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Abstract

We study the topological degree for densely defined operators of class (S+) with com-
pact multivalued perturbations. It is assumed that a perturbation can be represented as
a sum of two terms: a multivalued mapping which is itself a composition of a contin-
uous single-valued mapping and an upper semicontinuous multivalued mapping with
aspherical images, and a single-valued compact operator. This makes it possible to extend
the standard degree theory for convex-valued operators to multivalued mappings whose
values may have a complicated geometry, as well as to operators defined not on the whole
space but only on a dense subset. Theoretical aspects concerning the definition and main
properties of the topological degree for such multivalued mappings are discussed. In
particular, it is shown that the introduced degree is homotopy invariant and can serve as a
convenient tool for establishing the solvability of the corresponding operator inclusions.
As an application, a feedback control problem for a class of nonlinear elliptic equations is
considered. Using the proposed topological degree, the solvability of this problem in the
weak setting is proved.

Keywords: topological degree; monotone operators; multivalued mappings; densely
defined operators; aspherical sets; feedback control problem; nonlinear elliptic equations

MSC: 47H11; 47H14; 35J60; 49J53

1. Introduction
Operator equations with multivalued mappings, or operator inclusions, arise naturally

in a wide range of problems in mathematics and its applications, such as optimal control,
differential equations and inclusions, variational inequalities, game theory, and mathemat-
ical economics [1–4]. One of the most efficient tools for analyzing such equations is the
apparatus of topological characteristics [5–7]; first of all the degree theory, which makes
it possible not only to establish the solvability of the corresponding problems but also to
describe various qualitative properties of their solutions. One of the central objects of study
in this direction is multivalued perturbations of monotone-type operators [8–12]—a class of
mappings which, on the one hand, is wide enough for applications, and, on the other hand,
possesses properties ensuring that the theory is closed with respect to passage to the limit.

To date, the degree theory for multivalued perturbations of monotone-type operators
has been developed in sufficient detail, especially for (S+)-mappings, which naturally
arise in the study of nonlinear boundary and initial-boundary value problems [13–15]
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and variational inequalities [10,16,17]. Browder [8] has defined the degree for bounded,
demicontinuous (S+)-mappings with maximal monotone perturbations. His results were
further developed in [9,10]. Later, in [11,12], a degree theory was constructed for compact
multivalued perturbations of (S+)-mappings with aspherical images. On the basis of this
theory, various feedback control problems in systems described by nonlinear equations of
mathematical physics were studied [18–20]. However, the assumptions used there include
the condition that the unperturbed operator is defined on the whole Banach space, whereas
in many important applications it is only densely defined.

The degree theory for densely defined mappings of type (S+) was first proposed by
Kartsatos and Skrypnik [21]; its applications and important generalizations are considered
in [22–26]. In particular, in [22] the index of a critical point for nonlinear elliptic operators
with strong coefficient growth was studied. In [23,24], respectively, maximal monotone and
compact perturbations of densely defined (S+)-mappings are considered, with applications
to elliptic problems. Later, in [25], analogous constructions were applied to nonlinear
parabolic problems. Nevertheless, these works do not cover multivalued perturbations
of general form—they consider perturbations of a special structure (maximal monotone,
convex-valued, quasibounded, etc.). Thus, until now no degree theory has simultaneously
met all of the following requirements:

• it admits densely defined operators of class (S+);
• it allows one to consider multivalued perturbations with nonconvex, geometrically

complicated values;
• it includes, as a separate term, a single-valued compact part of the perturbation.

The present paper fills this gap. Its main novelty consists in constructing a topological
degree for multivalued mappings of the form α − Φ, where

• α is a single-valued densely defined operator satisfying the condition (S+)F;
• Φ := β ◦ Ψ + γ is a compact multivalued mapping such that Ψ is a multivalued map-

ping with aspherical images, β is a single-valued mapping, and γ is a single-valued
compact operator.

Compared with known constructions, this means a simultaneous extension of the
theory in three directions at once:

• with respect to the domain of the unperturbed operator—from operators defined on the
whole space to densely defined operators;

• with respect to the geometry of the perturbation values—from convex-valued per-
turbations to multivalued mappings with aspherical images, which may have a
complicated geometry;

• with respect to the structure of the perturbation—to perturbations decomposing into a
“complicated” multivalued part β ◦ Ψ and a “regular” single-valued compact part γ.

The necessity of such an extension is dictated by applications. A typical situation
in which the unperturbed operator is defined only on a dense set arises in the study of
boundary value problems for quasilinear elliptic and parabolic equations with strongly
growing coefficients [21,22]: the domain of the operator naturally turns out to be a dense
but not coinciding with the whole space subset. In turn, abandoning the convex-valuedness
of the perturbation is essential, for example, in control problems where the set of admissible
control values may have a nonconvex geometry, and the perturbation naturally decomposes
into a multivalued part describing the feedback and a single-valued compact part such as
an integral operator.

We note that it is precisely the combination of these three factors—the dense definite-
ness of the unperturbed operator, the nonconvex-valuedness of the multivalued perturba-
tion, and the presence of a single-valued compact part—that creates the main difficulties in
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constructing the degree theory. Classical constructions of the degree for (S+)-operators es-
sentially rely on the fact that the operator is defined on the whole space and the perturbation
is either single-valued or convex-valued. When passing to densely defined operators, one
has to use finite-dimensional approximations and prove stabilization of the corresponding
degrees. When abandoning the convex-valuedness of the perturbation, one has to apply the
apparatus of ε-approximations of multivalued mappings with aspherical images. Finally,
the presence of a single-valued compact part requires separate account when passing to
the limit and when verifying homotopy invariance. It is precisely the combination of these
three aspects that constitutes the principal novelty of the proposed construction.

The construction of the degree follows the scheme below. First, the mapping α − Φ is
approximated by its finite-dimensional projections {αk − Φk}∞

k=1, and for them the degree
of multivalued mappings is defined. Then the stabilization of the obtained degrees as
k → ∞ is established, and the limiting value is declared to be the degree of the original
mapping. The central technical results ensuring the correctness of the construction are:

• the preservation of the absence of solutions under passage to finite-dimensional projec-
tions (Lemma 2);

• the independence of the degree of the choice of the εk-approximation of the multivalued
part of the perturbation (Equality (8));

• the stabilization of finite-dimensional degrees as k → ∞ (Lemma 3).

The introduced characteristic possesses all standard properties of the topological
degree: correctness of the definition, independence of the choice of approximations, and the
homotopy invariance property. In the paper, the homotopy invariance of the degree is
established (Theorem 1), and an analogue of the “main theorem” of the degree theory is
proved (Theorem 2), asserting that the difference of the degree from zero guarantees the
solvability of the corresponding operator inclusion.

In the concluding part of the paper, the constructed degree is applied to the study
of a feedback control problem for a class of nonlinear elliptic equations. A boundary
value problem is considered in which the state function and the control are related by a
multivalued feedback mapping, and the nonlinearity in the equation admits strong growth
of coefficients. Using the abstract degree theory, a theorem on the existence of a weak
solution of this problem is proved under natural conditions on the data of the problem.
This demonstrates that the developed abstract apparatus turns out to be a working tool
in the study of concrete nonlinear problems of elliptic type, and its novelty is confirmed
by an application going beyond the previously known degree theories. It is essential
that in the application the multivaluedness of the feedback is not reduced to the convex-
valued case, and the nonlinearity of the equation admits growth of coefficients typical for
problems with strongly growing coefficients, which additionally illustrates the relevance of
the proposed theory.

The rest of the paper is organized as follows. In Section 2, we give preliminary infor-
mation: the definition of (S+)F-operators, the notions of aspherical sets and J -multimaps,
as well as results on continuous approximations of multivalued mappings. In Section 3,
the topological degree of compact multivalued perturbations of (S+)F-mappings is con-
structed: the main assumptions are formulated, auxiliary assertions are proved, the def-
inition of the degree is given, and some of its properties are established—homotopy
invariance and the theorem on the solvability of inclusions under a nonzero degree.
In Section 4, the constructed theory is applied to a feedback control problem for a non-
linear elliptic equation: the statement of the problem, assumptions on the data, the weak
formulation, and the solvability theorem are presented. Finally, Section 5 provides our
concluding remarks.
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2. Preliminaries
This section provides the notions and statements that will be needed to obtain our

main results.
Let X, Y, Z be metric spaces, E a real separable reflexive Banach space, E∗ its dual.
We denote strong and weak convergence by → and ⇀, respectively. For elements

x ∈ E and h ∈ E∗, by ⟨h, x⟩ we denote the action of the functional h on the element x.
The symbol ⊸ is used to denote a multivalued map: the notation A : X ⊸ Y means

that to each x ∈ X a subset A(x) ⊂ Y is assigned.

2.1. Inclusions with (S+)F-Operators

Let {vm}∞
m=1 be a fixed complete system in the space E, that is, the closed linear

span of {vm}∞
m=1 coincides with E. Assume that for each k the elements v1, . . . , vk are

linearly independent.
Let

Fk := the linear span of the elements v1, . . . , vk,

F :=
∞⋃︂

k=1

Fk.
(1)

Consider a single-valued operator α : Dom(α) → E∗ such that

F ⊂ Dom(α) ⊂ E.

Definition 1 (Condition (S+)F). We say that the operator α satisfies the condition (S+)F if for
any h ∈ E∗ and any sequence {uj} ⊂ F such that uj ⇀ u0 and

lim sup
j→∞

⟨α(uj), uj⟩ ≤ ⟨h, u0⟩,

lim
j→∞

⟨α(uj), v⟩ = ⟨h, v⟩, ∀v ∈ F,

it follows that
uj → u0, u0 ∈ Dom(α), α(u0) = h.

The condition (S+)F is a generalization of the condition (S+). In the papers [21,22],
a degree theory for (S+)F-mappings was constructed.

Let Φ : Dom(Φ) ⊸ E∗ be a multivalued mapping such that

Dom(α) ⊂ Dom(Φ) ⊂ E.

We will study solvability conditions for an inclusion of the form

α(u) ∈ Φ(u), (2)

thereby generalizing and developing results from the fixed point theory [27–31].

2.2. Aspherical Sets, J - and Jc-Multimaps

Following [1,32], we introduce the following definitions.
For T ⊂ X and ε > 0, denote

Oε(T) := {x ∈ X : ρ(x,T) < ε},

where ρ(x,T) is the distance from x to the set T.
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Definition 2 (Aspherical set). A nonempty compact subset S of a metric space is called aspherical
if for every ε > 0 there exists δ, 0 < δ < ε, such that for every n ∈ {0, 1, . . . } any continuous
mapping g : Sn → Oδ(S) can be extended to a continuous mapping ˜︁g : Bn+1 → Oε(S), where
Sn and Bn+1 denote the unit sphere and ball in Rn+1, respectively.

Definition 3 (J -multimap). A multivalued mapping Ψ : X ⊸ Y is called a J -multimap if it
is upper semicontinuous and the set Ψ(x) is aspherical for any x ∈ X. For brevity, we write
Ψ ∈ J (X, Y).

To note how wide the class of J -multimaps is, we remark that examples of aspherical
sets in a linear normed space are compact convex or contractible sets.

Definition 4 (Jc-multimap). By Jc(X, Y) we denote the set of all multimaps Φ : X ⊸ Y of the
form Φ := β ◦ Ψ + γ, where

• Ψ : X ⊸ Z is a multivalued mapping belonging to the class J (X, Z);
• β : Z → Y is a continuous single-valued mapping;
• γ : X → Y is a single-valued compact operator.

2.3. Continuous Approximations of Multivalued Mappings

Let Ψ : X ⊸ Y be a multivalued mapping and ε > 0.

Definition 5 (ε-approximation). A continuous mapping ψε : X → Y is called an ε-approximation
of Ψ if for every x ∈ X there exists x′ ∈ Oε(x) such that

ψε(x) ∈ Oε(Ψ(x′)).

The set of all ε-approximations of Ψ will be denoted by appr(Ψ, ε).
In the following lemma, we present an important property of ε-approximations; see [1]

for details.

Lemma 1 (Preservation of the absence of solutions under continuous approximation). Let
f : X → Y and β : Z → Y be continuous mappings. Let Ψ : X ⊸ Z be an upper semicontinuous
multivalued mapping such that the set Ψ(x) is compact for every x ∈ X. Suppose S is a compact
subset of X such that

f (x) /∈ β ◦ Ψ(x), ∀x ∈ S.

Then, if ε > 0 is sufficiently small and ψε ∈ appr(Ψ, ε), we have

f (x) ̸= β ◦ ψε(x), ∀x ∈ S.

The following proposition was proved in [33].

Proposition 1 (Approximation properties of J -multimaps). Let X be a locally contractible
finite-dimensional compact and Ψ ∈ J (X , Y). Then:

(i) the multimap Ψ is approximable, that is, for every ε > 0, there exists ψε ∈ appr(Ψ, ε);
(ii) for every ε > 0 there exists δ0 > 0 such that for every δ ∈ (0, δ0) and for any two δ-

approximations ψδ, ψ′
δ ∈ appr(Ψ, δ) there exists a continuous mapping ˜︁ψ : X × [0, 1] → Y

such that ˜︁ψ(·, 0) = ψδ, ˜︁ψ(·, 1) = ψ′
δ

and ˜︁ψ(·, t) ∈ appr(Ψ, ε) for every t ∈ [0, 1].
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3. Degree of Compact Multivalued Perturbations of (S+)F-Operators
3.1. Setting and Assumptions

Our goal is to introduce the notion of the topological degree for Jc-perturbations of
(S+)F-operators.

Assume that

(A.1) the operator α satisfies the condition (S+)F;
(A.2) for every v ∈ F and k ∈ N, the function av,k : Fk → R defined by

av,k(u) := ⟨α(u), v⟩,

is continuous.

For a multivalued mapping Φ : Dom(Φ) ⊸ E∗ such that

Dom(α) ⊂ Dom(Φ) ⊂ E,

we suppose the following conditions to hold:

(A.3) Φ := β ◦ Ψ + γ belongs to the class Jc(Dom(Φ), E∗);
(A.4) for every bounded set S ⊂ E, the set Ψ(Dom(Φ) ∩S) is relatively compact in Z.

Let V be an open bounded subset of E. By the symbols V and ∂V we denote the closure
and the boundary of the set V , respectively.

Let us assume that

(A.5) for every k ∈ N, the set V ∩ Fk is locally contractible;
(A.6) the inclusion

α(u) ∈ Φ(u), u ∈ Dom(α),

has no solutions belonging to ∂V .

Under conditions (A.1)–(A.6) we will define deg(α − Φ,V , 0)—the degree of the mul-
tivalued mapping α − Φ on the set V with respect to 0 ∈ E∗. In order to present the
construction of this degree, we will need some auxiliary assertions.

3.2. Auxiliary Statements

Introduce the finite-dimensional (linear) operator ℓFk
: E∗ → Fk by

ℓFk
(h) :=

k

∑
i=1

⟨h, vi⟩vi.

Denote

αk := ℓFk
◦ α, Φk := ℓFk

◦ Φ, βk := ℓFk
◦ β, γk := ℓFk

◦ γ.

Lemma 2 (Preservation of the absence of solutions under finite-dimensional approximation).
Let S be a closed bounded subset of E. Suppose that

α(u) /∈ Φ(u), ∀u ∈ Dom(α) ∩S. (3)

Then there exists k0 such that, for any k ≥ k0, we have

αk(u) /∈ Φk(u), ∀u ∈ Fk ∩S.
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Proof. We prove this assertion by contradiction. Assume that there exists a sequence {uj}
belonging to Fkj

∩S such that
αkj

(uj) ∈ Φkj
(uj)

and k j → ∞ as j → ∞. In this case, there exist sequences {gj} and {cj} such that

gj ∈ β(Ψ(uj)), cj = γ(uj)

and
⟨α(uj)− gj − cj, vi⟩ = 0, i = 1, . . . , k j. (4)

Since the sequence {uj} is bounded, without loss of generality it can be assumed that

uj ⇀ u0 ∈ E.

as j → ∞. Moreover, by condition (A.4), we may assume that

gj → g0 ∈ E∗ (5)

and from the compactness of γ it follows that

cj = γ(uj) → c0 ∈ E∗. (6)

From (4) it follows that

⟨α(uj), uj⟩ = ⟨gj + cj, uj⟩,

whence, by (5) and (6), we obtain

lim
j→∞

⟨α(uj), uj⟩ = ⟨g0 + c0, u0⟩.

Similarly,
lim
j→∞

⟨α(uj), v⟩ = ⟨g0 + c0, v⟩

for every v ∈ F. From this, taking into account the closedness of the set S and condi-
tion (A.1), we obtain:

uj → u0, u0 ∈ Dom(α) ∩S, α(u0) = g0 + c0.

In view of Dom(α) ⊂ Dom(Φ), we have u0 ∈ Dom(Φ). Since

uj → u0, gj → g0, gj ∈ β(Ψ(uj))

and the multimap β ◦ Ψ is upper semicontinuous, we have

g0 ∈ β(Ψ(u0)).

From the continuity of γ it follows that c0 = γ(u0). Consequently,

α(u0) ∈ β(Ψ(u0)) + γ(u0) = Φ(u0)

and
u0 ∈ Dom(α) ∩S,

which contradicts (3). Thus, Lemma 2 is proved.
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Let k ≥ k0. Define the degree of the multivalued mapping αk − Φk : V ∩ Fk ⊸ Fk by
the formula:

deg(αk − Φk,V ∩ Fk, 0) := d(αk − βk ◦ ψεk − γk,V ∩ Fk, 0), (7)

where

• the symbol d on the right-hand side of (7) denotes the Brouwer degree (the degree of
finite-dimensional mappings);

• εk is a sufficiently small positive number;
• ψεk is an εk-approximation of the multimap Ψ|V∩Fk

.

Note that the existence of an εk-approximation of Ψ|V∩Fk
follows from Proposition 1.

Let us show that the definition of deg given by (7) is correct.
First, note that, for a sufficiently small εk, the Brouwer degree on the right-hand side

of (7) is well-defined, since

αk(u)− βk ◦ ψεk (u)− γk(u) ̸= 0, ∀u ∈ ∂V ∩ Fk.

This relation follows from condition (A.6), Lemmas 1 and 2.
Next, we show that the degree on the right-hand side of (7) does not depend on the

choice of the εk-approximation, that is,

d(αk − βk ◦ ψεk − γk,V ∩ Fk, 0) = d(αk − βk ◦ ψ′
εk
− γk,V ∩ Fk, 0) (8)

for any ψεk , ψ′
εk
∈ appr(Ψ|V∩Fk

, εk) for a sufficiently small εk.
From Lemmas 1 and 2, Proposition 1 and condition (A.6) it follows that the approx-

imations ψεk and ψ′
εk

can be joined by a continuous deformation ˜︁ψ : V ∩ Fk × [0, 1] → Z
such that ˜︁ψ(·, 0) = ψεk , ˜︁ψ(·, 1) = ψ′

εk

and
αk(u)− βk ◦ ˜︁ψ(u, t)− γk(u) ̸= 0, ∀u ∈ ∂V ∩ Fk, t ∈ [0, 1],

whence, by the homotopy invariance property of the Brouwer degree, we obtain Equality (8).
The following assertion is valid.

Lemma 3 (Stabilization of degrees as k → ∞). There exists k1 such that for k ≥ k1 the value of
deg(αk − Φk,V ∩ Fk, 0) is independent of k.

Proof. For our proof, we will adopt the approach of [11,24]. Clearly, to prove Lemma 3 it
suffices to establish that

deg(αk+1 − Φk+1,V ∩ Fk+1, 0) = deg(αk − Φk,V ∩ Fk, 0) (9)

for sufficiently large k.
We assume that in (7) the quantities εk are chosen so that the sequence {εk} is mono-

tonically decreasing and εk → 0 as k → ∞.
Let hj be a functional from the space E∗ satisfying the following condition

⟨hj, vi⟩ = δij, i ∈ {1, . . . , j},

where δij is the Kronecker symbol.
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Consider the mapping τk+1 : V ∩ Fk+1 → Fk+1 defined by

τk+1(u) := αk(u)− βk ◦ ψεk+1(u)− γk(u) + ⟨hk+1, u⟩vk+1.

Let us show that for sufficiently large k

s(αk+1(u)− βk+1 ◦ ψεk+1(u)− γk+1(u))

+ (1 − s)τk+1(u) ̸= 0, ∀(u, s) ∈ (∂V ∩ Fk+1)× [0, 1].
(10)

Assume the contrary. Then, without loss of generality, we may assert that there exist
sequences {sm} and {um} such that

sm ∈ [0, 1], um ∈ ∂V ∩ Fm, um ⇀ u0

such that
sm(αm(um)− βm ◦ ψεm(um)− γm(um)) + (1 − sm)τm(um) = 0.

The last equality is equivalent to the following relations:

⟨α(um)− β ◦ ψεm(um)− γ(um), vi⟩ = 0, i = 1, . . . , m − 1, (11)

sm⟨α(um)− β ◦ ψεm(um)− γ(um), vm⟩+ (1 − sm)⟨hm, um⟩ = 0. (12)

We can assume without loss of generality that sm ̸= 0 for any m ∈ N.
In view of condition (A.4) and Definition 5, it can be assumed that

ψεm(um) → q0

for some q0 ∈ Z as m → ∞. Moreover, by the compactness of γ, we may assume that

γ(um) → c0

for some c0 ∈ E∗ as m → ∞. Therefore, for every v ∈ F, we have

lim
m→∞

⟨α(um), v⟩ = lim
m→∞

⟨β ◦ ψεm(um) + γ(um), v⟩

= ⟨β(q0) + c0, v⟩.
(13)

Let us now estimate the value of lim supm→∞⟨α(um), um⟩.
Since um ∈ Fm, the element um can be represented in the form

um =
m

∑
i=1

ηmivi,

where ηm1, . . . , ηmm are real numbers.
Taking into account Equalities (11) and (12), we obtain

⟨α(um), um⟩ =
m

∑
i=1

ηmi⟨α(um), vi⟩

=
m

∑
i=1

ηmi⟨β ◦ ψεm(um) + γ(um), vi⟩ − ηmm
1 − sm

sm
⟨hm, um⟩

= ⟨β ◦ ψεm(um) + γ(um), um⟩ − ηmm
1 − sm

sm
⟨hm, um⟩.

(14)
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Since

⟨hm, um⟩ = ⟨hm,
m

∑
i=1

ηmivi⟩

=
m

∑
i=1

ηmi⟨hm, vi⟩

=
m

∑
i=1

ηmiδim

= ηmm,

from (14) it follows that

⟨α(um), um⟩ ≤ ⟨β ◦ ψεm(um) + γ(um), um⟩.

Therefore,
lim sup

m→∞
⟨α(um), um⟩ ≤ ⟨β(q0) + c0, u0⟩. (15)

From condition (A.1) and Relations (13) and (15) it follows that

um → u0, u0 ∈ Dom(α) ∩ ∂V α(u0) = β(q0) + c0.

Taking into account the following convergences

um → u0, ψεm(um) → q0, εm → 0

and the upper semicontinuity of the multimap Ψ, we obtain q0 ∈ Ψ(u0). Moreover, from the
continuity of γ it follows that c0 = γ(u0). Therefore,

α(u0) = β(q0) + c0 ∈ β(Ψ(u0)) + γ(u0) = Φ(u0),

which contradicts condition (A.6). Thus, the validity of Relation (10) is proved.
In view of the homotopy invariance property of the Brouwer degree, from (10) it

follows that

d(αk+1 − βk+1 ◦ ψεk+1 − γk+1,V ∩ Fk+1, 0) = d(τk+1,V ∩ Fk+1, 0). (16)

Moreover, using the Leray–Schauder lemma (see, for example, [14], Chapter 2), we deduce

d(αk − βk ◦ ψεk+1 − γk,V ∩ Fk, 0) = d(τk+1,V ∩ Fk+1, 0). (17)

Next, combining (16) and (17), we obtain

d(αk+1 − βk+1 ◦ ψεk+1 − γk+1,V ∩ Fk+1, 0)

= d(αk − βk ◦ ψεk+1 − γk,V ∩ Fk, 0).
(18)

By the independence of the degree defined in formula (7) of the choice of an εk-
approximation, the quantity on the right-hand side of (18) can be used for computing
deg(αk − Φk,V ∩ Fk, 0).

On the other hand, it is obvious that the degree on the left-hand side of (18) deter-
mines deg(αk+1 − Φk+1,V ∩ Fk+1, 0). Thus, we arrive at the required Equality (9), which
completes the proof of Lemma 3.

3.3. Definition and Some Properties of Degree

Assume that conditions (A.1)–(A.6) hold.
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Definition 6 (Degree of a multivalued perturbation of an (S+)F-operator). The degree of the
multimap α − Φ on the set V with respect to 0 ∈ E∗ is the integer deg(α − Φ,V , 0) given by

deg(α − Φ,V , 0) := lim
k→∞

deg(αk − Φk,V ∩ Fk, 0).

Remark 1. In the cases when Φ ≡ {0} or γ ≡ 0, Definition 6 coincides with the definitions of the
degree from the works [21] and [24], respectively.

Consider a mapping ˜︁α : Dom(˜︁α) → E∗ such that

Dom(˜︁α) ⊂ E × [0, 1]

and denote
Dom(˜︁α(·, t)) := {u ∈ E : (u, t) ∈ Dom(˜︁α)}.

Let us assume that
F ⊂ Dom(˜︁α(·, t)), ∀t ∈ [0, 1],

and, for every v ∈ F and k ∈ N, the function ˜︁av,k : Fk × [0, 1] → R defined by

˜︁av,k(u, t) := ⟨˜︁α(u, t), v⟩

is continuous.

Definition 7 (Condition (˜︁S+)F). We say that the operator ˜︁α satisfies the condition (˜︁S+)F if for
any h ∈ E∗ and any sequences {uj} ⊂ F, {tj} ⊂ [0, 1] such that uj ⇀ u0, tj → t0 and

lim sup
j→∞

⟨˜︁α(uj, tj), uj⟩ ≤ ⟨h, u0⟩,

lim
j→∞

⟨˜︁α(uj, tj), v⟩ = ⟨h, v⟩, ∀v ∈ F,

it follows that
uj → u0, u0 ∈ Dom(˜︁α(·, t0)), ˜︁α(u0, t0) = h.

Consider mappings αi : Dom(αi) ∩ V → E∗ and Φi : Dom(Φi) ∩ V ⊸ E∗ given by

Φi := βi ◦ Ψi + γi, i = 0, 1,

such that
F ⊂ Dom(αi) ⊂ Dom(Φi), i = 0, 1.

Definition 8 (Homotopy). We say that the multivalued mappings α0 − Φ0 and α1 − Φ1 are
homotopic if the five conditions are satisfied:

(i) there exists a mapping ˜︁α satisfying the condition (˜︁S+)F such that

˜︁α(·, 0) = α0, ˜︁α(·, 1) = α1;

(ii) there exists a multimap ˜︁Ψ : Dom(˜︁Ψ) ⊸ Z such that

Dom(˜︁α) ⊂ Dom(˜︁Ψ) ⊂ E × [0, 1], ˜︁Ψ ∈ J (Dom(˜︁Ψ), Z),

˜︁Ψ(·, 0) = Ψ0, ˜︁Ψ(·, 1) = Ψ1
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and, for every bounded set S ⊂ E × [0, 1], the set ˜︁Ψ(︁
Dom(˜︁Ψ) ∩S

)︁
is relatively compact in

the space Z;
(iii) there exists a continuous mapping ˜︁β : Z × [0, 1] → E∗ such that

˜︁β(·, 0) = β0, ˜︁β(·, 1) = β1;

(iv) there exists a single-valued compact operator ˜︁γ : Dom(˜︁γ) → E∗ such that

Dom(˜︁α) ⊂ Dom(˜︁γ) ⊂ E × [0, 1],

˜︁γ(·, 0) = γ0, ˜︁γ(·, 1) = γ1;

(v) the inclusion ˜︁α(u, t) ∈ ˜︁Φ(u, t), (u, t) ∈ Dom(˜︁α),
where ˜︁Φ(u, t) := ˜︁β(˜︁Ψ(u, t), t) + ˜︁γ(u, t),

has no solutions belonging to ∂V × [0, 1].

Using the homotopy invariance property of the Brouwer degree and Proposition 1, it
is not difficult to establish the validity of the following assertion.

Theorem 1 (Homotopy invariance property). If the multivalued mappings α0 −Φ0 and α1 −Φ1

are homotopic, then
deg(α0 − Φ0,V , 0) = deg(α1 − Φ1,V , 0).

One of the properties of the introduced degree, key for applications, is stated in the
following theorem.

Theorem 2 (Solvability of inclusions under a nonzero degree). Suppose that

deg(α − Φ,V , 0) ̸= 0. (19)

Then inclusion (2) has at least one solution belonging to V ∩ Dom(α).

Proof. Assume the contrary. Then, by Lemma 2, for sufficiently large k the inclusion

αk(u) ∈ Φk(u), u ∈ Fk,

has no solutions belonging to the set V . In this case, by Lemma 1,

αk(u)− βk ◦ ψεk (u)− γk(u) ̸= 0, u ∈ V ∩ Fk. (20)

Here, ψεk is an εk-approximation of Ψ|V∩Fk
with a sufficiently small εk.

Using Definition 6 and Relation (20), we derive

deg(α − Φ,V , 0) = d(αk − βk ◦ ψεk − γk,V ∩ Fk, 0)

= 0,

which contradicts (19). This contradiction proves Theorem 2.
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4. Application of Degree in Feedback Control Theory
The purpose of this section is to show that the degree theory constructed in Section 3

is a working tool for a concrete nonlinear problem and that this problem exhibits features
that are not covered simultaneously by the previously known degree theories. Specifically,
we consider a feedback control problem for a quasilinear elliptic equation in which the state
and the control are related by a multivalued feedback mapping. This example is chosen
because it exhibits all three features that motivated our construction: the leading elliptic
operator is naturally defined only on a dense subset of W1,p

0 (Ω) (because of the strongly
growing coefficient ζ), the set of admissible controls is not assumed to be convex, and the
lower-order term contains a single-valued compact contribution. The proof of solvability
(Theorem 3) follows the standard degree-theoretic scheme: we rewrite the problem as an
operator inclusion, verify that the corresponding mappings satisfy assumptions (A.1)–(A.6),
establish a homotopy with a model problem whose degree equals one, and then apply
Theorem 2.

4.1. Statement of Feedback Control Problem

Let Ω ⊂ R3 be a domain with a sufficiently smooth boundary Γ, and let ζ, ai, fi be
given functions. Consider the following problem:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

3

∑
i=1

∂

∂xi

{︃
ζ2(v)

∂v
∂xi

+ ai

(︃
x, v,

∂v
∂x1

,
∂v
∂x2

,
∂v
∂x3

)︃}︃
= f1(x, v, u) + f2(x, v) in Ω,

v|Γ = 0,

u ∈ U (v),

(21)

where U is a multivalued mapping governing the feedback control in the system.
The unknowns are the state function v and the control u. We will consider problem (21)

in the weak setting.

4.2. Assumptions on Data

By p we denote the summability exponent of the gradient, with

2 ≤ p < 3.

Moreover, set

p∗ :=
3p

3 − p
(the Sobolev critical exponent).

Assume that the following conditions are satisfied.

(B.1) The function ζ : R → R is continuous and satisfies the estimate

0 ≤ ζ(t) ≤ µ

{︃⃓⃓⃓⃓∫︂ t

0
ζ(s) ds

⃓⃓⃓⃓
+ 1

}︃r
, t ∈ R,

with constants µ and r such that

µ > 0, 0 ≤ r < 3.

(B.2) For fixed s ∈ R and ξ ∈ R3, the function ai(·, s, ξ) is measurable on Ω, i = 1, 2, 3.
(B.3) For almost all x ∈ Ω, the function ai(x, ·, ·) is continuous on R×R3, i = 1, 2, 3.
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(B.4) There exist positive constants p1, ν1, ν2 and a function g0 such that

3

∑
i=1

(︁
ai(x, s, ξ)− ai(x, s, ξ ′)

)︁
(ξi − ξ ′i) ≥ ν1|ξ − ξ ′|p,

|ai(x, s, ξ)| ≤ ν2(|s|p1 + |ξ|)p−1 + g0(x)

for all x ∈ Ω, s ∈ R, ξ, ξ ′ ∈ R3, where

g0 ∈ L
p

p−1 (Ω), p1 <
3

3 − p
.

(B.5) The function f1 : Ω ×R×R → R satisfies the Carathéodory conditions: for almost
all x ∈ Ω the function f1(x, ·, ·) is continuous on R×R, and for all (y1, y2) ∈ R×R
the function f1(·, y1, y2) is measurable on Ω. Moreover, f1 satisfies the estimate

| f1(x, y1, y2)| ≤ C1(|y1|ρ1 + |y2|ρ2) + g1(x),

where
g1 ∈ L

p
p−1 (Ω), C1 > 0,

and the exponents ρ1 and ρ2 are defined by the following equalities:

ρ1 :=
p2(p − 1)

p
, ρ2 :=

q(p − 1)
p

,

with
1 < p2 < p∗, q > 1.

(B.6) The function f2 : Ω ×R → R satisfies the Carathéodory conditions: for almost all
x ∈ Ω the function f2(x, ·) is continuous on R, and for all y ∈ R the function f2(·, y)
is measurable on Ω. Moreover, f2 satisfies the estimate

| f2(x, y)| ≤ C2|y|θ + g2(x),

where

g2 ∈ L
p

p−1 (Ω), C2 > 0, θ :=
p2(p − 1)

p
.

(B.7) The multivalued mapping U : Lp2(Ω) ⊸ Lq(Ω) is upper semicontinuous and the set
U (v) is aspherical for every v ∈ Lp2(Ω).

Remark 2. We note that the growth condition (B.1) is not restrictive. This condition is satisfied
even by the exponential function ζ(t) ≡ exp(t) with µ = 1 and r ≥ 1.

4.3. Weak Formulation of Problem and Main Result

By W1,p
0 (Ω) we denote the subspace of the Sobolev space W1,p(Ω) obtained as the

closure of the set of all C∞ functions with compact support in Ω with respect to the W1,p-
norm. The dual of W1,p

0 (Ω) is denoted by W−1,p′(Ω), where p′ := p/(p − 1).

Definition 9 (Weak solution). A weak solution of problem (21) is a pair of functions (v, u)
such that

• (v, u) ∈ W1,p
0 (Ω)× Lq(Ω);

• ζ2(v) ∂v
∂xi

∈ L
p

p−1 (Ω), i = 1, 2, 3;

• u ∈ U (v);

https://doi.org/10.3390/math14214002

https://doi.org/10.3390/math14214002


Mathematics 2026, 14, 4002 15 of 19

• the following equality holds:

3

∑
i=1

∫︂
Ω

{︃
ζ2(v)

∂v
∂xi

+ ai

(︃
x, v,

∂v
∂x1

,
∂v
∂x2

,
∂v
∂x3

)︃}︃
∂ϕ

∂xi
dx

=
∫︂

Ω
( f1(x, v, u) + f2(x, v))ϕ dx

for every test function ϕ ∈ W1,p
0 (Ω).

Remark 3. Since p∗ is the Sobolev critical exponent, the condition p2 < p∗ ensure the compactness
of the following embedding (see [34,35]):

W1,p
0 (Ω) ↪→ Lp2(Ω),

which is essentially used in the proof of the existence of solutions.

To formulate the existence theorem for problem (21), we introduce an auxiliary one-
parameter family of problems:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

3

∑
i=1

∂

∂xi

{︃
ζ2t(v)

∂v
∂xi

+ tai

(︃
x, v,

∂v
∂x1

,
∂v
∂x2

,
∂v
∂x3

)︃
+ (1 − t)

⃓⃓⃓⃓
∂v
∂x

⃓⃓⃓⃓p−2 ∂v
∂xi

}︃
= t

(︁
f1(x, v, u) + f2(x, v)

)︁
in Ω,

v|Γ = 0,

u ∈ U (v),

(22)

with the parameter t ∈ [0, 1].
Denote

A := {v ∈ W1,p
0 (Ω) : there exist u0 ∈ Lq(Ω) and t0 ∈ [0, 1] such that

(v, u0) is a weak solution of problem (22) for t = t0}.

Theorem 3 (Existence of weak solutions). Suppose that conditions (B.1)–(B.6) are satisfied and,
moreover, that the set A is bounded in the space W1,p

0 (Ω). Then problem (21) has at least one weak solution.

Proof. To prove the theorem we use the degree theory constructed in Section 3. First, we
give an operator interpretation of the problem under consideration.

By C∞
0 (Ω) denote the set of all C∞ functions with compact support in the domain Ω.

Fix {vm}∞
m=1 ⊂ C∞

0 (Ω)—a complete system of elements in the space W1,p
0 (Ω). Assume that

for each k the elements v1, . . . , vk are linearly independent and (1) holds.
Introduce the operator ˜︁α : Dom(˜︁α) ⊂ W1,p

0 (Ω)× [0, 1] → W−1,p′(Ω) by the formula

⟨˜︁α(v, t), ϕ⟩ :=
3

∑
i=1

∫︂
Ω

{︃
ζ2t(v)

∂v
∂xi

+ tai

(︃
x, v,

∂v
∂x1

,
∂v
∂x2

,
∂v
∂x3

)︃

+ (1 − t)
⃓⃓⃓⃓
∂v
∂x

⃓⃓⃓⃓p−2 ∂v
∂xi

}︃
∂ϕ

∂xi
dx,

where

ϕ ∈ W1,p
0 (Ω),

Dom(˜︁α) :=
{︃
(v, t) ∈ W1,p

0 (Ω)× [0, 1] : ζ2t(v)
∂v
∂xi

∈ L
p

p−1 (Ω), i = 1, 2, 3
}︃

.
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According to [21], the operator ˜︁α satisfies the condition (˜︁S+)F.
Consider the multivalued mapping ˜︁Ψ : W1,p

0 (Ω)× [0, 1] ⊸ Lp2(Ω)× Lq(Ω) defined by

˜︁Ψ(v, t) := {id(v)} × U (id(v)),

where id : W1,p
0 (Ω) → Lp2(Ω) is the embedding operator. In view of Remark 3, the operator

id is well defined and compact. Therefore, using condition (B.7), we deduce that, for every
bounded set G ⊂ W1,p

0 (Ω)× [0, 1], the set ˜︁Ψ(G) is relatively compact in Lp2(Ω)× Lq(Ω).
Moreover, we have

˜︁Ψ ∈ J (W1,p
0 (Ω)× [0, 1], Lp2(Ω)× Lq(Ω)).

Define the mapping ˜︁β : Lp2(Ω)× Lq(Ω)× [0, 1] → W−1,p′(Ω) by the formula

⟨˜︁β(v, u, t), ϕ⟩ := t
∫︂

Ω
f1(x, v, u)ϕ(x)dx,

for every ϕ ∈ W1,p
0 (Ω). From the Krasnoselskii theorem on the continuity of the superposi-

tion operator (see, for example, [14], Proposition 1.1) and condition (B.5) it follows that the
operator ˜︁β is continuous.

Define the single-valued operator ˜︁γ : W1,p
0 (Ω)× [0, 1] → W−1,p′(Ω) by the formula

⟨˜︁γ(v, t), ϕ⟩ := t
∫︂

Ω
f2(x, v)ϕ(x)dx, ϕ ∈ W1,p

0 (Ω).

From condition (B.6) and Remark 3 it follows that the operator ˜︁γ is compact.
Let ˜︁Φ(v, t) := ˜︁β(︁˜︁Ψ(v, t), t

)︁
+ ˜︁γ(v, t), v ∈ W1,p

0 (Ω), t ∈ [0, 1].

To prove Theorem 3 it suffices to show that the inclusion

˜︁α(v, 1) ∈ ˜︁Φ(v, 1) (23)

has at least one solution v ∈ W1,p
0 (Ω).

In view of the condition of Theorem 3, there exists a positive number R such that

A ⊂ BR :=
{︂

v ∈ W1,p
0 (Ω) : ∥v∥

W1,p
0 (Ω)

< R
}︂

.

By the above-mentioned properties of the operators ˜︁α, ˜︁Ψ, ˜︁β, and ˜︁γ, the mappings˜︁α(·, 0)− ˜︁Φ(·, 0) and ˜︁α(·, 1)− ˜︁Φ(·, 1) are homotopic in the sense of Definition 8 on V := BR.
Therefore, applying Theorem 1, we obtain

deg(˜︁α(·, 1)− ˜︁Φ(·, 1),BR, 0) = deg(˜︁α(·, 0)− ˜︁Φ(·, 0),BR, 0).

Since ˜︁Φ(·, 0) = 0, we have

˜︁α(·, 0)− ˜︁Φ(·, 0) = ˜︁α(·, 0);

hence the computation of deg(˜︁α(·, 1)− ˜︁Φ(·, 1),BR, 0) reduces to finding deg(˜︁α(·, 0),BR, 0).
Note that

Dom(˜︁α(·, 0)) = W1,p
0 (Ω)

and
⟨˜︁α(v, 0), v⟩ > 0, v ∈ ∂BR,
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whence, by the standard properties of the degree of (S+)-mappings [14], we obtain

deg(˜︁α(·, 0),BR, 0) = 1.

Consequently, we have
deg(˜︁α(·, 1)− ˜︁Φ(·, 1),BR, 0) = 1.

From the last equality and Theorem 2 it follows that inclusion (23) has at least one
solution, and hence problem is solvable in the weak setting (21). Thus, Theorem 3 is
proved.

5. Conclusions
The paper constructs a topological degree theory for multivalued perturbations of

densely defined operators of class (S+). The proposed construction covers mappings of the
form α − Φ, where the unperturbed operator α is defined on a dense subset of a reflexive
Banach space, and the perturbation Φ admits the representation Φ = β ◦ Ψ + γ. Here the
multivalued part β ◦ Ψ may have nonconvex, geometrically complicated values, while the
single-valued part γ is a compact operator.

The main results of the paper are as follows.

1. Conditions for the correctness of finite-dimensional approximations of the mapping
α − Φ are formulated, and a lemma on the preservation of the absence of solutions
under passage to projections onto finite-dimensional subspaces is proved.

2. The independence of the finite-dimensional degree from the choice of the ε-approximation
of the multivalued part of the perturbation is established, which ensures the correctness
of the definition of the degree.

3. The stabilization of finite-dimensional degrees as the dimension of the approximating
subspace tends to infinity is proved, which made it possible to define the degree of the
original mapping as the limit of the corresponding finite-dimensional degrees.

4. The main properties of the introduced degree are established: homotopy invariance
and an analogue of the main theorem of the degree theory, according to which the
difference of the degree from zero guarantees the solvability of the operator inclusion
α(u) ∈ Φ(u).

5. The constructed theory is applied to a feedback control problem for a nonlinear elliptic
equation with strongly growing coefficients. A theorem on the existence of a weak
solution is proved. It is essential that the multivaluedness of the feedback is not reduced
to the convex-valued case, and the nonlinearity of the equation admits growth typical
for problems with strong growth of coefficients.

Thus, the proposed construction extends the known degree theories in three directions
at once: with respect to the domain of the unperturbed operator, with respect to the
geometry of the values of the multivalued perturbation, and with respect to the structure
of the perturbation. The obtained results show that the developed abstract apparatus is a
working tool in the study of concrete nonlinear problems of elliptic type.

As possible directions for further research, one can mention the extension of the pro-
posed approach to parabolic problems, to the case of unbounded domains, as well as to
operators acting in nonreflexive Banach spaces. It also seems interesting to study applica-
tions of the constructed theory to optimal control problems and variational inequalities
with nonconvex constraints.

Author Contributions: Conceptualization, E.S.B.; methodology, E.S.B.; investigation, E.S.B.; writ-
ing—original draft preparation, E.S.B.; writing—review and editing, E.S.B. and M.A.A. All authors
have read and agreed to the published version of the manuscript.

https://doi.org/10.3390/math14214002

https://doi.org/10.3390/math14214002


Mathematics 2026, 14, 4002 18 of 19

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Górniewicz, L. Topological Fixed Point Theory of Multivalued Mappings; Kluwer: Dordrecht, The Netherlands; Boston, MA, USA;

London, UK, 1999. [CrossRef]
2. Kamenskii, M.; Obukhovskii, V.; Zecca, P. Condensing Multivalued Maps and Semilinear Differential Inclusions in Banach Spaces; De

Gruyter Series in Nonlinear Analysis and Applications; Walter de Gruyter: Berlin, Germany; New York, NY, USA, 2001. [CrossRef]
3. Borisovich, Y.G.; Gelman, B.D.; Myshkis, A.D.; Obukhovskii, V.V. Introduction to the Theory of Multivalued Mappings and Differential

Inclusions, 3rd ed.; LIBROKOM: Moscow, Russia, 2016. (In Russian)
4. Obukhovskii, V.; Gelman, B. Multivalued Maps and Differential Inclusions: Elements of Theory and Applications; World Scientific

Publishing Co. Pte. Ltd: Singapore, 2020. [CrossRef]
5. Mawhin, J. Topological Degree Methods in Nonlinear Boundary Value Problems; McGraw-Hill: New York, NY, USA, 1976. [CrossRef]
6. O’Regan, D.; Cho, Y.J.; Chen, Y.Q. Topological Degree Theory and Applications; Chapman and Hall/CRC: New York, NY, USA, 2006.

[CrossRef]
7. Dinca, G.; Mawhin, J. Brouwer Degree: The Core of Nonlinear Analysis; Birkhäuser: Cham, Switzerland, 2021. [CrossRef]
8. Browder, F.E. Fixed point theory and nonlinear problems. Bull. Amer. Math. Soc. 1983, 9, 1–39. [CrossRef]
9. Hu, S.C.; Papageorgiou, N.S. Generalizations of Browder’s degree theory. Trans. Amer. Math. Soc. 1995, 347, 233–259. [CrossRef]
10. Kobayashi, J.; Ôtani, M. Topological degree for (S)+-mappings with maximal monotone perturbations and its applications to

variational inequalities. Nonlinear Anal. 2004, 59, 147–172. [CrossRef]
11. Baranovskii, E.S. Topological Degree for Multivalued Perturbations of (S)+-Maps and Its Applications. Ph.D. Thesis, Voronezh State

University, Voronezh, Russia, 2010.
12. Baranovskii, E.S.; Artemov, M.A. Topological degree for operators of class (S)+ with set-valued perturbations and its new

applications. Fractal Fract. 2024, 8, 738. [CrossRef]
13. Browder, F.E. Nonlinear elliptic boundary value problems and the generalized topological degree. Bull. Am. Math. Soc. 1970,

76, 999–1005. [CrossRef]
14. Skrypnik, I.V. Methods for Analysis of Nonlinear Elliptic Boundary Value Problems; American Mathematical Society: Providence, RI,

USA, 1994; Volume 139.
15. Kartsatos, A.G.; Skrypnik, I.V. A global approach to fully nonlinear parabolic problems. Trans. Amer. Math. Soc. 2000,

352, 4603–4640. [CrossRef]
16. Chen, Y.; Cho, Y.J. Monotone type operators in nonreflexive Banach spaces. Fixed Point Theory Appl. 2014, 2014, 119. [CrossRef]
17. Benedetti, I.; Lorenzini, S. Projected solutions for generalized quasivariational inequalities without compact constraint multimap.

Commun. Nonlinear Sci. Numer. Simulat. 2024, 119, 107687. [CrossRef]
18. Baranovskii, E.S. Feedback optimal control problem for a network model of viscous fluid flows. Math. Notes 2022, 112, 26–39.

[CrossRef]
19. Baranovskii, E.S.; Brizitskii, R.V.; Saritskaia, Z.Y. Optimal control problems for the reaction–diffusion–convection equation with

variable coefficients. Nonlinear Anal. Real. World Appl. 2024, 75, 103979. [CrossRef]
20. Baranovskii, E.S.; Brizitskii, R.V.; Saritskaia, Z.Y. Optimal multiplicative control in the reaction–diffusion–convection model with

concentration-dependent coefficients. ZAMM 2026, 106, e70498. [CrossRef]
21. Kartsatos, A.G.; Skrypnik, I.V. Topological degree theories for densely defined mappings involving operators of type (S)+. Adv.

Diff. Equ. 1999, 4, 413–456. [CrossRef]
22. Kartsatos, A.G.; Skrypnik, I.V. The index of a critical point for nonlinear elliptic operators with strong coefficient growth. J. Math.

Soc. Jpn. 2000, 52, 109–137. [CrossRef]
23. Kartsatos, A.G.; Skrypnik, I.V. A new topological degree theory for densely defined quasibounded (˜︁S+)-perturbations of multival-

ued maximal monotone operators in reflexive Banach spaces. Abstr. Appl. Anal. 2005, 2005, 121–158. [CrossRef]
24. Baranovskii, E.S. Topological degree of set-valued perturbations of densely defined operators of monotone type and some of its

applications. Nauch. Ved. Belgorod. Gos. Univ. Ser. Mat. Fiz. 2012, 5, 47–59. (In Russian)
25. Asfaw, T.M. A degree theory for compact perturbations of monotone type operators and application to nonlinear parabolic

problem. Abstr. Appl. Anal. 2017, 2017, 7236103. [CrossRef]
26. Adhikari, D.R.; Asfaw, T.M.; Stachura, E. A topological degree theory for perturbed AG(S+)-operators and applications to

nonlinear problems. J. Math. Anal. Appl. 2021, 497, 124912. [CrossRef]

https://doi.org/10.3390/math14214002

http://doi.org/10.1007/1-4020-4666-9
http://dx.doi.org/10.1515/9783110870893
http://dx.doi.org/10.1142/11825
http://dx.doi.org/10.1090/cbms/040
http://dx.doi.org/10.1201/9781420011487
http://dx.doi.org/10.1007/978-3-030-63230-4
http://dx.doi.org/10.1090/S0273-0979-1983-15153-4
http://dx.doi.org/10.1090/s0002-9947-1995-1284911-6
http://dx.doi.org/10.1016/j.na.2004.07.007
http://dx.doi.org/10.3390/fractalfract8120738
http://dx.doi.org/10.1090/s0002-9904-1970-12530-7
http://dx.doi.org/10.1090/s0002-9947-00-02541-1
http://dx.doi.org/10.1186/1687-1812-2014-119
http://dx.doi.org/10.1016/j.cnsns.2023.107687
http://dx.doi.org/10.1134/S0001434622070033
http://dx.doi.org/10.1016/j.nonrwa.2023.103979
http://dx.doi.org/10.1002/zamm.70498
http://dx.doi.org/10.57262/ade/1366031042
http://dx.doi.org/10.2969/jmsj/05210109
http://dx.doi.org/10.1155/AAA.2005.121
http://dx.doi.org/10.1155/2017/7236103
http://dx.doi.org/10.1016/j.jmaa.2020.124912
https://doi.org/10.3390/math14214002


Mathematics 2026, 14, 4002 19 of 19

27. Agarwal, R.P.; Meehan, M.; O’Regan, D. Fixed Point Theory and Applications; Cambridge University Press: Cambridge, UK, 2001.
[CrossRef]

28. Farmakis, I.; Moskowitz, M. Fixed Point Theorems and Their Applications; World Scientific Publishing: Singapore, 2013. [CrossRef]
29. Pata, V. Fixed Point Theorems and Applications; Springer: Cham, Switzerland, 2019. [CrossRef]
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