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Abstract

This paper presents KM-SCR, a deductive-database system for automated geometry rea-
soning that aims to reduce redundant knowledge representation and inference overhead. 
First, a geometric-object merging mechanism consolidates collinear or coplanar objects and 
updates their associated relations, reducing redundant representations in the knowledge 
base. Second, a chain-of-equalities representation facilitates quantitative inference and 
supports algebraic reasoning through matrix-column compression and equation-system 
simplification. Third, semi-conditional rules divide rule-matching conditions into base 
conditions and remaining constraints, enabling staged candidate generation and constraint 
verification to reduce unnecessary matching operations. We establish the equivalence 
between semi-conditional rules and their original formulations at the rule-instance level 
and integrate the three mechanisms into an iterative reasoning workflow. Experiments 
on all 293 problems in FormalGeo7k-L6 show that KM-SCR solves 288 instances (98.29%), 
with a mean solving time of 4.06 s among successfully solved instances. On 40 sampled 
problems from each of levels L1–L5, the success rates range from 97.50% to 100.00%. Further 
analyses of theoretical inference space, actual rule instantiations, memory consumption, 
and solving time assess the effects of the proposed mechanisms on knowledge redundancy 
and inference efficiency.

Keywords: automated geometry reasoning; deductive database; knowledge representation; 
rule matching optimization

MSC: 68V15

1. Introduction
Geometry Automated Theorem Proving (GATP) has long been an important research 

topic in artificial intelligence and mathematical mechanization. Since the emergence of the 
field in the twentieth century, plane geometry theorem proving has served as a benchmark 
for evaluating machine reasoning capabilities [1]. Major approaches to GATP include alge-
braic, semi-algebraic, and synthetic methods. Algebraic methods, such as Wu’s method [2] 
and Gröbner basis methods [3], encode geometric constraints as polynomial equations 
and establish conclusions through algebraic computation. These methods are powerful, 
although their computational steps can be difficult to interpret in geometric terms. Semi-
algebraic methods, such as the area method [4], the full-angle method [5], and invariant-
algebra and point-geometry approaches [6–8], use geometric quantities to retain geometric 
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meaning within algebraic derivations. Synthetic methods reason directly about geometric 
objects and their relations by applying geometric definitions, axioms, and theorems. Their 
explicit intermediate deductions make it easier to inspect the logical dependencies between 
geometric facts and understand how a conclusion is reached. This property is valuable in 
mathematics education, where step-by-step proofs can help students follow and understand 
geometric arguments. Interactive educational tools thus provide one potential applica-
tion for efficient synthetic reasoning, as timely generation of understandable proofs could 
support explanations and feedback during geometric exploration. These considerations 
motivate the development of deductive systems that combine explicit geometric reasoning 
with efficient inference.

Among synthetic approaches, the geometry deductive database method (GDDM) [9] 
and subsequent systems [10] use forward reasoning to derive geometric facts by repeatedly 
applying inference rules until a target is established or a reasoning fixed point is reached. 
Their explicit deductions support readable proofs in mathematics-education systems such 
as Java Geometry Expert (JGEX) [11] and NetPad [12]. Automated theorem proving has 
also been integrated into interactive geometry environments such as GeoGebra [13], where 
geometric conjectures can be explored and formally verified, and GeoGebra Discovery [14], 
which further extends this capability for automated discovery and verification of geometric 
properties. Dynamic extensions of predicates and inference rules further improve the 
flexibility of deductive systems [15]. Alongside these developments in deductive reasoning, 
learning-based approaches have increasingly been explored to guide theorem selection and 
proof search.

In this direction, Inter-GPS [16] combines formalized geometric representations with 
theorem prediction to guide symbolic reasoning. E-GPS [17] further improves search 
efficiency through learned problem-solving and problem-generation strategies, while 
Pi-GPS [18] incorporates diagrammatic information to enhance geometric problem for-
malization. Together, these studies explore how learned models can support symbolic 
geometric reasoning through improved problem representations and search guidance.

A more systematic formal foundation is provided by FormalGeo [19], which estab-
lishes a unified formal language, a geometric theorem system, a formal solver, and the 
FormalGeo7k benchmark. The FGeo series builds on this formalized problem-solving 
setting to study learned guidance for symbolic proof search. For example, FGeo-TP [20] 
employs language models to predict theorem sequences and prune the search space, FGeo-
HyperGNet [21] models structured reasoning states as a hypertree and uses a hypergraph 
neural network to guide theorem selection, and FGeo-ISRL [22] further integrates inverse 
search, deep reinforcement learning, and Monte Carlo tree search to improve proof search on 
complex geometry problems. More recently, FGeo-NSS [23] continues this neuro-symbolic 
direction by integrating learned guidance with formal geometric deduction.

With the rise of large language models (LLMs), their strong semantic understanding 
and generation capabilities have opened up new research directions for geometric reason-
ing. Early attempts to apply LLMs to mathematical proof generation revealed challenges 
in maintaining rigorous logical consistency and verifiability [24]. Consequently, recent 
research has gradually shifted toward a neuro-symbolic collaborative reasoning paradigm, 
in which LLMs are used for semantic understanding, candidate-strategy generation, or 
search guidance, while symbolic reasoning systems are responsible for formal verification. 
For example, AlphaGeometry [25] combines a language model that proposes auxiliary con-
structions with a symbolic reasoning engine, and AlphaGeometry2 [26] further improves 
geometric-language representation and search strategies, achieving performance compara-
ble to that of top human solvers on Olympiad-level geometry problems. These advances 
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show that learning-based guidance can significantly enhance geometric problem solving, 
but rigorous symbolic inference remains indispensable for producing verifiable proofs.

Nevertheless, even when neural methods are used to guide theorem prediction or 
search, the efficiency of the underlying symbolic inference engine remains a critical bottle-
neck. GDDM-style forward reasoning still faces the combinatorial-explosion problem. As 
the number of geometric entities grows, the number of intermediate facts generated during 
reasoning increases rapidly, and the space of possible rule instantiations expands continu-
ously. This can significantly increase the computational cost of solving complex problems 
and may even prevent a valid proof from being found within a reasonable time [27]. In par-
ticular, forward-search symbolic systems may suffer from redundant geometric knowledge 
representations, excessive rule-matching combinations, and repeated knowledge gener-
ation across inference iterations. Such issues are not fully eliminated by learned search 
guidance, because neural prediction mainly affects which directions are explored, whereas 
the symbolic engine still determines how knowledge is stored, how rules are matched, and 
how new facts are efficiently generated.

Related work in geometry and automated reasoning explores heuristic auxiliary con-
struction [28], property-invariant embedding [29], search control and pruning mecha-
nisms [30,31], and rule-engine optimization based on the Rete algorithm [32]. Other 
studies address formal knowledge representation [33] and the integration of text and 
diagram information [34], while evaluation frameworks support systematic assessment 
of geometry-solving systems [35]. These approaches address complementary aspects of 
geometry reasoning, including search control, knowledge organization, and matching 
efficiency [15,36].

To address these challenges, we present KM-SCR, a forward-reasoning geometry solver 
that integrates geometric-object merging, semi-conditional rule matching, and chains of 
equalities for algebraic processing. In particular, semi-conditional rule matching retains 
a partially matched rule instance as a pending constraint–conclusion record once its base 
conditions have been matched. Each record is indexed by its unsatisfied conditions and 
revisited in subsequent inference rounds as new facts become available; the rule conclusions 
are derived when all remaining conditions are satisfied. Together, these mechanisms 
coordinate the organization of geometric knowledge, the construction and verification of 
rule instances, and the propagation and simplification of quantitative relations. The main 
contributions are as follows:
(1) Geometric-object merging with relation propagation. We introduce type-specific 

merging operations that consolidate collinear or coplanar geometric objects and prop-
agate the resulting changes to their associated relations. By reducing redundant object 
representations while preserving consistent object references, the merged knowledge 
base provides a more compact space for subsequent rule matching and inference.

(2) Semi-conditional rules with persistent pending instances. We introduce semi-
conditional rules that separate the binding of candidate objects and their correspon-
dences from the verification of remaining constraints. Unverified instances are retained 
as pending records and indexed by their missing conditions, allowing them to be 
revisited when new facts are derived in subsequent inference rounds. A conclusion is 
generated only when all required constraints are satisfied, while the equivalence with 
the corresponding original rule is preserved at the rule-instance level.

(3) Shared equality chains for quantitative inference and algebraic simplification. We 
introduce a unified equality-chain representation for propagating value and ratio rela-
tions. The same representation is used to compress redundant columns in linear and 
product matrices and to simplify local equation systems, thereby connecting quantita-
tive knowledge discovery with algebraic processing in the iterative reasoning workflow.
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Sections 2–4 describe the proposed knowledge representations and reasoning mecha-
nisms, and Section 5 evaluates the integrated solver, representation compression, and the 
effects of the two chain-based algebraic operations.

2. Representation of Geometric Knowledge
In forward reasoning based on production rules, knowledge explosion is manifested as 

a combinatorial explosion in the rule-instantiation space. The potential matching space in 
forward-search methods can be characterized by the Maximum Rule Instantiations (MRI), 
which is expressed as Equation (1):

𝑀𝑅𝐼 =
𝑛

∑
𝑖=1

𝑚𝑖

∏
𝑗=1

𝑝𝑖
𝑗, (1)

where 𝑛 is the total number of production rules, 𝑚𝑖 is the total number of antecedents of the 
𝑖-th production rule, and 𝑝𝑖

𝑗 is the total number of predicate instantiations of the predicate 
type corresponding to the 𝑗-th condition of the 𝑖-th production rule. Equation (1) counts 
the Cartesian-product upper bound on potential antecedent matches before shared-variable 
and geometric compatibility checks. In practice, object merging, structural matching, de-
ferred condition verification, duplicate suppression, inference order, and early termination 
can substantially reduce the realized number of candidates. Since reducing the number 
of rules is generally undesirable, this section focuses on reducing redundant predicate 
representations and organizing the associated reasoning operations.

2.1. Knowledge-Merging Representation of Geometric Objects
Definition 1 (Geometric object). A geometric object has the form

𝐺(𝐴1, 𝐴2, … , 𝐴𝑛), 𝑛 ∈ N+. (2)

The predicate 𝐺 indicates the type of the object, such as a point, line segment, line, or triangle. The 
argument sequence 𝐴1, 𝐴2, … , 𝐴𝑛 is finite, and each argument 𝐴𝑖 can be a point, edge, plane, etc., 
𝑖 = 1, 2, … , 𝑛.

This definition establishes a unified way of describing geometric objects. For example, 
a point 𝐴 can be written as 𝑃𝑜𝑖𝑛𝑡(𝐴); a triangle is determined by three distinct points and 
written as 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒(𝐴, 𝐵, 𝐶); and a dihedral angle is composed of two non-coincident planes 
and written as 𝐷𝑖ℎ𝑒𝑑𝑟𝑎𝑙(𝑝𝑙𝑎𝑛𝑒1, 𝑝𝑙𝑎𝑛𝑒2).

Definition 2 (Geometric relation). A geometric relation 𝑅 describes a spatial constraint or 
semantic relationship involving one or more geometric objects. It is denoted by

𝑅(𝐺1, 𝐺2, … , 𝐺𝑛), 𝑛 ∈ N+. (3)

Here, 𝑅 denotes the relation type, such as parallelism, incenter relations, or triangle similarity; the 
arguments 𝐺𝑖 are geometric objects, and (𝐺1, 𝐺2, … , 𝐺𝑛) denotes the finite geometric-object sequence 
participating in this geometric relation.

Geometric relations are used to formally express the positional or constructive proper-
ties between geometric objects. For example, that point 𝐸 is the midpoint of segment 𝐴𝐵 is 
written as 𝑀𝑖𝑑𝑝𝑜𝑖𝑛𝑡(𝐸, 𝑆𝑒𝑔(𝐴𝐵)); that line 𝐴𝐵 is the angle bisector of ∠𝐶𝐴𝐷 is written as 
𝐴𝑛𝑔𝑢𝑙𝑎𝑟𝐵𝑖𝑠𝑒𝑐𝑡𝑜𝑟(𝐴𝑛𝑔𝑙𝑒(𝐶, 𝐴, 𝐷), 𝐿𝑖𝑛𝑒(𝐴𝐵)).

To alleviate combinatorial explosion in geometric reasoning, this paper proposes a 
merged representation for geometric objects such as lines, planes, and angles, which reduces 
the number of predicate instantiations required to represent the same geometric knowledge 
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and extends the representation form of geometric objects. Table 1 and Figure 1 summarize 
the four categories of mergeable geometric objects. Taking collinear points as an example, the 
traditional representation requires separate predicates 𝐿𝑖𝑛𝑒(𝐴, 𝐵), 𝐿𝑖𝑛𝑒(𝐵, 𝐶), and 𝐿𝑖𝑛𝑒(𝐴, 𝐶)
for the same geometric line, whereas the merging representation unifies them into a single 
𝐿𝑖𝑛𝑒(𝐴, 𝐵, 𝐶), eliminating semantic-equivalence redundancy at the representation level. 
This representation can uniformly characterize structural information such as collinearity, 
coplanarity, concyclicity, and same-angle edge sets. The general goal of this operation is 
related to earlier efforts on structured geometric knowledge representation and redundancy 
control [9]; Table 1 summarizes the object types and merged representations, and Section 4.2 
describes the merging procedure.

Table 1. Merging representation of geometric objects.

Mergeable Predicate Example Meaning

𝐿𝑖𝑛𝑒(𝑝1, 𝑝2, … , 𝑝𝑛) 𝐿𝑖𝑛𝑒(𝐴, 𝐵, 𝐶) There exists a line 𝐴𝐵𝐶/points 𝐴, 𝐵, 𝐶 are collinear, as in Figure 1a.

𝑃𝑙𝑎𝑛𝑒(𝑝1, 𝑝2, … , 𝑝𝑛) 𝑃𝑙𝑎𝑛𝑒(𝐴, 𝐵, 𝐶, 𝐷) There exists a plane 𝐴𝐵𝐶𝐷/points 𝐴, 𝐵, 𝐶, 𝐷 are coplanar, 
as in Figure 1b.

𝐴𝑛𝑔𝑙𝑒(𝑉, 𝐸𝑎, 𝐸𝑏)
𝐴𝑛𝑔𝑙𝑒(𝐴, 𝐸𝑑𝑔𝑒(𝐵, 𝐶),

𝐸𝑑𝑔𝑒(𝐷, 𝐸))
Vertex 𝐴, with 𝐵𝐶 on one side and 𝐷𝐸 on the other side, 

as in Figure 1c.

𝐶𝑖𝑟𝑐𝑙𝑒(𝑜, 𝑝1, … , 𝑝𝑛) 𝐶𝑖𝑟𝑐𝑙𝑒(𝑂, 𝐴, 𝐵, 𝐶) Center 𝑂, with 𝐴, 𝐵, 𝐶 on the circle, as in Figure 1d.

Figure 1. Geometric objects supporting merged representations: (a) collinear points merged into 
a line; (b) coplanar points merged into a plane; (c) angle with merged edge sets; (d) circle with 
multiple points on it. Uppercase letters denote geometric points.

The merged representation of geometric objects not only effectively reduces the number 
of geometric objects during reasoning but also further reduces the number of geometric re-
lations. Take the mutually perpendicular diagonals of a square as an example, as illustrated 
in Figure 2. Under the traditional knowledge representation, the diagonals are usually 
split into 𝐴𝐶, 𝐴𝑂, 𝐶𝑂 and 𝐵𝐷, 𝐵𝑂, 𝐷𝑂. To represent the perpendicular relations between 
these segments, 3 × 3 = 9 pieces of knowledge must be constructed; after adopting the 
merged representation of lines, these redundant expressions can be unified into a single 
piece of knowledge, thereby reducing the overhead of knowledge storage and subsequent 
rule matching.

The knowledge-merging representation reduces redundant object and relation rep-
resentations and the associated potential matching space. Rules that compare lines or 
planes as whole objects can operate directly on the merged representatives; rules requiring 
individual points or segments can access them through the merged objects.
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Figure 2. Illustration of how the line-merging representation compresses redundant perpendic-
ularity relations: (a) traditional representation with nine perpendicularity relations; (b) merged 
representation with a single perpendicularity relation. Uppercase letters denote geometric points.

For example, consider the planar rule “two distinct lines perpendicular to the same 
line are parallel”. A naive matcher that pairs the nine perpendicularity representations in 
Figure 2 can enumerate up to 𝐶2

9 = 36 raw unordered predicate pairs before shared-variable 
and geometric compatibility checks. This count is a bound for that pairing strategy. The 
merged representation removes the redundant predicate pairs at their source. In addition, 
the merged representation can also reduce the generation of duplicate knowledge among 
different rule instantiations. As shown in Figure 3, for “line 𝐶𝐷𝐸 is the perpendicular bisec-
tor of segment 𝐴𝐵”, in the production reasoning regarding “points on the perpendicular 
bisector are equidistant from the two endpoints”, the traditional representation needs to per-
form rule instantiation three times for the multiple segment forms on the line and produces 
six pieces of knowledge, three of which are duplicates; with the merged representation, 
the rule can directly match the merged line object as a whole, thereby avoiding repeated 
instantiation for different representations of the same line.

Figure 3. Difference in reasoning for the perpendicular-bisector theorem between the traditional and 
merged representations: (a) separate matching of segments 𝐶𝐷, 𝐶𝐸, and 𝐷𝐸 produces six equality 
conclusions, three of which are duplicates; (b) matching the merged line object 𝐿𝑖𝑛𝑒(𝐶, 𝐷, 𝐸) and 
iterating over its points yields the three distinct equalities 𝐴𝐶 = 𝐵𝐶, 𝐴𝐷 = 𝐵𝐷, and 𝐴𝐸 = 𝐵𝐸. 
Uppercase letters denote geometric points.

2.2. Representation of Geometric-Quantity Equality Relations
Geometric reasoning combines deductions about objects and their structural relations 

with equations for lengths, angles, areas, and ratios. Repeatedly storing equivalent quanti-
tative relations increases both the knowledge-base size and the cost of algebraic solving. 
This section defines the quantities and equalities used by KM-SCR and introduces a chain 
representation for their frequent value and ratio relations.

Definition 3 (Geometric quantity). A geometric quantity is a measurable numerical attribute 
associated with one or more geometric objects, describing either the intrinsic numerical feature of a 
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single geometric object or the measurable numerical relation among multiple geometric objects. Its 
formal definition is

𝑄(𝐺1, … , 𝐺𝑛, 𝑡𝑦𝑝𝑒), 𝑛 ∈ N+. (4)

Here, 𝐺1, … , 𝐺𝑛 are geometric objects, such as triangles, lines, and planes, and 𝑡𝑦𝑝𝑒 is the 
specific category of the geometric quantity, such as lengths, distances, angles, and their
trigonometric functions.

Geometric quantities are used during reasoning to represent the numerical constraints 
of geometric objects and to participate in subsequent algebraic computation. For example, 
the magnitude of ∠𝐴𝐵𝐶 and the distance from point 𝐷 to line 𝐸𝐹 can be formally expressed 
as (∠𝐴𝐵𝐶, magnitude) and (𝐷, 𝐸𝐹, distance), respectively, as shown in Figure 4a,b.

Figure 4. Examples of the formal representation of geometric quantities: (a) magnitude of an angle; 
(b) distance from a point to a line. Uppercase letters denote geometric points.

Definition 4 (Geometric-quantity equality). A geometric-quantity equality is a formal statement 
used to express an equality relation among one or more geometric quantities. Its general form is

𝐸 ∶ 𝐸𝑥𝑝𝑟1(𝑄1, 𝑄2, … , 𝑄𝑛) = 𝐸𝑥𝑝𝑟2(𝑄1, 𝑄2, … , 𝑄𝑛), 𝑛 ∈ N+. (5)

Here, 𝑄1, 𝑄2, … , 𝑄𝑛 are geometric quantities, and 𝐸𝑥𝑝𝑟1(⋅) and 𝐸𝑥𝑝𝑟2(⋅) are algebraic expressions 
constructed from these geometric quantities as arguments.

Geometric-quantity equalities provide a basic representation for geometric reasoning 
and algebraic computation. They are used to describe geometric theorems, constraints, 
and deduced conclusions, and play a key role in transmitting and generating numerical 
information during automated reasoning. Geometric-quantity equalities can be classified 
into the following four special types for differentiated processing; the specific classification 
and mathematical expressions are shown in Table 2 (for brevity, in the following formulas, 
a line segment symbol denotes its length, and an angle symbol denotes its measure, unless 
otherwise specified):

Table 2. Classification of geometric equalities.

Form Meaning Example

𝑄 = 𝐶 QuantityValue (𝑄𝑣) 𝐴𝐵 = 5
𝑄1 = 𝐶 ⋅ 𝑄2 QuantityRatio (𝑄𝑟) 𝐴𝐵 = 2 ⋅ 𝐶𝐷

𝐶1 ⋅ 𝑄1 + … + 𝐶𝑛 ⋅ 𝑄𝑛 = 𝐶 LinearEquation (𝐸𝑙𝑖𝑛) ∠𝐴𝐵𝐷 + ∠𝐷𝐵𝐶 − ∠𝐴𝐵𝐶 = 0
𝑄𝑒1

1 ⋅ 𝑄𝑒2
2 … ⋅ 𝑄𝑒𝑛

𝑛 = 𝐶 ProductEquation (𝐸𝑝𝑟𝑜𝑑) 𝐴𝐵2𝑆𝐶𝐷𝐸
𝐶𝐷2𝑆𝐴𝐵𝐶

= 1

In the process of automated geometry reasoning, the system continuously generates a 
large number of geometric-quantity equalities. Knowledge discovery on the L6 problems 
(the highest difficulty level) of the FormalGeo dataset shows that equalities of type 𝑄𝑣 and 
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𝑄𝑟 account for 71.62%, occupying the dominant proportion among all geometric-quantity 
equalities. If these equalities directly participate in reasoning and algebraic computation in 
discrete form, the representation scale of geometric-quantity relations will grow rapidly 
and the complexity of equation construction and solving will increase significantly, thereby 
affecting the overall reasoning efficiency.

To reduce the redundancy of geometric-quantity equalities at the representation layer, 
this paper introduces the chain-of-equalities structure, which merges the proportional 
relations and numerical constraints among multiple geometric quantities into one compact 
unified representation, so as to reduce the number of equalities and improve the efficiency 
of subsequent reasoning and computation. The update operations of chains of equalities 
for different types of newly derived relations are illustrated in Figure 5.

Definition 5 (Geometric chain of equalities). A chain of equalities is used to simultaneously 
represent the proportional relations among multiple geometric quantities. Its formal definition is

𝐶𝐸 = [(𝑄1, 𝐶1), … , (𝑄𝑖, 𝐶𝑖)], 𝑒𝑥𝑝𝑟, (6)

where (𝑄𝑖, 𝐶𝑖) denotes an ordered pair formed by a geometric quantity and its corresponding coeffi-
cient, and 𝑒𝑥𝑝𝑟 is an optional explicit numerical expression (which may be empty), whose semantics, 
for nonzero coefficients, are:

𝑒𝑥𝑝𝑟 = 𝐶1 ⋅ 𝑄1 = … = 𝐶𝑖 ⋅ 𝑄𝑖. (7)

Figure 5. Update operations for chains of equalities for 𝑄𝑣 and 𝑄𝑟 relations: (a–d) 𝑄𝑣 (quantity–value) 
updates: creating a new chain, extending a chain with an explicit value, assigning a value to an existing 
chain, and merging chains through an explicit value, respectively; (e–g) 𝑄𝑟 (quantity–ratio) updates: 
creating a new chain, extending an existing chain, and merging two chains, respectively. 𝑄1–𝑄4
denote geometric quantities, 𝐸𝑥𝑝𝑟 denotes an explicit numerical expression, and 𝐶𝐸 denotes a chain 
of equalities.

The chain of equalities can directly support the inference of 𝑄𝑣- and 𝑄𝑟-type geometric-
quantity relations. It is also used by the algebraic-reasoning procedures to compress matrix 
representations, simplify equation systems, and avoid constructing a matrix or equation 
system for every simple equality combination. Thus, CE is an inference structure as well as 
a compact representation: its derived equalities can be used as new knowledge in subse-
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quent reasoning, while selected relations can be passed to matrix-based or joint equation-
system solving.

In automated geometry reasoning, newly derived geometric-quantity relations are 
incorporated into the existing chain-of-equalities set to avoid redundant representation and 
maintain a consistent representation of value and ratio relations. According to the type of 
the newly generated relation, the update procedure for the chain of equalities also differs.

When a new 𝑄𝑣 (quantity–value) relation is derived, the following four cases 
may occur:
(1) No existing chain of equalities contains both an explicit value and the geometric 

quantity in question; in this case, a new chain of equalities containing the explicit value 
is created, e.g., 𝐶𝐸 ∶ 𝐴𝐵 = 5.

(2) A chain of equalities containing an explicit value already exists, but no chain of equal-
ities contains the geometric quantity in question, and the newly derived geometric 
quantity also has an explicit value. In this case, it can be merged into the existing 
chain of equalities according to the numerical ratio. For example, the system already 
has 𝐶𝐸 ∶ 𝐶𝐷 = 6, and now derives 𝐴𝐵 = 2; the chain of equalities is updated to 
𝐶𝐸 ∶ 3𝐴𝐵 = 𝐶𝐷 = 6.

(3) A chain of equalities containing the geometric quantity but not an explicit value already 
exists; the new value is merged into this chain of equalities. For example, the system 
already has 𝐶𝐸 ∶ 𝐴𝐵 = 𝐶𝐷, and now derives 𝐴𝐵 = 5; the value 5 is incorporated into 
the original chain of equalities: 𝐶𝐸 ∶ 𝐴𝐵 = 𝐶𝐷 = 5.

(4) A chain of equalities containing an explicit value exists, and another chain of equalities 
contains the geometric quantity, indicating that the two describe the same group of 
numerical relations; in this case, the chain-merging operation is performed. 𝐶𝐸1 ∶
𝐴𝐵 = 𝐶𝐷 = 5, 𝐶𝐸2 ∶ 𝐸𝐹 = 𝐺𝐻, and now 𝐸𝐹 = 10 is derived; the chains of equalities 
are merged into 𝐶𝐸 ∶ 𝐴𝐵 = 𝐶𝐷 = 1

2 𝐸𝐹 = 1
2 𝐺𝐻 = 5.

When a new 𝑄𝑟 is derived, the chain-of-equalities update process is relatively simple, 
and the following three cases may occur:
(1) Neither geometric quantity appears in any existing chain of equalities; a new chain of 

equalities is created, e.g., 𝐶𝐸 ∶ 𝐴𝐵 = 2𝐶𝐷.
(2) Only one geometric quantity already exists in a chain of equalities; the other geometric 

quantity is added to that chain of equalities. For example, the system already has 
𝐶𝐸 ∶ 𝐶𝐷 = 𝐸𝐹, and now derives 2𝐴𝐵 = 𝐶𝐷; the chain of equalities is updated to 
𝐶𝐸 ∶ 2𝐴𝐵 = 𝐶𝐷 = 𝐸𝐹.

(3) The two geometric quantities exist in different chains of equalities, indicating that 
a mergeable relation exists between the two chains; in this case, the chain-merging 
operation is performed. For example, the system already has 𝐶𝐸1 ∶ 𝐴𝐵 = 𝐶𝐷 and 
𝐶𝐸2 ∶ 𝐸𝐹 = 2𝐺𝐻, and now derives 𝐶𝐷 = 𝐸𝐹; they are merged into 𝐶𝐸 ∶ 𝐴𝐵 = 𝐶𝐷 =
𝐸𝐹 = 2𝐺𝐻.
Each chain maintains proportional quantities and at most one explicit value. Traversing 

it yields further 𝑄𝑣 and 𝑄𝑟 relations for subsequent reasoning. If a new relation involves 
quantities already in the same chain, it is checked against the existing coefficients; a con-
sistent relation leaves the chain unchanged. Zero-valued quantities require direct value 
handling whenever a merge would involve division by zero.

3. Semi-Conditional Rule Representation
Rules with many antecedents can have large Cartesian-product matching spaces. 

Figure 6 summarizes the MRI values computed by Equation (1) from knowledge accumu-
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lated to the reasoning fixed point on FormalGeo7k-L6. The orders-of-magnitude differences 
motivate separating conditions that determine a candidate from conditions that verify it.

Figure 6. Maximum possible number of rule instantiations (MRI) computed by Equation (1) for each 
rule category on the FormalGeo7k-L6 dataset. The x-axis denotes the number of rule parameters, and 
the y-axis uses a logarithmic scale due to the large range of instantiation counts.

In a full-antecedent formulation, each antecedent contributes to the potential matching 
combinations. Many geometric rules admit a smaller set of base conditions that determines 
the candidate objects and their correspondences. The remaining predicates can then be 
checked for that candidate. Semi-conditional rules formalize this separation and retain 
pending candidates across inference rounds. A candidate whose remaining constraints are 
not yet established is maintained as a pending instance for verification when relevant facts 
become available.

Definition 6 (Rule). A rule is a logical statement that specifies relationships among predicates or 
defines how predicate conditions imply new facts, such as a geometric theorem, axiom, definition, 
lemma, formula, law, or corollary. Formally, a rule is denoted by 𝑟 (and a rule set by ℛ), written as

𝑟 ∶ 𝑝1 ∧ … ∧ 𝑝𝑛 → 𝑐1, … , 𝑐𝑚, 𝑛, 𝑚 ∈ N. (8)

Here, 𝑝1, … , 𝑝𝑛 are the antecedent conditions of the rule, and 𝑐1, … , 𝑐𝑚 are the conclusions of the 
rule. A rule is usually described in the form “if…, then…”, where the “if” part corresponds to the 
conditions and the “then” part corresponds to the conclusions, which are logically derived from the 
conditions. For example, the transitivity of line parallelism can be represented by the rule:

𝑃𝑎𝑟𝑎𝑙𝑙𝑒𝑙(𝑙1, 𝑙2) ∧ 𝑃𝑎𝑟𝑎𝑙𝑙𝑒𝑙(𝑙2, 𝑙3) → 𝑃𝑎𝑟𝑎𝑙𝑙𝑒𝑙(𝑙1, 𝑙3). (9)

Definition 7 (Semi-conditional rule). Consider a multi-condition rule containing two or more 
antecedent conditions:

𝑟 ∶ 𝑝1 ∧ … ∧ 𝑝𝑁 → 𝐻, 𝑁 ≥ 2, (10)

https://doi.org/10.3390/math14214038

https://doi.org/10.3390/math14214038


Mathematics 2026, 14, 4038 11 of 25

if its antecedent conditions can be partitioned into base conditions 𝐵 and constraint conditions 
𝐶, where

𝐵 = 𝑝1 ∧ … ∧ 𝑝𝑘, (11)
𝐶 = 𝑝𝑘+1 ∧ 𝑝𝑘+2 ∧ … ∧ 𝑝𝑁, 1 ≤ 𝑘 < 𝑁, (12)

then the corresponding semi-conditional rule is written as:

𝑟𝑠 ∶ 𝐵 ⇝ ⟨𝐶, 𝐻⟩. (13)

Here, 𝐵 denotes the base conditions used to generate candidate rule instances, whereas 𝐶 denotes 
the constraint conditions that are verified after a candidate has been generated. The base match 
must bind every variable in 𝐶 and 𝐻, including any explicitly enumerated object correspondences. 
This requirement makes each pending constraint a fully instantiated predicate. The conclusion 𝐻 is 
derived when all predicates in 𝐶 are satisfied.

Proposition 1 (Per-application equivalence). Let an admissible rule be written as 𝐵 ∧ 𝐶 → 𝐻, 
and let its semi-conditional form be 𝐵 ⇝ ⟨𝐶, 𝐻⟩. For any knowledge base 𝒦  and variable substitution 
𝜃, the original rule is applicable under 𝜃 if and only if the candidate generated from 𝐵𝜃 is accepted 
after all predicates in 𝐶𝜃 have been verified against 𝒦 .

Proof. The original rule is applicable under 𝜃 exactly when 𝐵𝜃 ⊆ 𝒦  and 𝐶𝜃 ⊆ 𝒦 . The 
semi-conditional procedure generates a candidate from 𝐵𝜃 and accepts it only when every 
predicate in 𝐶𝜃 is present in 𝒦 . Hence,

𝑟 is applicable under 𝜃 ⟺ 𝐵𝜃 ⊆ 𝒦 ∧ 𝐶𝜃 ⊆ 𝒦 ⟺ 𝑟𝑠 accepts the candidate under 𝜃. (14)

Once accepted, both representations derive the same conclusion 𝐻𝜃. Thus, the semi-
conditional representation preserves the applicability and conclusion of each individual 
rule instance. 

Proposition 1 establishes equivalence at the rule-instance level. At the inference-process 
level, this equivalence is preserved provided that object merging maintains the geometric 
facts represented by the affected objects, and that pending rule instances are rechecked 
when their remaining conditions become available. Thus, although merging may replace 
previously represented objects with their merged representatives, it does not change the 
logical content of the corresponding facts. Consequently, each accepted semi-conditional 
instance satisfies the premises of the original rule.

For example, the side–side–side (𝑆𝑆𝑆) triangle-congruence rule can be written as
𝐵 ∧ 𝐶 → 𝐻, with the two triangle objects as base conditions and the three corresponding 
side equalities as constraints:

𝐵 = 𝑇𝑟𝑖(𝐴, 𝐵, 𝐶) ∧ 𝑇𝑟𝑖(𝐷, 𝐸, 𝐹), (15)
𝐶 = 𝑆𝑒𝑔𝐸𝑞(𝐴𝐵, 𝐷𝐸) ∧ 𝑆𝑒𝑔𝐸𝑞(𝐵𝐶, 𝐸𝐹) ∧ 𝑆𝑒𝑔𝐸𝑞(𝐴𝐶, 𝐷𝐹), (16)
𝐻 = 𝑇𝐶𝐸(𝐴𝐵𝐶, 𝐷𝐸𝐹). (17)

Accordingly, the rule instantiation under the semi-conditional rule representation is:

𝑟𝐶𝑜𝑛𝑔𝑆𝑆𝑆
𝑠 ∶ 𝑇𝑟𝑖(𝐴, 𝐵, 𝐶) ∧ 𝑇𝑟𝑖(𝐷, 𝐸, 𝐹) ⇝ ⟨𝐶, 𝑇𝐶𝐸(𝐴𝐵𝐶, 𝐷𝐸𝐹)⟩. (18)

When the system matches the base conditions 𝑇𝑟𝑖(𝐴, 𝐵, 𝐶) and 𝑇𝑟𝑖(𝐷, 𝐸, 𝐹), it does not 
immediately derive the triangle-congruence conclusion, but instead generates and records 
the corresponding “constraint-condition–candidate-conclusion” pair:

𝑆𝑒𝑔𝐸𝑞(𝐴𝐵, 𝐷𝐸) ∧ 𝑆𝑒𝑔𝐸𝑞(𝐵𝐶, 𝐸𝐹) ∧ 𝑆𝑒𝑔𝐸𝑞(𝐴𝐶, 𝐷𝐹) → 𝑇𝐶𝐸(𝐴𝐵𝐶, 𝐷𝐸𝐹), (19)
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as well as the remaining symmetric cases generated by the point correspondences. During 
reasoning, when the corresponding constraint conditions are gradually satisfied, the system 
marks their status as satisfied; when all the constraint conditions in the group are satisfied, 
the corresponding conclusion is added to the knowledge base.

Semi-conditional rules can be applied to the rewriting of geometric theorems containing 
multiple categories of antecedent conditions. Typical examples include the judgments of 
special quadrilaterals (parallelogram, rectangle, rhombus), the congruence and similarity 
judgments of triangles, and the properties of angle bisectors (i.e., points on an angle bisector 
are equidistant from the two sides of the angle).

Example 1. As shown in Figure 7, 𝐴𝐶 = 10, 𝐵𝐷 = 6, 𝐸 is the midpoint of segment 𝐴𝐷, 𝐹 is 
the midpoint of segment 𝐴𝐵, 𝐺 is the midpoint of segment 𝐵𝐶, 𝐻 is the midpoint of segment 𝐶𝐷, 
𝐴𝑂 ⟂ 𝐵𝑂, 𝐵𝑂 ⟂ 𝐶𝑂, 𝐶𝑂 ⟂ 𝐷𝑂, and 𝐷𝑂 ⟂ 𝐴𝑂. Find the area of quadrilateral 𝐸𝐻𝐺𝐹.

Figure 7. Reference diagram for problem 3616 from the FormalGeo7k dataset.

Under the traditional knowledge-representation framework, the system can discover, 
through deductive reasoning, 34 groups of segment-equality relations, 20 triangle objects, 
and 2072 angle-equality predicate instantiations. If the Angle-Angle-Side (AAS) congru-
ence judgment rule is applied directly, the maximum instantiation search space can reach 
20 × 20 × 2072 × 2072 × 34 = 5.84 × 1010 before shared-variable and geometric compatibil-
ity checks.

With semi-conditional rules, the two triangle predicates contribute 20 × 20 = 400
base-object pairs. Enumerating six vertex correspondences for each pair gives 2400 candi-
date constraint–conclusion records. The backward index retrieves these records as their 
required equalities become available. This example illustrates the reduction from a full-
antecedent Cartesian-product bound to a base-pair candidate space; Section 5 separately 
reports measured inference costs.

4. KM-SCR: An Automated Geometry Reasoning System
The preceding sections introduced three complementary mechanisms: geometric-

object merging, chains of equalities, and semi-conditional rules. Geometric-object merging 
reduces redundant object and relation representations, semi-conditional rules defer the 
verification of remaining conditions until necessary, and chains of equalities facilitate quan-
titative inference and provide algebraic relations for equation-system reasoning.

We integrate these mechanisms into an iterative deductive-database reasoning al-
gorithm and develop KM-SCR (Knowledge Merging and Semi-Conditional Rules), an 
automated geometry reasoning system. The system aims to improve inference efficiency 
by reducing redundant representations and unnecessary rule-matching operations while 
preserving the geometric and algebraic information required for subsequent reasoning.
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4.1. System Architecture of KM-SCR
As illustrated in Figure 8, KM-SCR first constructs an initial knowledge base by parsing 

the given geometric conditions. It then identifies and merges equivalent geometric objects to 
obtain a more compact representation. The reasoning process proceeds iteratively, applying 
production rules, semi-conditional rules, chains of equalities, and equation-system reason-
ing to derive new geometric knowledge. Newly discovered knowledge is incorporated into 
the knowledge base, and the process continues until the target is established or no further 
knowledge can be derived. Once the target is established, the system traces the recorded 
dependencies backward and topologically orders the corresponding deductions to generate 
a readable solution. Complete reconstruction of matrix-derived reasoning paths remains a 
direction for future work.

Figure 8. Overall workflow of the KM-SCR automated geometry reasoning system, including 
knowledge-base construction, geometric-object merging, iterative logical and algebraic inference, 
and solution generation. Diagram coordinates support structural checks, such as point ordering; 
metric lengths are derived from the symbolic premises rather than measured from the diagram. 
Ellipses indicate additional geometric objects, relations, equations, or derived knowledge omitted for 
visual clarity.

4.2. Geometric-Object Mining and Merging Algorithm
To improve the efficiency and consistency of geometric knowledge representation, we 

propose a geometric-object mining and merging algorithm (Algorithm 1). The algorithm 
identifies mergeable objects as new geometric knowledge is derived and propagates each 
merge to the affected relations. When a new object is introduced, the algorithm searches the 
current knowledge base for objects that can be represented by the same normalized object, 
constructs the merged representation, and updates the associated relations accordingly. 
This process preserves the represented geometric information while reducing redundant 
objects and relations, thereby providing a more compact knowledge base for subsequent 
logical and algebraic reasoning.

Definition 8. A knowledge base (𝒦) is represented as a triple (𝒦 = ⟨𝐺, 𝐹, 𝐸⟩), where 
𝐺 = {𝐺1, 𝐺2, … , 𝐺𝑛1

} is the set of geometric objects (such as points, lines, faces, circles, etc.); 
𝐹 = {𝐹1, 𝐹2, … , 𝐹𝑛2

} is the set of geometric relations (such as collinearity, coplanarity, parallelism, 
etc.); and 𝐸 = {𝐸1, 𝐸2, … , 𝐸𝑛3

} is the set of algebraic equalities of geometric quantities.
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Algorithm 1 Geometric-Object Mining and Merging

Require: Current knowledge base 𝒦 , mining rule set ℛ𝑑𝑖𝑔.
Ensure: Updated knowledge base 𝒦 ′.

1: 𝒦 ′ ← 𝒦
2: for all ⟨𝑟, 𝒦𝑚𝑎𝑡𝑐ℎ⟩ ∈ 𝑀𝑎𝑡𝑐ℎ(𝒦, ℛ𝑑𝑖𝑔) do
3:  𝐹𝑑𝑒𝑟 ← 𝑟.𝐸𝑥𝑒𝑐𝑢𝑡𝑒(𝒦𝑚𝑎𝑡𝑐ℎ)
4:  for all 𝑓 ∈ 𝐹𝑑𝑒𝑟 do
5:  ⟨𝑔𝑛𝑒𝑤, 𝐺𝑏𝑎𝑠𝑒⟩ ← 𝐹𝑖𝑛𝑑𝐴𝑛𝑑𝑀𝑒𝑟𝑔𝑒𝑂𝑏𝑗𝑒𝑐𝑡𝑠(𝒦 ′, 𝑓 )
6:  ⟨𝐹𝑛𝑒𝑤, 𝐹𝑏𝑎𝑠𝑒⟩ ← 𝐹𝑖𝑛𝑑𝑅𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠(𝒦 ′, 𝑔𝑛𝑒𝑤, 𝐺𝑏𝑎𝑠𝑒)
7:  Mark 𝐺𝑏𝑎𝑠𝑒 and 𝐹𝑏𝑎𝑠𝑒 as inactive
8:  Add 𝑔𝑛𝑒𝑤 and 𝐹𝑛𝑒𝑤 to 𝒦 ′

9:  end for
10: end for
11: return 𝒦 ′

The algorithms use three generic engine operations: 𝑀𝑎𝑡𝑐ℎ returns rule substitutions 
satisfying the matched antecedents, 𝐸𝑥𝑒𝑐𝑢𝑡𝑒 constructs the instantiated conclusions or pend-
ing records, and 𝐼𝑠𝑆𝑎𝑡𝑖𝑠𝑓 𝑖𝑒𝑑 tests all instantiated constraints against the current knowledge. 
For semi-conditional rules, 𝑀𝑎𝑡𝑐ℎ operates on the base conditions. The representation-
specific operations are described alongside their use below.

First, the algorithm uses the matching function 𝑀𝑎𝑡𝑐ℎ to instantiate the mining rule 
set ℛ𝑑𝑖𝑔 against the current knowledge base 𝒦  and execute rule deduction (lines 2–3). The 
mining rules aim to capture implicit geometric objects from the existing geometric constraint 
structure; for example, from the fact that 𝐴 is the midpoint of 𝐵𝐶, the system can deduce 
that 𝐴, 𝐵, and 𝐶 are collinear and generate a new 𝐿𝑖𝑛𝑒(𝐴, 𝐵, 𝐶) geometric object.

For each candidate object, 𝐹𝑖𝑛𝑑𝐴𝑛𝑑𝑀𝑒𝑟𝑔𝑒𝑂𝑏𝑗𝑒𝑐𝑡𝑠 returns the merged representation 
and its base objects (lines 4–5). Given the candidate object 𝑓 , this function searches the 
current geometric-object set for all objects that can be merged with 𝑓  according to the 
corresponding object-type and normalization rules, and collects them into 𝐺𝑏𝑎𝑠𝑒. It then 
constructs the normalized merged object 𝑔𝑛𝑒𝑤 from {𝑓 } ∪ 𝐺𝑏𝑎𝑠𝑒. For example, when a newly 
derived line 𝐿𝑖𝑛𝑒(𝐴, 𝐶, 𝑀) overlaps an existing line 𝐿𝑖𝑛𝑒(𝐶, 𝑀, 𝐷), the two objects can be 
represented by the merged line 𝑔𝑛𝑒𝑤 representing 𝐿𝑖𝑛𝑒(𝐴, 𝐶, 𝑀, 𝐷), while the original objects 
are retained as the base-object set 𝐺𝑏𝑎𝑠𝑒. For a line, two distinct common points establish 
identity and the point sets are united. Angle merging preserves the vertex and the two edges; 
circle merging preserves the defining circle. A merge can expose further equivalent objects, 
so the search continues until no further object joins the merged representation.

Finally, the state-update stage applies the merge to the knowledge base (lines 7–9). 
The base objects 𝐺𝑏𝑎𝑠𝑒 and their associated relations 𝐹𝑏𝑎𝑠𝑒 are marked as inactive, while the 
merged object 𝑔𝑛𝑒𝑤 is added as an active object and the updated relations 𝐹𝑛𝑒𝑤 are added to 
𝒦 ′. Each updated relation is obtained by replacing references to objects in 𝐺𝑏𝑎𝑠𝑒 with the 
merged representative 𝑔𝑛𝑒𝑤. This update preserves the represented geometric facts while 
maintaining consistent references to the merged objects. The resulting knowledge base 𝒦 ′

provides a more compact representation for subsequent deductive-database reasoning. The 
relation replacement step is formalized in Algorithm 2.
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Algorithm 2 Relation propagation during object merging
Require: Knowledge base 𝒦 , merged object 𝑔𝑛𝑒𝑤, base-object set 𝐺𝑏𝑎𝑠𝑒.
Ensure: Updated relation set 𝐹𝑛𝑒𝑤 and replaced relation set 𝐹𝑏𝑎𝑠𝑒.

1: 𝐹𝑏𝑎𝑠𝑒 ← {𝑓 ∈ 𝒦.𝐹 ∣ 𝑂𝑏𝑗𝑒𝑐𝑡𝑠(𝑓 ) ∩ 𝐺𝑏𝑎𝑠𝑒 ≠ ∅}
2: 𝐹𝑛𝑒𝑤 ← ∅
3: for all 𝑓 ∈ 𝐹𝑏𝑎𝑠𝑒 do
4:  𝐹𝑛𝑒𝑤 ← 𝐹𝑛𝑒𝑤 ∪ {𝑅𝑒𝑝𝑙𝑎𝑐𝑒(𝑓 , 𝐺𝑏𝑎𝑠𝑒, 𝑔𝑛𝑒𝑤)}
5: end for
6: return 𝐹𝑛𝑒𝑤, 𝐹𝑏𝑎𝑠𝑒

4.3. Deductive-Database Reasoning Algorithm
Algorithm 3 implements the deductive-reasoning block in the lower-left panel of 

Figure 8. Its five inputs describe the inference state: 𝒦  holds the current facts; ℛ  and ℛ𝑠𝑒𝑚𝑖
supply ordinary and semi-conditional rules; 𝐷𝑖𝑛𝑣 stores pending candidates; and Δ𝒦𝑝𝑟𝑒𝑣
carries the preceding round’s discoveries. In the figure, Δ𝒦𝑛𝑒𝑤 becomes the next round’s 
increment. Each index entry 𝐷𝑖𝑛𝑣[𝑐] contains records ⟨𝐶, 𝐻⟩ awaiting the instantiated 
predicate 𝑐, with 𝐶 retaining the complete deferred-condition set.

Algorithm 3 Deductive-Database Reasoning
Require: Current knowledge base 𝒦 , rule set ℛ , semi-conditional rule set ℛ𝑠𝑒𝑚𝑖, backward 

index 𝐷𝑖𝑛𝑣, previous-round new knowledge Δ𝒦𝑝𝑟𝑒𝑣.
Ensure: New knowledge set Δ𝒦𝑛𝑒𝑤, updated backward index 𝐷′

𝑖𝑛𝑣.
1: 𝒦 ′ ← 𝒦 ∪ Δ𝒦𝑝𝑟𝑒𝑣, 𝐷′

𝑖𝑛𝑣 ← 𝐷𝑖𝑛𝑣, Δ𝒦𝑛𝑒𝑤 ← ∅
2: for all ⟨𝑟, 𝒦𝑚𝑎𝑡𝑐ℎ⟩ ∈ 𝑀𝑎𝑡𝑐ℎ(𝒦 ′, ℛ) do
3:  𝐹𝑛𝑒𝑤 ← 𝑟.𝐸𝑥𝑒𝑐𝑢𝑡𝑒(𝒦𝑚𝑎𝑡𝑐ℎ)
4:  Δ𝒦𝑛𝑒𝑤 ← Δ𝒦𝑛𝑒𝑤 ∪ 𝐹𝑛𝑒𝑤
5: end for
6: for all ⟨𝑟, 𝒦𝑚𝑎𝑡𝑐ℎ⟩ ∈ 𝑀𝑎𝑡𝑐ℎ(𝒦 ′, ℛ𝑠𝑒𝑚𝑖) do
7:  ⟨𝐶, 𝐻⟩ ← 𝑟.𝐸𝑥𝑒𝑐𝑢𝑡𝑒(𝒦𝑚𝑎𝑡𝑐ℎ)
8:  if 𝐼𝑠𝑆𝑎𝑡𝑖𝑠𝑓 𝑖𝑒𝑑(𝐶, 𝒦 ′) then
9:  Δ𝒦𝑛𝑒𝑤 ← Δ𝒦𝑛𝑒𝑤 ∪ {𝐻}

10:  else
11:  for all 𝑐 ∈ 𝐶 ∖ 𝒦 ′ do
12:  𝐷′

𝑖𝑛𝑣[𝑐] ← 𝐷′
𝑖𝑛𝑣[𝑐] ∪ {⟨𝐶, 𝐻⟩}

13:  end for
14:  end if
15: end for
16: for all 𝑓𝑝𝑟𝑒𝑣 ∈ Δ𝒦𝑝𝑟𝑒𝑣 do
17:  for all ⟨𝐶, 𝐻⟩ ∈ 𝐷′

𝑖𝑛𝑣[𝑓𝑝𝑟𝑒𝑣] do
18:  if 𝐼𝑠𝑆𝑎𝑡𝑖𝑠𝑓 𝑖𝑒𝑑(𝐶, 𝒦 ′) then
19:  Δ𝒦𝑛𝑒𝑤 ← Δ𝒦𝑛𝑒𝑤 ∪ {𝐻}
20:  end if
21:  end for
22: end for
23: return Δ𝒦𝑛𝑒𝑤 ∖ 𝒦 ′, 𝐷′

𝑖𝑛𝑣

The algorithm first forms the current snapshot 𝒦 ′ = 𝒦 ∪ Δ𝒦𝑝𝑟𝑒𝑣. Ordinary rules add 
their instantiated conclusions to the output set. Semi-conditional rules generate ⟨𝐶, 𝐻⟩
records: a fully satisfied record contributes 𝐻 immediately, while a pending record is 
indexed under each missing predicate. The preceding round’s new facts also retrieve 
existing records for verification against the same snapshot. Set-valued outputs suppress 
duplicate conclusions, and facts already in 𝒦 ′ are excluded from the returned increment.

Consider Problem in Figure 8. From the properties of the inscribed square 𝐷𝐺𝐹𝐸 and 
the perpendicular relations, the system derives 𝐷𝐸 = 𝐸𝐹, identifies 𝑀𝐻𝐹𝐸 as a rectangle, 
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and obtains 𝐸𝐹 = 𝐻𝑀, hence 𝐷𝐸 = 𝐻𝑀. The parallel relation 𝐷𝐸 ∥ 𝐵𝐶, together with 
the common angle ∠𝐷𝐴𝐸 = ∠𝐵𝐴𝐶, provides the basis for establishing △𝐴𝐷𝐸 ∼ △𝐴𝐵𝐶
once the required corresponding-angle condition is verified. The similarity relation then 
yields 𝐴𝑀/𝐴𝐻 = 𝐷𝐸/𝐵𝐶, which, combined with 𝐴𝐻 = 8, 𝐵𝐶 = 12, and 𝐷𝐸 = 𝐻𝑀, gives 
𝐴𝑀 = 2

3 𝐻𝑀. Using 𝐴𝑀 + 𝐻𝑀 = 𝐴𝐻, the system obtains 𝐷𝐸 = 𝐻𝑀 = 24
5 .

This example also illustrates the role of semi-conditional rules. During rule matching, 
the common-angle relation and the parallelism-derived angle relation can satisfy part of the 
similarity rule’s antecedent, while the remaining required condition may not yet be available. 
The corresponding rule instance is retained in the backward index and reconsidered when 
new knowledge is derived. The similarity conclusion is produced only after the complete 
antecedent is verified. Thus, semi-conditional matching preserves potentially useful partial 
matches without treating them as established geometric conclusions.

4.4. Product-Matrix Representation and Implicit-Knowledge Extraction Mechanism
For positive quantities and a positive right-hand side, a product equality ∏𝑖 𝑄𝑒𝑖

𝑖 = 𝑐 
becomes ∑𝑖 𝑒𝑖 log 𝑄𝑖 = log 𝑐. This transformation permits linear elimination; related alge-
braic reasoning is used in AlphaGeometry2 [26]. KM-SCR uses an explicit product matrix 
(𝑃𝑚) to expose the resulting value and ratio relations to subsequent deductive reasoning. 
Equations outside the positive domain are retained for equation-system solving.

The 𝐶𝑜𝑚𝑝𝑎𝑠𝑠𝐵𝑦𝐶𝐸 operation substitutes the representative quantity of each equality 
chain and combines the corresponding matrix columns. If 𝐶𝑖𝑄𝑖 = 𝐶𝑟𝑄𝑟, the substitution 
is 𝑄𝑖 = (𝐶𝑟/𝐶𝑖)𝑄𝑟. For a linear matrix, coefficients are rescaled and added; for a product 
matrix, exponents are added and the proportional factors are transferred to the right-
hand side. Known values are substituted directly. Thus, compression reduces the matrix 
dimension while preserving the represented equations on their admissible domain.

𝑀𝑎𝑡𝑟𝑖𝑥.𝐷𝑖𝑠𝑐𝑜𝑣𝑒𝑟(𝑀) takes the compressed augmented matrix and returns 𝑄𝑣 and 𝑄𝑟
facts after row reduction. For 𝑃𝑚, the reduced rows are interpreted as equations in logarith-
mic variables. The extraction uses two operations:
1. Intra-row scanning: traverse the simplified matrix row vectors and directly extract 

basic geometric relations according to the distribution of non-zero elements. For a 
product-matrix row 𝑎 log 𝑄𝑖 = 𝑑, emit 𝑄𝑖 = exp(𝑑/𝑎). For a row 𝑎 log 𝑄𝑖 − 𝑎 log 𝑄𝑗 = 𝑑, 
emit 𝑄𝑖 = exp(𝑑/𝑎)𝑄𝑗. For 𝐿𝑚, the corresponding patterns are 𝑎𝑄𝑖 = 𝑑 and 𝑎𝑄𝑖 +
𝑏𝑄𝑗 = 0, yielding 𝑄𝑖 = 𝑑/𝑎 and 𝑄𝑖 = −(𝑏/𝑎)𝑄𝑗, respectively. All divisions require 
nonzero divisors.

2. Inter-row computation: compare reduced rows and cancel proportional coefficient 
patterns on their shared variables. Apply the same value/ratio tests to the residual 
equation and emit the resulting relations. This extracts ratios exposed by cancellation, 
as illustrated below.
In Figure 9, merging the 𝐴𝐵 and 𝐵𝐶 columns removes a redundant value equation. Intra-

row extraction gives 𝐶𝐷/𝐸𝐹 = 1/2, 𝐷𝐸/𝐸𝐹 = 1, and 𝐵𝐶 = 5. Subtracting the two logarithmic 
ratio rows eliminates log 𝐸𝐹 and yields 𝐶𝐷/𝐷𝐸 = 1/2. These extracted relations return to 
the deductive knowledge base.

Figure 9. Product-matrix compression using 𝐴𝐵 = 𝐵𝐶. Columns contain exponents; RHS displays the 
original multiplicative constants (their logarithms enter linear elimination). The compressed matrix 
yields 𝐶𝐷/𝐸𝐹 = 1/2, 𝐷𝐸/𝐸𝐹 = 1, and 𝐵𝐶 = 5.
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4.5. Geometric-Quantity Equality Reasoning Algorithm
Building on the product-matrix representation and implicit-knowledge extraction 

mechanism described above, this section integrates the algebraic representations into a uni-
fied geometric-quantity equality reasoning algorithm. 𝑄𝑣 and 𝑄𝑟 relations are maintained 
in the chain-of-equalities set (𝐶𝐸) and can directly generate further quantitative knowledge. 
Linear equalities (𝐸𝑙𝑖𝑛) and product equalities (𝐸𝑝𝑟𝑜𝑑) are maintained in the linear matrix 
(𝐿𝑚) and product matrix (𝑃𝑚), respectively. The 𝐶𝐸 relations are used to compress matrix 
columns and to simplify candidate equation systems. Equalities that cannot be directly 
incorporated into these matrix representations are maintained in the equation-system set 
(𝐸𝑆) for subsequent joint solving. Let 𝐸𝑆 = {𝜀1, 𝜀2, … , 𝜀𝑛} be the maintained set of candi-
date equation systems, where each 𝜀𝑖 is formed by pairing one or two geometric-quantity 
equalities.

Algorithm 4 first inserts new equalities by type and constructs candidate local systems. 
It then extracts chain relations, compresses the matrices, and simplifies the local systems 
before solving.

Algorithm 4 Geometric-Quantity Equality Reasoning
Require: Current knowledge base 𝒦 , previous-round new knowledge Δ𝒦𝑝𝑟𝑒𝑣, linear matrix 

𝐿𝑚, product matrix 𝑃𝑚, chain-of-equalities set 𝐶𝐸, equation-system set 𝐸𝑆.
Ensure: New knowledge set Δ𝒦𝑛𝑒𝑤, new linear matrix 𝐿𝑚′, new product matrix 𝑃𝑚′, new 

chain-of-equalities set 𝐶𝐸′, new equation-system set 𝐸𝑆′.
1: Δ𝒦𝑛𝑒𝑤 ← ∅, 𝐿𝑚′ ← 𝐿𝑚, 𝑃𝑚′ ← 𝑃𝑚, 𝐶𝐸′ ← 𝐶𝐸, 𝐸𝑆′ ← 𝐸𝑆
2: for all 𝑒 ∈ Δ𝒦𝑝𝑟𝑒𝑣 ∣ 𝑒 ∈ 𝑄𝑣 ∪ 𝑄𝑟 do
3:  𝐶𝐸′ ← 𝑈𝑝𝑑𝑎𝑡𝑒𝐶𝐸(𝐶𝐸′, 𝑒)
4: end for
5: for all 𝑒 ∈ Δ𝒦𝑝𝑟𝑒𝑣 ∣ 𝑒 ∈ 𝐸𝑙𝑖𝑛 do
6:  𝐿𝑚′ ← 𝐿𝑚′ ∪ {𝑒}
7:  𝐸𝑆′ ← 𝐸𝑆′ ∪ {{𝑒, 𝑝} ∣ 𝑝 ∈ 𝒦.𝐸 ∖ 𝐸𝑙𝑖𝑛} ∪ {{𝑒}}
8: end for
9: for all 𝑒 ∈ Δ𝒦𝑝𝑟𝑒𝑣 ∣ 𝑒 ∈ 𝐸𝑝𝑟𝑜𝑑 do

10:  𝑃𝑚′ ← 𝑃𝑚′ ∪ {𝑒}
11:  𝐸𝑆′ ← 𝐸𝑆′ ∪ {{𝑒, 𝑝} ∣ 𝑝 ∈ 𝒦.𝐸 ∖ 𝐸𝑝𝑟𝑜𝑑} ∪ {{𝑒}}
12: end for
13: for all 𝑒 ∈ Δ𝒦𝑝𝑟𝑒𝑣.𝐸 ∖ (𝑄𝑣 ∪ 𝑄𝑟 ∪ 𝐸𝑙𝑖𝑛 ∪ 𝐸𝑝𝑟𝑜𝑑) do
14:  𝐸𝑆′ ← 𝐸𝑆′ ∪ {{𝑒, 𝑝} ∣ 𝑝 ∈ 𝒦.𝐸} ∪ {{𝑒}}
15: end for
16: Δ𝒦𝑛𝑒𝑤 ← Δ𝒦𝑛𝑒𝑤 ∪ 𝐶𝐸′.𝐷𝑖𝑠𝑐𝑜𝑣𝑒𝑟()
17: 𝐿𝑚′ ← 𝐿𝑚′.𝐶𝑜𝑚𝑝𝑎𝑠𝑠𝐵𝑦𝐶𝐸(𝐶𝐸′), 𝑃𝑚′ ← 𝑃𝑚′.𝐶𝑜𝑚𝑝𝑎𝑠𝑠𝐵𝑦𝐶𝐸(𝐶𝐸′)
18: Δ𝒦𝑛𝑒𝑤 ← Δ𝒦𝑛𝑒𝑤 ∪ 𝑀𝑎𝑡𝑟𝑖𝑥.𝐷𝑖𝑠𝑐𝑜𝑣𝑒𝑟(𝐿𝑚′) ∪ 𝑀𝑎𝑡𝑟𝑖𝑥.𝐷𝑖𝑠𝑐𝑜𝑣𝑒𝑟(𝑃𝑚′)
19: for all 𝜀 ∈ 𝐸𝑆′ do
20:  𝜀 ← 𝜀.𝑆𝑖𝑚𝑝𝑙𝑖𝑓 𝑦𝐵𝑦𝐶𝐸(𝐶𝐸′)
21:  Δ𝒦𝑛𝑒𝑤 ← Δ𝒦𝑛𝑒𝑤 ∪ 𝜀.𝑆𝑜𝑙𝑣𝑒()
22: end for
23: return Δ𝒦𝑛𝑒𝑤 ∖ (𝒦 ∪ Δ𝒦𝑝𝑟𝑒𝑣), 𝐿𝑚′, 𝑃𝑚′, 𝐶𝐸′, 𝐸𝑆′

Insertion and pairing. 𝑈𝑝𝑑𝑎𝑡𝑒𝐶𝐸 applies the chain-update cases of Section 2.2 to each 
new 𝑄𝑣 or 𝑄𝑟 fact. Linear and product equations are inserted into their respective matrices. 
Local systems contain a single equation or a pair; new linear equations are paired with 
existing non-linear-type equations, and new product equations with existing non-product-
type equations. The matrices handle combinations within their respective classes, reducing 
redundant local solving.

Chain discovery. 𝐶𝐸.𝐷𝑖𝑠𝑐𝑜𝑣𝑒𝑟 takes the updated chains and returns their implied 
value and ratio facts. For a chain 𝐶1𝑄1 = ⋯ = 𝐶𝑘𝑄𝑘 = 𝑣, it emits 𝑄𝑖 = 𝑣/𝐶𝑖 when 𝑣 is 
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known and 𝑄𝑖 = (𝐶𝑗/𝐶𝑖)𝑄𝑗 for pairs of quantities. Without an explicit value, only the ratio 
relations are emitted. Relations are normalized and deduplicated before insertion into the 
knowledge base.

Matrix discovery. 𝐶𝑜𝑚𝑝𝑎𝑠𝑠𝐵𝑦𝐶𝐸 returns the compressed 𝐿𝑚 and 𝑃𝑚 matrices using 
the substitutions described in Section 4.4. 𝑀𝑎𝑡𝑟𝑖𝑥.𝐷𝑖𝑠𝑐𝑜𝑣𝑒𝑟 then performs the row reduction 
and value/ratio extraction specified there.

Equation-system simplification. 𝜀.𝑆𝑖𝑚𝑝𝑙𝑖𝑓 𝑦𝐵𝑦𝐶𝐸(𝐶𝐸) takes a candidate equation sys-
tem and the current chains, and returns an equivalent system under those chain relations. 
It identifies quantities in the equations, selects a representative from each relevant chain, 
substitutes proportional quantities and known values, and simplifies the resulting expres-
sions. Where the solver requires explicit equations, representative-to-member equalities 
encode the same substitutions. 𝑆𝑜𝑙𝑣𝑒 processes the reduced system and returns quantita-
tive relations valid under the geometric domain constraints; ambiguous solution branches 
require further constraints. The representative mappings translate derived results back to 
the original quantities.

Figure 10 summarizes the exchange between the logical and algebraic modules. Rule 
conclusions update the chains, matrices, and local equation systems; extracted quantitative 
relations return as facts for subsequent rule matching. These modules share the same 
incremental knowledge-base update cycle.

Figure 10. Knowledge-flow relationships between the logical-reasoning level (predicate knowledge, 
semi-conditional rules, object merging) and the algebraic-computation level (chains of equalities, 
linear matrix, product matrix, equation systems) in the KM-SCR system.

5. Experimental Results and Analysis
To evaluate KM-SCR across different problem difficulties, we construct an evaluation 

set of 493 FormalGeo7k instances. We randomly sample 40 problems from each of levels 
L1–L5 using a fixed random seed (42) and include all 293 problems from L6, which com-
prises problems with reasoning-path lengths of at least 11. This design provides cross-level 
evaluation and a comprehensive stress test on the highest difficulty level. FormalGeo7k 
offers broad plane-geometry coverage, while its longer-path problems require deeper com-
binations of intermediate deductions and inference rules. All KM-SCR experiments use a 
timeout of 600 s per problem. The experiments were conducted on a computing platform 
equipped with an AMD Ryzen 9 9950X processor.
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5.1. Comparison of Problem-Solving Performance
Table 3 reports the problem-solving success rate (PSSR) on L6 and the source of each 

result. KM-SCR solves 288 of 293 instances (98.29%), the locally reproduced FormalGeo 
FW-BFS baseline solves 17 (5.80%), and the locally reproduced FGeo-NSS achieves 60.41%. 
KM-SCR and the locally reproduced baselines were evaluated on the same computing plat-
form, using the same 293 L6 problems, a 600 s timeout per problem, and the same success 
criterion. For the baselines, modifications were confined to the evaluation code; their infer-
ence procedures, rule sets, and reasoning-related preprocessing were retained. The local 
comparison evaluates the systems with their respective rule coverage and implementations; 
the observed performance differences therefore reflect system-level performance.

The published FGeo-DRL and FGeo-HyperGNet results are included as contextual 
references and retain the evaluation protocols of their original sources.

Table 3. L6 problem-solving success rates and background references. Local runs use the complete 
293-instance subset and a 600 s timeout. Published reference values retain the evaluation protocols of 
the cited source.

Method PSSR Result Source

FW-BFS [19] 5.80% Local reproduction
FGeo-DRL [37] 39.62% Published reference [23]
FGeo-HyperGNet 58.82% Published reference [23]
FGeo-NSS [23] 60.41% Local reproduction
KM-SCR (Ours) 98.29% Present work

5.2. Cross-Level Performance and Computational Cost
We report four realized-cost measures. Solving success counts the problems whose 

target is derived within the timeout. Solving time is measured from the start of inference on 
a loaded problem instance until the target knowledge is first derived; a run that reaches the 
600 s timeout before the target is derived is recorded as a timeout. Peak memory records 
the maximum memory occupied during the inference process. Actual rule-instantiation 
calls are accumulated over all inference rounds. For problem 𝑝, let 𝑎𝑝,𝑡 denote the number 
of rule-instantiation calls recorded in round 𝑡; the cumulative count is

𝐴𝑝 =
𝑇𝑝

∑
𝑡=1

𝑎𝑝,𝑡, (20)

where 𝑇𝑝 is the final inference round of the run, and repeated calls across rounds are in-
cluded. The level-wise values reported below are the means of these per-problem quantities 
over the successfully solved instances; solving time, peak memory, and rule-instantiation 
calls are all averaged over the same instances.

Table 4 summarizes solving success, solving time, peak memory, and actual rule 
instantiations for the sampled L1–L5 subsets and the complete L6 subset. KM-SCR solves 
39/40 problems at each of L1–L3, all 40 problems at L4 and L5, and 288/293 problems at 
L6. The corresponding success rates are 97.50%, 97.50%, 97.50%, 100.00%, 100.00%, and 
98.29%. The mean solving time increases from 0.53 s at L1 to 4.06 s at L6, while the mean 
number of rule-instantiation calls grows from 2284.95 to 75,117.56, reflecting the deeper 
reasoning chains required at higher difficulty levels. The L1–L5 results describe the selected 
samples and provide preliminary evidence across difficulty levels; the L6 result covers the 
complete level.
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Table 4. Cross-level solving success and resource statistics. Resource metrics are averaged over 
successfully solved instances; rule-instantiation calls are cumulative across inference rounds.

Level Instances Solved PSSR Solving 
Time (s)

Peak 
Memory 

(MB)

Mean 
Rule 
Calls

L1 40 39 97.50% 0.53 138.66 2284.95
L2 40 39 97.50% 0.74 149.89 6231.49
L3 40 39 97.50% 0.95 161.59 5400.05
L4 40 40 100.00% 1.28 168.34 8612.70
L5 40 40 100.00% 3.20 193.19 15,416.20
L6 293 288 98.29% 4.06 202.96 75,117.56

Table 5 details the cumulative solving-time distribution for the complete L6 subset. On 
L6, 70 problems (24.31%) are solved within 1 s, 263 (91.32%) within 10 s, and 284 (98.61%) 
within 30 s, with the ratios computed over the 288 successfully solved instances. All 
288 successfully solved instances were solved within 60 s, while the remaining five instances 
could not be solved by the current reasoning system.

Table 5. Cumulative distribution of solving time for the successfully solved FormalGeo7k-L6 instances. 
Ratios are computed over the 288 successfully solved instances. 

Metric <1 s <10 s <30 s <60 s

Count 70 263 284 288
Ratio 24.31% 91.32% 98.61% 100.00%

Together, these results characterize the realized computational cost of KM-SCR across 
difficulty levels. The following subsection analyzes the structural compression that reduces 
the underlying representation and potential matching space.

5.3. Solved-State Compression Analysis
This subsection examines structural compression, that is, how much the representation 

scale and the potential matching space are reduced at the solved state. These structural 
measures describe reduced representations and potential matching spaces; they do not 
directly quantify realized runtime savings, which have been reported separately in the 
previous subsection.

All statistics in this subsection are evaluated at the state in which the target is first 
derived. For a single problem, the compression rate of predicates or potential rule instan-
tiations is defined as 𝑅𝑎𝑡𝑒 = 1 − (𝑁𝑐𝑜𝑚𝑝/𝑁𝑜𝑟𝑔), and the global compression rate is defined 
as 𝑅𝑎𝑡𝑒𝐺𝑙𝑜𝑏𝑎𝑙 = 1 − (𝑁𝑐𝑜𝑚𝑝 + 𝑁𝑢𝑛𝑟𝑒𝑙𝑎𝑡𝑒𝑑)/(𝑁𝑜𝑟𝑔 + 𝑁𝑢𝑛𝑟𝑒𝑙𝑎𝑡𝑒𝑑), where 𝑁𝑜𝑟𝑔 and 𝑁𝑐𝑜𝑚𝑝 denote the 
corresponding counts before and after the mechanism under comparison, and 𝑁𝑢𝑛𝑟𝑒𝑙𝑎𝑡𝑒𝑑
denotes unaffected counts. Whereas the MRI in Equation (1) can be evaluated at any knowl-
edge state, the solved-state MRI (SMRI) fixes this evaluation state to the first target-derived 
state: it is the Cartesian-product upper bound of potential rule instantiations estimated 
from the solved-state knowledge and the rule templates.

Figure 11 shows the distributions of compression rates across difficulty levels L1–L6, 
evaluated at the state in which the target is first derived. The six measures characterize 
compression at the geometric-object, relation, and global-predicate levels, together with 
reductions in the potential matching spaces associated with object merging, semi-conditional 
rules, and their combined effect.
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Figure 11. Distributions of compression-related measures across FormalGeo7k difficulty levels in the 
solved-state setting. Each panel corresponds to one level from L1 to L6.

Across the evaluated difficulty levels, the compression-rate distributions exhibit an 
overall upward trend, particularly for Semi-MRI and Global MRI, whose central values ap-
proach one at L5–L6. Compression at the geometric-object and relation levels also generally 
increases, while global-predicate compression remains comparatively modest because it 
includes predicates unaffected by object merging. These observations are consistent with the 
expectation that more complex geometric configurations and longer reasoning chains can 
introduce additional equivalent object representations, redundant relations, and potential 
antecedent combinations, thereby providing greater opportunities for knowledge merging 
and semi-conditional matching. The results thus suggest that the proposed mechanisms 
offer greater structural compression benefits on more demanding instances.

A local reversal is observed between L3 and L4. In particular, the L4 sample exhibits 
lower compression than L3 on several measures, including geometric-object, relation, and 
global-MRI compression. This result suggests that compression depends not only on 
reasoning-path length but also on the geometric structures and redundancy patterns present 
in each subset. Since only 40 problems were sampled from each of L1–L5, the observed 
reversal may also reflect differences in sample composition. Evaluation on larger samples 
with repeated sampling within each level would help assess the stability of this pattern. 
Overall, the results show that compression varies across difficulty levels, with a local reversal 
between L3 and L4.

Figure 12 then compares, at the same solved state, the counts before and after compres-
sion for each mechanism, covering frequent predicates, semi-conditional rule pairs, and 
merged rule pairs.

Figure 12a shows reductions in all five displayed predicate categories. The relative 
decreases are more pronounced for angle-ratio, angle-equality, and line-intersection predi-
cates than for angle objects and angle-size predicates, indicating that compression benefits 
vary with the redundancy of the represented knowledge. In Figure 12b, the full-antecedent 
potential matching counts exceed the corresponding semi-conditional candidate counts 
by several orders of magnitude, with particularly large reductions for ASA and AAS con-
gruence. This pattern is consistent with constructing candidates from base-object matches 
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and checking the remaining instantiated constraints, thereby avoiding their participation 
in the full antecedent product. Figure 12c also shows substantial reductions in the poten-
tial matching counts of rules affected by object merging, with the segment-ratio category 
exhibiting the largest relative decrease among the displayed categories. Since antecedent 
counts enter the MRI multiplicatively, reductions in redundant representations can produce 
much larger reductions in potential rule combinations. Together, these results illustrate 
how compression at the knowledge-representation and rule-matching levels contributes to 
the overall structural reduction.

Figure 12. Solved-state compression comparison on the L6 subset of FormalGeo7k. Orange and 
blue bars denote the counts before and after the corresponding compression operations, respec-
tively. Panel (a) shows the counts of five predicate categories with high occurrence frequencies.
Panel (b) compares the potential matching counts of semi-conditional rule pairs for different con-
gruence and similarity criteria. Panel (c) shows the potential matching counts of rule pairs affected 
by geometric-object merging. All counts are measured in the knowledge state at which the target is 
first derived.

Geometric-object merging primarily reduces redundant object and relation representa-
tions and the resulting candidate space. Semi-conditional rules primarily reduce the cost of 
full-antecedent matching and deferred-condition verification.

5.4. Ablation Study of Chain-of-Equalities Processing
To verify the effectiveness of the chain-of-equalities matrix simplification and equation-

system simplification strategies, this paper designs an ablation study that compares the full 
method with the variants obtained by removing the above two modules; the results are 
shown in Table 6. All ablation variants use the same revised implementation and rule set as 
the full system, with only the corresponding CE operation disabled.

Table 6. Ablation of CE processing on all 293 L6 instances. Mean and median times are calculated 
over each variant’s successful runs.

Variant Solved PSSR Mean (s) Median (s)

Full KM-SCR 288 98.29% 4.06 2.18
Without matrix compression 288 98.29% 9.41 3.68
Without equation simplification 273 93.17% 3.39 1.65

Removing matrix-column compression preserves the L6 success rate of 98.29%, while 
increasing mean solving time from 4.06 to 9.41 s and median time from 2.18 to 3.68 s. This 
result indicates that column compression reduces algebraic-solving overhead on this test set.

Removing equation-system simplification reduces the number of successfully solved 
problems from 288 to 273, indicating that this component contributes to solution coverage. 
Under the local strategy that processes one or two equations at a time, CE substitutions 
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integrate variable relations distributed across multiple equalities, enabling the solution of 
geometric quantities that would otherwise remain unresolved. The ablated variant has 
a mean solving time of 3.39 s across its 273 successful runs, compared with 4.06 s across 
288 successful runs for the full system. However, these means are conditioned on successful 
runs over different sets of problems and therefore do not establish a runtime advantage 
for the ablated variant. A paired comparison on the common subset of successfully solved 
problems is needed to isolate the runtime effect.

The two CE operations play complementary roles. Matrix-column compression reduces 
solving time on the tested instances without changing the number of solved problems, 
whereas equation-system simplification improves solving coverage under the adopted 
local-solving strategy.

6. Conclusions
KM-SCR integrates geometric-object merging, semi-conditional rules, and chain-of-

equalities reasoning in a forward deductive system. Object merging consolidates equivalent 
geometric representations and their associated relations. The rule-instance equivalence 
proof shows that semi-conditional rules preserve the original applicability conditions and 
conclusion while separating candidate generation from constraint verification. Chains of 
equalities support direct quantitative inference and reduce the algebraic state passed to 
matrix and local equation solving.

The system solves 288 of the 293 FormalGeo7k-L6 problems (98.29%), with a mean 
solving time of 4.06 s over successful runs. The sampled L1–L5 subsets yield success rates 
of 97.50–100.00%. The compression analysis characterizes the reduction in represented 
knowledge and potential matching space, while the ablations identify complementary contri-
butions of matrix compression to efficiency and equation simplification to solving coverage.

Future work will extend rule coverage, improve extraction of implicit problem con-
ditions, and develop provenance tracking through matrix compression and elimination. 
The current workflow supports dependency-based reconstruction of recorded deductions; 
complete recovery of matrix-derived reasoning paths requires further work. Additional di-
rections include three-dimensional geometry and integration with learned search guidance, 
where a compact symbolic state can support both inference and structured training data.
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