerances, while distributions measured on the feeder are required to replace the assumed limits. 

Table 5. Duck-curve improvement (%) under measurement uncertainty of the input parameters (M 

= 1000 trials per scenario). 

Index 
Critical: Nomi-

nal 

Critical: Mean ± 𝒖 (95% 

Interval) 

Prob.-Weighted: 

Nominal 

Prob.-Weighted: 

Mean ± 𝒖 (95% In-

terval) 

Maximum ramp 53.2 47.3 ± 3.9 (39.1–53.8) 35.6 23.0 ± 4.5 (13.6–31.2) 

Peak-to-valley range 40.9 41.7 ± 1.8 (38.0–45.3) 43.2 41.7 ± 1.5 (38.8–44.6) 

Evening ramp 59.8 55.2 ± 6.8 (40.4–67.6) 51.9 31.9 ± 5.4 (21.2–42.1) 

Evening peak 12.6 11.8 ± 0.7 (10.3–12.9) 4.5 4.1 ± 0.3 (3.6–4.6) 

Mean of the four indices 41.6 39.0 ± 2.6 (33.1–43.6) 33.8 25.2 ± 2.4 (20.4–29.7) 

Uncertainty budget of the four-index mean: 𝑢 (share of variance) 

EV SOC, ±10% 2.1 (48%) 1.3 (32%) 

BESS SOC, ±10% 0.7 (5%) 1.6 (49%) 

BESS capacity, ±10% 2.1 (47%) 1.0 (18%) 

PV peak power, ±3% 0.3 (1%) 0.3 (1%) 
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4.8. Robustness: Forecast Error and BESS Size 

Two analyses assess the robustness of the scenario-specific schedules (Table 6). First, 

forecast errors were emulated by applying the IBiEO schedule of each scenario to every 

other scenario in OpenDSS. Selecting the nearest wrong scenario in the (EV, PV, BESS) 

space reduces the probability-weighted improvement from 36.1% to 13.3%, whereas a ran-

dom wrong scenario yields −12.3%; the low-penetration scenarios (10, 0, 10), (30, 10, 10), 

and (0, 10, 30) are the most sensitive, so forecast accuracy on low-PV days governs the 

practical benefit. Second, doubling the BESS rating to 100 kW/400 kWh improves the crit-

ical scenario (maximum ramp −51.2%, peak-to-valley range −56.5%, evening ramp −63.6%, 

evening peak −13.8%) but lowers the probability-weighted improvement to 15.3% and the 

objective reduction from 48.0% to 38.8%, because a 100-kW step exceeds the 50–60-kW 

ramps of the low-penetration scenarios. Under all-or-nothing switching, the 50-kW rating 

matched to the EV demand at the critical buses is therefore preferable; larger units require 

several power levels per block. 

Table 6. Robustness of the IBiEO schedules to forecast errors and BESS size (mean over 30 runs). 

Case Critical Scenario 
Probability-

Weighted 

Objective Reduction 

vs. No Action 

Scenario-specific schedules, 50 kW/200 kWh (main 

case) 
38.1 36.1 48.0% 

Scenario-specific, nearest wrong scenario forecast – 13.3 – 

Scenario-specific, random wrong scenario forecast – −12.3 – 

Scenario-specific schedules, 100 kW/400 kWh 46.3 15.3 38.8% 

5. Conclusions 

This paper presented a probabilistic BESS scheduling framework for mitigating the 

duck curve in distribution systems with uncertain and correlated DER penetration, com-

bining dependence-aware scenario generation, fuzzy weighting and reduction, OpenDSS 

baselines, variability-based BESS location, and scenario-specific three-state schedules op-

timized with an improved binary Equilibrium Optimizer. Under identical budgets and 

seeds on the IEEE 34-bus feeder, IBiEO achieved the lowest expected objective (0.0336, 

48.0% below no action) and the best Friedman rank (1.37); it was significantly better than 

BDA, BDMO, BPSO, and BDBA and statistically comparable to DBA-PSO. Its OpenDSS-

validated schedules improved the probability-weighted duck-curve indices by 36.1% 

(maximum ramp 38.2%, peak-to-valley range 47.4%, evening ramp 53.8%), improved 

every representative scenario, and reduced the maximum ramp of the critical scenario by 

47.6%, close to the 48.2% share of the critical buses in the steepest hour. Under the meas-

urement uncertainty of SOC, BESS capacity, and PV peak power, propagated according 

to JCGM 101:2008, the probability-weighted improvement remained 25.2% (95% interval 

20.4–29.7%) and was positive in every trial, with the SOC estimates as the dominant source 

of uncertainty. Three findings extend beyond this case study: the BESSs must be able to 

remain idle; the benefit of scenario-specific schedules selected by a day-ahead forecast 

depends on forecast accuracy, because errors on low-PV days erode it; and under all-or-

nothing switching, the BESS power step should not exceed the ramps it is meant to correct. 

The limited evening-peak reduction (about 10%) reflects the absence of an explicit peak 

term and the 300-kW BESS rating against a 2.3-MW peak. Future work will address larger 

feeders, multi-level BESS power and sizing, rolling or recourse scheduling robust to fore-

cast errors, BESS degradation, and measured parameter distributions. 
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    P  i , e , t  E V =   P  i , e  E V , rated   𝜆  i , e , t  E V


    P  i , e  E V , rated


    𝜆  i , e , t  E V ∈  [  0   , 1 ]


  t


  i


    P  i , t  E V =   ∑  e ∈  ℰ  i    P  i , e , t  E V


    P  t  E V =   ∑  i ∈  ℬ  R    P  i , t  E V


    𝒫  i


  i


  p ∈   𝒫  i


    P  i , p , t  P V =   P  i , p  P V , rated   𝜆  i , p , t  G   𝜆  t  W


    P  i , p  P V , rated


  p


    𝜆  i , p , t  G ∈ [ 0 , 1 ]


    𝜆  t  W


  0 ≤   P  i , p , t  P V ≤   P  i , p  P V , rated


  i


    P  i , t  P V =   ∑  p ∈   𝒫  i    P  i , p , t  P V


    P  t  P V =   ∑  i ∈  ℬ  R    P  i , t  P V


    𝒮  i


  i


    P  i , s , t  B =   P  i , s , t  d i s −   P  i , s , t  c h


  0 ≤   P  i , s , t  c h ≤   P  i , s  c h , max


  0 ≤   P  i , s , t  d i s ≤   P  i , s  d i s , max


  −   P  i , s  c h , max ≤   P  i , s , t  B ≤   P  i , s  d i s , max


  S O   C  i , s min ≤ S O   C  i , s , t ≤ S O   C  i , s max


  S O   C  i , s , t + 1 = S O   C  i , s , t +     𝜂  c h   P  i , s , t  c h Δ t    E  i , s −     P  i , s , t  d i s Δ t    𝜂  d i s   E  i , s


    E  i , s


    𝜂  c h


    𝜂  d i s


  Δ t = 1   h .


    𝜂  c h =   𝜂  d i s = 0 . 95


  [  SOC min ,  SOC max ] = [ 0 . 2 , 1 . 0 ]


  i


    P  i , t  B =   ∑  s ∈   𝒮  i    P  i , s , t  B


    P  i , t  B


    P  i , t  B


  i


    P  i , t  n e t =   P  i , t  L +   P  i , t  E V −   P  i , t  P V −   P  i , t  B


    P  t  n e t =   P  t  L +   P  t  E V −   P  t  P V −   P  t  B


    P  t  s u b =   P  t  L +   P  t  E V −   P  t  P V −   P  t  B +   P  t  l o s s


    P  t  l o s s


  b


  Δ   P  b  ( t ) =  ∣   P  b  ( t ) −   P  b  ( t − 1 ) ∣ ,     t = 2 , … ,   N  T


    V  b =   ∑  t = 2    N  T Δ   P  b  ( t )


    V  b


   ℬ  C =  {    b 1 ,    b 2 , … ,    b    N  C } ,       N  C = 6


    s ∗


  j


    N  M C


  j = 1 , … ,   N  M C


    z   ( j ) =  [      z  E V   ( j )     z  P V   ( j )     z  B   ( j ) ] ∼ 𝒩  ( 0 ,  R )


  R =  [    1    𝜌  E V , P V    𝜌  E V , B     𝜌  E V , P V  1    𝜌  P V , B     𝜌  E V , B    𝜌  P V , B  1 ]


    𝜌  E V , P V


    𝜌  E V , B


    𝜌  P V , B


    𝜌  E V , P V


    𝜌  E V , B


    𝜌  P V , B


    u  q   ( j ) = Φ  (   z  q   ( j ) ) ,     q ∈  {  E V ,  P V ,  B }


    N  q   ( j ) =   N  q max   u  q   ( j )


  j


    𝜉   ( j ) =    [      N  E V   ( j )    N  P V   ( j )    N  B   ( j ) ]  T


  𝛷 ( · )


  z


    N  q max


    N  E V max =   N  P V max =   N  B max = 50


  R


  z


    𝑵  𝑴 𝑪 = 𝟓 𝟎 𝟎 𝟎


    𝒛  𝑬 𝑽


    𝒛  𝑷 𝑽


    𝒛  𝑩


    𝑵  𝑬 𝑽


    𝑵  𝑷 𝑽


    𝑵  𝑩


  𝝆


    𝝆  𝒛


    𝝆  𝑺


  q ∈  {  E V ,  P V ,  B }


  𝜇  (  x ;  a ;  b ;  c ) =  max ⁡   {   min ⁡   [    x − a  b − a ,    c − x  c − b ] , 0 }


  j


  r ∈  {  L ,  M ,  H }


    𝜇  q , r   ( j ) = 𝜇  (    N  q   ( j ) ;    a  r ;    b  r ;    c  r )


   (    a  r ,    b  r ,    c  r )


  ( 𝒂 , 𝒃 , 𝒄 )


  ( 𝒂 , 𝒃 , 𝒄 )


  ( 𝒂 , 𝒃 , 𝒄 )


  ( 𝒂 , 𝒃 , 𝒄 )


    N  E V


    N  P V


    N  B


  m = 1 , … ,   N  R


    N  R = 27


  m


   (    r  E V ,    r  P V ,    r  B )


  j


    𝛼  m   ( j ) =  min ⁡   {    𝜇  E V ,   r  E V   ( j ) ,    𝜇  P V ,   r  P V   ( j ) ,    𝜇  B ,   r  B   ( j ) }


  m


    D  m ∈ { L ,   M ,   H }


    d  m =  {    1 ,       D  m = L   2 ,       D  m = M   3 ,       D  m = H


  j


    D C R  j =     ∑  m = 1    N  R    𝛼  m   ( j )   d  m    ∑  m = 1    N  R    𝛼  m   ( j )


  1 ≤   D C R  j ≤ 3


    w  j =   D C   R  j    ∑  ℓ = 1    N  M C  D C   R ℓ


    ∑  ℓ = 1    N  M C  D C   R ℓ > 0


    ∑  j = 1    N  M C    w  j = 1


    w  j =  1    N  M C ,   j = 1 , … ,   N  M C


    N  R =  3 3 = 27


    𝒟   ( c ) =  {     [    L  M  H   M  H  H   H  H  H ] ,  c = L ,    [    L  M  H   M  M  H   M  H  H ] ,  c = M ,    [    L  M  M   M  M  M   M  M  H ] ,  c = H .


  c ∈  {  L ,  M ,  H }


    R  a b c :   IF EV =   A  a  AND PV =   B  b  AND BESS =   C  c  THEN DCR =   D  a b c


  a , b , c ∈  {  L ,  M ,  H }


    D  a b c


    𝒟   ( c )


    x  j =    [      N  E V   ( j )    N  P V   ( j )    N  B   ( j ) ]  T


  j


    N  K


    N  M C


    N  K


    N  K


    N  M C


    N  K


    N pop


    N iter


    N pop ·   N iter ·   N  M C


    N pop ·   N iter ·   N  K


  k


    c  k =  1  ∣   𝒞  k ∣   ∑  j ∈   𝒞  k    x  j


    𝒞  k


  k


    𝜉  k = Q  (   c  k )


  Q  ( ⋅ )


  k


    p  k =   ∑  j ∈   𝒞  k    w  j


      p -  k =     p  k    ∑  ℓ = 1    N  K    p ℓ


    ∑  k = 1    N  K      p -  k = 1


    p  k


  𝒮 =    {  (    𝜉  k ,    p  k ) }  k = 1    N  K


    B  C


    N  C = 6


    N  B


    N  B = 12


    N  X = 2   N  C   N  B


  X =    [    X 1 ,    X 2 , … ,    X    N  X ]  T


    X  l ∈  {  − 1 ,  + 1 } ,   l = 1 , … ,   N  X


  i


  r


    a  i , r


    d  i , r


  X


    a  i , r =   X  2 [ ( i − 1 )   N  B + r ] − 1 ,       d  i , r =   X  2 [ ( i − 1 )   N  B + r ]


    u  i , r =   1 +   a  i , r 2     d  i , r ∈ { − 1 ,   0 ,   + 1 } ,       u  i  ( t ) =   u  i , r ,   t ∈   T  r


    T  r


  r


    u  i  ( t ) = − 1 ⇒ charging ,     u  i  ( t ) = 0 ⇒ idle ,     u  i  ( t ) = + 1 ⇒ discharging


   ( 1 +   a  i , r ) / 2


    𝐗  i d l e


    a  i , r = − 1


  i


  r


  i


    P  i , max  B


    P  i  B , req  ( t ) =   u  i  ( t )   P  i , max  B


    u  i  ( t ) = 0


    P  i  B , r e q  ( t ) = 0


    E  i  B , rated


  S O   C  i  ( t )


  S O   C  i min ≤ S O   C  i  ( t ) ≤ S O   C  i max


  S O   C  i  ( t + 1 ) = S O   C  i  ( t ) −     P  i  B  ( t )    𝜂  i , d   E  i  B , rated ,     P  i  B  ( t ) > 0


    𝜂  i , d


    P  i , d  B , max  ( t ) =   𝜂  i , d  [ S O   C  i  ( t ) − S O   C  i min ]   E  i  B , rated


    P  i  B  ( t ) =  min ⁡   [    P  i  B , req  ( t ) ,    P  i , d  B , max  ( t ) ]


  S O   C  i  ( t + 1 ) = S O   C  i  ( t ) +   ∣   P  i  B  ( t ) ∣   𝜂  i , c    E  i  B , rated


    𝜂  i , c


    E  i , c  B , avail  ( t ) =  [ S O   C  i max − S O   C  i  ( t ) ]   E  i  B , rated


    P  i , c  B , max  ( t ) =     E  i , c  B , avail  ( t )    𝜂  i , c


    P  i  B  ( t ) = −  min ⁡   [   ∣   P  i  B , req  ( t ) ∣ ,    P  i , c  B , max  ( t ) ]


    P  i  B  ( t ) = 0


  S O   C  i  ( t + 1 ) = S O   C  i  ( t )


  k


  𝒢


    𝒟  k


   s  k =  [   N  E V , k ,     N  P V , k ,     N  B , k ]


    𝒟  k =   𝒟  1 :   N  E V , k  E V ∪   𝒟  1 :   N  P V , k  P V ∪   𝒟  1 :   N  B , k  B


    P  k  b a s e  ( t ) =   𝒫  t    ( 𝒢 ,     𝒟  k ) ,   t ∈ T


    𝒟  k


   s ∗ = arg  max  s ∈   𝒮  g r i d    max  t  |   P s  b a s e  ( t + 1 ) −   P s  b a s e  ( t ) |


    𝒮  g r i d = { 0 , 10 , … , 50  } 3


    𝐗  k


  k


    𝐗  k


    P  k  B  ( t ) =   ∑  i ∈   B  C      P  i  B    ( t ;    X  k )


  k


    P  k  s u b  ( t ) =   P  k  b a s e  ( t ) −   P  k  B  ( t )


      P ^  k  s u b  ( t ) =   𝒫  t    ( 𝒢 ,     𝒟  k ∪    {   P  i  B  ( t ;    X  k ) }  i ∈   B  C )


    𝜀  k =  max  t ∈ T  |     P ^  k  s u b  ( t ) −   P  k  s u b  ( t ) |


    J  r e f =   ∑  k = 1    N  K    p  k     J  k  t o t    (  X  i d l e ) ,     a  i , r = − 1     ∀   i ∈   B  C ,   r = 1 , … ,   N  B


    𝐗  i d l e


    J  k  t o t


  100    (   J  r e f −   J  e x p ) /   J  r e f


    J  e x p


  k


    R  k =  max  t = 1 , … ,   N  T − 1  ∣   P  k sub  ( t + 1 ) −   P  k sub  ( t ) ∣


  k


    P  k max =  max  t ∈ 𝒯   P  k  s u b  ( t )


    P  k min =  min  t ∈ 𝒯   P  k  s u b  ( t )


    D  k =   P  k max −   P  k min


    T  M


    P  k  m i d =  1  ∣   𝒯  M ∣   ∑  t ∈   𝒯  M    P  k  s u b  ( t )


    M  k =    (   P  k max −   P  k  m i d ) 2 +    (   P  k min −   P  k  m i d ) 2


    T  E


    R  k , E =  max  t ∈   𝒯  E  ∣   P  k  s u b  ( t + 1 ) −   P  k  s u b  ( t ) ∣


    E  k =    [   P  k  s u b  (   t  E  e n d ) −   P  k  s u b  (   t  E  s t a r t ) ] + 2


     [ x ] + = max ⁡  {  x , 0 }


    t  E start


    t  E end


    P  s c a l e 2


    P  s c a l e =  max  k ,   t ∈ T  |   P  k  b a s e  ( t ) | + 𝜖


  𝜖 > 0


      R -  k =     R  k    P  s c a l e


      D -  k =     D  k    P  s c a l e


      M -  k =     M  k    P  s c a l e 2


      R -  k , E =     R  k , E    P  s c a l e


      E -  k =     E  k    P  s c a l e 2


    J  k =   𝜔  R     R -  k +   𝜔  D     D -  k +   𝜔  M     M -  k +   𝜔  E     R -  k , E +   𝜔  E R     E -  k


    𝜔  R +   𝜔  D +   𝜔  M +   𝜔  E +   𝜔  E R = 1


  k


    𝐗  k ∗


    J  e x p =   ∑  k = 1    N  K    p  k     J  k  t o t    (  X  k ∗ )


    J  k  t o t


    𝜔  R = 0 . 40


    𝜔  D = 0 . 20


    𝜔  M = 0 . 20


    𝜔  E = 0 . 15


    𝜔  E R = 0 . 05


    U  B =  1    N  C   N  T   ∑  i ∈   B  C    ∑  t ∈ T    ∣   P  i  B  ( t ) ∣    P  i , max  B


    J reg =   𝜆 reg   U  B


    𝜆 reg


    D SOC =  1    N  C   ∑  i ∈   B  C   ∣ S O   C  i  (   N  T + 1 ) − S O   C  i  ( 1 ) ∣


    J SOC =   𝜆 SOC   D SOC


  k


    J  k  t o t  ( X ) =   J  k  ( X ) +   J  r e g  ( X ) +   J  S O C  ( X )


  −   P  i , max  B ≤   P  i  B  ( t ) ≤   P  i , max  B


  S O   C  i min ≤ S O   C  i  ( t ) ≤ S O   C  i max


    𝜆  r e g = 0 . 001


    𝜆  S O C = 0 . 01


  𝐗


  G P


    p  m = 1 /   N  X


    N  p o p


  n


    Y  n


    Y  n 0 =   Y min +   𝜁  n  (   Y max −   Y min ) ,   n = 1 , 2 , … ,   N pop


    Y  n 0


  n


    Y min


    Y max


    𝜁  n


   [ 0 , 1 ]


  ℰ =  {    Y  e , 1 ,    Y  e , 2 ,    Y  e , 3 ,    Y  e , 4 ,    Y  e , avg }


    Y  e , avg =  1 4   ∑  a = 1 4    Y  e , a


  ℰ


  𝛹 =   a 1  sign ⁡   ( 𝜌 −  1 2 )  [   e  − 𝜒 𝜏 − 1 ]


    a 1


  𝜌


  𝜒


   [ 0 , 1 ]


  𝜏


  𝜏 =    ( 1 −   𝜈    N iter )      a 2 𝜈    N iter


  𝜈


    N iter


    a 2


  𝛤 =   𝛤 0 𝛹


    𝛤 0 = 𝛺  (   Y  e − 𝜒 Y )


  𝛺 =  {    0 . 5   𝜌 1 ,    𝜌 2 ≥ G P ,   0 ,    𝜌 2 < G P ,


    𝜌 1


    𝜌 2


   [ 0 , 1 ]


  G P


  𝛺


    Y + =   Y  e +  ( Y −   Y  e ) 𝛹 +   𝛤  𝜒 V  ( 1 − 𝛹 )


  V


    a 1 = 2


    a 2 = 1


  G P = 0 . 5


    𝐗  n


  n


  Y


    Y +


  𝛥 Y =   Y + − Y


    p  m =  1    N  X


  Π  ( Δ Y ) =  ∣  2  𝜋  tan  − 1  (   𝜋 2 Δ Y ) ∣


  d


  n


      X ~  n , d =  {    −   X  n , d  𝜈 ,    𝜌  n , d   ( 1 ) <   𝛱  n , d  𝜈   or     𝜌  n , d   ( 2 ) <   p  m     X  n , d  𝜈 ,  otherwise


    𝜌  n , d   ( 1 )


    𝜌  n , d   ( 2 )


   X  n  𝜈 + 1 =  {       X ~  n ,  J  (    X ~  n ) ≤ J  (  X  n  𝜈 )    X  n  𝜈 ,  otherwise


   E  𝜈 + 1 =  best 4    (  E  𝜈 ∪ {    X ~ 1 , … ,    X ~    N  p o p } )


   best 4  ( ⋅ )


  Δ Y


  Δ Y


    N pop


    N iter


    N  X = 2   N  C ·   N  B


    C  f


    N  C


    N  T


    C  f = O (   N  T ·   N  C )


    C  f


  O (   N pop ·   N  X )


  O (   N  X )


  O (   N iter ·   N pop · (   N  X +   N  T ·   N  C ) )


  O (   N pop ·   N  X )


    N  K


    N  X


    N  K


    N  T


    N  C


    N pop


    N iter


  r


  X


   X  k ∗ = arg  min X     J  k  t o t  ( X ) ,   k ∈ { 1 , … ,   N  K } ∪ { ∗ }


    X  l ∈  {  − 1 ,  + 1 } ,     l = 1 , … ,   N  X


  −   P  i , max  B ≤   P  i  B  ( t ) ≤   P  i , max  B ,     i ∈   B  C ,    t ∈ T


  S O   C  i min ≤ S O   C  i  ( t ) ≤ S O   C  i max ,     i ∈   B  C ,    t ∈ T


  J  ( X )


  k


  X


    N MC


    N  K


    N MC


    N  K


  k


  k


  k


    N pop ·   N iter


    R  o r i g =  max  t = 1 , … ,   N  T − 1  ∣   P  s u b , o r i g  ( t + 1 ) −   P  s u b , o r i g  ( t ) ∣


    R  o p t =  max  t = 1 , … ,   N  T − 1  ∣   P  s u b , o p t  ( t + 1 ) −   P  s u b , o p t  ( t ) ∣


  Δ R  ( % ) =     R  o r i g −   R  o p t  max ⁡  {    R  o r i g ,  𝜖 } × 100


    D  o r i g =  max  t ∈ 𝒯   P  s u b , o r i g  ( t ) −  min  t ∈ 𝒯   P  s u b , o r i g  ( t )


    D  o p t =  max  t ∈ 𝒯   P  s u b , o p t  ( t ) −  min  t ∈ 𝒯   P  s u b , o p t  ( t )


  Δ D  ( % ) =     D  o r i g −   D  o p t  max ⁡  {    D  o r i g ,  𝜖 } × 100


   s ∗ =  ( 50 , 50 , 0 )


    N  X = 144


    N  p o p = 30


  p


  p


  p


  p


  p


  𝛼


  𝛼


  p


  p


  𝛼


  h


  𝛼
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  M
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  u


  u
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