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Abstract

This paper presents a Pell–Lucas collocation method for time-fractional partial integro-
differential equations (TFPIDEs) with initial and boundary conditions, where the fractional
derivative is taken in the Caputo sense. The unknown solution is approximated by a
truncated bivariate Pell–Lucas series, and the governing equation together with the initial
and boundary conditions is discretized at uniform collocation points. Operational matrices
are employed to represent the fractional-time derivative, spatial derivatives, and Volterra
integral term, thereby reducing the continuous problem to a system of algebraic equations.
An upper error bound in the infinity norm and a residual-based error-estimation procedure
are also discussed. Numerical examples illustrate the applicability and accuracy of the
proposed approach and include comparisons with exact solutions and with results reported
in the literature for alternative methods.

Keywords: Pell–Lucas polynomials; time-fractional partial integro-differential equation;
Caputo fractional derivative; collocation method; error estimation
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1. Introduction
Over the past decade, partial integro-differential equations (PIDEs) have attracted

increasing attention in applied sciences, including mathematics, engineering, physics, elec-
tromagnetic theory, geophysics, heat conduction, radiation propagation, poro-viscoelastic
medium compression, reaction–diffusion problems, and nuclear reactor dynamics [1–4].
Because PIDEs combine integral, spatial, and temporal terms, they provide a flexible
framework for modeling phenomena with memory and nonlocal effects.

The theory of partial integro-differential equations is a significant area within the
study of differential and integral equations. For example, in dynamical systems with
automatic control, the inclusion of an integral term in differential equations of the first and
second orders is essential [5,6]. A PIDE involves partial differentiation and integration of
the unknown function and is frequently employed when memory effects must be taken
into account. PIDEs can be solved by a variety of methods, including finite difference
schemes, collocation methods, the variational iteration method, and spline collocation
methods [5,7,8].

Fractional calculus extends classical differentiation and integration to non-integer orders
and has become increasingly important in science and engineering [9]. It provides a natural
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mathematical setting for many physical and engineering processes [10,11], and fractional
differential equations have been studied extensively in the literature [12–14]. Because complex
phenomena are often nonlocal, fractional derivatives have proved useful in modeling memory-
affecting processes. Time-fractional partial integro-differential equations (TFPIDEs) have
therefore received considerable attention for their ability to describe a wide range of physical,
biological, financial, and control-theoretic systems [15–24]. Representative applications include
viscoelastic materials, anomalous diffusion in porous media, population dynamics, delayed
control systems, and asset pricing models with long-memory effects.

Since most TFPIDE problems cannot be solved exactly in closed form, numerical meth-
ods play a central role in their study. Several approaches have been proposed for fractional
partial integro-differential equations, including compact finite difference methods [25,26],
the homotopy analysis method [27], and variational iteration techniques [7,28]. In par-
ticular, the variational iteration method (VIM) and the homotopy perturbation method
(HPM) are well-established iterative schemes for fractional integro-differential equations;
they construct approximate solutions through successive corrections or homotopy expan-
sions [7,28,29]. Additional numerical schemes for fractional PIDEs are discussed in [30–32].
Relative to these semi-analytical series methods and to grid-based finite-difference dis-
cretizations, spectral/collocation schemes based on polynomial operational matrices reduce
the continuous TFPIDE to a single algebraic system, which is the approach taken here.
The numerical treatment remains challenging because fractional operators are nonlocal,
memory terms introduce long-range dependencies, and the interaction between fractional
order and approximation must be handled carefully.

Although many fractional models can be formulated with alternative derivative defi-
nitions, the present work employs the classical Caputo derivative throughout. Other opera-
tors used in the recent literature include the two-scale fractal derivative [33] and related
modified Caputo-type constructions in Chun-Hui He’s fractal–fractional framework [34].
We mention these alternatives briefly for context; extending the present collocation scheme
to such operators is left for future work.

The present Pell–Lucas collocation scheme is conceptually related to the classical Ritz
method of variational theory [35]: both seek approximate solutions in a finite-dimensional
polynomial space and lead to algebraic equations for the unknown coefficients. The es-
sential distinction is that the Ritz method arises from a variational (energy) formulation,
whereas the scheme developed below is a residual collocation method driven by opera-
tional matrices for the Caputo time derivative, the spatial derivatives, and the Volterra
integral term.

Related Pell–Lucas collocation studies address different equation classes. In particular,
Yüzbaşı and Yıldırım applied Pell–Lucas collocation with residual correction to nonlinear
population models [36] and later to a fractional HIV/AIDS compartmental system [24],
while Abd-Elhameed et al. developed shifted Pell–Lucas algorithms with convergence
estimates for fractional and classical Rosenau–Hyman equations [37]. Closely related
spectral/collocation work for fractional PDEs includes Chebyshev–Legendre treatments
of Lévy–Feller diffusion and variable-order advection–dispersion equations [38,39] and
related Riesz–Feller fractional Schrödinger models [40]. The present contribution targets a
linear time-fractional partial integro-differential equation with a Volterra kernel K(x, t, s)
and builds a unified collocation system from operational matrices for the Caputo time
derivative, the spatial second derivative, and the Volterra integral term. The novelty
therefore rests on this combined nonlocal treatment, not on the use of Pell–Lucas polynomi-
als alone.

In this work, we combine Pell–Lucas (PL) polynomials with a collocation method
to obtain numerical approximations of TFPIDEs with initial and boundary conditions.
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PL polynomials are related to Pell and Lucas numbers and have been used in number
theory, combinatorics, and numerical analysis [24,41–45]. Their recurrence relation pro-
vides a convenient basis for constructing operational matrices of integer and fractional
derivatives. Following the operational-matrix approach widely used in spectral and col-
location methods [46], we approximate the solution by a truncated bivariate Pell–Lucas
expansion, transform the governing equation and the Volterra integral term into matrix
form, and enforce the initial and boundary conditions at uniform collocation points. This
procedure reduces the original problem to a system of algebraic equations that can be
treated numerically.

The main contributions of this paper are threefold: (i) the development of a Pell–Lucas
collocation formulation for the TFPIDE (1) and (2); (ii) the derivation and use of operational
matrices for the fractional-time derivative, spatial derivatives, and Volterra integral term,
leading to an algebraic collocation system; and (iii) an error analysis comprising an upper
error bound and a residual-based error-estimation procedure, together with numerical
illustrations on representative test problems.

In this paper, we investigate the time-fractional partial integro-differential equation

CDβ
t v(x, t) = h(x, t)vxx(x, t) +

∫︂ t

0
K(x, t, s)v(x, s)ds + f (x, t), a ≤ x ≤ b, 0 ≤ t ≤ T. (1)

with the following initial and boundary conditions:

v(a, t) = q1(t), t ∈ [0, T],

v(b, t) = q2(t), t ∈ [0, T], (2)

v(x, 0) = q3(x), x ∈ [a, b],

where q1(t), q2(t), q3(x), h(x, t), and f (x, t) are known continuous functions, K(x, t, s) is
the kernel of the Volterra integral term defined on R3, and CDβ

t v(x, t) denotes the Caputo
fractional derivative of order 0 < β ≤ 1.

The approximate solution is constructed as a truncated bivariate Pell–Lucas series:

v(x, t) =
∞

∑
m=0

∞

∑
s=0

am,sϕm,s(x, t), ϕm,s(x, t) = ϕm(x)ϕs(t), (3)

where ϕm(x) and ϕs(t) are PL polynomials and am,s, m, s = 0, 1, 2, . . . , denote the un-
known coefficients.

If the infinite series (3) is truncated after (M + 1) terms in each variable, it can be
written as

v(x, t) ≃ v2M(x, t) =
M

∑
m=0

M

∑
s=0

am,sϕm,s(x, t), m, s = 0, 1, 2, . . . , M. (4)

Equation (1) is treated as a fractional integro-differential equation in which a Volterra
integral term with a general kernel appears from the outset, rather than being obtained by
converting a partial differential equation into an equivalent integral form.

The remainder of the paper is organized as follows. Section 2 reviews fractional
calculus and Pell–Lucas polynomials. Section 3 derives operational matrices for integer-
and fractional-order derivatives. Section 4 constructs the matrix representation of the
TFPIDE together with the initial and boundary conditions. Section 5 presents the collocation
system and its assembly. Section 6 discusses error bounds and error estimation. Section 7
reports numerical examples, and Section 8 gives concluding remarks.
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2. Preliminaries
This section introduces the fractional operators and Pell–Lucas polynomials used

throughout the paper.

2.1. Fractional Calculus

The basic notions of fractional calculus required in the subsequent analysis are re-
viewed below [14,15].

Definition 1. Left-sided and right-sided Riemann–Liouville fractional integral operators Iβ
a+ , Iβ

b−

where Re(β) > 0 and v ∈ L1(a, b) are defined as:

Iβ
a+v(t) =

1
Γ(β)

∫︂ t

a
(t − ζ)β−1v(ζ)dζ, ζ ∈ (a, b], t > a, (5)

Iβ
b−v(t) =

1
Γ(β)

∫︂ b

t
(ζ − t)β−1v(ζ)dζ, ζ ∈ [a, b), t < b, (6)

Definition 2. For β > 0, t > a and β, a, t ∈ R, the Caputo fractional derivative of order β, of
function v(t) on the interval [a, t] is defined as follows:

C
a Dβ

t v(t) =

⎧⎨⎩ 1
Γ(n−β)

∫︁ t
a (t − ζ)n−β−1v(n)(ζ)dζ, n − 1 < β < n ∈ N,

dn

dtn v(t), β = n ∈ N,
(7)

where C
a Dβ

t represents the Caputo derivative of fractional order β.
The Caputo operator is related to the Riemann–Liouville integrals of Definition 1 by

C
a Dβv(t) = In−β

a+ D(n)v(t),

and therefore

C
a Dβv(t) = In−β

a+ v(n)(t) =
1

Γ(n − β)

∫︂ t

a
(t − ζ)n−β−1v(n)(ζ)dζ.

In particular, for 0 < β ≤ 1, the Caputo derivative of v(x, t) with respect to t is defined as follows.

C
0 Dβ

t v(x, t) =

⎧⎨⎩ 1
Γ(1−β)

∫︁ t
0 (t − s)−βvt(x, s)ds, 0 < β < 1,

vt(x, t), β = 1,
(8)

The following properties are satisfied by fractional differential and integral operators:

(1) Iβ Iγv = Iβ+γv, β, γ > 0,

(2) Iβtγ =
Γ(γ + 1)

Γ(β + γ + 1)
tβ+γ, β > 0, γ > −1, t > 0,

(3) Iβ CDβ
t v(t) = v(t)−

m−1

∑
k=0

v(k)(0+)
tk

k!
, t > 0, m − 1 < β ≤ m,

(4) CDβ
t Iβv(t) = v(t), t > 0, m − 1 < β ≤ m,

(5) CDβ
t k = 0, k is constant,

(6) CDβ
t tγ =

⎧⎨⎩0, γ ∈ N0, γ < ⌈β⌉,
Γ(γ+1)

Γ(γ−β+1) tγ−β, γ ∈ N0, γ ≥ ⌈β⌉.

(9)
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where ⌈β⌉ denotes the smallest integer greater than or equal to β and N0 = N∪ {0}.

2.2. Review of the Pell–Lucas Polynomials

Polynomial bases play a central role in many applied mathematics techniques. Accord-
ing to the literature [47], Pell–Lucas polynomials provide effective tools for the numerical
treatment of differential equations. Further properties and results can be found in [48,49].

The Pell–Lucas polynomials ϕm(x) are defined by ϕ0(x) = 2, ϕ1(x) = 2x, and, for
m ≥ 2,

ϕm(x) =
⌊ m

2 ⌋

∑
j=0

mΓ(m − j)
Γ(j + 1)Γ(m − 2j + 1)

(2x)m−2j, (10)

where ⌊m
2 ⌋ denotes the greatest integer less than or equal to m

2 . Equivalently, they satisfy
the recurrence

ϕm+1(x) = 2xϕm(x) + ϕm−1(x), m ≥ 1, x ∈ R,

with the same initial polynomials ϕ0 and ϕ1 [48,49].
The derivative of ϕm(x) with respect to x is defined recursively by:

ϕ′
m(x) = 2xϕ′

m−1(x) + ϕ′
m−2(x) + 2ϕm−1(x), m ≥ 2, (11)

where ϕ′
0(x) = 0 and ϕ′

1(x) = 2.

Lemma 1. The expansion of the following power function in the sense of PL polynomials can be
expressed as follows

xm =
1

2m

⌊ m
2 ⌋

∑
j=0

(−1)jΓ(m + 1)ζm−2j

Γ(j + 1)Γ(m − j + 1)
ϕm−2j(x), (12)

where

ζm−2j =

⎧⎨⎩ 1
2 , j = m

2 ,

1, j < m
2

. (13)

Proof. See [50] for more details.

Lemma 2. The first derivative of Pell–Lucas polynomials can be written as follows.

d
dx

ϕm(x) = 2m
⌊ m−1

2 ⌋

∑
j=0

(−1)jξm−2j−1ϕm−2j−1(x), m > 2, (14)

where the auxiliary coefficients ξk are defined by

ξk =

⎧⎨⎩ 1
2 , k = 0,

1, k ≥ 1.

Proof. See [50].

The Pell–Lucas polynomial representation in Equation (10) in terms of power functions
xj can be rewritten with the following formula:

ϕm(x) = m
m

∑
j=0

2j+1Γ(m+j+2
2 )δm+j

(m + j)Γ(j + 1)Γ
(︂

m−j+2
2

)︂ xj, m ≥ 1, (15)
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where

δz =

⎧⎨⎩1, z even,

0, z odd.
. (16)

The equivalent representation of the power function in Equation (12) in terms of Pell–Lucas
polynomials is given as follows:

xm =
Γ(m + 1)

2m

m

∑
j=0, (j+m) even

(−1)
m−j

2 ξ j

Γ
(︂

m+j+2
2

)︂
Γ
(︂

m−j+2
2

)︂ϕj(x), m ≥ 1. (17)

One can see [48,51] for further details on Pell–Lucas polynomials.

3. Pell–Lucas Operational Matrices
In this section, integer- and fractional-order differential operators are represented as

matrix operations associated with Pell–Lucas polynomials.

3.1. Operational Matrix of Classical Derivatives

A function v(x) ∈ L2(a, b) can be approximated by an infinite Pell–Lucas series
as follows:

v(x) =
∞

∑
m=0

amϕm(x). (18)

where am, m = 0, 1, 2, . . . , are the unknown coefficients. Truncating the series after the first
M + 1 terms, Equation (18) can be rewritten as

v(x) ≃ vM(x) =
M

∑
m=0

amϕm(x) = ATΦM(x), (19)

where the unknown coefficients vector AT and vector of Pell–Lucas polynomials ΦM(x)
are defined by:

AT =
[︂

a0 a1 · · · aM

]︂
, (20)

and
ΦM(x) =

[︂
ϕ0(x) ϕ1(x) · · · ϕM(x)

]︂T
. (21)

Lemma 3. The operational matrix of first derivative of the vector ΦM(x) can be expressed as follows:

d
dx

ΦM(x) = W(1)ΦM(x), (22)

where W(1) = (w(1)
lm ) is the operational matrix of the first derivative and has dimension (M + 1)×

(M + 1).

Proof. In accordance with the property of the first order derivative of Pell–Lucas polyno-
mials, the elements of matrix W(1) are represented as follows:

w(1)
lm =

⎧⎨⎩2l(−1)
l−m+1

2 ξm, l > m, (l + m) odd,

0, l ≤ m, (l + m) even.
(23)

The Pell–Lucas operational matrix of the nth-order derivative of the vector ΦM(x) can be
expressed as

dn

dxn ΦM(x) = W(n)ΦM(x) = (W(1))nΦM(x), (24)
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where n ∈ Z+. For further details, see [49].

3.2. Operational Matrix of Derivative of Fractional Order

Theorem 1. Assume ΦM(x) is the Pell–Lucas vector defined in Equation (21). The Caputo
fractional derivative of order β of ΦM(x) can be represented as follows:

CDβ
x ΦM(x) = x−β H(β)ΦM(x), (25)

where H(β) = (hβ
p,l) is an (M + 1)× (M + 1) matrix representing the Pell–Lucas operational

matrix of the Caputo derivative of order β and can be expressed as follows:

H(β) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 · · · 0
...

...
...

...
ζβ(⌈β⌉, 0) ζβ(⌈β⌉, 1) 0 · · · 0

...
...

...
...

ζβ(p, 0) · · · ζβ(p, p) · · · 0
...

...
...

...
ζβ(M, 0) ζβ(M, 1) ζβ(M, 2) · · · ζβ(M, M)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (26)

where the elements of H(β) can be given as

hβ
p,l =

⎧⎨⎩ζβ(p, l), p ≥ l, p ≥ ⌈β⌉, l = 0, 1, . . . , p,

0, p < l, p < ⌈β⌉,
(27)

where

ζβ(p, l) = p
p

∑
n=⌈β⌉,n−l+2>0

(−1)
n−l

2 δp+nδl+nξlΓ(n + 1)Γ
(︂

p+n
2

)︂
Γ
(︂

p−n+2
2

)︂
Γ
(︂

n−l+2
2

)︂
Γ
(︂

n+l+2
2

)︂
Γ(n − β + 1)

. (28)

Proof. Using the Pell–Lucas polynomials definition in Equation (15) and definition of δz in
Equation (16). The power function xm can be represented as:

xm =
Γ(m + 1)

2m

m

∑
j=0

(−1)
m−j

2 ξ jδj+m

Γ
(︂

m+j+2
2

)︂
Γ
(︂

m−j+2
2

)︂ϕj(x), m ≥ 1. (29)

By calculating the fractional derivative of ϕp(x) in the Caputo sense of order β of
Equation (21) is defined as follows:

CDβ
x ϕp(x) =

p

∑
j=0

2j+1Γ( p+j+2
2 )δp+j

(j + p)Γ(j + 1)Γ( p−j+1
2 )

CDβ
x xj. (30)

Now, using Equation (7), we write Equation (30) for values greater than ⌈β⌉ as follows:

CDβ
x ϕp(x) = px−β

p

∑
j=⌈β⌉

2j+1Γ( p+j+2
2 )δp+j

(j + p)Γ( p−j+1
2 )Γ(j − β + 1)

xj. (31)
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By changing the index from j to n, we have

CDβ
x ϕp(x) = px−β

p

∑
n=⌈β⌉

2n+1Γ
(︂

p+n+2
2

)︂
δp+n

(p + n)Γ
(︂

p−n+2
2

)︂
Γ(n − β + 1)

xn. (32)

By replacing xn of Equation (29) in Equation (32) and using the properties of the Gamma
function, we will have

CDβ
x ϕp(x) = x−β

p

∑
l=0

n−l+2>0

⎛⎝p
p

∑
n=⌈β⌉

(−1)
n−l

2 δp+nδl+nζlΓ(n + 1)Γ( p+n
2 )

Γ( p−n+2
2 )Γ( n+l+2

2 )Γ( n−l+2
2 )Γ(n − β + 1)

⎞⎠ϕl(x), (33)

then Equation (33) can be written as:

CDβ
x ϕp(x) = x−β

p

∑
l=0

ζβ(p, l)ϕl(x), (34)

where ζβ(p, l) is given in Equation (28).
Equation (34) can also be expressed as the vector form

CDβ
x ϕp(x) = x−β[ζβ(p, 0), ζβ(p, 1), . . . , ζβ(p, p), 0, 0, . . . , 0]Φ(x), ⌈β⌉ ≤ j ≤ N, (35)

Moreover, we can write

CDβ
x ϕp(x) = x−β[0, 0, . . . , 0], 0 ≤ p ≤ ⌈β⌉ − 1. (36)

Combining Equations (35) and (36) yields the desired result.

4. Matrix Representations
To obtain a matrix formulation of Equation (1) in terms of Pell–Lucas polynomials, we

rewrite it as
D1(x, t)− D2(x, t) = f (x, t), (37)

where the derivative and integral parts are expressed as follows:

D1(x, t) = CDβ
t v(x, t)− h(x, t)vxx(x, t), (38)

and

D2(x, t) =
∫︂ t

0
K(x, t, s)v(x, s)ds. (39)

The problem is thereby transformed into a system of algebraic equations, and the approxi-
mate solution is obtained by the collocation method described below.

Lemma 4. The approximate solution (3) in terms of Pell–Lucas polynomials can be represented as:

v2M(x, t) = ΦM(x)ΦM(t)AM, (40)

where

AM = [A0, A1, . . . , AM]T , Ai = [ai,0, ai,1, . . . , ai,M]T , i = 0, 1, 2, . . . , M,

ΦM(x) = [ϕ0(x), ϕ1(x), . . . , ϕM(x)],

and ΦM(t) = diag(ΦM(t)).
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Proof. The expansion of approximate solution v2M(x, t) with respect to Pell–Lucas vectors
ΦM(x) and ΦM(t) can be easily expressed by Equation (40).

Lemma 5. The second-order spatial partial derivative of Equation (3) in terms of PL polynomials
in matrix structure can be represented by:

(v2M(x, t))xx = ΦM(x)N2ΦM(t)AM, (41)

where if M is odd

N =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 −3 · · · (−1)
M−1

2 M
0 0 4 0 · · · 0
0 0 0 6 · · · (−1)

M−3
2 2M

...
...

...
...

. . . 2M
0 0 0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(M+1)×(M+1)

,

and if M is even

N =

⎛⎜⎜⎜⎜⎜⎜⎝

0 1 0 −3 · · · 0
0 0 4 0 · · · (−1)

M−2
2 2M

0 0 0 6 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎟⎠
(M+1)×(M+1)

,

where, ΦM(x), ΦM(t) and AM are defined in Lemma 4. The two displays represent the same
truncated differentiation map ΦM ↦→ Φ′

M (and thence Φ′′
M = ΦMN2); the even/odd cases differ

only in which entries of the highest-degree columns remain nonzero after truncation of the Pell–Lucas
derivative recurrence.

Proof. The first and second spatial derivatives of approximate solution in Equation (40) in
matrix form can be expressed as follows:

(v2M(x, t))x = Φ′
M(x)ΦM(t)AM, (42)

and
(v2M(x, t))xx = Φ′′

M(x)ΦM(t)AM, (43)

In order to construct the matrix structure of Φ′′
M(x) in Equation (43), we use the recurrence

formula of first derivative of Pell–Lucas polynomials. So, the matrix structure of the second
derivative of ΦM(x) can be written as:

Φ′′
M(x) = ΦM(x)N2. (44)

Finally, by substituting Equation (44) into the expression (43), the matrix structure (41) is
derived. The parity dependence of the displayed pattern of N arises because the highest
retained index generated by the derivative recurrence depends on whether the truncation
degree M is even or odd; both forms encode the same linear map on the truncated basis.

Lemma 6. The matrix structure of K(x, t, s) in Equation (39) can be represented in terms of PL
polynomials as follows:

[K(x, t, s)] = XM(x)XM(t)KXT
M(s), K = [kT

p1,p2,p3
], p1, p2, p3 = 0, 1, . . . , M, (45)
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where

kT
p1,p2,p3

=
1

p1!p2!p3!
∂p1+p2+p3 K(0, 0, 0)

∂xp1 ∂tp2 ∂sp3
, p1, p2, p3 = 0, 1, . . . , M, (46)

XM(x) =
[︂
1 x · · · xM

]︂
, XT

M(s) =
[︂
1 s · · · sM

]︂T
, XM(t) = diag(XM(t)).

Proof. The kernel K(x, t, s) based on the truncated Maclaurin series, can be expressed
as follows:

K(x, t, s) =
M

∑
p1=0

M

∑
p2=0

M

∑
p3=0

kT
p1,p2,p3

xp1 tp2 sp3 . (47)

Multiplying by KXT
M(x), from the right side in vector XM(x)XM(t), the relation (45) is ob-

tained.

In the collocation scheme, the Volterra integral term is therefore not evaluated by
numerical quadrature of the original kernel at each step. Instead, after truncating K by its
Maclaurin polynomial, the integral against the Pell–Lucas expansion of v2M is converted
into an exact matrix product through the operational representation of Lemma 7 (and the
associated integrated basis factors).

Lemma 7. In the Volterra integral Equation (39), the expression v2M(x, s) has the following
matrix representation:

v2M(x, s) = ΦM(s)ΦM(x)A∗
M, (48)

where
A∗

M =
[︂
A∗

0 A∗
1 · · · A∗

M

]︂T
, A∗

i =
[︂

a0,i a1,i · · · aM,i

]︂T
,

ΦM(s) =
[︂
ϕ0(s) ϕ1(s) · · · ϕM(s)

]︂
, ΦM(x) = diag(ΦM(x)).

Proof. By substituting s instead of t in Lemma 4, we have

v2M(x, s) = ΦM(x)ΦM(s)AM. (49)

This expression can be more exactly written as follows:

v2M(x, s) = [a0,0 sa0,1 s2a0,2 xa1,0 xsa1,1 xs2a1,2 x2a2,0 x2sa2,1 x2s2a2,2] (50)

If ΦM(s) and ΦM(x) are substituted in place of ΦM(x) and ΦM(s) in Equation (49), then A∗
M

is written instead of AM to obtain the equality in Equation (50). Consequently, Equation (48)
is obtained.

Explicitly, both stacked vectors have length (M + 1)2 and contain the same scalars
ai,j. Writing

AM =
(︁
a0,0, . . . , a0,M, a1,0, . . . , a1,M, . . . , aM,0, . . . , aM,M

)︁T

(spatial index outer) and

A∗
M =

(︁
a0,0, . . . , aM,0, a0,1, . . . , aM,1, . . . , a0,M, . . . , aM,M

)︁T

(temporal index outer), one has the exact identity

A∗
M = P AM, (51)

where P ∈ RN×N with N = (M + 1)2 is the (symmetric involutory) commutation matrix
defined by

P ei(M+1)+j = ej(M+1)+i, i, j = 0, . . . , M

https://doi.org/10.3390/math14213983

https://doi.org/10.3390/math14213983


Mathematics 2026, 14, 3983 11 of 23

(equivalently, if A = (ai,j) then AM = vec(A) and A∗
M = vec(AT) in row-major stacking).

Thus P has dimension (M + 1)2 × (M + 1)2. In particular P = PT = P−1, and A∗
M does

not introduce independent unknowns: every occurrence of A∗
M in Lemmas 8 and 9 is the

same coefficient vector as AM, only reordered for the Volterra/time layout.

Lemma 8. The matrix representation of time-fractional derivative of order β of Equation (3) in
Caputo sense has the following matrix structure:

CDβ
t v2M(x, t) = t−βΦM(t)(H(β))TΦM(x)A∗

M, (52)

Here, ΦM(t), ΦM(x) and A∗
M are as in Lemma 7, and H(β) in Equation (26).

Proof. By taking the Caputo fractional derivative of order β of the approximate solution
(48) with respect to t, we obtain

CDβ
t v2M(x, t) = CDβ

t

(︂
ΦM(t)ΦM(x)A∗

M

)︂
, (53)

then, CDβ
t ΦM(t) in Equation (53) in matrix form can be represented as t−βΦM(t)(H(β))T

based on Equation (25). Inserting this relationship into Equation (53) gives the desired
result.

Lemma 9. The term D1(x, t) has the following matrix structure:

[D1(x, t)] = t−βΦM(t)(H(β))TΦM(x)A∗
M − [h(x, t)]ΦM(x)N2ΦM(t)AM. (54)

Here, ΦM(t), ΦM(x) and A∗
M are as in Lemma 8, ΦM(x), ΦM(t) and AM are as in Theorem 4 and

N in Lemma 5.

Proof. By substituting Equations (41) and (52) into Equation (38), the desired result is ob-
tained.

Lemma 10. The matrix representation of D2(x, t) in Equation (38) can be expressed as

[D2(x, t)] = XM(x)XM(t)KS(t)ΦM(x)A∗
M, (55)

where

S(t) =
∫︂ t

0
XT

M(s)ΦM(s)ds.

Here, XM(x), XM(t), K and XT
M(s) are in Lemma 6 and ΦM(s), ΦM(x), A∗

M are in Lemma 7.

Proof. By employing Equations (45) and (48) into Equation (39), the matrix form of D2(x, t)
can be easily obtained.

In the following, the initial and boundary conditions (2) are written in matrix form.

Lemma 11. The matrix form of the conditions (2) is given by

ΦM(a)ΦM(t)AM = q1(t),

ΦM(b)ΦM(t)AM = q2(t),

ΦM(x)ΦM(0)AM = q3(x).

(56)

Here, ΦM(x), ΦM(t) and AM are as in Lemma 4.
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Proof. By inserting a, b instead of x and 0 instead of t in Lemma 4, we obtain v2M(a, t) =
ΦM(a)ΦM(t)AM, v2M(b, t) = ΦM(b)ΦM(t)AM and v2M(x, 0) = ΦM(x)ΦM(0)AM, respec-
tively. By using Equation (2), the desired result is easily obtained.

5. Procedure of the Solution
This section describes the Pell–Lucas collocation method on uniform collocation points.

The operational matrices derived in the previous sections are used to assemble a linear
algebraic system for the unknown expansion coefficients.

The truncated series expansion (3) is substituted into Equation (1) and into the initial
and boundary conditions (2). Using the matrix representations of the fractional-time
derivative, spatial derivatives, and Volterra integral term, the governing equation can be
written as{︂

t−βΦM(t)(H(β))TΦM(x)− XM(x)XM(t)KS(t)ΦM(x)
}︂

A∗
M

− [h(x, t)]
{︂

ΦM(x)N2ΦM(t)
}︂

AM = [ f (x, t)].

We define uniformly spaced collocation points by

xi = a +
b − a

M
i, i = 0, 1, . . . , M, tj =

T
M

j, j = 0, 1, . . . , M. (57)

We assume that the matrix representation for the approximate solution of
Equations (1) and (2) is as follows:

Z∗A∗
M − ZAM = F. (58)

Using the structure of AM and A∗
M, Equation (58) may be recast as a linear system

in the coefficients of AM. Substituting the collocation points (57) into (58) yields the
algebraic system

Z∗(xi, tj)A
∗
M − Z(xi, tj)AM = [ f (xi, tj)], (59)

where

Z∗ =

⎛⎜⎜⎜⎜⎝
Z∗

0
Z∗

1
...

Z∗
M

⎞⎟⎟⎟⎟⎠, Z∗
i =

⎛⎜⎜⎜⎜⎝
Z∗(xi, t0)

Z∗(xi, t1)
...

Z∗(xi, tM)

⎞⎟⎟⎟⎟⎠, Z =

⎛⎜⎜⎜⎜⎝
Z0

Z1
...

ZM

⎞⎟⎟⎟⎟⎠, Zi =

⎛⎜⎜⎜⎜⎝
Z(xi, t0)

Z(xi, t1)
...

Z(xi, tM)

⎞⎟⎟⎟⎟⎠, (60)

and

F =

⎛⎜⎜⎜⎜⎝
F0

F1
...

FM

⎞⎟⎟⎟⎟⎠, Fj =

⎛⎜⎜⎜⎜⎝
f (xj, t0)

f (xj, t1)
...

f (xj, tM)

⎞⎟⎟⎟⎟⎠, j = 0, 1, . . . , M. (61)

Lemma 12. The initial and boundary conditions (2) in collocation points (57) can be represented
as follows:

UAM = ηj, VAM = ϑj, WAM = δi, (62)
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where

U =

⎛⎜⎜⎜⎜⎝
U0

U1
...

UM

⎞⎟⎟⎟⎟⎠, V =

⎛⎜⎜⎜⎜⎝
V0

V1
...

VM

⎞⎟⎟⎟⎟⎠, W =

⎛⎜⎜⎜⎜⎝
W0

W1
...

WM

⎞⎟⎟⎟⎟⎠, δi =
(︂

wj,1 wj,2 . . . wj,(M+1)2

)︂
,

ηj =
(︂

uj,1 uj,2 . . . uj,(M+1)2

)︂
, ϑj =

(︂
vj,1 vj,2 . . . vj,(M+1)2

)︂
,

Uj = ΦM(a)ΦM(tj), Vj = ΦM(b)ΦM(tj), Wi = ΦM(xi)ΦM(0).

Proof. The stated block rows follow by evaluating the matrix forms of the initial and
boundary conditions in Lemma 11 at the collocation nodes (57).

The condition number of the collocation algebraic system in Equation (59) grows
rapidly with M; for Example 1 with β = 0.55 and M = 6, the unscaled matrix condition
number is already large (of order 108–1018, depending on whether the overdetermined
matrix or the normal equations are monitored). Adding Equation (62) to the system (59)
yields the generalized matrix system

[Z̃∗; Z̃; F̃]. (63)

Solving the system (63) yields the Pell–Lucas coefficient vector AM, and the approximate
solution is obtained by substituting these coefficients into Equation (3).

6. Error Analysis
This section presents an upper bound for the approximation error and a residual-based

error-estimation procedure for the Pell–Lucas collocation method. The first result provides
an error bound in the infinity norm, and the second characterizes the error through an
auxiliary problem that can be used when an exact solution is unavailable.

Lemma 13 (Upper Bound of Error). Let v denote the exact solution of Equation (1), and let
v2M denote its Pell–Lucas polynomial approximation on the domain [a, b]× [0, T]. Let vMac

2M be the
truncated Maclaurin series of the exact solution v(x, t) in the domain [a, b]× [0, T]. The absolute
error of the proposed method has an upper bound as follows:

∥v − v2M∥∞ ≤ kM∥ ˜̃AM∥∞ + qMqM∥AM∥∞

+
1

(2M + 1)!
∥
(︃

x
∂

∂x
+ t

∂

∂t

)︃2M+1
v(cx, ct)∥∞, (64)

a ≤ x ≤ b, 0 ≤ t ≤ T,

where ˜̃AM shows the coefficient matrix of vMac
2M (x, t) and

kM = ∥XM(x, t)∥∞, qM = ∥ΦM(x)∥∞, qM = ∥ΦM(t)∥∞.

Proof. See [5].
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Theorem 2 (Error Estimation). Let v and v2M denote the exact solution of Equations (1) and (2)
and its Pell–Lucas collocation approximation, respectively. For the approximate solution v2M, define
the residual function R2M(x, t) by

R2M(x, t) = L[v2M(x, t)]− f (x, t). (65)

Writing e2M = v − v2M, linearity of the operator L together with L[v] = f yields the residual-
driven error equation

CDβ
t e2M − h(x, t)(e2M)xx −

∫︂ t

0
K(x, t, s)e2M(x, s)ds = −R2M. (66)

If, in addition, v2M coincides with the prescribed data on the lateral boundaries and at the initial
time, then the error satisfies the homogeneous traces⎧⎪⎪⎨⎪⎪⎩

e2M(a, t) = 0,

e2M(b, t) = 0,

e2M(x, 0) = 0, a ≤ x ≤ b, 0 ≤ t ≤ T.

(67)

In the overdetermined, column-equilibrated least-squares collocation implementation of Section 5, the
governing equation and the initial/boundary conditions are enforced only in the discrete least-squares
sense; consequently the residual R2M need not vanish identically, and the homogeneous conditions
(67) hold only approximately whenever the corresponding discrete mismatches are nonzero.

Proof. According to the definitions of v and v2M, Equation (1) can be written in operator
form as

L[v(x, t)] = f (x, t), L[v] = CDβ
t v − h(x, t)vxx −

∫︂ t

0
K(x, t, s)v(x, s)ds. (68)

The approximate solution v2M(x, t) is constructed to satisfy the discrete collocation equa-
tions and the imposed initial and boundary conditions at the selected collocation nodes. In
particular, it is not asserted that v2M solves the continuous problem (1) and (2) pointwise
throughout the domain. Defining

L[v2M] = CDβ
t (v2M)− h(x, t)(v2M)xx −

∫︂ t

0
K(x, t, s)v2M(x, s)ds (69)

and the residual R2M = L[v2M]− f as in (65), subtraction from (68) gives (66). The boundary
and initial traces of e2M equal the mismatches between the exact data q1, q2, q3 and the
corresponding traces of v2M; they reduce to (67) precisely when those mismatches vanish.
Thus, this completes the proof.

Convergence Discussion

The error analysis presented in this section provides an upper bound on the approxi-
mation error (Lemma 13) and a residual-based procedure for error estimation (Theorem 2).
For an exact solution v(x, t) that is sufficiently smooth, Lemma 13 bounds ∥v − v2M∥∞

in terms of the truncation parameter M and a remainder term involving derivatives of v;
this result establishes an error bound under the stated assumptions rather than a formal
convergence theorem for the Pell–Lucas collocation method. Theorem 2 characterizes the
error e2M = v − v2M through an auxiliary problem driven by the residual R2M, thereby
offering a practical means to estimate the error when an exact solution is unavailable.
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Concerning stability with respect to the kernel K and the diffusion coefficient h, several
points should be distinguished. The continuous problem is assumed to admit a sufficiently
regular solution for the given data; in particular, boundedness and smoothness of h and
of the Volterra kernel K (together with the Caputo operator) are part of the standing
hypotheses underlying the approximation bound in Lemma 13. Lemma 13 and Theorem 2
do not by themselves yield a uniform discrete stability estimate for arbitrary perturbations
of K and h. Separately, the collocation discretization produces an algebraic matrix whose
condition number may grow rapidly with M; this discrete conditioning is a numerical
property of the basis and assembly and must be monitored on its own. The numerical
experiments of Section 7 document the observed behavior after column equilibration: for
the smooth manufactured Example 1 the L2 and L∞ errors decrease systematically for
M = 4, 6, 8, 10, with large successive rates, while the numerical experiments in Section 7
report both the unscaled and column-scaled condition numbers. Column equilibration is a
standard diagonal scaling of the least-squares system; in exact arithmetic it yields the same
minimizer of ∥Ac − b∥2, but it is not a theoretical stability theorem.

In particular, the bound does not by itself guarantee monotone decrease of the discrete
error for every increase of M in finite precision. Convergence with respect to M should
therefore be assessed together with residual norms and condition numbers. In Section 7
we report the truncation degrees M = 4, 6, 8, 10 and apply column equilibration to the
least-squares collocation matrix, which reduces the observed condition numbers while
preserving the least-squares solution of the discrete system in exact arithmetic.

7. Numerical Results
This section illustrates the proposed Pell–Lucas collocation method on two test prob-

lems for Equations (1) and (2). The numerical computations were performed using Python
with NumPy, employing the collocation assembly and least-squares solve with column equi-
libration described above; CPU times therefore refer to this implementation. The reported
numerical results were subsequently reproduced using Python 3.13.3 and NumPy 2.5.3.
The exact software versions used in the original computations were not recorded. No
parallel computing or GPU acceleration was used.

The exact and approximate solutions are denoted by v(x, t) and v2M(x, t), respectively.
The quantities |v − v2M| and e2M denote the actual error and the estimated error function.
The L2- and L∞-norms of the absolute error are defined by

L2 = ∥v − v2M∥2 =

(︃∫︂ T

0

∫︂ b

a
(v − v2M)2dxdt

)︃ 1
2

,

and

L∞ = ∥v − v2M∥∞ = max{|v(x, t)− v2M(x, t)|}, a ≤ x ≤ b, 0 ≤ t ≤ T.

Example 1. We consider Equations (1) and (2) on the domain [−1, 1]× [0, 1], with

h(x, t) = 1,

K(x, t, s) = ex(t−s),

f (x, t) = (1 − x2)t1−βE2,2−β(−t2) + 2 sin t +
(1 − x2)(x sin t − ext + cos t)

x2 + 1
,

and the initial and boundary conditions v(x, 0) = 0, v(−1, t) = 0, v(1, t) = 0 [52]. The forcing
term is consistent with the exact solution below for h(x, t) = 1 and K(x, t, s) = ex(t−s).
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In f (x, t), Eη,ζ denotes the two-parameter Mittag–Leffler function with Re(η) > 0, defined
by the series [53]

Eη,ζ(t) =
∞

∑
k=0

tk

Γ(kη + ζ)
, t ∈ C.

The exact solution of this problem is

v(x, t) = (1 − x2) sin t.

In the numerical experiments below, the overdetermined collocation system is solved in the least-
squares sense after column equilibration of the discrete matrix (a standard diagonal scaling that,
in exact arithmetic, preserves the least-squares minimizer of ∥Ac − b∥2). Table 1 reports the exact
solution, the approximate solution, and the absolute error for M = 6 and β = 0.55 at selected time
levels along the diagonal x = t. Figure 1 compares the exact and approximate solutions over the
computational domain, and Figure 2 shows the corresponding absolute-error field.

Table 1. Numerical results for Example 1 with M = 6, β = 0.55, and selected time levels along x = t.

t v(x, t) v2M(x, t) |v(x, t)− v2M(x, t)|

0.00 0.0000 1.8239 × 10−11 1.8239 × 10−11

0.10 9.8835 × 10−2 9.8835 × 10−2 1.2417 × 10−7

0.20 1.9072 × 10−1 1.9072 × 10−1 3.5802 × 10−8

0.30 2.6892 × 10−1 2.6892 × 10−1 1.2395 × 10−8

0.40 3.2711 × 10−1 3.2711 × 10−1 1.8462 × 10−8

0.50 3.5957 × 10−1 3.5957 × 10−1 1.1093 × 10−8

0.60 3.6137 × 10−1 3.6137 × 10−1 3.9263 × 10−9

0.70 3.2855 × 10−1 3.2855 × 10−1 1.2481 × 10−8

0.80 2.5825 × 10−1 2.5825 × 10−1 1.1042 × 10−8

0.90 1.4883 × 10−1 1.4883 × 10−1 2.1527 × 10−8

1.00 0.0000 1.7023 × 10−9 1.7023 × 10−9
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v

Exact v(x, t)

−1.0
−0.5

0.0
0.5

1.0
x

0.0
0.2

0.4
0.6

0.8
1.0

t
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0.6

0.8

Approximate v2M

Figure 1. Exact and approximate solution surfaces for Example 1 with M = 6 and β = 0.55.

Table 2 presents the absolute errors along x = t for M = 4, 6, 8, 10 with β = 0.25; the
errors decrease systematically as M increases. Figure 3 displays these diagonal errors on
a logarithmic scale, and Figure 4 reports the L2 and L∞ norms together with the growth
of the (unscaled and column-scaled) condition numbers. Table 3 lists the global error
norms, the CPU time, and the observed successive L∞ rates for the same values of M.
The large empirical rates indicate rapid error decay for the smooth manufactured solution
considered here. Without column equilibration the discrete system at M = 10 becomes
severely ill-conditioned; with the scaling used here the accuracy continues to improve,
while Figure 4 makes the residual growth of κ(A) transparent.
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Absolute error |v− v2M| (M= 6, β= 0.55)

Figure 2. Absolute-error surface |v − v2M| for Example 1 with M = 6 and β = 0.55.

Table 2. Absolute errors for Example 1 with M = 4, 6, 8, 10, β = 0.25, and selected time levels along
x = t.

t M = 4 M = 6 M = 8 M = 10

0.00 1.3970 × 10−7 3.0153 × 10−11 4.0779 × 10−15 1.7418 × 10−15

0.10 3.3177 × 10−5 6.0593 × 10−8 4.9866 × 10−11 1.8041 × 10−14

0.20 1.6798 × 10−5 1.5115 × 10−9 5.8591 × 10−12 5.1625 × 10−15

0.30 1.7609 × 10−6 3.1217 × 10−9 1.0024 × 10−11 4.0523 × 10−15

0.40 5.9769 × 10−6 9.2619 × 10−9 3.0775 × 10−12 3.4417 × 10−15

0.50 4.8102 × 10−7 3.7452 × 10−9 3.2287 × 10−12 1.2212 × 10−15

0.60 6.6602 × 10−6 2.2538 × 10−9 4.8442 × 10−12 4.9960 × 10−16

0.70 5.4517 × 10−6 4.4350 × 10−9 4.6324 × 10−13 2.8866 × 10−15

0.80 7.1436 × 10−7 5.1404 × 10−9 7.7791 × 10−12 1.5543 × 10−15

0.90 2.9504 × 10−6 7.6538 × 10−9 3.6566 × 10−12 1.4738 × 10−14

1.00 7.5738 × 10−7 2.0767 × 10−10 1.1310 × 10−14 1.0697 × 10−14

0.0 0.2 0.4 0.6 0.8 1.0
t (along x= t)

10−17

10−15

10−13

10−11
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10−7
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|v
(x
,t
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v 2
M
(x
,t
)|

Absolute error for β=0.25

M=4
M=6
M=8
M=10

Figure 3. Absolute error along x = t for Example 1 with β = 0.25 and M = 4, 6, 8, 10.
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Figure 4. Error norms (left) and condition numbers (right) versus M for Example 1 with β = 0.25.

Table 3. L2- and L∞-norms, CPU time, and observed successive rates for Example 1 with β = 0.25.
The rate from M to M′ is ϱ = log(EM/EM′ )/ log(M′/M) with EM = ∥v − v2M∥∞.

M L2 L∞ CPU Time (s) ϱ (L∞)

4 1.5499 × 10−5 3.3436 × 10−5 0.008 —
6 2.8635 × 10−8 7.8641 × 10−8 0.029 14.93
8 3.7078 × 10−11 1.1899 × 10−10 0.078 22.57
10 4.2386 × 10−14 1.5965 × 10−13 0.181 29.64

Example 2. We consider Equations (1) and (2) on the domain [0, 1]× (0, 1], with

h(x, t) = 1,

K(x, t, s) = −x(t − s),

f (x, t) = (1 − x2)

(︃
t1−β

Γ(2 − β)
+ Γ(1 + β)

)︃
+ 2(t + tβ) + x(1 − x2)

(︃
t3

6
+

t2+β

(1 + β)(2 + β)

)︃
,

exact solution v(x, t) = (1 − x2)(t + tβ), and initial and boundary conditions v(x, 0) = 0,
v(0, t) = t + tβ, v(1, t) = 0 [25]. The forcing term is consistent with this data for h(x, t) = 1 and
K(x, t, s) = −x(t − s).

Reference results obtained by the Adomian decomposition method (ADM) with n = 20 terms
and the finite difference method (FDM) with M = N = 10 are taken from [25]; those reference
solvers were not re-implemented here. The proposed Pell–Lucas collocation method is applied with
M = 5 and β = 0.5, 0.7, using the same least-squares collocation solve with column equilibration
as in Example 1. Table 4 compares solution values at selected sample points, and Table 5 reports the
corresponding absolute errors. The comparisons with ADM and FDM are based on pointwise error
values reported in the literature; corresponding CPU timings are unavailable or are not directly
comparable across implementations and computing environments.

Table 4. Comparison of the proposed method (M = 5) with ADM (n = 20) and FDM (M = N = 10)
for selected (x, t) and β = 0.5, 0.7 in Example 2. ADM/FDM values are from [25].

(x, t)
β = 0.5 β = 0.7

Exact ADM FDM Proposed Exact ADM FDM Proposed

(0.9, 0.1) 0.0791 0.0790 0.0748 0.0705 0.0569 0.0569 0.0538 0.0532
(0.7, 0.3) 0.4323 0.4241 0.4302 0.4358 0.3726 0.3706 0.3701 0.3754
(0.5, 0.5) 0.9053 0.8680 0.9042 0.9075 0.8367 0.8248 0.8353 0.8392
(0.3, 0.7) 1.3984 1.3218 1.3979 1.4015 1.3459 1.3166 1.3453 1.3476
(0.1, 0.9) 1.8302 1.7661 1.8301 1.8266 1.8106 1.7824 1.8105 1.8097
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Figure 5 shows the exact and approximate solutions for β = 0.5, Figure 6 the absolute-
error field, and Figure 7 a logarithmic comparison of absolute errors at the Table 5 nodes.
Because the exact solution contains the weakly singular factor tβ, global polynomial ac-
curacy is limited near t = 0; nevertheless, Table 6 and Figure 8 show that the L2 and L∞

norms decrease as M increases from 4 to 6, with modest CPU times.

Table 5. Absolute errors of ADM, FDM, and the proposed method (M = 5) for selected (x, t) and
β = 0.5, 0.7 in Example 2. ADM/FDM errors are from [25].

(x, t)
β = 0.5 β = 0.7

ADM FDM Proposed ADM FDM Proposed

(0.8, 0.2) 2.1713 × 10−3 3.0136 × 10−3 4.6057 × 10−4 4.0422 × 10−4 3.1136 × 10−3 1.8780 × 10−3

(0.6, 0.4) 1.9929 × 10−2 1.5344 × 10−3 3.0836 × 10−3 5.5585 × 10−3 1.8397 × 10−3 2.8855 × 10−3

(0.4, 0.6) 5.8106 × 10−2 7.4680 × 10−4 2.3809 × 10−3 2.0409 × 10−2 9.4712 × 10−4 1.9256 × 10−3

(0.2, 0.8) 8.3181 × 10−2 2.5420 × 10−4 1.6212 × 10−3 4.4305 × 10−2 3.6554 × 10−4 1.1497 × 10−3

0.0
0.2

0.4
0.6

0.8
1.0

x
0.0

0.2
0.4

0.6
0.8

1.0

t

0.00
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0.50
0.75
1.00
1.25
1.50
1.75
2.00

v

Exact v(x, t) = (1 − x2)(t+ tβ)

0.0
0.2

0.4
0.6

0.8
1.0

x
0.0

0.2
0.4

0.6
0.8

1.0

t

0.0

0.5

1.0

1.5

2.0

Approximate v2M(x, t) (M= 5, β= 0.5)

Figure 5. Exact and approximate solution surfaces for Example 2 with M = 5 and β = 0.5.
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Figure 6. Absolute-error surface |v − v2M| for Example 2 with M = 5 and β = 0.5.
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Figure 7. Absolute-error comparison at selected nodes for Example 2 (β = 0.5; ADM/FDM from [25]).

Table 6. L2- and L∞-norms and CPU time for Example 2.

M β L2 L∞ CPU Time (s)

4 0.5 1.5985 × 10−2 1.0655 × 10−1 0.007
5 0.5 1.2120 × 10−2 9.6501 × 10−2 0.016
6 0.5 9.8802 × 10−3 8.6653 × 10−2 0.026
4 0.7 7.8039 × 10−3 5.2520 × 10−2 0.007
5 0.7 6.8937 × 10−3 4.9138 × 10−2 0.014
6 0.7 6.3568 × 10−3 4.6584 × 10−2 0.025

4 5 6
M

10−2

10−1

er
ro

r 
no

rm

β=0.5

L∞
L2

4 5 6
M

10−2

er
ro

r 
no

rm

β=0.7

L∞
L2

Figure 8. Global L2 and L∞ error norms versus M for Example 2.

8. Conclusions
This paper developed a Pell–Lucas collocation method for time-fractional partial

integro-differential equations with Caputo fractional derivatives, spatial diffusion, and a
Volterra memory term. The unknown solution was approximated by a truncated bivariate
Pell–Lucas expansion, and operational matrices were used to represent the fractional-time
derivative, spatial derivatives, and integral term. The governing equation together with
the initial and boundary conditions was discretized at uniform collocation points, yielding
a system of algebraic equations for the expansion coefficients.

An upper error bound in the infinity norm and a residual-based error-estimation
procedure were also presented. In Example 1, the approximate solution agreed closely with
the exact solution, and the reported error norms decreased systematically for M = 4, 6, 8, 10
after column equilibration. In Example 2, recomputed collocation values were compared
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with ADM and FDM results taken from the literature; the method remains competitive at
the reported sample points, while global norms improve mildly with M despite the limited
regularity induced by tβ. Further study for additional equation classes and comparison
settings remains a natural direction for future work.
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