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Abstract

Before a programming deadline, many students’ programs queue for a few grading serv-
ers. Ordering them by predicted running time cuts the mean wait, but known bounds
with predictions hold on average or against an optimum, not per job. We prove an identity
for k non-preemptive, work-conserving servers with time limit L. A job’s extra wait over
first-come first-served (FCFS) equals the net running time of jobs that overtook it, divided
by k, up to a tight error of (2 — 2/k)L. A guard around any scheduler caps the work that
passes each job, so every job stays within a promise G, whatever the arrivals and predic-
tions. Its additive constant (3 — 2/k)L is exact, and completion reports delayed by 0 add at
most L + . On one test term, gradient-boosted trees, a recurrent network and a heteroge-
neous graph neural network predicted running times about equally well. On three course
terms withheld until the method was frozen, a guard promising 600 s kept 0.894 (class-
term interval 0.116-0.933) of shortest-job-first’s reduction in the simulated 99th-percentile
wait before deadlines at the busiest load. The gain shrank above full load. On a second
platform, run at twice its target load, the promise held but the gain did not appear.

Keywords: bounded overtaking; distributed systems; first-come first-served;
heterogeneous graph neural network; multiserver queues; non-preemptive scheduling;
per-job guarantee; resource allocation; runtime prediction; scheduling with predictions
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1. Introduction

Ten minutes before a programming assignment is due, the grading servers of a uni-
versity course receive submissions in a burst, and a queue forms. Each program is com-
piled, run against the test cases and stopped when it reaches a fixed time limit [1], and
each student watches a position in a queue. A program that runs for one second can wait
minutes for its result, and the students who submit closest to the deadline wait longest. A
similar queue forms in other shared execution services. A developer who pushes code
before a release date waits for the continuous-integration (CI) machines to run the test
suite, and a user of a cloud platform waits while a burst of function calls is served. In each
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case many users share a fixed set of k machines, a job runs without interruption once it
starts, and no job can run longer than a common time limit L. Such a pool is a small dis-
tributed system. Its servers are separate machines, they report completions to the sched-
uler over a network, and the scheduler itself can be replicated. This paper asks what such
a service can promise each of its users at its busiest hour.

Two features of the demand make the service slowest when it is busiest. Submissions
follow external calendars, such as coursework deadlines and release dates, so they arrive
in bursts. People concentrate their work before a deadline [2], and conference registrations
crowd into the days before theirs [3,4]. A small fraction of the jobs also carries a large share
of the work. In the log of cloud-function calls that we use [5,6], the longest 1% of the calls
account for 44% of the total running time. In the two logs of students” programming sub-
missions, the longest 1% account for 37.5% and 27.5%. The university grading system
shows both features clearly, and it is our first case. Peveler et al. replayed the busiest four
hours before a deadline four and sixteen times faster on one grading server. The container-
based grader then used all of its concurrent slots, and its waits fluctuated, with up to al-
most 25 s more waiting than a jailed sandbox [7]. The manual of a programming-contest
judging system recommends one judging machine per 20 teams and notes that with fewer
machines teams may wait longer for their results [8].

Ordering the queue by predicted cost exploits the second feature, as a queue of three
jobs on one server shows (Figure 1). Job A loops until the 60 s limit stops it, and jobs B
and C take 0.2 s each. In arrival order, the mean wait is 40.1 s. With the shortest job first,
itis 0.2 s, at a cost of 0.4 s to A. This arithmetic assumes that the scheduler knows before
A starts that A islong. The ordering also has a second cost, which arises even when every
estimate is right. A long job waits while shorter jobs that arrive after it keep starting ahead
of it. In our simulation of the busiest period that we tested, shortest-job-first (SJF) with
exact running times made one job wait 4755.5 s longer than it would have waited under
first-come first-served (FCFES) order. That is 79.3 times the time limit (Section 8.4).

arrival order ’ A: 60 s % ‘ B ‘ C ‘ mean wait 40.1 s

B waits 60.0 s
shortest first ‘ B | C | A: 60 s % ‘ mean wait 0.2 s

A waits 0.4 s

Figure 1. The three-job example of Section 1 on one server: A is stopped at the per-job limit L = 60
s, B and C take 0.2 s each, and all three are present at t = 0. The boxes are schematic, not to scale,
and the zigzag marks the elided part of A. The two orders execute the same total work. Reordering

takes 60 s of waiting off each of B and C and puts 0.4 s onto A.

A line of work on algorithms with predictions bounds how an algorithm performs as
a function of the error of its predictions [9,10]. For scheduling, these bounds compare the
total or mean completion time with that of an optimal schedule [11-14]. An operator, how-
ever, is asked about individual jobs, and a predictor in service can be wrong by any
amount. Two results come closer. One bounds the worst slowdown of any job on a ma-
chine that can interrupt jobs [15], and one optimises the asymptotic tail of the response
time when arrivals are Poisson and job sizes are light-tailed [16,17]. We have found no
guarantee that is stated for every job against FCFS, holds for any arrival sequence and any
predictions, allows no interruption, covers k servers, and can be enforced around any
scheduling rule. This paper answers three questions.

1. Can ajob’s running time be estimated when it arrives, from the history available at
that moment?
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2. How should a scheduler that cannot interrupt jobs order the queue once it has such
estimates?

3. What can the service promise every job when the estimates are wrong, and when the
completion reports that it relies on arrive late?

For the third question we change the reference point instead of assuming more about
the predictions. For each job we bound how much longer it waits than it would have un-
der FCFS on the same sequence of submissions, with no assumption about the arrivals or
the predictions. The mechanism is an overtake budget. For every waiting job, the sched-
uler adds up the running time of the jobs that arrived later but were started ahead of it.
Once that total reaches the job’s budget, the job is served before any later arrival. This
guard sits on top of any scheduling rule, including one driven by a learned predictor, and
changes only which job starts next. A cap Bpax on the budget fixes the promise. The
budget counts running time rather than the number of jobs that pass, because of an iden-
tity that we prove. Consider any rule that never leaves a server idle while jobs wait and
never interrupts a job. Under such a rule, a job’s extra wait relative to FCFS equals the net
running time of the jobs that overtook it, divided by k, up to an error of at most (2 —
2/k)L. Completions reach the guard as reports from the servers, so we also bound its
promise when these reports cross a network and arrive late.

For the first two questions, we compare three kinds of predictor on the main grading
log. We train and test all three on the same data, under the same rule about what can be
seen when a job arrives. The first is gradient-boosted decision trees [18]. The second is a
gated recurrent unit (GRU) [19] that reads each user’s earlier jobs. The third is a heteroge-
neous graph neural network (HGNN) of the relational graph convolutional network (R-
GCN) type [20], over users, programming tasks and assignments. The history available at
arrival separates long jobs from short ones on both grading logs (Section 4). The graph’s
edges add no accuracy that our intervals can detect. Adding them to the same network
without edges changes the area under the receiver operating characteristic curve (AU-
ROC) by less than 0.002. On tasks with fewer than five earlier results, the neural models
rank jobs better than the trees. However, the network without edges does nearly as well,
so this gain comes from the neural model of each job’s own features. The scheduler orders
jobs by their expected running time given the features. For this score, treating a long job
as short is the costlier mistake in every pool built from the main log and at every load that
we tested (Section 8.3).

This study makes three contributions.

1. We prove the identity above and show that its error constant (2 — 2/k)L cannot be
improved. In the other direction, any per-job promise of this kind limits the running
time of the jobs that overtake a job, up to an additive O(kL). A limit on how many
jobs overtake it is not required. Such a count gives a promise only if every pass is
charged the worst case L, which on our main log is 150 times the mean running time
(Section 6.4).

2. We give the guard and prove that it keeps every job’s extra wait over FCFS below
Bimax/k + (3 —2/k)L, for k servers, any arrivals and any predictions, and that nei-
ther constant can be improved. An operator who wants to promise G seconds sets
Bmax = k(G — (3 — 2/k)L), which needs no data. The same promise keeps the largest
flow time below (3 — 2/k) timesits optimum plus G.Completion reports that arrive
up to & late enlarge the promise by L + &, and by nothing if each server reports its
own completion before it takes its next job. If replicas of the scheduler share the dis-
patch history and hold the same reports, they agree on which jobs the guard must
serve next. We also bound the absolute wait from the arrival record alone, and com-
pare the guard with a maximum waiting time, which gives a promise of the same
form (Section 6).
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3. We evaluate the method on a shared pool built from the main grading log, which
records how long each run took but not how long it waited (Section 7.2). We check
where the method applies on six logs in all. Two come from university systems that
grade students’ programming submissions, CodeBench and ACcoding [21,22], one
from a cloud-function platform [5], two from CI machine pools [23,24] and one from
an industrial compute farm [25,26]. The proved bound is checked on every simulated
job, and no job exceeds it. In the rest of this paragraph, the scores follow the simulated
queue (Section 8.1). A job’s score uses an earlier result from its own class and term
only once that queue has completed it. Tables and figures that read the recorded
times instead say so. SJF, which knows every running time, reduces the 99th-percen-
tile wait before deadlines relative to FCFS. We held out three academic terms of the
main log until the method and its parameters were frozen. On these terms, a guard
that promises 600 s keeps 0.894 of that reduction at the busiest load (Section 8.2). On
the development terms, the same guard keeps 0.705. Resampling whole classes and
terms widens the interval of this figure to include zero (Section 7.2). The same
resampling on the sealed terms, run after their result was known, gives an interval
of [0.116, 0.933] around 0.894 (Section 8.2). On the main log, the gain shrank once the
busiest hours exceeded full load, first at the tighter promises (Section 8.8). The gain
also needs a long FCFS tail and concentrated costs, and Section 8.7 shows logs that
lack them. On the held-out part of the second grading platform, the guarantee held
for every job, but the gain did not carry over, in a run whose load reached about twice
its target (Section 8.2).

Section 2 reviews related work, and Section 3 states the model and the measures of
performance. Section 4 compares the predictors, Section 5 describes the scheduler and the
guard, and Section 6 proves the identity and the per-job bounds. Section 7 describes the
logs and the shared pool, Section 8 reports the experiments and Section 9 states the limits
of the theory. Three parts concern the distribution of the pool. Section 6.8 bounds the
guard when completion reports arrive late and when the scheduler is replicated, and Sec-
tions 8.9 and 8.10 measure late reports and the cost of the accounts. The physical run of
Section 8.8 used two worker processes on one machine. Longer proofs are in the Supple-
mentary Materials.

2. Related Work
2.1. Scheduling with Predictions

In the framework of Lykouris and Vassilvitskii [9], algorithms with predictions are
judged by two properties [10]. Consistency is how well they do when the predictions are
exact, and robustness is how well they do when the predictions are arbitrarily wrong. In
scheduling, predicted sizes have been used to minimise the total completion time of jobs
whose sizes are unknown [11]. Learned machine weights have been used to assign jobs
online so as to bound the makespan [27], and a predicted order of the jobs has been used
in place of their sizes [12]. Queueing models treat the prediction as a random variable [28]
or bound its error multiplicatively [13], and online analyses measure the error as a distor-
tion [29,30]. Further work covers many-server limits [31], the cost of obtaining predictions
[32] and the worst slowdown of any job on a machine that can interrupt jobs [15].
Mitzenmacher and Shahout survey this line [14]. These results bound a mean or a com-
petitive ratio against an optimal schedule, and the bound degrades with a measure of the
prediction error. In their terms, our guarantee is a robustness statement made for each job
and on every sample path. It holds for any predictions, but it bounds the loss against FCFS
and does not by itself promise a gain. Section 8 measures the gain.
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Recent work extends these models in several directions. Predictions can cover only
some of the jobs [33]. With size estimates of unknown distortion u, an online algorithm
on one machine is 0(u)-competitive for the total flow time, which is optimal up to a con-
stant by an earlier lower bound [30,34]. When all jobs arrive at time zero and the error is
multiplicative, of size 1, predicted shortest-job-first on one machine is n*-competitive
[35]. For stochastic jobs, the Gittins policy can cost Q(n) times the optimum when the
predicted size distributions are only close to the true ones. In contrast, a robust variant
stays within a factor polynomial in that closeness [36]. The same policy can also be built
from samples of the size distribution with a bounded loss in the mean response time [37].
When the mean sizes of job types must be learned, some policies without preemption in-
cur an excess cost that is sublinear in the optimal cost. However, every such policy incurs
an excess of order nvn when two means are close [38]. Suppose that all jobs arrive at time
zero and that the predictions can only underestimate the sizes. Then a constant competi-
tive ratio is achievable with a number of preemptions per job that is logarithmic in the
ratio of the true to the predicted size [39]. The policy called size estimate hedging freezes
the priority of a job once the job’s age shows that its estimate was too low, and its authors
evaluate it numerically [40]. For servers of large language models, predictions of the re-
maining output length drive a shortest-predicted-remaining order, which can interrupt a
request only early in its run [41]. A virtual token counter bounds the difference in service
between any two backlogged clients, and length predictions do not change this worst case
[42]. On one such server with a memory limit and no preemption, every deterministic
online algorithm has a competitive ratio of order at least v/n for the total latency, even
with exact output lengths [43]. That work obtains a constant ratio only when all requests
arrive together and have prompts of equal length. Suppose instead that the requests arrive
together and that each output length is known only to lie in an interval [£,u]. Then, for a
large memory, some policy achieves a ratio of order log(u/f) against a shortest-first
schedule with full information, and no policy without the lengths does better [44]. All of
these bound a mean, a competitive ratio against an optimum or a difference between cli-
ents. However, none of them bounds the wait of each job against a reference order on the
same input.

A second line of work wraps a learned policy in a fallback that carries a guarantee.
In smoothed online optimisation, an algorithm can follow untrusted predictions and
switch to a robust algorithm, so that its competitive ratio stays bounded for any predic-
tions. Such an algorithm can also filter the decisions of a black-box model [45]. In anytime-
competitive reinforcement learning, each learned action is projected so that the cost accu-
mulated by every round is at most (1 + 4) times that of a prior policy, plus a fixed allow-
ance per round [46]. In online scheduling with covering constraints, a learned scheduler
keeps a fairness cost of its decisions over the whole horizon within (1 + 1) times that of
a fair baseline, for every input sequence [47]. In switch buffers, a safeguard keeps at least
1/N of the optimal throughput whatever the predicted drops [48]. In operating systems,
guardrails monitor learned kernel policies and fall back to the existing policy after a vio-
lation, without a formal bound [49]. Suppose that a dispatcher sends each job on arrival
to one of several FCFS servers and knows the exact sizes. Then some dispatching policy
is optimal for the mean response time in heavy traffic [50]. This is the setting of Load Bal-
ancing Guardrails [51] (Section 2.2), but with FCFES servers. Nearest to our pattern is a real-
time job that uses a predicted execution time [52]. The job always meets its hard deadline,
and its energy stays at most a fixed factor above that of an algorithm that ignores the
prediction, on every execution time. As with our guard, the reference there does not use
the predictions and is not the clairvoyant optimum. However, the bound covers the en-
ergy of one job rather than the wait of each job in a queue.
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2.2. Per-Job Guarantees and Bounded Overtaking

Schwiegelshohn and Yahyapour call a schedule A-fair when later submissions can-
not increase a job’s flow time by more than a factor A. They bound fairness and efficiency
together for a policy that interrupts whole groups of processors [53]. Batch schedulers
measure a job’s delay against a fair start time, obtained by simulating the schedule again
without the later arrivals [54,55]. Conservative backfilling gives every queued job a reser-
vation that later jobs cannot delay [56,57]. Slack-based backfilling lets later jobs delay a job
only within its slack, which is set when the job arrives and recomputed once [58]. EASY
backfilling is the rule of the Extensible Argonne Scheduling sYstem, developed for the
IBM SP at Argonne [59]. In a preemptive variant, the scheduler stops and later restarts the
backfilled jobs that would delay a higher-priority job [60]. These guarantees rest on reser-
vations or on interrupting jobs. Ours, in contrast, is additive, needs no interruption and is
measured against FCFS on the same input.

Bounded overtaking has been studied in two units. The first is a count. Nudge lets a
small arriving job swap past the job at the tail of the queue [61]. Nudge-K lets a job of one
class pass up to K jobs of another class, while no job is passed more than once [62], and
later work refines these policies [63]. In finite-skip models, only the n oldest jobs in the
system can receive service [64]. The second unit is work: y-Boost measures the work of
later arrivals that are served ahead of a tagged job [16,17]. These analyses assume station-
ary Poisson arrivals and target means or tail asymptotics, not a cap enforced on every
sample path.

Load Balancing Guardrails [51] are the closest wrapper in architecture. Like our
guard, they leave an arbitrary policy free except where a constraint must be enforced.
They differ from the guard in the system, in the scheduling at the servers and in the guar-
antee. First, a dispatcher sends each job on arrival to one of k servers, and each server
keeps its own queue. The guard instead orders one central queue in front of k servers.
There is thus no dispatch decision for the guardrail counters to restrict. Second, their serv-
ers run preemptive shortest remaining processing time (SRPT), and the dispatcher knows
the exact size of each job. Our servers never interrupt a job, and the scores can be arbitrary
predictions. Third, their theorem assumes Poisson arrivals. It compares the mean response
time with that of one SRPT server k times as fast. The ratio of the two tends to 1 as the
load tends to 1. The theorem gives no bound for a single job and no comparison with
FCFS. Our guarantee bounds the wait of every job against FCFS on the same input, on
every sample path. Guardrails thus fit a dispatcher that feeds preemptive servers and
knows the job sizes, when the goal is the mean response time under heavy load. The guard
fits one queue that feeds non-preemptive servers with predicted sizes, when each job
needs a bound on its own wait. Section 8.4 therefore compares the guard with a maximum
waiting time and with backfilling. Both order one queue for servers that do not interrupt
jobs.

Additive bounds against a reference discipline are standard in packet scheduling
[65-68]. The coefficient of Graham’s list-scheduling bound [69] also has the same shape as
the (2 — 2/k) of Section 6. Table 1 sets the closest methods side by side. Among the meth-
ods in that table, only our guarantee bounds the wait of every job against FCFS on the
same input on several servers. A plain maximum waiting time also gives such a bound,
and Section 6.6 proves it and compares the two. It needs no preemption and holds around
any base policy and for any scores. Under Nudge, each job is passed at most once, so on
one server Nudge implies a bound of the same form: one small-job length above FCFS.
This is our own reading and not a claim of its authors (Supplementary Section S9.2). Sup-
plementary Table 526 adds the information that each method needs, and Supplementary
Section S9 compares these guarantees in detail.
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Table 1. Settings, performance measures and guarantees of the guard and of the closest existing
methods. “Applies to” is the setting in which the guarantee holds, and “Compared with” is the
schedule or policy that the guarantee is stated against. Wp[i] is the wait of job i under policy P, k
the number of servers, L the time limit (Section 3) and B,y the cap of the guard on the budget
(Section 5). M/G/1 is one server with Poisson arrivals and general service times. L,y is the largest

packet length and r the link rate. The stretch of a job is its flow time divided by its size.

Method

Compared with Applies to Measure Guarantee

Guard (this work,
Theorem 3)

one central queue for k
FCFS on the sameidentical servers; any finite
input arrival sequence; no

Wp[i] < Wrcrsli] + Bmax/k + (3 —
wait of each job 2/k)L for every job, on every

sample path
preemption; any scores pep

Predictions, online
[10]

. . . competitive ratio near 1 for exact
one machine, preemption; total completion

offline optimum
P predicted sizes time

predictions and bounded for any
predictions

Predictions, queueingSRPT with true

[13]

M/G/1, preemption; esti- ratio to SRPT bounded by a func-
. mean response . A
mates within [Bs, as] of time tion of @ and f, tending to 1 as

sizes .
size s a,f -1

Predictions, fairness

competitive ratio polynomial in

one machine, preemption; the error n and in the ratio P of

[15] offline optimum multiplicative size error largest stretch the largest to the smallest job
size, e.g., 0(n3VP)
. algorithm that ig- one real-time job, hard deadline always met; energy at
Safe use of predic- . . . .
tions [52] nores the predic- dead'hne; speed s.cahr'lg; energy most a fixed factor of th.e ref.er—
tion predicted execution time ence’s, for every execution time
at most (2 + 25) times the refer-
ence, where § is the preemption
Preemptive FCFS same policy with-online releases; rigid paral- flow time of penalty relative to the shortest

(PFCFS) [53]

out the later jobs lel jobs, gang preemption each job run time, when each job’s weight
is its number of processors times
its run time

Fair start time [54]

start without the recorded batch workloads; start delay of = none; a metric computed after
later jobs rigid parallel jobs each job the run

Packet-by-packet

generalised processorcessor sharing

eneralised pro- . . L
& p any arrivals at one link; finishing time of

PS finishing ti lus L
packets not preempted each packet GPS finishing time plus Limax/

sharing (PGPS) [66] (GPS)
stochastic improvement over
FCFS; at most one swap per job,
Nudge [61] FCFS M/G/1, Poisson arrivals; no response-time which on one server implies a

preemption distribution wait at most one small-job length
above FCFS on every sample
path (our reading)

Conservative and

online submissions; rigid later jobs never delay a reserva-

reservation made start time of

slack backfilling at submission Parallel jobs; requested run each job .tiorll, or delay it only within the
[56,58] times job’s slack
a dispatcher that sends each
job on arr?val to one of for any guarded dispatcher, the
. one SRPT server servers with separate .
Load Balancing mean response ratio to the reference tends to 1

Guardrails [51]

k times as fast  queues; Poisson arrivals,
(pooled capacity) heavy traffic; preemptive
SRPT at each server; exact

me as the load tends to 1; no bound
for a single job

sizes
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2.3. Prediction-Driven Scheduling in Deployed Systems

Backfilling schedulers for high-performance computing replace users’ runtime esti-
mates by predictions learned from past jobs [70,71] or learn from past jobs which queue
order to use [72]. They report mean slowdown or mean wait. Closest to our first case,
Zhang, Wu and Lu predict the running time of submitted programs in a judging queue
[73]. They order the jobs by prediction inside fixed-size windows, which limits overtaking
by position, and they report the mean response time. Some servers for large language
models learn a relative order of the requests [74]. Others target the latency tail, because
prediction-driven policies are fragile when the workload shifts and interrupting a request
is costly [75]. A third group promotes a request once its wait passes a threshold [76], or
once its program has waited longer than a multiple of the program’s service so far [77].
Justitia serves the agents that share a server in the order in which they would complete
under fair sharing of the server’s cache [78]. It bounds how far each agent’s completion
can fall behind that reference, by a constant built from the largest request and the largest
agent. The bound has our additive form, but it holds for Justitia’'s own order, with no base
policy and no budget. Mitzenmacher and Shahout list serving short requests first without
starving long ones as an open problem for these servers [14]. Serverless platforms approx-
imate shortest remaining time first from user space [79] or learn a priority for each func-
tion [80]. Apart from Justitia, none of these states a bound for individual jobs. A maximum
waiting time does carry one, of the same form as ours (Section 6.6), and our guard can be
placed around any of these schedulers.

2.4. Deadline-Driven Load

People concentrate their work before a cutoff [2], and conference registrations grow
faster as their deadline approaches [3,4]. When the arrival rate varies slowly, congestion
peaks after the arrival rate does [81], and staffing rules need time-varying approximations
[82]. These results size the capacity. However, they give no bound for an individual job
once a queue has formed, and in our setting the capacity is fixed.

2.5. Relational Models for Cost Prediction

A job’s cost can depend on its user, its task and the relations between them, which is
the setting of relational deep learning. On the RelBench benchmarks, graph models over
linked tables match or beat gradient-boosted trees fitted on the columns of a single table
[83]. On single tables of about 10,000 rows, however, tree ensembles still outperform deep
models [84]. We therefore compare an HGNN over users, tasks and assignments [20] with
gradient-boosted trees [18] that carry engineered history features. The graph network is
judged by its prediction scores only. The trees and a recurrent model are also judged by
the waits that they produce in the queue.

3. Problem Model
3.1. Jobs, Servers and Dispatch

A finite set of n jobs is served by k identical servers. We say server for what a de-
ployment calls an executor, a judging machine or a worker, and job for a submission, a
function call or a test run. Job i arrives at time a; = 0 and needs C; units of service,
which we call its cost, or its work. Service is non-preemptive. A server that starts a job keeps
it until the job finishes or has run for the time limit L, at which point the system stops it.
Since C; is the work actually executed, 0 < C; < L, and a job stopped at the limit contrib-
utes exactly L. A fask is the programming exercise that a job attempts, so many jobs share
one task.

https://doi.org/10.3390/math14214020
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Definition 1 (Instance). An instance consists of k = 1 servers, a time limit L > 0, and jobs
1, ...,n with arrival times 0 < a; < --- < a,, and costs 0 < C; < L. The order of the indices is the
arrival order, written <.

Ties in arrival time are broken by input order, so j < i implies a; < a;. Phrases such
as “arrived before” and “earliest-arrived” refer to this order. At a common instant, com-
pletions are processed first, then arrivals, then dispatches. Servers are work-conserving,
which means that no server is idle while a job waits. A policy is any rule that, whenever a
server is free and a job waits, picks one waiting job and starts it. The rule can be random-
ised or learned, and it can use priorities or predictions of any quality. We make no sto-
chastic assumption about the arrival times, the costs or their dependence, because the load
that we study follows a calendar and is not stationary. When a policy runs on an instance,
it produces a schedule in the following sense.

Definition 2 (Schedule). A schedule of an instance gives every job i a start time s;, a server
m; € {1,...,k} and a dispatch position m; € N such that (i) s; = a; for every job i; (ii) m is in-
jective, and s; <'s; implies w; < m;; (iii) if i # j and m; = m;, then s;+ C; < s or 5;+ C; <
si; and (iv) if a; < t <'s; for some job i, then every server m has a job j with m; =m and s; <
t <s;+ C;. Wewrite j <1, read “j is started before i”, when m; < m;.

Condition (iii) says that service is non-preemptive, and condition (iv) says that no
server is idle while a job waits. Condition (ii) orders the jobs that start at one instant, in
the order in which the policy dispatched them. A policy produces one schedule for each
instance and each realisation of its randomness, and every result of Section 6 is a statement
about such schedules.

Definition 3 (FCFS). A schedule is FCES if j < i holds exactly when j <.

All FCFS schedules of an instance have the same start times. By induction on the
arrival order, each job starts at the first instant at which a server is free, among the instants
no earlier than both its arrival and the start of its predecessor. The FCFS wait of every job
is therefore well defined.

3.2. What the Scheduler Knows

A job’s cost is hidden when it arrives, and the scheduler learns C; only when i com-
pletes. At arrival the scheduler sees a feature vector x;, built from the history of earlier
jobs, and a score C; computed from x;. This history must be causal. Write done; for the
instant at which the result of job j becomes readable, and d = 0 for the delay before it
reaches the store that the features are read from. Then

information about j may enterx; < done; +d < a;. (1)

In a simulation driven by alog, done; can be read on two clocks. On the original clock
it is the time at which the result appeared on the original platform, as the log records it.
In the simulated queue, the job completes at another time, which depends on the policy
being simulated. A feature that is causal on the original clock can therefore use a result
that the simulated queue has not yet produced. Under the online protocol, a job’s score
may use a result from the same copy of its class and term (Section 7.2) only once the sim-
ulated queue has produced that result. Results from other classes and terms keep their
recorded times (Section 8.1). The prediction study of Section 4 uses the original clock. The
scheduling results of Sections 8.1 and 8.2, which the abstract reports, use the online pro-
tocol. The guarantees of Section 6 apply on either clock, since they assume nothing about
the scores.
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3.3. Waiting Time, the FCFS Reference and the Service Guarantee

Let s{ be the start time of job i in the schedule of policy P. FCFS always starts the
earliest-arrived waiting job, and when several servers become free at one instant, it starts
jobs in arrival order. We run FCFS on the same arrivals, costs and k as P, so that the two
are compared job by job on one sample path.

Definition 4 (Excess and overtakers). The wait of job i under P is Wp[i] = s¥ — a;, and its
excess is

excessp[i] = Wp[i] — Wgcrsli]- (2

A job j with j > i and j <1i is an overtaker of i. The work that overtook i and the work
that i overtook are

] )
J>i, j<i J<i, i<j

In; = Z C; Out; = Z G;. 3)

Definition 5 (Service guarantee). A policy P offers a service guarantee G if excessp[i] < G
for every job i of every instance with time limit L, for every score, adversarial scores included, and
for every realisation of the randomness of P.

An operator states G in advance, and the guarantee is the proved statement that
every job stays within it. The guarantee is stated on the realised sample path, so it applies
to each job and not to an average, and it assumes nothing about the quality of the score.
Packet-scheduling results state additive bounds of this kind for each packet, against a ref-
erence discipline [66]. Studies of batch schedulers measure the same difference after the
run, against a fair start time [54]. The literature on scheduling with predictions compares
with an optimal policy instead [10,13]. We take FCFS as the reference because a shared
queue serves in arrival order unless a policy reorders it. The excess is then the delay that
the reordering adds, and an operator can be held to account for it. Against FCFS, a budget
on the work that overtakes a job bounds the excess of that job. With earliest-deadline-first
or strict priority classes as the reference, a later job that ranks ahead adds delay that no
such budget counts (Supplementary Section 57.7).

3.4. Metrics

The primary metric is the 99th percentile (p99) of the waiting time of the jobs that
arrive in the 24 h before a deadline, written p99y;. We fixed this metric before any sealed
part of a log was opened. Besides it, we report the mean wait over all jobs and the largest
excess, which is the quantity that a guarantee bounds. We also report the harm, the largest
excess among the jobs that FCFS would have started within 1 s, that is, among the jobs
that FCFS would not have delayed. The guard of Section 5 fires at a dispatch decision when
some waiting job has used up its budget. It then picks the job itself, and that job can be the
one that the base policy would have picked. The firing rate is the share of dispatch deci-
sions at which the guard fires, with each decision weighted by the length of the queue. It
equals

Ya | Qql 1{the guard fires at d}
2a | Qal '

where |Qy| counts the jobs waiting just before decision d, the dispatched one included.

(4)

Finally, we report the worst wait among heavy jobs, which Section 4 defines.
Improvements are expressed as the fraction of the gap closed,
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Mgcrs — Mp

gap closed(P) = m )

where M, is p99y under policy @ and SJF orders the waiting jobs by their true costs. A
gap closed of 1 means that P matches the p99 of SJF, and 0 means that it matches FCFS.
The ratio is defined only when Mgcgs > Mg, and the tables print no gap otherwise. Gap
closed is not a percentage reduction in waiting time, so the tables print the absolute waits
beside it. A table or figure that averages over the overlays of Section 7.2 averages this ratio
and not the p99 values, unless its caption says otherwise. SJF cannot be deployed, since
costs are unknown at arrival. On several non-preemptive servers, it also need not mini-
mise our metrics. For example, its largest excess is positive, whereas that of FCFS is zero,
and on one CI pool, its p99 is above that of FCFS (Section 8.7). SJF is therefore a reference
and not an optimum.

3.5. Steady-State Models and This Load

Stationary models give closed forms for the mean wait of each class of a non-preemp-
tive priority queue [85] (pp. 499-507). The SOAP (Schedule Ordered by Age-based Prior-
ity) framework analyses every policy that ranks jobs by a function of their size class and
age [86]. This family contains ranking by predicted cost. Both analyses need stationary
arrivals, which deadline-driven load does not supply. On a synthetic Poisson stream, the
priority formula agrees with simulation to within 0.4%. On the same jobs at their recorded
arrival times, however, the measured mean wait is 10.7 to 13.7 times what the formula
predicts (Supplementary Section S2.5). We therefore use steady-state results as motivation
only, and we state every guarantee on the realised sample path.

4. Cost Prediction

For every arriving job, the scheduler needs a number that says how long the job will
run, and it must compute this number from history alone. Users and tasks form a graph,
because many users attempt the same task and each user attempts many tasks. We there-
fore ask whether a model that reads this graph predicts better than one that reads the
history of each job’s own user and task. This section compares three kinds of model on the
main grading log, from the CodeBench course platform (Section 7). The tree models are
also fitted on a second log, from the ACcoding online judge, but the neural models are
fitted on the main log only. The section ends with the choice of the model that the sched-
uler uses.

4.1. Targets and Measures

For ranking, the target is the conditional mean E[C; | x;]. Among orders fixed in ad-
vance, this mean minimises the expected mean wait of a batch on one server. The reason
is Smith’s pairwise-interchange argument [87], applied to the expected costs (Section 5.2).
The argument says nothing about the 99th percentile of the wait that we report, so Section
8.3 tests this target in the queue. The mix of jobs shifts between periods, so to compare
predictors across periods we also score each model on a binary label. A job is heavy when
its cost exceeds the 95th percentile of the training rows. On the main grading log this cut-
off is 1.559 s, and heavy jobs are 1.31% of the test period against 5.00% of the training
period. On the second log the cut-off is 1.314 s.

Each model therefore has two outputs, a score for the heavy label and a prediction of
log(1 + C), with C in seconds. For the trees, we fit the two outputs as separate models.
For the neural models, the two outputs are two heads on one shared network. For the
heavy label, we report the area under the receiver operating characteristic curve (AU-
ROC). For the predicted cost, we report the root mean squared error (RMSE) and the

https://doi.org/10.3390/math14214020



Mathematics 2026, 14, 4020

12 of 57

Spearman rank correlation, since a ranking policy uses the order of the scores and not
their level.

4.2. Protocol

Every model is trained on the same rows and tested on the same term, under the
same visibility rule (1). The neural models also use the term 2022-1 to choose their learning
rate and weight decay and to stop training, and the trees do not use it (Supplementary
Section S1.4). Historical features are computed by streaming the log in the order in which
results became available, and by reading each user’s and each task’s state at the query
instant. On 3000 randomly drawn development jobs, recomputing these features from
scratch gives 0 disagreeing rows in all eight configurations that we tested. For each test
period, we use a model that was fitted only on earlier periods and frozen before the first
arrival of the period. The heavy cut-off inside the history features is refitted on that
model’s own training rows. The heavy label on which we evaluate keeps one cut-off, the
95th percentile of executed cost in the terms 2018-1 to 2019-2, 1.559 s. When results reach
the features ten minutes late, the full tree model M4 described below loses part of its AU-
ROC and half of its average precision on the heavy label. Supplementary Section S1 gives
these audits.

Table 2 lists the three kinds of model and the information that each one uses. Every
model in the table is trained on the terms 2018-1 to 2019-2 and tested on 2022-2, and its
results are averaged over 3 seeds. A term is written as year and semester. The scheduler
uses a different fit on the features of M4: the expected-cost regressor of Section 5.2, which
is refitted on rolling forward periods (Supplementary Section S3.9).

e  Gradient-boosted trees [18] over five feature groups, namely the task’s history (M1),
the user’s history (M2), static features of the submitted code (M3), all of these together
(M4) and M4 with one-hop aggregates over related users and tasks (M5).

e A gated recurrent unit (GRU) [19] over the user’s earlier jobs, used alone (R1) and as
a state vector added to the features of M4 inside the trees (R1S).

e A heterogeneous graph neural network (HGNN) of the R-GCN type [20], over users,
tasks, the assignments that group tasks and the class cohorts that group users. It is
tested as a ladder of five models. The first is a multilayer perceptron on the features
of M4 (NO). The other four use the graph architecture. GOU has every neighbour set
empty and no group nodes, GO has the group nodes but no edges, G1 has the real
edges, and G2 has the edges shuffled within each period. G2 keeps each node’s num-
ber of neighbours and changes only who they are. So if the edges carry information,
G2 must lose it.

Table 2. Predictors on the main grading log (CodeBench), 40,844 rows of one test term (2022-2). Each
entry is the mean over seeds 3, 4 and 5, with the standard deviation over seeds in parentheses. AU-
ROC is computed on the output for the heavy label, and the Spearman correlation on the predicted

log(1 + C). The second grading log and the remaining measures are in Supplementary Table S2.

Kind Model Information AUROC Spearman
Trees M1 task history 0.7960 (0.0149)  0.219 (0.0142)
M2 user history 0.8591 (0.0046)  0.302 (0.0013)
M3 static features 0.8632 (0.0025)  0.290 (0.0024)
M4 all of the above 0.9283 (0.0020)  0.312 (0.0065)
M5 M4 and one-hop aggregates  0.9302 (0.0002)  0.344 (0.0019)
GRU R1 user’s earlier jobs 0.9239 (0.0072)  0.313 (0.0049)
R1S M4 and the GRU state 0.9366 (0.0011)  0.329 (0.0096)
HGNN NO M4, no graph 0.9209 (0.0083)  0.278 (0.0178)
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graph model, no edges or

GOoU 0.9348 (0.0008)  0.321 (0.0070)
group nodes

GO graph model, no edges 0.9325 (0.0011)  0.324 (0.0092)

Gl graph model, real edges 0.9324 (0.0023)  0.329 (0.0023)

G2 graph model, shuffled edges 0.9305 (0.0006)  0.323 (0.0096)

4.3. What the Comparison Shows

On the one test term, the graph’s edges add no gain that the intervals can detect. The
intervals also bound the size of any such gain. One-hop aggregates change the AUROC of
the trees by +0.0019 on the main log and by —0.0002 on the second (M5 — M4). In the
HGNN ladder, removing every edge (G0) or shuffling them (G2) leaves the AUROC
within 0.002 of G1. The paired interval for G1 — GO, —0.0001 [-0.0019,0.0018], contains
zero. The one step in the ladder that matters is NO to GOU, +0.0139 [+0.0090,+0.0195]
of AUROC. This step changes the encoder while the edges stay empty. The intervals
resample test users and hold each fitted model fixed. Across the three seeds, the AUROC
of NO has a standard deviation of 0.0083 (Table 2), so this step is less than two such devi-
ations.

The neural models differ from the trees on tasks with little history of their own, and
the edges do not cause the difference. On the 1092 test rows whose task has fewer than
five visible earlier results, G1 beats M4 by +0.1464 [+0.0997,+0.1887] in Spearman cor-
relation. Models without a graph give most of this gain. The perceptron NO uses only the
features of M4, yet it beats M4 by +0.1064. The edgeless GOU beats M4 by +0.1419
[+0.0994, +0.1803]. Adding the real edges to GOU changes the correlation by +0.0045
[-0.0163, +0.0248]. G1 beats its shuffled control G2 on these rows by +0.0282, because
shuffled edges make the model worse than no edges (G2 - GOU is —0.0238
[-0.0453,—-0.0025]). The intervals above resample test users. The 1092 rows come from
101 users, 219 tasks and 58 assignments. When tasks, assignments, or users and tasks to-
gether are resampled instead, the widest interval for GOU - M4 is [+0.0649,+0.2195],
and the widest for G1 - GOU is [—0.0262,40.0388].

Prediction scores and queueing outcomes rank the models differently. R1S has the
highest AUROC, 0.9366, which exceeds that of M4 by +0.0083 [+0.0038, +0.0131]. In the
queue, with the same ranking objective as M4, R1S gains +0.007 [0.003,0.011] of the gap
at utilisation 0.8. At 0.5 it changes the gap closed by —0.010 [—0.022,—-0.002], and at 1.0
the difference is unresolved (Section 7.2 defines the three loads). These differences are
paired within the earlier study that fitted R1S, against that study’s own run of shortest
predicted job first on the expected-cost score (SPJE-E, Section 5.2; Supplementary Table
516). M5 has the higher AUROC of the two full tree models, but it loses in the queue at all
three loads, by 0.012, 0.008 and 0.010 of the gap. Each of these intervals excludes zero. We
therefore chose M4 for the scheduler on its queueing outcome and not on prediction
scores. These comparisons ran on the primary development pool, which also gives the
development figures of Section 8, so the choice is not held out. The sealed terms of Section
8.2 test it. Supplementary Table S16 lists R1S in the queue, and Supplementary Section S5
lists the archived analyses that compare M5.

The history that matters differs between platforms. The user’s history leads on the
main log, and the task’s history leads on the second by 0.11 of AUROC (Supplementary
Table 52). M4 carries both groups and has a higher AUROC than any single group on both
logs. On these two platforms, the scheduler’s features therefore need not be chosen per
platform. Supplementary Section 51.2 compares the feature groups on the four logs from
outside education.
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Prediction is cheap next to the queue. The median job on the main log runs for 204
ms. When we charge each model’s measured cost per job to the predictive policies, the
gap closed changes by less than 0.001 at every load (Supplementary Section S1).

5. Scheduling Algorithm
5.1. Overview of the Method

The method has three parts, and Figure 2 shows how they act on one job. When job
i arrives, we compute its features x; from earlier results that are visible under (1). A re-
gressor maps x; to the score C; (Sections 4 and 5.2), and we fit this regressor only on ear-
lier periods. The job then joins the waiting queue, and its score does not change while it
waits.

Whenever a server is free and a job waits, the guard makes the dispatch decision. It
first looks for a waiting job whose overtake account, the work of later arrivals that have
already completed, has reached its budget. If such a job exists, the guard starts the earliest-
arrived one. Otherwise, it lets the base policy start the waiting job with the smallest score.
When a job completes, its cost becomes known. The guard then adds this cost to the ac-
count of every earlier-arrived job that is still waiting. The job’s result also enters the his-
tory from which later features are computed.

Each part has its own role and its own inputs. The scores determine which jobs go
first, so they produce the reduction in waiting time. The guard limits how far any job can
fall behind its FCFS position. Its bound is valid for every score, a wrong one included,
because the accounts are charged with the costs of executed jobs and never with predic-
tions (Theorem 3). The operator states the bound G, which fixes the cap By, without
data (Section 5.4). We choose the budget shape on validation data and evaluate the frozen
method once on sealed test terms (Section 7.3).

Bounded-overtaking Rosults
Inputs Runtime Scheduling guard
job i arrives prediction base policy the earliest job start§: a}nd
at a;; results features x; 1 oA proposes with over[q] > ™ Wa1t§,< .
visible by a; — score C; the smallest C budget(q, t) if any, e;(CESSP (1] b
else A’s proposal or every Jo

charge C; to every

enters the history iting q < j
waiting

after delay d

[job j completes: its cost C; becomes known 14—

L

Figure 2. The method on one job. The prediction stage turns the visible history into a score at arrival.
The base policy proposes a job by score, and the guard replaces the proposal when a waiting job has
been overtaken by its budget of work. A completion reveals the job’s cost, which is charged to the
earlier-arrived waiting jobs and enters the history used for later predictions. The guarantee

excessp[i] < G rests only on the guard and these charges (Theorem 3), not on the scores.

5.2. Ranking by Expected Cost

When a server becomes free, the base policy starts the waiting job with the smallest
score. For a batch on one server, ordering the jobs by their conditional mean costs mini-
mises the expected mean wait among orders fixed in advance. This follows from Smith’s
pairwise-interchange argument [87], applied to the expected costs by linearity of expecta-
tion. The conclusion fails on k > 2 servers. For example, on two servers, let job u cost 2
and job w cost 3, and let job v cost 0.1 with probability 0.9 and 100 with probability
0.1. Ordering by conditional mean starts u and w and gives an expected mean wait of
2/3, whereas starting u and v gives 0.096667. We therefore treat expected-cost order-
ing as an empirically motivated base policy, not as a claim of optimality.
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Squared error on raw seconds and the Tweedie deviance both have the conditional
mean as their population optimum. However, their fitted orders can still differ, because
of finite model capacity, the link function and regularisation. We therefore compare the
objectives empirically, with the features and model of Section 4 held fixed. The expected-
cost policy is shortest predicted job first on the expected-cost score (SPJF-E). We fit its
score on raw seconds with a Tweedie loss of power 1.5, which accommodates mass near
zero and a long right tail [88,89]. The power was set in advance. Every scheduling result
uses one fit of this model for each target term, with seed 3 (Supplementary Section S1.4).
The log-scale policy is shortest predicted job first on the log-scale score (SPJE-log). For it,
we fit the same pipeline by squared error on log(1 + C). By Jensen’s inequality, the back-
transform of its population optimum, exp(E[log(1 + C) | x]) — 1, is no larger than the con-
ditional mean E[C | x].

We use only the order of a score. Its level does not transfer between periods, because
the share of heavy jobs differs between training and test periods by a factor of several. The
scheduler therefore never reads a score as a time or a threshold. Section 8.3 compares these
and other objectives in the queue. However, no choice of score bounds the worst case.
Whatever the score, it ranks some jobs late, because they are long or because their costs
are overestimated. Later arrivals that the score ranks ahead of such a job can then pass it
again and again. The guard below bounds this, and so does a maximum waiting time
(Section 6.6).

5.3. The Overtake-Budget Guard

Fix a base policy A. For every waiting job q and every time t let
over[q](t) = X{C;: j > q, jhascompleted by t}, 6)

the total cost of the jobs that arrived after q and have finished by t. Such a job ran while
q waited, so it overtook q. Each waiting job has a budget budget(q, t) on this quantity,
and the job is eligible when its account has reached its budget, over[q](t) = budget(gq,t).
Whenever a server is free and the queue is not empty, the guard starts the earliest-arrived
eligible job, if there is one. We then say that the guard fires. Otherwise, it lets A choose
(Algorithm 1 and Figure 3). Serving the earliest-arrived eligible job matters when budgets
differ between jobs. This choice ensures that whenever a job j starts ahead of an earlier-
arrived waiting job i, the job i was not eligible at that instant. The per-job bound of Sec-
tion 6 rests on this step. With a constant budget B, the account is non-increasing in arrival
order. The rule then reduces to a test on the head of the queue, and B = 0 gives FCES.

The guarantee depends on the budget only through an upper bound on it. If 0 <
budget(q, t) < Byax for every waiting job at every instant, then every job waits at most
Wecrs + Bmax/k + (3 — 2/k)L, whatever the base policy, the arrivals and the predictions
(Theorem 3). Below the cap, the budget determines how much of the base policy’s benefit
survives and which jobs bear its cost. We study the family

budget(q,t) = min(By +yn, +nk (t — ay), Bmax ), 7)

with By,y 20, 0 <n <1 and n,; the number of jobs waiting when g arrives. We study
three shapes in this family, namely constant (y =n = 0), age-relative (n > 0) and queue-
length (y > 0). In the age-relative shape, 71 is the share of the system’s capacity during a
job’s wait that can go to jobs that arrived after it. The allowance therefore grows with the
wait that the job has already had. The term yn, widens the allowance only for jobs that
arrive into a long queue. All of By, ¥ and By,,x are measured in work and scale with k.
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Algorithm 1. Overtake-budget guard wrapped around a base policy 4

parameters: cap Bmax > 0; shape Bo, y 20, 11 € [0, 1); base policy A
state: waiting set Q « @; over[g] « 0 for every job g
while some job has not started do

t < next event time

for all g € Q withg<cdo

1
2
3
4:
5: for all jobs c completing at t do > Cc becomes known here and nowhere earlier
6.
7 over[q] < over[q] + Cc

8

9

end for

end for
10: for all jobs i arriving at ¢, in the order < do
11: ni— 1Ql; Q«— Qu{i}; over[i] < 0
12: end for
13: while a serveris freeand Q# @ do > dispatch decision
14: E — {g € Q : over[q] = min(Bo + yng + nk(t — ag), Bmax)}
15: if E # @ then
16: j < the earliest-arrived member of E > guard fires
17: else
18: j<—A(Q,t) D base policy decides
19: end if
20: start j on the free server; W[j] «— t-a; Q < Q \ {j}

21: end while
22: end while

base policy A

—| any ranking,
yes learned or not
waiting queue Q E(t) =@? dispatch on
arrival order, E(t)={q: — the free
scores C over[q] > budget(q,t)} server
no guard fires
L earliest-arrived

member of E(t)

completion of j
C]- learned here,
not earlier

over[q] += C; for every waiting q
that arrived before j

budget(q, t)

Bmax

guard fires

Figure 3. The guard of Algorithm 1 wrapped around a base policy (above), and the account it keeps
for one waiting job g (below). Only completed work is charged, because a job’s cost is unknown
until it finishes. The account over[q] therefore rises by one step at each completion of a job that
arrived after q. When the account reaches the budget, g becomes eligible, and the guard starts the
earliest-arrived eligible job, which need not be q. The budget drawn is the age-relative shape, rising
from B, atrate nk and capped at By,,x. The bound depends on the cap alone, so any budget below

the dashed ceiling carries the same guarantee. The lower panel is a schematic.
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5.4. Setting the Guard

An operator states a bound G, the number of seconds by which any job may exceed
its FCFS wait. The operator then sets By, = k(G — (3 — 2/k)L) (Corollary 3). No data are
needed for this step. A bound of at most (3 — 2/k)L can be guaranteed this way only with
Bmax = 0, which is FCFS. The shape parameters By, y and 1 do not affect the bound, and
we choose them on validation data by a fixed rule (Section 7.3). At G = 300 s the rule
selects the age-relative shape with B, = 15k s of work and n = 0.50. At G = 600 s it se-
lects the same shape with By = 30k s and n = 0.75. At G = 1200 s it selects the queue-
length shape with By = 30k sand y = 4k s (Supplementary Table S5).

Two rules need no grid search. The first is the constant budget By = B a/2. Since
the budget never exceeds By, Theorem 3 with B, in place of By, bounds every excess
by (G + (3 —2/k)L)/2, halfway between the floor and G. The second is the age-relative
shape with the parameters selected for the main tables. These parameters carry over to
other numbers of servers. Section 8.6 compares both with the other shapes on one to three
servers.

The guard charges the executed cost of an overtaker when it completes, because a
job’s cost is known only then. A job still running contributes nothing yet. Consider the
moment when the last overtaker of a job i starts. Up to k — 1 earlier overtakers can still
be running then, and the starting overtaker is not charged either. The work that actually
passes i can therefore exceed the budget by at most kL. The additive term of the guaran-
tee covers this excess. For this reason, the guard needs no prediction to enforce its bound.
Our implementation keeps a Fenwick tree [90] over completed work, indexed by arrival
rank over all n jobs of a trace, and a segment tree over a sliding window of R = 2%?
ranks. Each query or update then costs O(logn) or O(logR), independent of the number
of waiting jobs. Trees indexed by the waiting jobs alone would cost 0(log|Q]). All budget
arithmetic is done in integer microseconds, so the eligibility test is exact (Supplementary
Section S5). Beyond the base policy, the guard stores two 8-byte integers for each job of
the traceand 3R 8-byte entries for the segment tree. For the 17,634,760 jobs of one overlay,
a trace that Section 7.2 builds from the main log, this is about 383 MB. The window restarts
at the next arrival whenever the queue empties. It is rebuilt only when the waiting ranks
span more than R. On the first overlay, the widest span was 36,547 ranks, and no rebuild
occurred. Section 8.10 measures the cost.

5.5. Compared Policies

Table 3 names the policies compared in Section 8. Our method is Guard(G), the guard
with bound G wrapped around SPJF-E. The other rows separate its parts, test it or stand
for existing wrappers.

Table 3. Policies compared in the experiments.

Name Role

FCFS Arrival-order baseline and the reference of the guaran-
tee

SJF Orders by true cost, cannot be deployed, and is the ref-
erence of the gap closed

SPJF-E Orders by the expected-cost score of Section 5.2, un-
guarded

SPJE-log Orders by the log-scale score, unguarded

Guard(G) SPJF-E inside the guard with bound G and the selected

shape (the method)
Guard-fixed(G), Guard-age(G), The same guard with the best constant, age-relative or
Guard-queue(G) queue-length shape
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The same guard with the whole cap as budget,

Fixed(G)
budget = Bjax
Skip(G) A guard that counts overtakes instead of work, charged
at start, at the count that gives bound ¢
Timeout(8) A maximum waiting time, which serves the earliest-ar-
rived job once it has waited 6 (Section 6.6)
. Orders by C; — w(t — a;), the score minus a credit @
Aging o
per second of wait, with no proved bound
Orders by score inside consecutive blocks of b arrivals
Block(b) and serves the earliest block that has a waiting job, a
stand-in for window ordering by predicted cost [73]
CBE-L, CBE-P Conservative backfilling [56], planned on the limit L or

on the SPJF-E predictions

Slack-based backfilling [58] with slack G, planned on L
or on the SPJF-E predictions

SPJE-E and Guard(G) under a reversed, a random and
Corrupted scores an inverted-tail score, which ranks the longest 1% of
jobs as the shortest

Slack-L(G), Slack-P(G)

Every simulation that includes a guard checks the per-job bound of Section 6 on every
job while it runs (Section 8.5).

6. Theory

Every result in this section is stated for one fixed run, that is, for one arrival sequence,
one vector of costs and one realisation of the randomness, if any, of the base policy. No
stationarity, no independence and no assumption about the scores enters a proof, and the
upper bounds apply even to a base policy that knows the future. An identity ties a job’s
delay relative to FCES to the work that overtook it (Sections 6.2-6.4). Two bounds turn it
into the guarantee of Algorithm 1 (Section 6.5), and three further results cover a maximum
waiting time, an absolute bound and completion reports that arrive late (Sections 6.6-6.8).
Full proofs and the extremal constructions are in Supplementary Sections 5S4 and S8.

We also proved the results of this section in Lean 4 [91] with the Mathlib library [92].
The Lean model is that of Definitions 1 to 6, the last of which is stated in Section 6.5, and
a policy enters it only as a condition on a schedule. Every proof depends only on the three
standard axioms of Lean. Each lemma, theorem, corollary and proposition below has a
Lean counterpart, with three restrictions. For Proposition 3 the Lean files prove the
bounds but not their attainment. For Proposition 4 they prove the first sentence and the
zero-budget case of the second. For Theorem 4 they prove the inequality but not the order
of its finite-sample term. The Lean theorems take the existence of an FCFS run, a guard
run or an SJF run on a general input as a hypothesis. Some results are proved only on
paper: the extremal constructions, the agreement of replicas, the refund variant of the
charge and the additional results of Supplementary Section S7. Supplementary Section
S12 maps each result to its Lean theorems, and the proof files are in the repository named
in the Data Availability Statement.

6.1. Conventions

We use the model of Section 3, and Table 4 collects the symbols of this section with
the place where each is defined. The position of a job in the arrival order is its rank, so j <
i means that j has the lower rank. Three readings fix what the proofs count. First, several
jobs can start at the same instant. We call them a phase and let the policy start them one
after another, so that “j is started before i”, written j < i, is defined even inside a phase.
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Within a phase, FCFS starts the jobs in arrival order. Second, consider a job of higher rank
that is started in the same phase as i but ahead of it. This job overtakes i and contributes
its whole C; to In;, although it executes nothing while i waits. Third, the remaining
work at the instant a; is read after the jobs arriving at a; have been added.

Table 4. Principal notation of Section 6. Symbols used in a single result are defined there.

Symbol Meaning Defined in
k, L number of servers; time limit, so every cost satisfies 0 < C; < L Section 3
a;, C; arrival time and cost (executed work) of job i Section 3
Jj<i j<i j arrives before i (lower rank); j is started before i Sections 3 and 6.1
st, Weli] start time and wait s{ — a; of job i under policy P Section 3
excessp|i] Wpli] — Weepsli] Equation (2)
In; total cost of the higher-rank jobs started before i (the work that overtook i) Equation (3)
Out; total cost of the lower-rank jobs started after i (the work that i overtook) Equation (3)
G service guarantee: excessp[i] < G for every job Section 3
Uo (D) unfinished work at time t under policy Q Section 6.2
RLQ/ .BLQ remaining work at. a; of the lower—rar'lk jobs; .remaini.ng work at siQ of the Section 6.3
jobs started before i and still running
over[q](t) total cost of the higher-rank jobs completed by time t Equation (6)
budget(q,t), Bmax the budget of the guard for job q at time t, and its cap Section 5.3
By, m, ¥ parameters of the age-relative and queue-length budget shapes Section 5.3
0 waiting time after which Timeout(@) starts the earliest-arrived job Section 6.6
§ largest delay of a completion report Section 6.8
F;, F* flow time W/[i] + C;; the smallest achievable largest flow time Section 6.5

6.2. The Workload Gap Between Two Policies

Write Uy (t) for the unfinished work at time t under policy Q, counting every job
with a]- <t.

Lemma 1 (Workload comparison). Let Q, and Q, be non-preemptive work-conserving k-
server policies run on the same input. Then |Ug, (t) — Ug,(t)| < (k — 1)L for every t. For k =
2 the inequality is strict, |Ug, (t) — Ug, ()] < (k — 1)L, and the constant is the exact supremum,
approached but never attained. At k =1 both sides vanish, because one server executes work at
rate 1 whenever at least one job is present, so every work-conserving policy has the same unfin-
ished work at every instant.

Proof of the inequality |Ug, (t) — Ug,(t)| < (k — 1)L. Let Ny(t) be the number of jobs
presentunder Q and put D = Uy, — Uy,. An arrival adds the same cost to both unfinished
works, so D has no jumps. Between arrivals, a work-conserving policy with N jobs pre-
sent keeps min(N, k) servers busy, so U, falls at rate min(Ny, k) and D changes at rate
min(Ng,, k) — min(Ny,, k).

Suppose Uy, (u) > (k — 1)L at some instant u. Every job carries at most L, so more
than k — 1 jobs are present under @, all k of its servers are busy, and the rate of D at u
is min(Ny,, k) —k < 0: D does not increase while Uy, stays above (k — 1)L. Now fix t
and let t, be the last instant up to t at which Uy, < (k — 1)L, taken as a limit from the
left because Uy, jumps up at arrivals. Such instants exist, since Uy, = 0 before the first
arrival. At ty, D < Uy, < (k — 1)L because Uy, = 0, and on (¢, t] the difference D does
not increase, so D(t) < (k — 1)L. Exchanging Q; and Q, gives D(t) = —(k — 1)L. Sup-
plementary Section S4.1 proves the strict inequality for k = 2, and Section S8.1 gives the
construction showing that (k — 1)L cannot be lowered. o
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A similar argument compares multiserver shortest remaining processing time (SRPT)
[93] with a single server k times as fast. There, with preemption, it bounds the difference
in the work of the jobs smaller than a cutoff x by kx [94]. Here, we use it to compare any
two non-preemptive work-conserving policies over all of the work. FCFS also minimises
the unfinished-work vector in a stronger order, but only among policies whose assign-
ment of jobs to servers does not depend on their costs [95]. The policies compared here,
however, do not have this property.

6.3. The Net-Overtake Identity

Forajob i and a policy Q, let R? be the remaining work at time a;, under Q, of the
jobs that arrived before i, and let ¢ be the remaining work at s? of the jobs started be-
fore i that are still running then. Write

A; = k(Wp[i] — Wecrs[i]) — (In; — Out;). ®)

Theorem 1 (Net-overtake identity). For every non-preemptive work-conserving k-server pol-
icy P, every input and every job i,

& = (RP—RI®) = BP+ I, A < 2(k— 1)L, )

with strict inequality for k = 2. Equivalently, | Wp[i] — Wgcps[i] — (In; — Outy)/k| < (2 —
2/k)L. At k =1 the error term vanishes and Wp[i] — Wgcps[i] = In; — Out; exactly.

The core of the identity is the sample-path balance of work that underlies conserva-
tion laws for queues [96-99]. Summed over all jobs, the identity gives back Kleinrock’s
law (Supplementary Section S7.3). What it adds is the split of one job’s extra wait by rank:
the work that overtook the job and the work that it overtook, with an error of at most (2 —
2/k)L. The guard of Section 5 limits the first of these terms job by job.

Proof of Theorem 1. Work done while i waits. Job i waits throughout [a;,s{), so by work
conservation every server is busy on that interval, and exactly k Wp[i] units of work are
executed there, none of it on i. We split this work by rank.

A job j of higher rank arrives at or after a;, so it runs inside the interval only if it is
dispatched before i, that is, only if j < i. The work executed on these jobs is therefore
In; — "%, where B"®¥ is the work that the overtakers still running at s{ have left. An
overtaker dispatched at s{ itself adds its full cost to both terms and nothing to the exe-
cuted work. The jobs of lower rank are all present at a; and hold R{ there. At s{ they
still hold Out;, the full cost of those not yet started, plus ﬂ"ld, the remainder of those
started before i and still running. The work executed on them is therefore R — Out; —
B°. Adding the two parts, with g = pold + prew,

kWp[i] = RF +In; — Out; — SF. (10)

Size of B. The jobs counted in Bf run on distinct servers, none of them the server that
takes i, so there are at most k — 1 of them, each with at most L left: 0 < g7 < (k — 1)L.
The reference. Under FCFS no job of higher rank starts while i waits, and every job of lower
rank starts no later than i, so In; = Out; = 0 and (10) reads k Wycpg[i] = RF¢FS — BFCFs,
with 0 < BFCFS < (k — 1)L.

Comparison. At a; the two systems hold the same jobs, and the jobs of rank i or
higher are untouched in both, so Rf — RFFS = U, (a;) — Upcps(a;), which Lemma 1 places
in [—(k — 1)L, (k — 1)L]. Subtracting the FCFS instance of (10) from the instance for P
gives the identity (9). Its three terms lie in known ranges: RY — RF°FS in [—(k — 1)L, (k —
1)L] and BF, BFCFS eachin [0, (k — 1)L]. The largest value of A; takes the first at its top,
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BFCFS at its top and BF at 0, which is 2(k — 1)L. The smallest is the mirror image,

—2(k —1)L. At k =1 all three ranges are {0}. The strict inequality for k > 2 comes from
the strict form of Lemma 1 (Supplementary Section 54.1). o

Corollary 1 (A work budget is sufficient). If a policy keeps In; — Out; < Z for every job, in
particular if it keeps In; < Z, then excessp|i] < Z/k + (2 — 2/k)L for every job.

Proof of Corollary 1. By Theorem 1, kexcessp[i] <1In; —Out; +2(k—1)L < Z +2(k —
1)L. Dividing by k gives the claim. o

Suppose that a scheduler never lets more than Z units of work pass a waiting job.
Whatever it ranks by, it then keeps every wait within Z/k + (2 — 2/k)L of the FCFS wait.
The constant cannot be improved.

Theorem 2 (Tightness of Theorem 1). For every fixed k = 2, time limit L > 0 and & > 0,
there are inputs, work-conserving policies P and jobs i with A; > 2(k — 1)L — ¢, and there are
others with A; < —2(k — 1)L + €. Hence, sup|4;| = 2(k — 1)L, a supremum that is never at-
tained.

Proof sketch of Theorem 2. Both witnesses start from a cascade. In each of m rounds,
k — 1 jobs of cost L arrive followed by many short jobs, and P runs the short jobs first.
After m rounds, FCFS has finished everything while P still holds k — 1 long jobs in ser-
vice, so Up — Ugcps reaches (k — 1)L (1 — ((k —1)/k)™). A victim is then placed so that
FCEFS starts it at once while P holds it back (upward), or the mirror image (downward).
The instances use hundreds of jobs and are rescaled to keep L fixed. Supplementary Sec-
tion S8.2 gives both in full. Non-attainment follows from Lemma 1. o

In the downward direction, half of the extremal value comes from the convention of
Section 6.1 that charges a same-phase overtaker in full. Supplementary Section 54.3 gives
the variant that charges executed work only.

6.4. A Work Budget Is Also Necessary

A policy that guarantees anything about individual jobs is forced to bound the work
that overtakes them.

Lemma 2 (Outbound work under a guarantee). Let i be a job, and suppose excessp[i] < G
and excessp[j] < G for every job j counted in Out;. Then Out; < k (G — excessp[i] + L).

Proof of Lemma 2. A job j counted in Out; has lower rank than i, so FCFS starts it no

later than i: SJFCFS <sf

CFS_ Its own guarantee gives s/ < s/ + G < sfFS+ 6 =5 -
excessp[i] + G, and it starts after i, so s/ = s/. Every such job therefore starts inside the
window [sf, sf + w] of length w = G — excessp[i] = 0. Of the jobs that one server starts
inside this window, each except the last finishes before the next one starts, so their costs
add up to at most w, and the last adds at most L. Summing over the k servers gives

Out; <k(w+1L).o

Corollary 2 (A work budget is necessary). If P satisfies excessp[j] < G for every job on some
input, then In; < kG + (3k — 2)L for every job i.

Proof of Corollary 2. Theorem 1 gives In; < k excessp[i] + Out; + 2(k — 1)L. The guaran-
tee holds for every job, so Lemma 2 applies and
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In; < kexcessp[i] + k(G —excessp[i] + L) + 2(k — 1)L = kG + (3k — 2)L.

The two corollaries say that bounding In; and offering a per-job guarantee are the
same requirement, up to an additive O(kL). A bound on the number of overtakes, as in
the mechanisms of Section 2, is not necessary for a guarantee. It gives a guarantee only if
each pass is charged the worst case L. For a given job, that guarantee is then looser than
the one from a work budget, by the ratio of L to the mean cost of the jobs that overtake
the job. Against the mean cost of all jobs on the main grading log, the nominal ratio is 150
(L = 60 s against 0.40 s). Supplementary Section S4.4 proves both halves and gives the
conversion from a count to a bound.

6.5. The Guarantee of the Guard

Nothing below restricts the base policy, which can be randomised, learned or clair-
voyant. Nothing restricts the budget rule beyond the cap either. The budget can depend
on the job, decrease over time, and take different values at two decisions made at the same
instant. The proofs use the guard only through the following property of its schedules.

Definition 6 (Guard property). A job q is waiting at the start of job j if a, < s; and either
q =j or j < q.ltiseligible there if, in addition, over[q](s;) = budget(q, s;), where over[q](s;)
counts the completions at times up to s; and the budget is the value in force at the decision that
starts j. A schedule has the guard property if, whenever some job is eligible at the start of j, the job
J is the earliest-arrived eligible job.

Algorithm 1 processes completions before dispatches and starts the earliest-arrived
eligible job whenever there is one, so every schedule that it produces has the guard prop-
erty.

Theorem 3 (Guard bound). Fix a cap B4, = 0 and a budget rule that respects the cap, that is,
0 < budget(q,t) < Bpay for every waiting job q and every dispatch decision at time t. For
every input, let P be any schedule of it (Definition 2) that has the guard property for that rule.
Every run of Algorithm 1 with that rule, around any base policy, is such a schedule. For every job
i, writing W = Wp[i] for the wait under P,

In; < Bpax + kL, (11)

W < Wrcpsli] + Bmax/k + (3 = 2/k)L, (12)

where (11) is asserted whenever i has at least one overtaker.

Proof of Theorem 3. Suppose i has an overtaker, let j be the overtaker started last, and
let t be its start. Job i is waiting when j is started, since i starts after j, possibly in the
same phase. The guard starts the earliest-arrived eligible job whenever there is one, and i
arrived before j, so i was not eligible at that decision: over[i](t) < budget(i,t) < Byax-
The overtakers of i started before j are of two kinds. Those completed by t have total
cost over[i](t). Those still running at t occupy distinct servers other than the one taking
j, so there are at most k — 1 of them, each of cost at most L. With j itself, of cost at most
L,

In; < Bpax+ (k—1)L+L = By + kL,

which is (11). For (12), Theorem 1 with Out; = 0 gives k (W — Wgcps[i]) < In; + 2(k —
1)L < Bpax + kL + 2(k — 1)L = By + (3k — 2)L, and dividing by k gives (12). If i has
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no overtaker, In; = 0 and the same computation gives an excess of at most (2 — 2/k)L,
which is below the bound because L > 0. o

Corollary 3 (The cap for a given bound). Setting B4, = k(G — (3 — 2/k)L) makes Algo-
rithm 1 offer the service guarantee G, whatever the budget shape below the cap and whatever the
base policy A. The choice is available when G = (3 — 2/k)L, and gives a positive budget only when
the inequality is strict. At equality Bp,q, = 0 and the guard is FCFS.

Proof of Corollary 3. Substitute By, into (12). o

The per-job guarantee also bounds the largest flow time. On k non-preemptive serv-
ers, FCES keeps the largest flow time within a factor 3 — 2/k of the smallest achievable
value. Bender, Chakrabarti and Muthukrishnan stated this bound and its tightness with-
out proof [100]. Mastrolilli, who calls FCFS FIFO, proved the bound and showed that it is
asymptotically tight [101]. The proof of Corollary 4 repeats the bound in our notation for
completeness. Write F; = W[i] + C; for the flow time of job i and F* for the smallest
largest flow time max;F; that any schedule of the input on k servers achieves, with or
without interruption.

Corollary 4 (Largest flow time). Under the cap of Corollary 3, every job has Wp[i] + C; < (3 —
2/k)F" +G.

Proof of Corollary 4. We show Wrgcgs[i] + C; < (3 — 2/k)F”, and adding the guarantee G
gives the claim. Let S; be i’s start under FCFS. If S; = a;, then F; = C; £ F* and there is
nothing to show. Otherwise, let t’ be the supremum of the instants t < a; at which a
server is idle after the dispatches of t. Such instants exist, since every server is idle before
the first arrival. All k servers are busy on (t',S;), since before a; noneisidle after t’, and
from a; on, i waits. A job that arrived before t' has started by t’, for otherwise it would
wait at an instant of that set, at t’ or arbitrarily close below it, while a server is idle. The
jobs of this kind that still run after t’ all run at one such instant, where a server is idle, so
there are at most k — 1 of them. That busy time is filled by these jobs, each with remaining
cost at most p = max;(; < F*, and by jobs that arrived in [t’,a;] and started before i, of
total cost X. Hence, k(S; —t') < X + (k — 1)p. Every schedule must run these jobs and i
after t' and finish them by a; + F*, so X + C; < k(a; + F* —t"). Together, S; —a; < F* —
Ci/k+(1—-1/k)F,and ;< 2—-1/k)FF+ (1 -1/k)C; < (3—-2/k)F*.O

At k =1 the factor is 1, so FCFS minimises the largest flow time on one server and
the guard stays within G of that optimum.

The proof uses the budget only through the cap, so the shape below the cap is free.
The age-relative shape with one constant B, for every job also gives a multiplicative
bound, (1 —n)W < Wgcgs[i] + Bo/k + (3 — 2/k)L. The queue-length shape does not, by a
margin that grows with y (Supplementary Sections S4.5 and 54.6). Neither constant of
Theorem 3 can be improved. With a constant budget, the term By, /k is reached exactly.
The term (3 — 2/k)L is the exact supremum at every k over instances and budgets, and
a cascade with a constant budget larger than L approaches it (Supplementary Section
58.3). Suppose that the service enforces a run-time cap that is known at arrival. The guard
can then charge the cap at the start and refund the difference at completion, and this re-
moves L from the constant (Supplementary Section S7.6). The limit L is such a cap. When
L is charged this way on k > 2 servers, the guard keeps the same G. At every decision,
whatever the history and the proposed job, it then overrides the base policy only if Algo-
rithm 1 would, and at some decisions it does not. Here, to override means to start a job
other than the one that the base policy proposes. Finally, a guard that never fires leaves
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the base policy’s run unchanged. An operator can check this on that run before deploying
the guard (Supplementary Section 54.2).

6.6. A Maximum Waiting Time Gives the Same Guarantee

Recent inference servers guard against starvation by promoting a request once its
wait passes a threshold [76], or once its program has waited longer than a multiple of the
program’s service so far [77]. Neither paper states a bound. In the simplest form, the ear-
liest-arrived waiting job is started next once it has waited 6. Until then, the base policy
chooses. We call this rule Timeout(8). It uses arrival times and a clock, never a cost.

Proposition 1 (Timeout bound). Fix a base policy and 6 = 0. For every input and every job i
with at least one overtaker, Timeout(8) gives In; < k(6 + L), and every job waits

W < Weepslil + 6 + (3= 2/k)L. (13)

Proof of Proposition 1. Consider a start decision at a time t > a; + 68 while i still waits.
The earliest-arrived waiting job arrived no later than i, so it has waited at least t —a; =
0, and the rule starts it. That job has rank at most i, so no overtaker of i is started from
a; + 0 on, and every overtaker starts in [a;, a; + 8). Of the overtakers that one server
starts in this interval, each except the last finishes before the next starts, so their costs add
up to less than 6, and the last adds at most L. Summing over the servers, In; < k(6 + L).
Then Theorem 1 with Out; > 0 gives k (W — Wgcps[i]) < k(6 + L) + 2(k — 1)L, and di-
viding by k gives (13). A job without overtakers has an excess of at most (2 —2/k)L.
Supplementary Section 54.11 relates the rule to the guard. o

At 6 = G — (3 — 2/k)L, the clock gives the bound that the guard gives at B,y = k6.
Unlike the constant of Theorem 3, the constant of Proposition 1 is not shown to be tight.
The worst ratio of excess to bound that our search found is 0.996 at k = 1, and 0.756 to
0.829 for k = 2 to 4 (Supplementary Section 54.11). Section 8.4 therefore also compares
the two rules at equal realised worst excess. The rules differ in what they charge a waiting
job for. The clock charges it for all the work that the servers do while it waits. The guard
charges it only for the completed work of jobs that arrived after it. Near saturation, a job
that arrives behind a backlog is charged for the backlog. The clock then fires for most of
the queue, and the schedule falls back to arrival order. This happens at the loads where
ordering by cost helps most.

The two rules can be combined. The combined rule starts the earliest-arrived job if it
has waited 6, and otherwise runs Algorithm 1. Both bounds then hold at once. The order
matters, since serving the guard’s eligible job first can pass over a job that has already
waited 6 (Supplementary Section S4.11). The clock part of the rule uses no completion
report, so the combined rule keeps (13) when reports arrive late or never.

6.7. An Absolute Bound from the Arrival Log

A bound relative to FCFS is a margin over a schedule that is not run. The log of arri-
vals and their executed costs gives an absolute bound, which an operator can state as a
number of seconds. Feed the same jobs to a single server of rate k, and let V;~ be the work
that this server would still hold at a; from the jobs that arrived before i. Thus,V; =0
and Vi = max(0, Vi_; + C;_1 — k(a; — a;_1)). The largest value o = max;(V;” + (;) is the
depth of the smallest token bucket of rate k to which the arrivals, counted in work, con-
form. This depth is the burst parameter of network calculus [102,103].
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Proposition 2 (Absolute bound). For every non-preemptive work-conserving policy and every
job i, kWil £V + (k — 1)L + In;. Hence, Wecps[i] < (Vi + (k — 1)L)/k, and under Algo-
rithm 1 with cap By,

Vo +B 1 +B 1
W o< ‘—ma"+(2——)L < %+<2——>L. (14)

Proof sketch of Proposition 2. Equation (10), with Out; = 0 and B; = 0, gives k W[i] <
R; + In;, where R; is the work that the jobs of lower rank still hold at a;. A work-conserv-
ing k-server queue never holds more than (k — 1)L above the single server of rate k, be-
cause whenever it holds more, all k servers are busy and it drains at the same rate k.
Hence, R; <V + (k — 1)L, and (11) bounds In; under the guard (Supplementary Section
S4.11). o

At k =1 the fast server is the queue itself, V;~ = Wgcgs[i], and the proposition is
Theorem 3 again. Suppose that an operator wants to guarantee that no job waits longer
than D, over a period whose arrivals fit a bucket of depth o. The operator then sets
Biax = kD — 0 — (2k — 1)L: the capacity over the deadline, less the burst and less 2k — 1
time limits. The cap is non-negative only when D > ¢/k + (2 — 1/k)L, and a shorter dead-
line cannot be guaranteed this way. The clock obeys the same bound with ké in place of
Biax- Proposition 2 is proved in Supplementary Section S4.11. Sample-path comparisons
of a multiserver queue with a single fast server need care. Wolff showed that some previ-
ously derived sample-path upper bounds on the work in a multichannel queue are false
[104]. Our comparison keeps the additive margin (k — 1)L, which the proof above needs.

6.8. Completion Reports That Arrive Late

Theorem 3 assumes that a completion is charged before the next dispatch decision.
In a distributed service the servers are separate machines that report their completions to
the scheduler over a network, and a server can take its next job before its report has been
counted. Suppose that every report reaches the scheduler’s counter within § of the com-
pletion, while servers still take a job at the instant when they become free.

Proposition 3 (Late charges). Under Algorithm 1 with a shared counter and charges delayed by
at most 6, every job i with an overtaker has In; < Bpgy + kL + k(L + 6), and

W < Wegepsli] + Bmax/k + (4 — 2/k)L + 6. (15)

For & > 0 the bound is attained in the limit at k = 1. At k = 2, constructed instances with
integer sizes, budgets and delays fall short of it by two units at every size, so the bound is attained
in the limit there, also. If each server applies its own completion report to the shared counter in the
same step as its next pull, and only other servers’ reports travel late, Theorem 3 holds unchanged
for every 6, lost reports included.

Proof sketch of Proposition 3. When the last overtaker starts, the charged part is below
the budget, as before. The uncharged overtakers are those still running, as in Theorem 3,
and those that finished within the last § and whose report has not arrived. On one server
the latter are at most one job that started before that window and jobs that fit inside it, so
they hold less than L + §. When a server reports before it takes its next job, an uncounted
completion can belong only to a server that finished at the decision instant itself and has
not yet taken a job, so it holds nothing in service. Supplementary Section S4.12 gives both
proofs and the instances that attain the bound. o
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At k=1 any § > 0 already costs a whole L, because the single server takes its next
job at the instant when it finishes one, before that job’s report can arrive. The remedy is a
change of protocol, not a smaller budget. If every server counts its own completion before
it takes the next job, Theorem 3 holds again. The combined rule of Section 6.6 also keeps
its clock bound for any delay. The model counts a dispatch as instantaneous. A server that
must wait a network round trip for its next job is idle while jobs wait. The bound of a job
then grows by two terms. One is the job’s own delay between its dispatch and its start.
The other is the server-idle time accumulated while some arrived job had not started,
counted from the last instant at which the pool held no unfinished work, divided by k.
Idle time counted only while the job itself waits does not suffice, because idling before the
job arrives leaves a backlog that it inherits (Supplementary Section 54.10). Suppose instead
that each server keeps its own view of the counter, in which it sees its own completions at
once and those of other servers within &§. The excess is then below By,./k + (3 —2/k)L +
(1—-1/k)(L + 8), and at k = 2 this bound is also attained in the limit (Supplementary
Section 54.12).

The guard’s counters need no coordination beyond the reports. At any instant,
over[q] is the total cost of the reported completions of jobs that arrived after q. It is a
function of the set of reports received and of the arrival order, and not of the order in
which the reports came. Suppose that two replicas of the scheduler share the arrival order
and the dispatch history, and have received the same reports. They then hold the same
counters and the same set of eligible jobs. They agree whenever the guard fires, and on
every decision when the base policy is deterministic given the same history. The bound
needs only the first agreement. A replica that lags the reports by at most § is a scheduler
whose charges arrive up to & late, the case of Proposition 3. A report counted twice can
only raise over[q]. The proof of Theorem 3 uses only one fact: the counted total of i was
below its budget when i’s last overtaker started. The true total was then also below the
budget, so the bound holds with duplicated reports.

6.9. Which Assumptions Can Be Dropped

The global limit L can be replaced by the largest cost among the jobs that have ar-
rived so far, read at the right instant. This is a bound after the fact, since a job’s cost is
revealed only at its completion. Servers can run at different speeds, with the budget di-
vided by the total capacity. A fixed setup paid before every job is absorbed into its cost.
Servers can also fail and destroy the progress of the jobs that they run. The bound then
holds in capacity-time, with L added for each failure in the stretch of congestion around
the job (Supplementary Section 57.8). Work conservation cannot be dropped. If a server
can idle while jobs wait, the identity fails by exactly the forced idle time. Supplementary
Section 54.10 states these relaxations with their sharp forms.

6.10. A Floor of Order L, and What a Guarantee Costs

No positive budget removes the last L of the additive constant, because a job can be
displaced before anything has completed, and at that instant a guard that charges com-
pleted work has nothing to charge.

Proposition 4 (Floor). Fix a budget rule that assigns a positive budget to every waiting job at the
first dispatch decision. Then there are a base policy A that observes a job’s cost only at its comple-
tion, and an input, such that Algorithm 1 run around A with that rule leaves some job with
excess = L. With the remaining cases, treated in Supplementary Section S4.8, every budget rule
of the family (7) falls into one of two classes. Either it makes the wrapper FCFS around every base
policy, or it cannot guarantee a bound G < L, neither around every base policy nor around one
prediction-ranked base policy under arbitrary predictions. Theorem 3 is stated in this generality.
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Proof sketch of Proposition 4. Put k + 1 jobs of cost L into an empty system at t = 0.
Nothing has completed, so no job is eligible, and the guard accepts the base policy’s
choices. A base policy that starts the last-arrived job in the first phase then delays, by L, a
job that FCEFS starts at once. Supplementary Section S4.8 gives the proof, shows that the
hypothesis cannot be dropped, and treats the rules of the family that it does not cover.
Those whose budget is identically zero are FCFS, and every other one admits an input
with excess at least L. O

On one server the bound is exact. With a constant budget B > 0, the bound B + L of
Theorem 3 is the exact supremum of the excess (Supplementary Section S8.4). The guar-
antee also caps how much reordering can gain at all.

Theorem 4 (Price of the guarantee). Take m jobs of cost L and n jobs of cost ¢ < L, the long
ones arriving first, all at t =0, and let P be a non-preemptive work-conserving policy with
excessp|j] < G for every job. Write W, for the mean wait under a policy Q, and define Dy =
mn(L —c)/k, H=2(1-1/k)L(m +n) and a = (kG + (3k — 2)L)/(nc). If Dy > H, equiva-
lently mn(L — ¢) > 2(k — 1)L(m + n), then

Wecps — Wp _ H(l+a)

= — < a+e, £ . (16)
Wecrs — Wr Do —H

For fixed k, L, c and G, the finite-sample term is O((m + n)/(mn)).

Proof sketch of Theorem 4. Call a pair of jobs inverted when the later-arrived one starts
first. Summing Theorem 1 over all jobs shows that the total saving of P over FCFS equals,
up to H, the sum over inverted pairs of the earlier job’s cost minus the later job’s cost,
divided by k. This is the interchange argument behind Smith’s rule [87]: on one server,
for jobs that are all available at the start, ordering by increasing cost minimises the mean
wait. Only a short job passing a long one contributes positively, by L — c. For each long
job, Corollary 2 caps the short work that passes it at kG + (3k — 2)L, which bounds the
numerator. SJF inverts all mn long—short pairs, which gives the denominator. Supple-
mentary Section S8.5 gives the proof. o

The leading term « is the capacity times G, plus (3k — 2)L, divided by the total cost
nc of the short jobs, which SJF moves ahead of the long ones. It is linear in G and reaches
1 when kG + (3k — 2)L covers nc. For k > 2 the finite-sample term ¢, is positive, so
the whole bound exceeds 1 already there. The bound applies to every policy with the
guarantee. On this family of instances, it therefore describes the trade-off that an operator
faces rather than a weakness of this guard. At k = 1, the achievable fraction is known
exactly: |G/c]/n, capped at 1. Whenever kG = (3k — 2)L and D, > H, the guard around
exact SJF meets the bound of Theorem 4 on this family, up to 2(3k — 2)L/(nc) and finite-
sample terms (Supplementary Sections S8.5 and S8.6, with an exhaustive check over 1161
parameter settings).

7. Workloads and Experimental Setup
7.1. The Workloads

We use six logs of real jobs and one log of student activity (Table 5). Our main log
comes from CodeBench, the programming-course platform of the Universidade Federal
do Amazonas in Brazil. The platform records every run of a student’s code, and from the
term 2017-2 on, it also records the run’s duration [21]. A second grading log comes from
ACcoding, an online judge used in university programming courses [22]. ACcoding’s
public release has no timestamps, only submission identifiers. We therefore keep the real
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order and costs of its jobs, and draw their arrival times. In the replay, each job is charged
its recorded running time plus an assumed overhead of 0.5 s. The results on ACcoding
therefore test the ordering mechanism, but not waiting in seconds.

Four logs come from outside education. The Azure Functions trace of 2021 covers
two weeks of calls to functions that run on demand [5,6]. Mozilla runs the tests of the
Firefox browser on pools of machines. We call two of these pools CI pools A and B, and
we use the waits recorded on them to check our simulator [23,24]. In Intel’s Netbatch com-
pute farm [25,26], single jobs run for days. With one limit of 5.7 days for all jobs, this farm
is the case where our method does not apply. Finally, the Open University Learning An-
alytics Dataset (OULAD) records the daily activity of students in online courses [105]. It
contains no jobs, so we use it only to check that activity also rises before deadlines outside
our own grading logs.

Table 5. The logs, what each records, and what we use it for. “Arrivals” says whether arrival times
are recorded, reconstructed from the recorded end time and duration, or drawn. “Waits” says
whether the queueing wait of each job is recorded. Supplementary Section S2.1 compares the

CodeBench counts with the statistics published with the release.

Log Use Size Arrivals Waits
4,611,325 runs in the 18 terms;
CodeBench [21] main scheduling log 863,149 graded submissions in  reconstructed no

ACcoding [22]

Azure Functions 2021

[5]
CI pool A [23,24]
CI pool B

Intel Netbatch [25,26]

OULAD [105]

ordering on a second grading 4,046,652 submissions, 3,237,322

the development period

d
platform outside the sealed block rawn ne
a cloud workload 1,980,951 calls over 14 d reconstructed no
simulator check; light tail 191,970 runs over 21 d recorded yes
second simulator check 30,702 runs over 7.0 d recorded yes
a case where the method does 9,054,066 jobs over 30 d, 8,441,207
recorded yes

not apply serial with positive run time
9 course presentations, daily

deadline crowding elsewhere — —

counts

Supplementary Section S2 audits the main log in full. Three features of the log shape
how we use it. First, the timestamp of a run is the moment when its result was written.
We therefore reconstruct the arrival as a; = t; — C;, the time when the run started, and
treat the recorded stamp as done;. CodeBench runs each student’s code in its own con-
tainer (Section 7.2), so we take this start as the submission time. No field of the log records
the delay between the two. If we read the stamp the other way, as the time of receipt, the
final guard at a bound of 600 s closes more of the gap at the busiest load: 0.861 instead of
0.801 under the original protocol, and 0.839 instead of 0.705 under the online one (Supple-
mentary Section S3.15).

Second, stamps are whole seconds, while durations are in microseconds. A model
could therefore read the fractional part of the gap to the previous record and learn from it
something that it should not know. Given only that part, a classifier separates heavy from
light jobs with AUROC 0.8091. We therefore jitter each stamp deterministically. This AU-
ROC then falls to 0.4499, so the fractional part no longer ranks heavy jobs above light ones.
The AUROC of the forward models changes by at most 0.008.

Third, no run after 28 August 2019 lasts longer than 60 s, although the platform doc-
uments no timeout. We therefore schedule only the periods after that date. Because the
recorded durations are wall-clock times on the original platform, they already contain
some contention. We cap each duration at the observed ceiling, C“*? = min(C, 60), and
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impose L = 60 s in our pool, as a shared service would (Supplementary Table S3). For
the logs from outside education, which document no time limit, we take L to be the 99.9th
percentile of running times in the log’s training period and cap longer jobs at it. In a de-
ployment, the service would enforce this limit by stopping those jobs (Supplementary Ta-
ble S3).

7.2. A Shared Pool Built from the Log

Our experiments run on a queue that we construct. CodeBench runs each student’s
code in a separate container [106], so its log records how long each run took, but not any
wait in a shared queue [21]. We use the log as a record of demand, with reconstructed
arrival times and recorded running times, and feed it to a pool of k servers. The pool, the
queue and the scheduler are ours, and no result here describes waiting on the original
platform.

Three facts support this construction. A fixed pool of judging machines or grader
processes on one queue is a standard deployment [7,8]. Combining separate service sys-
tems whose service times have the same distribution makes them more efficient [107]. On
this demand, the effect is large. With one container per student, 1636 containers are alive
at the p99, and each of them runs code for 0.12% of its lifetime. On the same demand, a
pool of 14 servers holds the p99 of waits before deadlines under 1 s (Supplementary Sec-
tion S2.3).

On two CI pools, our simulator also reproduces recorded waits. We fit it on one part
of each CI log. It then reproduces the other part’s mean wait, hourly profile and per-job
order. It does not reproduce the 90th percentile: the simulated value is 0.81 to 1.21 times
the recorded one (Supplementary Section 52.3). On the grid log of the Laboratoire de Phy-
sique Corpusculaire in the Enabling Grids for E-science in Europe project (LPC-EGEE)
[108], the fit is weak: it underestimates mean waits by 24% and 39% (Supplementary Sec-
tion S6.4).

Arrivals are replayed at their recorded times, so the replay is open-loop. A scheduler
is therefore neither rewarded with work that it would attract nor penalised for users that
it would drive away. All results hold for a fixed amount of offered work. Section 8.8 re-
stores part of this feedback. It replays each student’s recorded delay between one result
and the next submission, alone and with a stated model of abandonment.

A single course in a single term does not load even one server, so we overlay several.
The six primary development terms are 2020-ERE, 2020-2, 2021-1, 2021-2, 2022-1 and 2022-
2. They contain 40 class-terms and 402,358 of the 863,149 graded submissions of the de-
velopment period (Table 5). The 400,790 of them with a positive running time are the jobs.
The other five development terms, 2018-1 to 2019-2 and 2020-1, serve only to fit the pre-
dictors. A class-term is the set of submissions of one class in one academic term. We su-
perimpose 44 copies of these class-terms, aligned by weekday and hour. A fixed rule sets
this count. It is the smallest number of copies at which every overlay needs at least 4 serv-
ers at full load. At that count, the three loads must also give three different server counts.
The same rule, applied unchanged, gave 31 copies on the sealed terms. Each copy of each
class-term is shifted by a whole number of weeks, drawn uniformly from 0 to 11. Overlay
r uses the seed 300 + r. We draw the shifts five times and obtain five such traces, which
we call overlays. Overlaying whole terms keeps the daily and weekly cycles and each job’s
position relative to its own deadline. A common way to raise the load is to compress the
gaps between arrivals [109]. However, this would also compress the daily cycle [110]. In
all, 17,634,760 jobs arrive over 30 weeks, and 4,219,556 of them arrive in the 24 h before an
assessment deadline.

We run each overlay at three loads, which differ only in the number of servers. For a
target utilisation p, we take the executed work, in seconds, that arrives in the overlay’s
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busiest whole hour. We divide it by 3600p and round the result to the nearest integer,
which gives k. Four of the five overlays use k = 8,5 and 4. On the fifth, whose busy hours
carry the least work, k is7, 5 and 4. Tables that average over overlays therefore show k =
7.8 atthelightestload. Averaged over the five overlays, the utilisation of the busiest hours
is 0.502, 0.783 and 0.979, and we call the three loads p = 0.5, 0.8 and 1.0.

The five overlays are one construction and not five platforms. Our intervals are 95%
percentile intervals from 2000 resamples of whole weeks, drawn with seed 20260919. We
draw these resamples once and use them for every policy, so that differences between
policies are paired. Because they treat the 30 weeks as the independent units, these inter-
vals cover variation over time but not the choice of terms or courses. We also resampled
the 40 whole class-terms instead, 100 times, and rebuilt the overlays each time. This wid-
ens the intervals several-fold (Supplementary Tables 518 and S38). Under the online pro-
tocol (Section 8.1), the interval of Guard(600) at the busiest load then becomes [—0.043,
0.894] around 0.705. Because this interval contains zero, a different set of classes and terms
could leave the guard with no gain at the busiest load. The guard’s difference from un-
guarded ordering is —0.158, and the interval of this difference, [-0.317, —0.053], still ex-
cludes zero.

Arrivals follow the course calendar. When the number of runs per class is predicted
a week ahead, adding calendar features to the recent counts lowers the log-scale RMSE
from 1.243 to 1.112, a change of —0.1307 [—0.1395,—0.1213]. OULAD shows the same
pattern outside our grading logs. In each of its nine course presentations, the three days
before an assessment carry 1.29 to 2.95 times the activity of other days. With calendar
features, a warning of peak activity seven days ahead reaches an F1 score (the harmonic
mean of precision and recall) of 0.593, against 0.000 for a moving average of the previous
two weeks. We archive the forecasting models, the definition of a peak and the outputs
with the code (Data Availability Statement).

7.3. Development Data, Sealed Data and Parameter Selection

Three logs have a part that was sealed before the method was designed. These parts
are three academic terms of CodeBench (2023-1, 2023-2 and 2024-1), the last 20% of AC-
coding’s submission identifiers, and OULAD’s 2014 year. Before the method was frozen,
the sealed parts were read only for bookkeeping. We parsed and counted the CodeBench
archives and computed their static code features. This is why the run count of Table 5
covers all 18 terms. On loading, we dropped the 809,330 sealed ACcoding rows after re-
cording their count and first identifier. In an audit under an earlier project plan, we
counted OULAD’s 2014 requests. No cost, prediction or scheduling result was computed
on a sealed part before the freeze, and every access is recorded in the repository.

We evaluated the method on the sealed CodeBench terms once, on 25 September
2026, after the method, its parameters and the primary metric had been frozen. Section 8.2
reports that evaluation, together with a frozen evaluation of ACcoding’s sealed part on 3
October 2026. Every other number in this paper is a development number. A first attempt
at the sealed run stopped before producing any result, because a cleaning rule named only
the development terms. We extended the rule to the sealed terms and froze the protocol
again (Supplementary Section S10).

We chose the guard’s shape parameters by a fixed rule on validation cells. Each of
the three shapes has a grid of parameter points, and the rule keeps the points whose worst
harm over 15 validation cells is at most G /2. Among these points, it takes the one whose
gap closed in the worst cell is largest (Supplementary Section S5). The validation cells are
the five overlays at three loads, built on development terms other than the last.

Table 6 lists the data that each stage used. The validation overlays leave out the last
development term, and we chose the shape parameters on them. The primary pool of five
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overlays gives every development number. The sealed terms were used once, as the final
test, and nothing was chosen on them.

Table 6. Data used at each stage. The overlays are built from CodeBench development terms as in
Section 7.2, and the primary pool and the validation overlays share all terms but the last.

Stage

Data Chosen or Reported

terms from 2018-1 up to the term before each target
term; the targets are the six primary development

Fitting the predictors terms: 2020-ERE, the emergency remote term (Ensino
Remoto Emergencial) that preceded the delayed
2020-1, and 2020-2 to 2022-2

model weights and scores, frozen before
each target term starts

Exploration

primary pool: five overlays of the six primary devel- the guard family and a coarse grid, before
opment terms at three loads (15 cells) the selection rule was written

Validation

five validation overlays without the last development the shape parameters of Guard(G), by the
term (2022-2), at three loads (15 cells) rule above

Development evalu-
ation

primary pool (15 cells)

every number of Section 8 except the
sealed evaluation

Final test

sealed CodeBench terms 2023-1, 2023-2 and 2024-1,
opened once on 25 September 2026

nothing chosen; Section 8.2

Because we explored the guard family and a coarse grid on the primary pool, the
development numbers are not held out, and we do not call them out of sample. The selec-
tion rule is sensitive to the set of cells, and the five overlays are week-shifts of the same
class-terms. On a single server, the queue-length shape selected at G = 1200 s on cells
with k > 4 does not carry over, although the age-relative points selected on the same cells
do (Section 8.6). We therefore do not call the parameters validated. Only the benefit de-
pends on them, and the guarantee does not.

As a sensitivity analysis, we repeated the selection on the validation overlays alone,
under the online replay of Section 8.1. This time the rule chose among all families at once.
They were the three guard shapes, Skip, Timeout, linear aging (Section 8.4 and Supple-
mentary Table S11) and ordering by score within blocks of a fixed number of arrivals. At
each of the three bounds, the rule chose a guard shape: the age-relative shape at ¢ = 300
s, the queue-length shape at 600 s, and a shape with both terms at 1200 s. On the primary
pool, these choices close between 0.046 less and 0.041 more of the gap than Guard(G) at
the same bound and load, and every job stays within its bound. The validation overlays
share all terms but the last with the primary pool (Table 6). This repeated selection there-
fore checks the choice on overlapping development data, and it does not separate the
choice from the exploration. The test on data that the exploration did not use is the sealed
evaluation of Section 8.2. Supplementary Section S5 records what the original rule se-
lected, which results the released code reproduces, and how the choice changes when one
validation cell is dropped.

7.4. Software and the Use of Generative Al

We ran the simulations and analyses with Python 3.12.13, NumPy 2.5.3, SciPy 1.18.1,
pandas 3.0.6 and Numba 0.67.0. The tree models use LightGBM 4.7.0 [18], and the neural
models use PyTorch 2.11.0. For the proofs of Section 6 we used Lean 4 at version v4.35.0-
rc4 with Mathlib at commit 1f41440. We release the code under the MIT licence in the
archive named in the Data Availability Statement.

We used two generative Al tools in this study. They were Claude Code (Anthropic,
version 2.1, with the Claude Opus 5.5 and Claude Fable 5.1 models) and Codex CLI
(OpenAl, version 0.163, with the GPT-5.6-Sol and GPT-6-Astra models). We used these
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tools to edit the text, to write, run and review the code, and to run experiments and ana-
lyse their results. We also used them to write the Lean proofs, to search the literature and
check the references, and to search for counterexamples to the stated bounds. The Lean
kernel checks every machine-checked proof. For each number printed in the paper that
the released code produces, a script in the archive compares the printed value with that
code’s outputs. Supplementary Section S5.4 lists the results that come from archived anal-
yses instead.

8. Experiments

Every policy is simulated on the shared pool of Section 7.2, with the same arrivals
and costs, so each comparison is made job by job. Supplementary Table S4 lists the con-
figuration. The confirmatory result is the evaluation on the sealed terms (Section 8.2),
whose policies, parameters, protocols and metric were frozen before those terms were
opened. Every other contrast in this section and in Section 4 is exploratory. Each 95% in-
terval covers its own comparison and is not adjusted for the number of comparisons
made.

8.1. Development Results Under the Online Protocol

Suppose that each score may use the results from its own copy of a class-term only
once the simulated queue has produced them. The guard then keeps most of the benefit
of ordering, and every job stays within its bound. In the prediction study of Section 4, a
job’s result becomes available at the time when the original platform recorded it. In the
simulated queue, a job completes at a time that depends on the policy, so a score computed
on the original clock can use a result that the simulated queue has not yet produced. The
online protocol removes this problem within each copy of a class-term. It freezes the fitted
model and simulates each policy once. When a job arrives, the model scores it from the
earlier jobs in the same copy of its class-term, but only from those that this simulation has
completed by that moment. Results of other classes and terms keep their recorded times.
A score therefore follows the simulated queue for its job’s own copy and the recorded
clock for all others. A shared service would also delay the results of other classes and
terms. The conservative protocol below uses none of them and is the pessimistic reference
for that case. Supplementary Section S3.7 defines the simulation and checks it against a
second implementation.

We compare the online protocol with four reference protocols. The exact protocol also
freezes the model. It simulates a policy, and for each job it then withholds every result
from the job’s own copy that was not yet complete when the job arrived. It then rescores
the jobs and simulates again, and it repeats these steps until no score uses an unavailable
result from its own copy. Its name refers to this fixed point, and its running times are
predicted like all others. Other classes and terms keep their recorded times, as under the
online protocol. A result that the exact protocol has withheld once stays withheld, even
when a later simulation completes it in time. The exact protocol can therefore use less
history than the online protocol. The original protocol keeps the platform’s clock and is
optimistic. The conservative protocol admits a result only an hour after it appeared, uses
only history from the same class-term copy, and refits the models. The static protocol uses
no outcome history at all. The guard’s parameters are the same under all five.

At the busiest load, Guard(600) under the online protocol closes 0.705 of the gap (Ta-
ble 7). Unguarded SPJF-E closes 0.864 under the same protocol, but it delays one job by
5812.7 s beyond its FCFS wait (Supplementary Table 531). Resampling whole classes and
terms instead of weeks widens the interval of the guard until it contains zero (Section 7.2).
The online figure lies between the exact and the original ones, because the exact protocol
uses less history than the online one and the original protocol uses results that the queue
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has not produced. At the two lighter loads the online and original figures are closer, and
their intervals overlap. Under the conservative and static protocols, the guard closes the
least. The conservative protocol also withholds history that the queue would have had,
and it refits the models. Supplementary Section S3.7 separates these two effects.

The parameters were selected under the original protocol. Selecting them under the
online protocol instead changes the choice. We used the same rule on the same validation
cells, but only among the four best feasible points of each shape under the original proto-
col (36 candidates). At G = 600 s the rule then picks the queue-length shape of Guard-
queue(600) in Supplementary Section S11. On the evaluation overlays at the busiest load,
it closes 0.692 of the gap under the online protocol (Supplementary Table S31). The guard
as selected on the original clock closes about as much of the gap online, at more than twice
the harm of Guard-queue(600). At G = 300 s, the rule chooses another age-relative point.
At G = 1200 s, it chooses an age-relative point instead of the queue-length shape. We
replayed both new points on the evaluation overlays. At the busiest load, the new point
at 300 s closes 0.373 of the gap online, and the selected guard closes 0.367, at about the
same harm. The new point at 1200 s closes 0.796 against 0.754, at about four times the
harm. The full grids were run under the original protocol. The rest of this section therefore
reports results under that protocol unless stated otherwise, and these figures are optimis-
tic references. Supplementary Section S11 replays 24 of the compared policies under the
online protocol. They are the two unguarded rankings, the aging baseline of Section 8.4
and, at each bound, the guard, its three single-shape winners, and Fixed, Skip and
Timeout. There, every one of them closes less of the gap at the two higher loads, and no
policy with a bound exceeds that bound. Every paired difference whose interval excludes
zero on the original clock keeps its sign online. Four of these intervals no longer exclude
zero, and three others now do. The one conclusion of this section that changes is the choice
between the two rankings in Section 8.3. We also replayed four other analyses online (Sup-
plementary Section S11): the inverted-tail score, the single server, the timestamp read as
the time of receipt, and the two treatments of runs by one user that end in the same second.
The other comparisons of this section use the original protocol, and so does the queue
comparison on which we chose the predictor in Section 4.3.

Table 7. Guard(600) under five protocols for what the scores can use. Online: each score uses the
results from its own class-term copy that the simulated queue has completed when its job arrives.
It also uses the recorded results of other classes and terms. This is the protocol of the headline re-
sults. Exact: we withhold results and simulate the queue again until no score uses an unavailable
result. A withheld result stays withheld. Original: the platform’s own clock (optimistic). Conserva-
tive and static withhold more than the queue requires. Gap closed with 95% intervals from
resampled weeks (Section 7.2), which do not cover the choice of classes and terms (Supplementary
Table S38 does). Waits, largest excess and harm are in seconds. Fired: firing rate (4), the share of
dispatch decisions, weighted by queue length, at which the guard fired. At p = 0.5, k = 7.8 is the

mean over the five overlays.

Load Protocol p99a Gap Closed Max Excess Harm Fired (%)
p=05 k=78
online 15.22 0.725 [0.696, 0.746] 499.5 248.3 0.38
exact 15.25 0.724 [0.697, 0.747] 498.6 248.1 0.45
original 14.97 0.740 [0.713, 0.760] 4922 237.0 0.17
conservative 16.68 0.640 [0.604, 0.671] 499.9 235.2 0.94
static 17.95 0.560 [0.519, 0.594] 498.0 225.1 0.38
p=08 k=5
online 50.57 0.800 [0.772, 0.819] 509.3 215.7 2.18
exact 51.90 0.785 [0.748, 0.807] 509.0 215.6 2.64
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original 47.47 0.837 [0.815, 0.851] 507.8 319.6 1.31

conservative 64.77 0.634 [0.560, 0.688] 509.4 327.7 3.26

static 70.18 0.571[0.504, 0.638] 512.9 341.6 3.89

p=1 k=4

online 111.25 0.705 [0.648, 0.768] 517.7 333.2 7.27

exact 118.94 0.672[0.602, 0.743] 519.9 332.8 7.82

original 89.24 0.801 [0.764, 0.842] 523.7 339.9 7.15

conservative 174.71 0.429 [0.357, 0.533] 527.8 303.5 7.71

static 193.11 0.349 [0.281, 0.457] 528.1 316.1 11.18

8.2. The Sealed Terms

On the three sealed terms of the main log, the frozen guard keeps every job within
its bound. Its point estimate of the gap closed is larger than on the development terms,
although the class-term intervals of the two pools overlap (Section 7.2). The terms were
evaluated once, on 25 September 2026, after the method, its parameters and the primary
metric had been frozen (Section 7.3). An earlier attempt stopped before writing any result:
a cleaning rule named only the development terms, so it did not remove a zero service
time. The rule was extended before the protocol was frozen again. The run replayed the
frozen configuration and code, and it selected nothing. The access ledger in the repository
lists each of its ten commands and what each produced. The sealed terms hold fewer class-
terms than the development pool, so each of their five overlays superposes 31 copies over
29 weeks. The number of servers follows the rule of Section 7.2, and the busiest hours
reach utilisations of 0.487, 0.770 and 0.954 at the three loads.

At the busiest load, Guard(600) under the online protocol lowers the p994, from
187.20 s under FCFS to 47.22 s and closes 0.894 [0.862, 0.912] of the gap (Table 8). This
interval comes from resampled weeks, as do the intervals of the main tables. Resampling
whole class-terms of the sealed terms instead, after their result was known, gives [0.116,
0.933], which excludes zero (Supplementary Table 539). On the development terms, the
same resampling widens the interval of this guard to include zero (Section 7.2). The guard
closes 0.880 under the exact protocol and 0.911 under the original one, and the five proto-
cols fall in the same order as on the development terms. Unguarded SPJF-E closes 0.936
[0.909, 0.948] online. The guard’s largest excess over FCFS stays below its bound of 600 s,
whereas SPJF-E delays one job by 3301.6 s and has a harm of 1602.0 s. No guard in the
main comparison exceeds its bound at any load (Supplementary Section S10).

On the cells with several servers, every policy closes a larger share of the gap on the
sealed terms than on the development ones, except five of the deliberately corrupted rank-
ings, which do more damage there. The sealed run therefore confirms the guarantee and
the order of FCFS, the guards and SPJF-E. At every load, each guard closes more of the
gap than FCFS and less than SPJF-E, as on the development terms. Guard(600) and
Guard(1200) change places at the two lighter loads (Supplementary Table S28). The sealed
run does not confirm the size of the development figures. The running-time predictor
ranks the jobs of the sealed terms as well as those of the development terms. The pooled
AUROC of SPJF-E’s score is 0.9414 [0.9349, 0.9470] on the sealed terms and 0.9360 [0.9289,
0.9424] on the development terms. The two intervals overlap.

The larger point estimate on the sealed terms is consistent with the primary metric
and not with the load. At the busiest load, the guard closes 0.189 more of the gap on the
sealed terms under the online protocol. Unguarded SPJF-E closes 0.072 more. The guard’s
cost against SPJF-E falls from 0.158 to 0.041, and this gives the other 0.117. One cell from
each pool has four servers, nearly the same busiest-hour utilisation and nearly the same
gap between FCFS and SJF. The guard still closes 0.681 of the gap in the first and 0.889 in
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the second. The primary metric counts only the jobs that arrive in the 24 h before a dead-
line. These jobs are 37.5% of the sealed jobs, against 23.9% of the development ones. On
the 99th-percentile wait over all jobs, the same ratio is 0.904 for the guard on the develop-
ment terms and 0.896 on the sealed terms. On the mean wait, SPJF-E closes less on the
sealed terms at all three loads (0.819 against 0.903 at the busiest).

Table 8. Guard(600) under the five protocols of Table 7 on the three sealed terms, evaluated once
after the method and its parameters were frozen. Columns are as in Table 7, and k is the mean over

the five overlays.

Load Protocol p99a Gap Closed Max Exc. Harm Fired (%)
p=05 k=82
online 3.76 0.895 [0.872, 0.906] 260.8 166.2 2.59
exact 3.77 0.893 [0.871, 0.903] 256.6 166.6 3.29
original 3.75 0.897 [0.878, 0.907] 264.0 173.9 4.01
conservative 4.15 0.839 [0.816, 0.858] 264.1 178.0 3.40
static 4.46 0.792 [0.744, 0.824] 259.3 203.3 0.16
p=08, k=52
online 24.59 0.884 [0.862, 0.903] 506.6 202.6 6.40
exact 24.74 0.880 [0.860, 0.899] 499.2 202.6 4.41
original 24.22 0.891 [0.874, 0.908] 504.6 189.5 7.01
conservative 28.09 0.811 [0.772, 0.845] 520.3 233.2 7.06
static 31.70 0.740 [0.691, 0.786] 533.7 255.3 1.33
p=1, k=42
online 47.22 0.894 [0.862, 0.912] 533.8 237.5 7.65
exact 49.40 0.880 [0.839, 0.903] 526.5 243.1 5.25
original 44.33 0.911 [0.890, 0.926] 522.9 293.2 7.10
conservative 65.08 0.784 [0.712, 0.845] 518.8 244.6 8.57
static 82.66 0.679 [0.583, 0.783] 528.6 332.3 3.20

The sealed terms come from the same platform as the development data. They test
the frozen method on new classes and terms of one service, not on a second service. A
second platform, ACcoding, also has a sealed part, its last 20% of submission identifiers
(Section 7.3). On that part the guarantee held for every job, and the gain did not carry over.
We evaluated this part with a frozen protocol on 3 October 2026, in a run that read those
rows for the second time. The first attempt, on 2 October, stopped at its first trace before
producing any result. We then renewed the protocol lock, and the only change was to the
online-scoring code. Guard(600), scaled to ACcoding’s limit of 30.5 s, has the bound 305
s, and its largest excess was 257.2 s. In 145 million checks, one per job in each guarded run,
no job exceeded the bound. Here, the score is SPJF-log, a log-scale model fitted on ACcod-
ing, and the guard wraps it. Unguarded SPJF-log made the p99 worse than FCFS in five
of the six cells, with a gap closed as low as —2.30. By contrast, the gap closed by Guard(600)
stayed between —0.17 and 0.01. This run cannot separate the platform from the load. AC-
coding’s released data carry no submission times, so the protocol places submissions
around contest start times and rescales the gaps to reach a target load. The contest list
ends in November 2021, so at least 23% of the sealed submissions fall at one instant, and
the rescaling stopped at its limit. The six cells therefore ran at 1.8 to 2.2 times their target
load. The run thus measures the guarantee on a second platform, but not the gain at a
calibrated load. Supplementary Section 513.2 gives every cell.
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8.3. What to Rank by

The two scores give almost the same benefit, and which of them is ahead depends on
the protocol. On the original clock, ranking by expected cost beats the log-scale score at
the two higher loads, by +0.012 [0.004,0.019] and +0.019 [0.011,0.024] of the gap. At
the lightest load, the two scores tie, at —0.000 [—0.016,0.013]. Refitting the log-scale
model from scratch changes this difference by at most 0.001 (Supplementary Table 516).
Under the online protocol the log-scale score is ahead at the lightest load, and the two tie
at the higher loads (Supplementary Table S32). Both scores are replayed with their own
frozen models, so the change comes from the history that each can use. The choice of SPJF-
E as the base ranking therefore rests on the original protocol. On the original clock, quan-
tile scores and squared error on raw seconds lose to the Tweedie fit at every load. A rule
that only separates predicted-heavy from predicted-light jobs recovers little of the benefit,
so most of the benefit comes from the order inside the light class (Supplementary Section
S3.10 and Table S14).

The two kinds of prediction error do not cost the same. We repaired the scheduler’s
own score, SPJF-E, on the five overlays at the three loads, under the original protocol (Sup-
plementary Section S3.16 gives the waits). Replacing the largest 1% of underestimates by
the true cost closes 0.84 to 0.86 of the distance to SJF in p99y, at p = 1.0. At the lighter
loads, it closes 0.58 to 0.78. Repairing the largest 1% of overestimates closes 0.18 to 0.27 of
that distance. Treating a long job as short is thus the expensive mistake in all fifteen cells.
The factor is 2.8 to 4.1 at the 1% repair and 3.7 to 11.7 at the 0.1% repair. The repair depends
on the score’s numerical scale, so this result describes our fitted predictor and not predic-
tion errors in general. On the log-scale score, the factor is 3.5 to 3.7 at the 1% repair on the
two overlays that we tested at p = 1.0. The measure of score quality that we use next takes
this error into account, because it measures how well a score ranks the longest jobs above
the rest.

On the main log, the benefit falls steadily as the scores get worse, and the guarantee
does not depend on them (Figure 4). We degraded two scores, the true cost and the stored
SPJF-E score, by multiplying each with e? for a standard normal Z and ¢ from 0 to 3,
and we added a random score. We ran each score unguarded and under the three guards,
on the 15 cells of Table 9 with the noise seeds 20261018 to 20261020. The random scores
use the seeds 3, 1003 and 2003. The horizontal axis is the AUROC with which a score ranks
the longest 1% of jobs above the rest. At the heaviest load, Guard(600) closes 0.970 of the
gap with the true costs and 0.054 with random scores. The guard also keeps a smaller
share of the unguarded benefit as the score deteriorates. It keeps 0.87 of it with the SPJF-
E score and 0.16 with random scores. Over the three seeds, the second figure ranges from
0.14 to 0.17. For this noise family and these three seeds, a better score thus helps the
guarded policy twice. It raises both the unguarded benefit and the share of it that the
guard keeps. In every run, the worst job used at most 0.944 of its bound, and the per-job
checks found no violation.
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Table 9. Guard(G) at three bounds and three loads, original protocol, with the FCFS and SPJF-E
figures of each load in its header. Gap closed with 95% intervals. Reduction is the plain percentage
reduction of p99y; against FCES, which differs from the gap closed. Max excess and harm are the
worst over the five overlays, and the other columns are means. Times in seconds. Fired as in Table
7. Exact SJF, which knows every running time, has a largest excess of 1034.0, 2667.4 and 4755.5 s at
the three loads. Supplementary Table S6 adds the comparators.

Load Policy G (s) p99a Gap Closed Reduction (%) Max Excess Harm  Fired (%)
p =0.5, k = 7.8; FCFS p99a= 27.64 s, SPJF-E 14.68 s with max excess 1241.4 s
Guard(300) 300 15.58  0.705 [0.678, 0.724] 43.7 192.5 132.1 1.35
Guard(600) 600 1497  0.740[0.713, 0.760] 45.8 492.2 237.0 0.17
Guard(1200) 1200 14.78  0.750 [0.723, 0.772] 46.4 996.7 106.0 0.09
p = 0.8, k =5; FCFS p994ai= 119.35 s, SPJF-E 43.33 s with max excess 3044.5 s
Guard(300) 300 5594  0.738[0.697, 0.761] 53.0 209.7 114.1 11.57
Guard(600) 600 4747  0.837[0.815, 0.851] 60.1 507.8 319.6 1.31
Guard(1200) 1200 46.31 0.850 [0.829, 0.865] 61.1 1096.1 117.7 0.41
p =10, k = 4; FCFS p99a= 273.50 s, SPJF-E 62.79 s with max excess 5904.5 s
Guard(300) 300 163.40  0.478[0.387, 0.602] 40.2 229.1 134.8 28.64
Guard(600) 600 89.24  0.801[0.764, 0.842] 67.3 523.7 339.9 7.15
Guard(1200) 1200 79.32  0.844[0.817, 0.870] 70.9 1110.4 123.4 1.40
—e— SPJF (unguarded) Guard(300) —e— Guard(600) —a— Guard(1200)
—e— true cost x e’ -o--SPJF-E x %
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AUROC for the longest 1% of jobs
Figure 4. Benefit against prediction quality, with the bound held. The horizontal axis is the AUROC
with which a score ranks the longest 1% of jobs above the rest. Upper row: gap closed by the un-
guarded ranking (SPJF) and by Guard(G) when the score is the true cost (filled marks, solid lines)
or the stored SPJF-E score (open marks, dashed lines), multiplied by e°? with standard normal Z
and 0 =0, 0.25, 0.5, 1, 1.5, 2 and 3; 0 = 0 gives SJF’s order and SPJF-E, and the isolated marks
near 0.5 are random scores. On true costs, o < 0.5 keeps the AUROC at or above 0.999, so those
three settings share the right edge. Lower row: for the guarded runs, the largest ratio of a job’s excess
over FCFS to the excess that its own bound allows. The largest of the 135 values is 0.944, and the
per-job bound checks inside the runs find 0 violations. Gap closed is the mean over five overlays
and three noise seeds, and the ratio is the worst over them. In the legend, the two black entries give
the line styles of the two score families, and the colours give the policies. Original protocol. At equal
AUROC the true-cost family closes more of the gap than the SPJF-E family, so this AUROC does not
capture all that a score contributes to the queue.
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8.4. What the Guarantee Costs and Gains

The guarantee costs part of the gap at every bound that we tested, and in return, no
job waits far beyond its FCFS wait. Table 9 gives the guard at three bounds and three
loads. At p = 1.0, Guard(600) closes 0.801 of the gap, and the unguarded policy closes
0.916. A bound of ten time limits therefore costs 0.115 of the gap. The cost is 0.072 at G =
1200 s and 0.438 at G = 300 s, and none of the three paired intervals contains zero. The
cost falls as the slack above the floor of Corollary 3, G — (3 — 2/k)L, grows relative to the
p994 of FCFS. This slack is about half of that wait at G = 300 s and almost four times it
at G = 1200 s. Under the online protocol the cost is larger (Supplementary Table 532).

In return, the guarantee protects the worst job. Under the original protocol of Table
9, the unguarded policy delays one job at the busiest load by 5904.5 s beyond its FCFS
wait. Exact SJF, which knows every running time, delays one job by about four fifths of
that (Table 9), so most of this delay comes from ordering by length and not from wrong
predictions. The guard keeps every job within its bound. It also keeps the worst wait
among heavy jobs within about 450 s of its FCES value, whereas the unguarded policy
multiplies that wait by 2.8 to 4.1. This protection costs part of the reduction in the mean
wait and in the waits just below the worst job. At the busiest load, the guard keeps 0.751
of SJF’s reduction of the mean wait, against 0.930 unguarded. Its 99.9th-percentile wait
over all jobs is 717.6 s, against 192.4 s unguarded and 984.3 s under FCFS.

The harm limit used in selection does not always carry over to the evaluation over-
lays. At the two higher loads, the harm of Guard(600) exceeds the 300 s validation limit
(Table 9), although every excess stays within the bound. The shape of the budget matters
mainly where the bound is tight and the load high. There, the shape mostly determines
which jobs are delayed, and less how much of the benefit survives (Supplementary Sec-
tions S3.3 and S3.11). Fixed(G) spends the whole cap and needs no selection. On these cells
it closes about as much of the gap as Guard(G). At the busiest load with ¢ = 600 s, it
closes 0.813 against 0.801. Its harm, 465.5 s against 339.9 s there, exceeds the validation
limit at every bound (Supplementary Table S6). The selection therefore buys lower harm,
not a larger gap. Counting overtakes instead of work gains almost nothing at the two
higher loads (Supplementary Figure S2). Overtakers here mostly run for less than a sec-
ond, but a count must be sized for the worst case of L per pass. Our baseline that counts
overtakes charges each pass when the overtaker starts. Charging it at completion instead
changes its gap closed by at most 0.015, and by at most 0.001 at the two higher loads.

The aging baseline ranks by C; — w(t — a;), with the credit @ chosen under the same
harm limit. It keeps less of the benefit than the guard and has no bound. Under the online
protocol at the busiest load, it closes 0.258 of the gap, about a third of the guard’s share,
and one job exceeds its FCFS wait by 1808.9 s. Under the conservative protocol, the order
is the same, 0.051 against 0.429 (Supplementary Tables S12 and S31). The two were not
tuned alike. We chose the credit from 11 values and the guard’s parameters from 258 grid
points over three shapes (Supplementary Section S5.2). The credit, 0.03 score units per
second of age, was selected under the conservative score, and the guard under the original
one. The repeated selection of Section 7.3 put the two on one footing: one rule, the online
score and the same harm limit. There, no credit met the harm limit at G = 300 s. At 600
and 1200 s, the best feasible credit closes 0.090 and 0.251 of the gap on the worst validation
cell. The guard closes 0.591 and 0.703 there.

A maximum waiting time gives a guarantee of the same form (Proposition 1), but
near saturation and at tight bounds, it keeps much less of the benefit than the guard. Table
10 compares Timeout(G — (3 — 2/k)L) with Guard(G). This threshold gives both rules the
bound G. At p = 0.5 and at G = 1200 s, the two differ little. At p = 1.0 and G =300 s,
the clock closes almost none of the gap, and its p99y, is barely below FCFES’s. The clock
charges a waiting job for all the work that the servers do while it waits. The guard charges
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it only for the completed work of jobs that arrived after it (Section 6.6). The clock’s bound
is not known to be tight, so we also compare the two at equal realised worst excess. We
ran Timeout with 6 from 15 to 960 s, doubling at each step, on all five overlays. At the
busiest load, 6 = 480 s comes nearest to the largest excess of Guard(600) on every over-
lay. Timeout then reaches 492.6 to 509.2 s and closes 0.462 to 0.509 of the gap. Guard(600)
reaches 512.3 to 523.7 s and closes 0.787 to 0.816. Under the online protocol, every differ-
ence of Table 10 keeps its sign. At p = 1.0 the clock then closes 0.282 of the gap at ¢ =
600 sand 0.023 at G = 300 s (Supplementary Table S33).

Table 10. Guard(G) against the maximum waiting time Timeout(G — (3 — 2/k)L), which has the
same bound G. Gap closed, mean over the five overlays, with 95% intervals. The difference is Guard

minus Timeout, resampled as a difference. Harm is the worst over the overlays, in seconds. Original

protocol.

Load G Guard(G Ti Diff Harm,
0a (s) uard(G) imeout ifference Guard/Timeout
0.5 300 0.705 [0.678, 0.724]  0.652[0.619, 0.679] +0.053 [+0.030, +0.077] 132.1/148.0

600 0.740 [0.713, 0.760] 0.734[0.707,0.753] +0.006 [+0.001, +0.012] 237.0/237.0
1200 0.750 [0.723,0.772]  0.752[0.724,0.774] —0.002 [—0.005, +0.001] 106.0/237.0
0.8 300 0.738 [0.697, 0.761]  0.244 [0.017,0.508] +0.494 [+0.241, +0.691] 114.1/177.1
600 0.837[0.815, 0.851] 0.789[0.754, 0.807] +0.048 [+0.030, +0.080] 319.6/443.7
1200 0.850 [0.829, 0.865] 0.857[0.837,0.869] —0.006 [—0.012, —0.001] 117.7/469.2
1.0 300 0.478 [0.387,0.602] 0.031[0.012, 0.055] +0.447 [+0.369, +0.550] 134.8/182.3
600 0.801 [0.764, 0.842]  0.420[0.131, 0.673] +0.381 [+0.158, +0.650] 339.9/456.7
1200 0.844[0.817,0.870] 0.827[0.786,0.865] +0.017 [—0.002, +0.044] 123.4/708.8

Backfilling is the wrapper that batch schedulers put around a queue order. In the two
forms that we tested, it either keeps its own promise and stays at FCES, or uses the ranking
and loses the promise. Conservative backfilling (CBF) lets a job start early only if no
queued job loses its reservation [56]. Slack-based backfilling lets later jobs delay a job by
at most its slack beyond the start planned at its arrival [58]. The original rule computes
each job’s slack from its priority. It tries to place an arriving job at every instant at which
the planned use of the servers changes. We give every job the same slack G and try only
two start times: the current time and the earliest time at which the job fits. We try only
these two because the full search takes a number of steps that is cubic in the queue length
at each event. Table 11 gives both rules on the fifteen main cells, each in two forms (Sup-
plementary Section 513.4). Each rule is held to its own promise, so the table does not com-
pare the rules under one common guarantee. When the rules plan every job at the limit L,
which no job exceeds, both keep their promises and stay at FCES. Supplementary Section
S7.6 argues this for conservative backfilling when every job takes one server. CBF started
all 264.5 million jobs of the fifteen cells at their FCFS times, and slack-based backfilling
started 50,183 of them at another time. The rules can instead plan on the SPJF-E predic-
tions. A job that outlives its prediction is then re-estimated at L [70], and slack-based
backfilling plans again after such an overrun, by a rule of our own. In this form, the two
rules use the ranking but lose their promises. CBF then closes almost none of the gap.
Slack-based backfilling closes less than Guard(600) and Guard(1200) at every load, and at
p = 1.0 up to 956 jobs of one overlay wait more than 1200 s beyond FCEFS. Its waits are the
same for every G. The reason lies in the variant that we implemented (Supplementary
Section S13.4). There, a job’s slack grows whenever compression moves the job earlier, so
the slack never limits the schedule.
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Table 11. The guard against backfilling on the fifteen main cells, original protocol. Each entry is the
gap closed, mean over the five overlays, and the largest excess over FCFS in seconds, worst over the
overlays. The rules marked L plan every job at the limit L and keep the promise shown. The rules
marked P plan on the SPJF-E predictions, re-estimate a job at L when it outlives its prediction and
carry no bound. The slack rows are the same for G = 300, 600 and 1200 s.

Policy Promise to Each Job p=0.5 p=0.8 p=10
Guard(300) W < Weeps + 300 s 0.705/192.5 0.738/209.7 0.478/229.1
Guard(600) W < Weeps + 600 s 0.740/492.2 0.837/507.8 0.801/523.7
Guard(1200) W < Wgcps + 1200 s 0.750/996.7 0.850/1096.1 0.844/1110.4

CBF-L start by the reservation made at arrival ~ 0.000/0.0 0.000/0.0 0.000/0.0

Slack-L(G) start by the plan at arrival + G 0.000/0.4 0.000/0.9 0.000/2.0

CBF-P none 0.020/64.9 0.012/71.0 0.008/121.1

Slack-P(G) none 0.557/1333.3 0.696/3089.4 0.656/5369.9

Ordering by score inside windows of arrivals limits overtaking by position, and it
keeps less of the benefit than the guard. We use Block(b) of Table 3 in place of the closest
scheduler for judging queues [73]. We ran it on the first overlay with blocks of 8, 32, 128
and 512 jobs and no selection step, and at every load, the largest block does best. It closes
at most 0.417 of the gap, at the lightest load, while Guard(300) closes at least 0.486 at every
load on the same overlay. Near saturation, a block large enough to help also lets long jobs
wait longer than the guard does, with a largest excess of 444.5 s against 219.6 s. The re-
peated selection of Section 7.3 put Block on the guard’s footing, with the online score and
the same harm limit on the fifteen validation cells. There, we also ran blocks of 2048 and
8192 jobs, beyond the largest block above. Wider blocks close more of the gap on the worst
cell, but they also harm short jobs more. Block(8192) closes 0.524 of the gap there, with a
worst harm of 747.1 s, above the harm limit at every bound. The best feasible block closes
0.031 at G = 600 s and 0.087 at G = 1200 s. The guard closes 0.591 and 0.703 there.

Under deliberately corrupted scores, the guard still keeps every job within its bound,
but it no longer keeps the tail short. We reversed the scores, drew them at random, or
scored the longest 1% of jobs as the shortest (the inverted-tail score of Table 3). The un-
guarded policy then delays some job by more than 6000 s beyond FCFS at the busiest load.
The guarded p99y, is 546.5, 261.9 and 543.6 s under the three corrupted scores, against
FCFS’s 273.50 s. Over these three scores and the five protocols of Section 8.1, the largest
excess of Guard(600) over FCFS is at most 534.8 s at the busiest load. A guarded run can
thus have a worse percentile than FCFS, by at most G (Supplementary Table S8).

8.5. The Bounds on the Traces

No job exceeds any of the bounds of Section 6 in any run, and on one server the worst
job comes within 1% of the guard’s bound. Table 12 pairs each result with the experiment
that tests it. A test on the replayed logs shows how much of a bound a real load uses, and
a test on constructed instances shows that a constant cannot be lowered.
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Table 12. The results of Section 6 and the experiments that test them. “Trace” marks a test on the

replayed logs, and “construction” a test on built instances.

Result What It States Test Outcome
trace: In; and Out; recorded no violation in 1.43 billion checks;
for every job, 27 policies at  residual at most 0.518 of 2(k —

k(Wp[i] — Wecrsli]) equals In; —

L 1, Th
emma oTEM 1yt up to 2(k — 1)L, and ex-

1 actlv at k = 1 three loads (Supplementary 1)L; (In; — Out;)/k explains
Y B Section 53.13) R? = 0.983 t0 0.9996 of the excess
the constant 2(k — 1)L cannot construction: a geometric (:‘as- the cascade approaches the con-
Theorem 2 cade (Supplementary Section  stant; the replayed loads stay

be lowered $8.2) near (k—1)L

trace: Skip(G), which counts no violation; the count that gives
overtakes, beside Guard(G) at  the same G leaves the queue
the same G (Supplementary close to FCFES at the two higher
Figure 52) loads
no violation in over 10 billion
Wpli] < Wreps[i] + G for every trace: the bound asserted on  checks; the worst job uses up to
job, around any base policy and every job of every guarded 0.998 of G on one server and 0.66
any scores run, corrupted scores included to 0.93 at the main loads (Figure
5)

a budget of work sulffices for a
Corollaries 1 and 2 guarantee, and every guarantee
implies one

Theorem 3, Corol-
lary 3

: Ti h j
Timeout(8) keeps Wjli] < trace: Timeout checked job by

Proposition 1 W, T+ 0+ (3 — 2710 job on the fifteen main cells no violation in any run
FCFS [l] ( / ) (Table 10)
no violation; the worst wait uses
- Whpli] < (0 + Bmax)/k+ (2 — trace: 304 runs of FCES, the
P tion 2 P max i f th thk=1
roposition /KL work budgets and Skip 0.999 of the bound a and

0.881 to 0.965 at the three loads
no violation in 1665 guarded
runs; up to 6 = 30 s no job ex-
ceeds even the bound of Theorem
3

construction (Supplementary
Section 54.12); trace with &
from 0.1 to 300 s (Section 8.9)

with reports up to § late, the

Proposition 3 bound grows by L + &

a budget rule of the family ei-
ther makes the guard FCFS
around every base policy or can- constructions (Supplementary the worst job reaches 0.995 of the
not guarantee a bound below L Sections 54.8, 58.3 and 58.4); bound at k = 1, so the additive
for every base policy, and both trace on one server term is reached in practice
constants of the guard bound

Proposition 4, tight-
ness of Theorem 3

are exact

construction: exhaustive check
on long and short jobs, a guar- over 1161 settings (Supplemen- the guard around exact SJF meets
antee G caps the share of SJF’s tary Sections S8.5 and S8.6); il- the cap up to 2(3k — 2)L/(nc);

Theorem 4 reduction of the mean waitat  lustration on the traces: gap on the traces the gap closed rises
about (kG + (3k —2)L)/(nc) closed against G (Supplemen- with G, as the cap does
tary Figure S2)

In every run of a bounded policy, the simulation checks the bound on every job. A
violation would therefore expose an error in the code rather than in the theorem. The 315
runs reported here, one per policy and cell, make 5,554,949,400 such checks. With the sin-
gle-server runs and an independently written second simulator, the count exceeds ten bil-
lion, and none of the checks finds a violation. We checked Proposition 1 job by job on the
same overlays, and Proposition 2 on runs of FCFS, the work budgets and Skip. Neither
check found a violation. Proposition 3 was checked on constructed instances (Supplemen-
tary Section S4.12) and on the cells of Table 9 with late reports (Section 8.9). In these runs
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the ratio of the realised worst excess to the bound falls as k grows. It is 0.9950 in the sin-
gle-server runs, where the guard under the worst corrupted score reaches it, and 0.8850
at k = 8 (Supplementary Sections S3.6 and S3.16). The capacity scan of Figure 5(a) varies
k on the arrivals of the busiest load, and on one server its ratio reaches 0.998.

The bound exceeds the observed worst case by much only where the load leaves little
to protect. Figure 5 compares the bound G with the largest excess that any job attains,
across the number of servers, the time limit and the load. The ratio of the two remains
below one in every setting, as Theorem 3 requires. On one server the worst job comes
within 1% of the bound, so the additive term is attained in practice. With the arrivals held
fixed, additional servers reduce the load, and at 20 servers the worst excess is at most 0.41
of G, because few jobs then need protection. At a fixed G, a longer time limit increases the
additive term (3 —2/k)L and reduces the cap, and the worst excess decreases as L
grows. For L = 60 s the running times stay those of L = 60 s, because they are already
cut at 60 s, and so does the predictor. The scan therefore changes the guard’s parameters
and not the jobs.

Guard(300) —e— Guard(600) —s— Guard(1200) ----bound G —— SPJF-E
(b) time limit L (c) load p

T T T T T T T T T T T

(a) servers k

— 1,200 pRgg = --§-T----T---- T
Z

2900 1
S

8 600 Feaggs-- M\ -------
£ 300

=

excess/G

1 5 10 15 20 45 60 90 120 0.5 0.8 1.0

servers k (load 3.92/k) time limit L (s) load p

Figure 5. The guaranteed bound against the worst excess observed. Upper row: the bound G of
Guard(G) (dashed, in the colour of each guard) and the largest excess over FCFS that any job reaches
under it (solid), in seconds; lower row: their ratio, which the guarantee keeps below 1. (a) Servers
k =1 to 20 on the arrivals of p = 1.0, so the load falls as 3.92/k; original protocol, archived scores
(stored SPJF-E predictions, not refitted; the capacity scan of Supplementary Table S19). The un-
guarded SPJF-E (thin line) has a worst excess below G = 1200, 600 and 300 sfrom k =9, 12 and
14; from there on, the distance to the bound shows that the load needs little guarding, not that the
bound is loose. (b) Time limit L with G held fixed, so the cap Byax = k(G — (3 — 2/k)L) shrinks
as the additive term (3 — 2/k)L grows. The running times are already cut at 60 s, so above 60 s
they and the predictor stay those of L = 60 s, and only the guard’s parameters change. The excess
shown is the worst over the three loads, under the online protocol. At L =120 s the promise G =
300 s leaves no budget, so Guard(300) is FCFS and is not drawn. At L = 45 s jobs are cut at 45 s,
so FCFS and the reference change. (c) The three loads of Table 9 (k = 7.8, 5 and 4) at L =60 s,
online protocol (Table 7). The ratio ranges over 0.104-0.998 in (a), 0.536-0.951 in (b) and 0.663-0.930
in (c).

The absolute bound of Proposition 2 comes close to the realised waits, but a bound
quoted in advance needs a margin on the burst. At one server every FCFS wait equals its
fluid backlog to the microsecond, as the proposition predicts, and the largest wait nearly
reaches the bound. At the three loads the worst wait also uses most of the bound, under
FCFS and under the work budgets alike (Table 12). A bound quoted in advance needs a
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forecast of the burst ¢. The burst of the validation terms is too low for the evaluation terms
in 10 of 15 cells, and a bound quoted from it is broken in 18 of 60 runs, by up to 349.8 s.
Such a bound therefore needs a margin—here, a factor of 1.36 on ¢—or an admission
control that keeps the arrivals within the quoted burst.

8.6. Budget Shapes on One to Three Servers

On one to three servers, the age-relative shape is the best of the three in every setting,
and the constant default suffices at the loosest bound. The shape parameters were selected
on cells with four to eight servers, and on one server, the shape selected at G = 1200 s
does worse than the others (Supplementary Section 53.14). We therefore ran every shape
on one, two and three servers. Each setting has five overlays at three loads, with utilisa-
tions of 0.5, 0.8 and 0.95 in the busy hours. The one-server overlays come from the pipeline
of the single-server runs of Supplementary Section S3.6, run at these three loads. The two-
and three-server overlays come from the same pipeline with the work scaled by k (Sup-
plementary Section 513.1). The shape points are those selected for the main tables. Besides
the constant, age-relative and queue-length shapes, we ran Fixed(G) and the constant
budget Byax/2 of Section 5.4, which we call the default. Supplementary Table S35 gives
every setting. In 4.7 billion checks, no job exceeds its bound.

Among the three shapes, the age-relative one closes the largest share of the gap in all
27 settings, and its harm is at most G /2 in 26 of them. On one server, the queue-length
shape selected at G = 1200 s closes 0.70 to 0.76 of the gap, against 0.85 to 0.87 for the age-
relative shape. Fixed(G) closes about as much as the age-relative shape, but its harm ex-
ceeds G/2 in 21 of the 27 settings. Fixed(G) differs from the shapes only in its budget, the
whole cap By, for every job (Table 3). At the same bound, the smaller budgets of the
shapes therefore keep their harm lower.

Before the runs, we defined the default as adequate in a setting if it falls short of the
best shape by at most 0.05 of the gap and its harm is at most G/2. At G = 1200 s the
default is adequate in all nine settings, with a shortfall of at most 0.047. At tighter bounds
it falls short as the load rises, by up to 0.142 at 600 s and 0.291 at 300 s. The shortfall de-
pends more on the bound and the load than on the number of servers. On one to three
servers of this log, these results give a rule that needs no grid search. An operator sets
Bmax from G and uses the default, which sufficed at G = 20L in every setting. For tighter
bounds, the age-relative shape with B, and 71 as selected here was the better choice on
one, two and three servers.

8.7. Where the Method Applies

The guard is useful where the FCEFS tail is long against the time limit and the costs
are concentrated, which holds for the main log and the cloud-function log. Table 13 places
the main log beside the other workloads. Excesses are in units of each log’s L, the unit in
which the guarantee is written. For the grading logs L is the time limit, and for the others
it is the analysis cap of Section 7.1. Two screens show where the guard is useful. The first
compares the FCFS tail with the guarantee’s additive term (3 — 2/k)L, which is close to
3L. If the FCFS p99 is below this term, the guarantee is coarser than the waits themselves.
Only CodeBench and the cloud-function log pass the first screen. The compute farm is the
extreme case, with an FCFS p99 of 18.7 h against L = 493,857 s. The second screen
measures how concentrated the costs are, which is the opportunity for reordering. In the
two CI pools, the longest 1% of jobs carry only a small share of the work, and ordering by
true cost makes the p99 worse in three of the four windows that we examined. Two logs
pass both screens, CodeBench and the cloud-function log. On them, the guard closes about
half or more of the gap and holds the largest excess below 4L at a bound of about 5L. We
drew up the screens on these same logs. The 900 s class of LPC-EGEE passes the first
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screen only at one server, the smallest capacity of its search, with an FCFS p99 of 13.8L.
With as many servers as the class itself used at once, its FCFS p99 is zero (Supplementary
Section 56.6). At one server, the guard closes 0.569 of the gap in the mean wait. Its gap in
the busy-hour p99, —0.103 [-0.542, 0.560], is not resolved (Supplementary Table 523).
Passing both screens does not guarantee a gain, as the next subsection shows.

Table 13. The workloads under one format. The rows are applicability diagnostics, each under its
own arrival, capacity and cost construction, and not replications of one experiment. They carry no
sampling intervals. Tail share: fraction of executed work carried by the longest 1% of jobs. AUROC:
heavy label from information available at arrival. The p99 is that of the waits before deadlines on
the two grading logs and that of all waits on the other logs. Screen 1: whether the FCFES p99 exceeds
(3 — 2/k)L. Excess is in units of the L of each log. The guard column uses G = 5L. Every log’s grid
contains this bound: 300 s on CodeBench, {2,5,15}L on the cloud-function log and the compute
farm, and {3,5,10}L on the CI pools (ACcoding: footnote a). A negative gap closed means that the
P99 of the policy is worse than that of FCFS. CodeBench row: original protocol. The unguarded and
the guarded columns can use different base scores (footnote c). Supplementary Section S6.7 de-
scribes the CI capacities and adds a log from the grid computing cluster of the Laboratoire de Phy-
sique Corpusculaire in the Enabling Grids for E-science in Europe project (LPC-EGEE).

Tail FCFS Screen Gap Closed Unguarded Guard at G = 5L
Log and load share ~AUROC p99/L 1 SPJF ¢ max excess  gap closed/max excess
CodeBench, p = 1.0 0.375 0.936 4.56 yes 0.916 98.4L 0.478/3.82L
ACcoding, drawn arrivals, p = 0.8 @ 0.122 0.927 0.050 no 0.980 20L 0.974/2.21L
Azure Functions, p = 1.0 0.443 0.985 4.22 yes 0.858 10.07L 0.710/2.52L
CIpool A, k =156 of 173 0.034 0.651 1.78 no n/ab 11.53L 0.735 (mean) ©/2.64L
CI pool B, k =96 of 105 0.052 0997 0373 no 0.958 0.34L 0.958/0.34L
Intel Netbatch, p = 0.95 0.372 0.890 0.136 no —4.111 0.85L —4.346/0.83L

2 ACcoding arrivals are drawn, so this row describes the ordering and not waiting on that platform.
They differ from the arrivals of the sealed ACcoding run of Section 8.2, which places submissions
around contest start times. Its guard uses the largest budget tested, B = 10L of work, which at k =
5 gives a bound of about 4.6L. Its tail share is simulated with L = 30.5 s (0.275 on measured cost at
L = 30.0 s, the figure of Section 1). ® On CI pool A, SJF is itself worse than FCFS at the p99, so no
P99 gap is defined. The guard’s entry is the gap in mean wait and is not comparable with the other
rows. ¢ The unguarded column orders by SPJF-E on CodeBench and CI pool A and by SPJF-log on
the other four logs. The guard wraps SPJF-E, except on ACcoding and CI pool B, where it wraps
SPJF-log.

8.8. Capacity, Physical Runs and Feedback

The benefit of the guard depends on capacity. It shrinks once the busiest hours exceed
full load, first at the tighter bounds. We ran every k from 1 to 20 on the five overlays,
under the original protocol (Supplementary Table S19). These runs use the archived
scores, that is, the stored SPJF-E predictions of the development pipeline, without refit-
ting. Within each run the capacity is fixed, so this scan is a sensitivity analysis and not a
study of capacity planning. At k = 1, Guard(600) makes p994, worse by 493.79 s. It im-
proves the p99 on all five overlays only for k = 4 to 12. Figure 6 draws this scan against
the offered load p. The scan’s Guard(1200) is the point that the first run of the selection
rule chose (Supplementary Section S5). It differs from the final one only in starting from
By = 0. Below p =1, Guard(600) and Guard(1200) close 0.66 to 0.85 of the gap, while
Guard(300) falls to 0.47 as the load nears one. Above p = 1, the benefit of each guard de-
creases to about zero, first at the tighter bounds. Unguarded SPJF-E continues to improve
the p99 up to p = 2, at a harm of up to 1010 s. However, on one server, at p = 3.9, it does
worse than FCFS, with a harm of 159,132 s.
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Figure 6. Where the guard helps on the main log. (a) Gap closed and (b) harm, the largest excess
among jobs that FCFS starts within 1 s, of Guard(G) at three promises and of unguarded SPJF-E,
against the offered load p. Lines: the capacity scan of Supplementary Table 519, with k =1 to 20
servers on fixed arrivals, so that p = 3.92/k; original protocol, archived scores. For the lines, gap
closed is the ratio of the differences in p994, each averaged over the overlays, and Guard(1200)
starts from B, = 0. Rings: the cells of Table 9 (k = 7.8, 5 and 4), whose gap closed is the mean of
the per-overlay ratios, with the guard as selected. Gap closed is undefined at k = 20, where FCFS
and SJF both have p994 = 0. The vertical distance from a guard’s line to SPJF-E’s in (a) is the gap

that its promise costs.

The guard keeps its bound when it runs as a separate service on one machine. We
ran FCFS, SPJF-E and Guard(300) in turn on two worker processes, which hold each job
for its recorded duration in real time. In each run, the workers executed the 2151 jobs of
the 300 s development window with the most work, and all 2151 dispatch decisions fol-
lowed the policy’s rule. We compared each job with FCFS on the same run’s measured
arrivals and running times. Every job stayed within the bound of Guard(300), with a larg-
est excess of 222.21 s. In a physical run, the bound must be widened by the time that work-
ers sat idle during dispatch. This time was at most 1.127 s here, and no job came close to
needing it. Both processes ran on one machine, so this run tests the dispatch rule and not
network delay. The window held 6.864 times the work that the two workers could do in
it. Each policy started empty and drained its own queue. In this burst, the guarded p99 of
1783.65 s was no better than the 1763.30 s of a separately timed FCFS run. The mean wait,
however, was 480.39 s under the guard against 1337.05 s under FCFS. The separate runs
had different measured arrivals and running times, so these comparisons are descriptive
(Supplementary Section S6.2). A second physical test used the two-worker back end of a
course platform, where twenty scripted accounts submitted 100 jobs per cell in a deadline-
shaped burst with ¢ = 400 s. Under unguarded predicted order, seven jobs exceeded the
bound. In the four guarded cells, no job exceeded it, and the worst excess was 0.514G
(Supplementary Section 56.9).

Restoring part of the users’ feedback changes the size of the waits. At the two higher
loads, it does not change the share of the gap that the guard closes. The simulations replay
arrivals at their recorded times. A scheduler is therefore neither rewarded with work that
it would attract nor punished for users that it would drive away [110,111]. The logs record
one part of that feedback, the time between one result and the same student’s next sub-
mission. In a second replay, each submission is released only after its predecessor’s result
plus that recorded delay. We ran it on all five overlays. This replay shortens p994, by a
factor of 1.3 to 3.8. The reason is that when a queue builds up, the submissions that would
deepen it are held back. At the two higher loads, Guard(600) then closes about as much
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of the gap as with the recorded arrival times. At the lightest load, it closes more (Supple-
mentary Table 521). We bootstrapped the change in the gap closed over weeks on the first
overlay. It is +0.123 [0.043, 0.193] at the lightest load and +0.010 [—0.037, 0.063] at the
busiest. It keeps every job within its bound (Supplementary Section 56.5).

The log records when each result was written and how long each run took, and we
take the reconstructed start of the run as the submission time (Section 7.1). It therefore
cannot show how long a student would wait or when a student would give up. We added
to this replay a stated model of abandonment, which we fixed before the first run. Each
attempt has an exponential patience with mean 60, 300 or 1800 s. An attempt that is still
waiting when its patience runs out leaves the queue. Its student then resubmits it with
probability 0, 0.5 or 1, at most three times. On the fifteen development cells, FCFS has the
highest p994, in every combination, and SJF has the lowest. The p99 counts only the at-
tempts that were served, and it falls as patience shortens because the longest waits end in
withdrawals. As patience shortens, the gap closed by SPJF-E and Guard(600) narrows
from 0.81-0.85 with infinite patience to 0.66-0.73 at a mean of 60 s. Consider the combina-
tions in which at least 1000 jobs are withdrawn under SPJF-E. There, the number with-
drawn under SPJF-E or the guard is 0.21 to 0.71 times the number under FCES. Under the
guard, it is 0.98 to 1.08 times the number under SPJF-E. Under this patience model, size-
aware order thus leads to fewer withdrawn jobs than FCFS, and the guard leads to about
as many as SPJF-E. The bound refers to FCFS run on the realised arrivals of the served
attempts. Against that reference, every job of the 450 guarded runs met the bound. A sec-
ond reference is FCFS that loses its own users under the same patience. This reference
runs on a different input, so Theorem 3 does not cover it. Against that reference, 8484 jobs
in 144 of the 450 guarded runs exceeded the bound, all of them in runs with resubmission.
We claim no bound against it (Supplementary Section 513.3).

8.9. The Cost of Late Completion Reports

Late completion reports cost little on this load. Up to a delay of 30 s, no job exceeds
even the bound for prompt reports. Proposition 3 bounds the guard when completion
reports reach the scheduler up to & late. To see what such delays cost on the real load, we
replayed the 15 cells of Table 9 with each charge applied after a delay, for § from 0.1 to
300 s. We ran the three versions of the counter of Section 6.8. They are one shared counter,
a counter that each server updates with its own completion before it takes its next job, and
a separate view for each server. Delays were either constant or uniform on [0, 5]. At § =
0 the simulator with delays reproduces every wait of the main simulator on the first over-
lay. On 30,000 random instances, it also agrees job by job with a separate reference imple-
mentation. Table 14 reports the shared counter with constant delays, the version with the
largest effect.

Late charges make the guard fire later, so the schedule moves toward SPJE-E. Under
Guard(300), which fires most often, the gap closed therefore rises with & at every load.
Under the two larger bounds, it changes by at most 0.012 below 300 s, in either direction
(Table 14). The cost appears in the worst case, where the largest excess grows but stays
within the L + & of Proposition 3. At § = 60 s three jobs exceed the bound of Theorem 3
under Guard(300), and one job does under Guard(600). At 300 s, many jobs do. In every
run, every job meets the bound of Proposition 3. When each server counts its own com-
pletion before it takes its next job, no job exceeds the bound of Theorem 3 at any §, as the
last sentence of Proposition 3 states. On these cells the largest excess and the harm then
equal those of § =0, and p99q differs from that of 6§ = 0 by at most 0.006 s. Separate
views per server give smaller increases than the shared counter, and below § = 300 s no
job exceeds the bound of Theorem 3. For comparison, completion reports in the physical
run of Section 8.8 reached the scheduler 0.17 to 0.21 ms after the completion, on average.
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Table 14. Late completion reports, one shared counter, constant delay § (seconds). For each bound,
the gap closed at the three loads (means over the five overlays), and the largest excess over all 15
cells beside the bound G + L + § of Proposition 3. At § = 0, the runs reproduce Table 9. Original
protocol.

Guard(300) Guard(600) Guard(1200)

é Gap Closed  Excess/Bound Gap Closed Excess/Bound Gap Closed Excess/Bound
0 0.705/0.738/0.478 229/360 0.740/0.837/0.801 524/660 0.750/0.850/0.844  1110/1260
0.1 0.705/0.739/0.479 229/360.1 0.741/0.837/0.801 523/660.1 0.750/0.851/0.844 1115/1260.1
1 0.706/0.740/0.478 230/361 0.740/0.836/0.800 531/661 0.750/0.850/0.845  1120/1261
5 0.707/0.747/0.489 256/365 0.741/0.839/0.804 548/665 0.746/0.852/0.845  1136/1265
30 0.719/0.761/0.514 283/390 0.741/0.840/0.811 572/690 0.738/0.848/0.846  1178/1290
60 0.727/0.778/0.544 305/420 0.745/0.842/0.813 605/720 0.742/0.846/0.845  1180/1320
300 0.738/0.827/0.721 532/660 0.748/0.850/0.832 825/960 0.745/0.854/0.861  1384/1560

8.10. Overhead of the Accounts

The guard’s accounts add about 0.4 us per job to the time of SPJF-E in our simulation
kernel (Table 15). We measured the processor time of the simulating thread over whole
runs on the first overlay, on an Intel Core Ultra 9 275HX with no other experiment run-
ning. The guard roughly doubles the time per event. When we timed the guard’s opera-
tions alone, one job cost 310 to 373 ns with 100 to 100,000 waiting jobs, and 1.47 us with
one million. In the physical run above, a guarded dispatch decision took 0.574 ms on av-
erage, against 0.044 ms for SPJF-E. That run used a plain Python version of the guard,
which checks every waiting job and writes an audit record for each. Its time therefore
grows with the queue, and its 99th percentile was 1.13 ms. The kernel keeps the accounts
in the trees of Section 5.4, so the figures above give the cost of the accounts themselves.
Both physical figures are small beside the 7.6 to 8.2 ms by which job releases missed their
recorded times in that run.

Table 15. Processor time of the simulation kernel on the first overlay (n = 17,634,760 jobs, three

events per job). Each entry is the range, over the three loads, of the median over five repeated runs.

Policy ns per Event Extra ns per Job over SPJF-E  Processor s per Run

FCFS 114.6-124.3 5-11 6.06-6.58

SPJE-E 111.6-120.8 0 5.91-6.39
Guard(300) 246.3-254.0 391-404 13.03-13.44
Guard(600) 241.6-251.0 390-396 12.78-13.28
Guard(1200) 242.5-259.0 385-415 12.83-13.70

Replicas of the scheduler that share the arrival order and the dispatch history need
no state beyond the completion reports (Section 6.8). Each report carries one job number
and one cost, so sending the reports to r such replicas takes r messages per completion.
This count does not include keeping their dispatch histories the same. A replica that re-
ceives a report late behaves as a scheduler whose charges arrive late. Proposition 3 bounds
this case.

9. Limitations

The guarantee compares each job with FCES on the same sequence of arrivals. When
users react to their waits, by resubmitting or by leaving, the sequence itself depends on
the policy. The guarantee then says nothing about the waits under the sequence that FCFS
would have induced. Supplementary Section S6.3 constructs feedback under which a
scheduling advantage disappears or reverses. The guarantee bounds the wait of a job that
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is stopped at the time limit, but it says nothing about the result that such a job loses.
Preemption is outside the model, and work conservation cannot be dropped (Section 6.9).

Every additive constant in Section 6 is a multiple of the time limit, apart from the
report delay & and the arrival burst o. The guard’s constant (3 — 2/k)L cannot be im-
proved. Consider any budget rule of the guard’s family that ever lets the base policy re-
order. No such rule can guarantee less than L around every base policy (Proposition 4).
Task assignment by guessing size stops long jobs and restarts them in a second tier [112].
On a shared pool, this does not escape the floor either. The stopped work is lost and not
overtaken, and the second tier is again non-preemptive in blocks of L (Supplementary
Section 57.5). Charging a cap that is known at arrival lowers the constant by exactly L, but
the floor remains. Where the FCEFS tail is already below about 3L, the bound is coarser
than the waits that it bounds.

The guarantee bounds each job, so it also bounds each percentile. Every percentile of
the waits under the guard is at most the same percentile under FCFS plus G. The guaran-
tee does not ensure that a percentile improves.

The bounds for late reports need a known bound § on the delay of each report. Lost
reports are covered only when each server applies its own report before it takes its next
job (Proposition 3). The model counts a dispatch as instantaneous. Suppose that a server
must wait for its next job. The bound of a job then grows by two terms (Section 6.8): the
job’s own delay between dispatch and start, and the idle time accumulated since the pool
last held no unfinished work, divided by k. Replicas of the scheduler agree on the guard’s
decisions only when they share the arrival order and the dispatch history. The analysis
does not cover how they keep these the same.

One question remains open: Suppose that an overtaker started in the same phase as
the job is charged only the work that it executes while the job waits (Supplementary Sec-
tion 54.3). The lower constant of the identity is then known only to liein [(k — 1)L, 2(k —
1)L].

Algorithm 1 is also not the least restrictive guard with its promise. For k > 2, a wrap-
per that reserves L for each overtaker still in service keeps the same G. At every decision,
whatever the history and the proposed job, it overrides the base policy only if Algorithm
1 would, and at some decisions, it does not (Section 6.5 and Supplementary Section 57.6).

10. Conclusions

A service that runs many users’ jobs on a few shared servers can order its queue by
predicted running time. It can still guarantee every job a wait at most G seconds longer
than in arrival order on the same arrivals, whatever the predictions are. Earlier results on
scheduling with predictions bound a mean, a competitive ratio or a difference between
clients (Section 2). This guarantee instead holds for each job, and it follows from one iden-
tity. A job’s extra wait relative to FCFS equals the net running time of its overtakers di-
vided by the number of servers, within (2 — 2/k)L. Limiting that overtaking work is
therefore sufficient for a per-job guarantee and, up to an additive O(kL), necessary.

The identity holds for every policy that never interrupts a job and never leaves a
server idle while a job waits. Any such scheduler that limits the work passing each waiting
job therefore bounds every job’s extra wait, whatever it ranks by (Corollary 1). From its
own log, a scheduler can also estimate each job’s extra wait over FCFS without a replay of
FCFS. The net overtaking work divided by k is within (2 — 2/k)L of that extra wait.

The guard enforces such a limit with the exact constant (3 —2/k)L, and completion
reports that arrive up to § late add at most L + §. A maximum waiting time gives a guar-
antee of the same form, but it charges a job for all the work ahead of it. Near full load on
the main log, it kept much less of the benefit at bounds of 5L and 10L. At 20L the two
kept about the same share.
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For the grading system with which this paper opened, the answer to a student whose
submission sat behind a looping one is now a number. SJF reduces the 99th-percentile
wait before deadlines relative to FCFS. On three terms held out until the method was fro-
zen, a guard with G = 600 s keeps 0.894 of that reduction. No job exceeds its bound there.
Resampling whole class-terms instead of weeks gives this share a wide interval (Section
8.2). On the main log, the benefit shrank once the busiest hours exceeded full load.

The scores come from gradient-boosted trees on each student’s and each task’s his-
tory. We chose this model on queueing outcomes and not on prediction accuracy. On one
test term, a heterogeneous graph network predicts about as well. On new tasks, its gain
comes from the neural model of each job’s own features and, for our graph design, not
from the graph’s edges.

An operator can set the guard without a grid search. The operator states a bound G
above (3 —2/k)L and sets the cap Byax = k(G — (3 —2/k)L) by Corollary 3. The con-
stant budget Bp.x/2 needs no data and keeps every wait less than (G + (3 —2/k)L)/2
above its FCFS wait. On one to three servers of the main log, this default came within 0.05
of the best shape’s gap closed whenever G = 20L (Section 8.6). For tighter bounds, the
age-relative shape did better on these servers with the parameters of Section 5.4, which
we selected on four to eight servers. The shape parameters never change the guarantee,
so a poor choice costs part of the gain but not the bound.

Supplementary Materials: The following supporting information can be downloaded at
https://www.mdpi.com/article/10.3390/math14214020/s1: Table S1: Predictors on the non-judging
logs, by feature group; Table S2: Predictors on the two grading logs under one protocol; Table S3:
Share of work carried by the longest jobs, and the provenance of L; Table S4: Experimental config-
uration and selection protocol; Table S5: Selected budget points and per-shape grid winners; Table
S6: The guard at three bounds, with the comparators; Table S7: The age-relative and queue-length
winners; Table S8: Deliberately corrupted scores; Table S9: The residual of Theorem 1 on nine cells;
Table S10: The single-server configuration; Table S11: Definition of linear aging; Table S12: Compar-
ison with the aging baseline; Table S13: Predictor AUROC with user-block intervals; Table S14: Al-
ternative ranking scores; Table S15: Trace-construction sensitivities; Table S16: Unguarded policies;
Table S17: Candidates and feasible points of the selection; Table S18: Whole weeks against whole
class-terms as the sampling unit; Table S19: Capacity sweep; Table 520: Physical timed-work runs;
Table S21: Replay with recorded think times; Table S22: A grid log by walltime class; Table S23: The
grid log’s 900 s class at its own limit; Table S24: The grid-log rows of the cross-log comparison; Table
525: Six cells on a course platform’s back end; Table 526: Scope of the nearest per-job guarantees;
Table S27: Sealed terms: ranking scores; Table S28: Sealed terms: the guard and the comparators;
Table 529: Sealed terms: corrupted scores; Table S30: Sealed terms: a single server; Table S31: The
main policies under the online replay; Table S32: Paired differences on both clocks; Table S33: The
guard against a maximum waiting time under the online replay; Table S34: Results of Section 6 and
the Lean theorems that prove them; Table S35: Budget shapes on one to three servers; Table S36:
The sealed part of a second platform under the frozen protocol; Table S37: User abandonment in the
think-time replay; Table S38: Whole weeks against whole class-terms under the online replay; Table
539: The same resampling on the sealed terms; Figure S1: Gap-harm trade-offs of the budget shapes;
Figure S2: What each budget shape keeps as the bound is relaxed; Figure S3: Original-score reference
and corrupted-score controls. The Supplementary Materials also give the proofs deferred from Sec-
tion 6 (Sections S4, S7 and S8), extended related work (Section S9), the sealed terms (Section S10),
the comparisons under the online replay (Section 511), the machine-checked proofs (Section S12)
and the experiments added in the revision (Section S13). References [113-131] are cited only in the
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The following abbreviations are used in this manuscript:

AUROC Area under the receiver operating characteristic curve
CBF Conservative backfilling

CI Continuous integration

EASY Extensible Argonne Scheduling sYstem

ERE Ensino Remoto Emergencial (emergency remote teaching)
FCFS First-come first-served

GPS Generalized processor sharing

GRU Gated recurrent unit
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HGNN Heterogeneous graph neural network
LPC-EGEE Laboratoire de Physique Corpusculaire, Enabling Grids for E-science in Europe
OULAD Open University Learning Analytics Dataset

P99 99th percentile
p99a 99th percentile of the waits of the jobs that arrive in the 24 h before a deadline
PFCFS Preemptive first-come first-served
PGPS Packet-by-packet generalized processor sharing
R-GCN Relational graph convolutional network
RMSE Root mean squared error
SJF Shortest job first
SOAP Schedule ordered by age-based priority
SPJF Shortest predicted job first
SPJF-E Shortest predicted job first on the expected-cost score
SPJF-log Shortest predicted job first on the log-scale score
SRPT Shortest remaining processing time
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