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Abstract

Quantization errors and packet dropouts in noisy communication channels degrade the 
convergence performance of repetitive-motion plants under iterative learning control (ILC). 
Different from existing works focusing on the redesign of ILC schemes, this paper regards 
the ILC-generated input as the iteration-domain state of the learning process, and proposes 
an estimation approach to reconstruct the actual input. Provided that the basic ILC scheme 
achieves convergence under ideal communication conditions free of quantization and 
packet dropouts, the proposed estimator mitigates the plant-side input deviation via input 
reconstruction in the presence of such disturbances in input–output channels. Simulation 
results illustrate the potential of the reconstructed input to improve the tracking performance 
of the controlled plant under such channel disturbances.

Keywords: input estimation; repetitive-motion plant; iterative learning control; quantization 
error; packet dropout
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1. Introduction
1.1. Motivation

With the development of information and communication technologies, the concept 
of networked control systems has emerged. These are spatially distributed systems in 
which communication between sensors, actuators, and controllers is facilitated by a shared 
network [1]. Therefore, networked control systems offer advantages such as easy installation, 
low maintenance costs, and widespread applicability. These merits have led to their use in 
areas including robot-assisted telerehabilitation for sports-related and other injuries [2], 
control collaboration [3], and microseismic event detection [4]. In particular, for upper-limb 
rehabilitation plants and other similar systems operating repeatedly within a network, the 
iterative learning control (ILC) strategy serves as a promising approach, as it only requires 
limited prior knowledge of the controlled plants to achieve precise tracking of desired 
trajectories [5].

It is evident that unreliable wired or wireless networks pose new challenges in ensuring 
the convergence of plants controlled by ILC controllers through networks. Specifically, 
because the bandwidth of wireless channels is limited, input and output data often need to 
be quantized before transmission to reduce the transmission volume [6–10]. As a result, 
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quantization errors occur at the transmitters. Furthermore, due to the time-varying nature 
of wireless noisy channels, the channel gain undergoes random fading, which causes packet 
dropouts when the gain fades too much.

To overcome the challenge posed by communication constraints, common methods 
involve designing new ILC controllers [11–15]. Two drawbacks can be identified. Firstly, 
the designed controller can only be used for specific plants. Secondly, the converged input 
may be disturbed again during transmission from controllers to plants [16,17]. Meanwhile, 
considerable attention has been devoted to research on state estimation for networked linear 
repetitive processes. Related works provide new insights: assuming the ILC controller is 
well-designed to guarantee system convergence under ideal communication conditions, we 
can regard the input produced by ILC controllers as the process state to be estimated, adopt an 
estimation method to reconstruct this input, and then use the estimated input to actuate the 
controlled plant. In this way, not only can the universality of the control scheme be enhanced, 
but also the convergence of the input applied to the plant side can be guaranteed.

However, the existing state estimation methods for networked linear repetitive processes 
cannot be directly applied to estimate the input produced by ILC controllers. The gap 
causing this issue lies in the fact that the linear repetitive processes considered in existing 
works are recursive in the time domain. Although the input generating process of the 
ILC controller may be linear, it is recursive in the iteration domain. A few studies have 
investigated state estimation for iteration-domain repetitive processes, e.g., ref. [17], yet their 
channel models only consider disturbances occurring inside communication channels and 
ignore pre-transmission quantization distortion at transmitters. Furthermore, although the 
multiplicative quantization noise and Bernoulli packet dropout are statistically independent 
random variables, their combined multiplicative effect introduces coupled perturbation 
terms within the state dynamics, which is not considered in ref. [17]. To address such a gap, 
this paper focuses on developing estimation methods tailored for the iterative repetitive 
process (IRP) of ILC controllers. These methods aim to provide accurate inputs to the 
plant, thereby mitigating the adverse effects of quantization errors and packet dropouts in 
noisy channels.

1.2. Related Works
Quantization methods employed to address bandwidth limitations typically include 

uniform quantization [18–20] and logarithmic quantization [21–23], the main distinction 
between them lies in the setting of quantization intervals. As to the former, the quantization 
region is divided into equally spaced intervals, each corresponding to a constant discrete 
value. In contrast, the quantization intervals in logarithmic quantization vary with the 
change of signal samples, offering this method a broader range of applications. Additionally, 
these two quantization methods affect transmitted data differently [24]. To be specific, the 
uniform quantization error was also modeled as additive white noise. For example, in [25], 
the authors investigated the design of a network recursive filter with uniform quantization 
and noted that the quantization error can be modeled as additive noise with a constant 
step size. In ref. [18], the authors modeled the quantization errors in resilient filtering 
for repetitive processes as additive noise and ensured that the variance of filtering errors 
remained below a certain upper bound. In contrast to the additive noise model for uniform 
quantization errors, logarithmic quantization errors are typically modeled as multiplicative 
noise using the sector-bound method [26]. This modeling method can also be found in 
ref. [23], where the authors addressed the 𝐻∞ filtering problem for discrete-time periodic 
Markov jump systems with quantized measurements and packet dropout compensation. A 
static logarithmic quantizer with mode-dependent characteristics is used to quantize the 
measurement outputs, and the quantization error is modeled as multiplicative noise.
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In addition to quantization errors at transmitters, data may also experience random 
dropouts during wireless transmission due to channel gain fading. Methods to model 
packet dropouts primarily include the Bernoulli model, random sequence model, and 
Markov chain model. Among these, the Bernoulli model represents packet dropouts as a 
binary random variable with a clear probabilistic distribution, assuming that packet dropout 
events are independent of one another [27–30]. In contrast to the Bernoulli model, which 
relies on the probability distribution of random variables, the random sequence model 
defines a sequence of bounded length to simulate the positions of packet dropouts. This 
method is suitable for describing the continuity of packet dropouts but requires the number 
of consecutive data dropouts to be finite [31]. Additionally, the Markov chain model treats 
packet dropouts as a Markov process [32,33], enabling a rigorous convergence analysis in 
the mean square sense. For example, in [32], to address the convergence of linear stochastic 
systems with general packet dropouts, the authors used the Markov model to describe 
the update process of both computed and real inputs as a Markov chain. In the sliding 
mode control problem of a Markov jump repeated system with packet dropouts in [33], 
the authors modeled packet dropouts using a random variable following a Markov process 
and ensured the robust asymptotic mean square stability of the system. The three models 
mentioned above typically handle the effects of packet dropouts in either the iteration or 
the time domain. Iterative domain compensation uses data from the previous iteration. 
For instance, in [34], for the problem of a nonlinear discrete-time switching system with 
random packet dropouts, the authors used data from the previous iteration as a substitute 
for the lost data, ensuring the stability of the system output. In contrast to iterative domain 
compensation, time domain compensation uses data from the previous time step within 
the same iteration. In [35], for the problem of convergence in an ILC system affected by 
packet dropouts and noise, the authors used time domain compensation to mitigate the 
effects of packet dropouts on the system.

Data transmitted over wireless channels not only experiences random packet dropouts 
but also suffers from noise interference [36]. Specifically, during iterative processes, the 
impact of channel noise can accumulate over time as the system repeats its operations. For 
example, in [37], the authors pointed out that as the number of iterations tends to infinity, 
the effects of noise are continuously amplified. Furthermore, the impact of input channel 
noise on system convergence is significantly greater than that of output channel noise. To 
mitigate the effects of channel noise, filtering techniques have been widely studied as an 
effective countermeasure. For example, in [38], the authors designed a filter for networked 
ILC systems to recover the true input sent by controllers through noisy channels. In [39], the 
authors proposed an adaptive periodic disturbance observer to suppress the effects of both 
fundamental and harmonic components, as well as handle disturbances with frequency 
variations. In [40], the authors present a collaborative design method for decentralized 
filtering of interconnected systems based on a T-S fuzzy model, aimed at optimizing network 
resource usage while maintaining the desired 𝐻∞ filtering performance.

1.3. Core Contributions
The shortcomings of the above research can be summarized as follows. First, relatively 

few existing studies simultaneously consider the quantization error before signal transmis-
sion and packet dropout during signal transmission [15,23,29,30]. Second, for closed-loop 
networked ILC systems, communication constraints represented by packet dropout may 
exist not only in the output channel but also in the input channel [11,13,15,34]. Third, many 
previous studies concentrate on designing learning strategies that cannot guarantee the 
convergence performance of the inputs received by the plant [11–15,32,34]. Finally, state 
estimation research subject to communication constraints mainly focuses on conventional 
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non-repetitive processes [19,21,22,24,25]. Even for repetitive process-based results, most 
existing methods only address time-domain state recursion [18,23,29,30], whereas esti-
mation for the IRP is rarely investigated [16,17,38]. Nevertheless, it should be noted that 
the proposed method also cannot provide theoretical guarantees for end-to-end tracking 
performance under network impairments. Table 1 provides a qualitative comparison of 
representative existing literature with respect to the communication constraints considered.

Table 1. Summary of representative related works.

Research Type Refs. PDin PDout QE MN AN

Non-repetitive process state estimation

 [19] ✓
 [21] ✓
 [22] ✓
 [24] ✓
 [25] ✓

Repetitive process state estimation
(Time-domain)

 [18] ✓
 [23] ✓ ✓
 [29] ✓ ✓
 [30] ✓ ✓

Repetitive process state estimation
(Iteration-domain)

 [16] ✓ ✓ ✓
 [17] ✓ ✓
 [38] ✓ ✓ ✓

ILC controller design

 [11] ✓ ✓
 [12] ✓
 [13] ✓ ✓
 [14] ✓
 [15] ✓ ✓ ✓
 [32] ✓
 [34] ✓ ✓

✓: the impairment is considered; blank cell means the impairment is not addressed; PDin: input-channel packet 
dropout; PDout: output-channel packet dropout; QE: Quantization error; MN: Multiplicative noise; AN: Addi-
tive noise.

To enhance the convergence of ILC systems subject to quantization errors and packet 
dropouts in noisy input and output channels, this paper approaches the problem from 
the perspective of input estimation rather than controller design. The main merit of this 
input‑estimation scheme lies in two facts: first, it only requires knowledge of the ILC 
learning strategy and channel statistics; second, it avoids redesigning the ILC updating law 
for network imperfections. In short, the core contributions of this paper are as follows:
1. A unified modeling framework is constructed for the networked ILC systems subject 

to quantization and packet dropouts, where the ILC-produced input is defined as the 
IRP state to be estimated.

2. An estimator based on innovation analysis is designed to reconstruct the control input 
at the plant side and mitigate the adverse effects induced by network constraints.

The structure of the remainder of the paper is as follows: Section 2 formulates the initial 
problem, Section 3 presents the estimator design and its corresponding formula derivation, 
Section 4 provides simulation verification of the designed estimator, and Section 5 concludes 
the paper.

Notations: The hat symbol ˆ⋅ over a variable denotes its estimated value; the tilde symbol 
˜⋅ over a variable represents its estimation error; the overline ⋅ on a variable indicates its sta-

tistical expectation. The superscripts −1 and T denote matrix inverse and matrix transpose, 
respectively. E{⋅} stands for the mathematical expectation operator for random variables. 

https://doi.org/10.3390/math14213981

https://doi.org/10.3390/math14213981


Mathematics 2026, 14, 3981 5 of 19

The operator Δ{⋅} represents zero-mean stochastic deviation, defined as Δ𝐀 = 𝐀 − 𝐀, where 
𝐀 = E{𝐀}. Matrices 𝐼 and 0 represent the identity matrix and zero matrix with appropriate 
dimensions.

2. Problem Formulation
Since the input estimation only requires prior knowledge of the controller and commu-

nication channel, rather than knowledge of the controlled plant, the IRP of the proportional 
ILC scheme is described by the following iteration update rule:

𝑢𝑘+1(𝑡) = 𝑢𝑘(𝑡) + Γ𝑒𝑟
𝑘(𝑡 + 1) (1)

where 𝑢𝑘+1(𝑡) is the input generated by the controller and regarded as the process state of 
the IRP; 𝑒𝑟

𝑘(𝑡 + 1) denotes the output error data received by the controller and treated as the 
process input of the IRP; Γ is the learning gain; 𝑘 represents the iteration index; 𝑡 denotes 
the discrete time instant within each iteration, with 𝑡 ∈ [0, 𝑇]; and 𝑇 is the time length of 
one iteration period.

To control plants through communication channels, the produced input data 𝑢𝑘+1(𝑡)
needs to be sent to the remote estimator. To data transmission, the limitation of bandwidth 
should be considered. A common method is to quantify the data before transmission to 
reduce the data volume. Moreover, due to the levels vary in logarithmic quantizers, the 
performance of which is usually superior to that of uniform quantizers. Therefore, this 
paper uses the logarithmic quantizer defined as:

𝑄(𝑓 (𝑡)) =

{


𝑙𝑗, if 𝑙𝑗

1+𝜓 <𝑓 (𝑡) < 𝑙𝑗

1−𝜓

0, if𝑓 (𝑡) = 0

−𝑄(−𝑓 (𝑡)), if𝑓 (𝑡) < 0

(2)

where 𝑓 (𝑡) is the input for quantizers, 𝑄(𝑓 (𝑡)) is the output, 𝜌 represents the quantization 
density and satisfies 0 < 𝜌 < 1, 𝜓 = 1−𝜌

1+𝜌 , 𝑙𝑗 = 𝜌𝑗𝑙0 is the quantization level, and the initial 
state of quantizers satisfies 𝑙0 > 0.

The relationship between the input and output of quantizers can be described as:

𝑄(𝑓 (𝑡)) = 𝑓 (𝑡) + 𝑄𝑒(𝑡) (3)

where 𝑄𝑒(𝑡) represents the quantization error. According to the sector interval boundary 
method given in [26], any quantization function 𝑄(𝑓 (𝑡)) can be expressed as:

𝑄(𝑓 (𝑡)) = (1 + 𝜉(𝑡))𝑓 (𝑡) (4)

where |𝜉(𝑡)| ≤ 𝜓. Therefore, the quantization error can be expressed as:

𝑄𝑒(𝑡) = 𝜉(𝑡)𝑓 (𝑡) (5)

Note that the sector-bound property |𝜉(𝑡)| ≤ 𝜓 in (4) is a deterministic conclusion 
derived in [26], which only provides the upper bound for the relative quantization error 
without any statistical characterization. To facilitate stochastic performance analysis, an 
additional statistical assumption is adopted: when the input signal 𝑓 (𝑡) is sufficiently 
rich and traverses multiple quantization intervals, the relative multiplicative noise 𝜉(𝑡) is 
assumed to be zero-mean and uniformly distributed over [−𝜓, 𝜓]. For such a zero‑mean 
uniform random variable, its variance is given by

Var(𝜉(𝑡)) =
𝜓2

3 (6)
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It should be noted that 𝑄𝑒(𝑡) = 𝜉(𝑡)𝑓 (𝑡) is signal‑dependent, whose statistical property is 
coupled with the input signal 𝑓 (𝑡). This assumption serves as a feasible engineering approx-
imation under the condition that the amplitude of 𝑓 (𝑡) is much larger than the quantization 
step and different quantization cells are sufficiently excited. It is worth highlighting that 
the uniform‑distribution assumption is only utilized to compute the first‑ and second‑order 
moments of the relative multiplicative quantization noise. The subsequent derivation of 
the proposed estimator follows the linear minimum‑mean‑square estimation framework, 
which only requires these moments and does not rely on the exact probability distribution 
of multiplicative noise.

In addition to the quantization errors that occur before transmission, quantized data 
would be lost randomly in noisy channels varying in time. Taking these uncertainties into 
account comprehensively, the data transmission can be described as:

𝑒𝑟
𝑘(𝑡) = 𝑎𝑘(𝑡)[1 + 𝜔𝑘(𝑡)]𝑒𝑘(𝑡) + (1 − 𝑎𝑘(𝑡))𝑒𝑟

𝑘−1(𝑡) + 𝑚𝑘(𝑡) (7)

𝑢𝑟
𝑘(𝑡) = 𝑏𝑘(𝑡)[1 + 𝜎𝑘(𝑡)]𝑢𝑘(𝑡) + (1 − 𝑏𝑘(𝑡))𝑢𝑟

𝑘−1(𝑡) + 𝑛𝑘(𝑡) (8)

where 𝑒𝑘(𝑡) is the output error data of controlled plants, 𝑢𝑟
𝑘(𝑡) is the input received by plants. 

𝜔𝑘(𝑡) and 𝜎𝑘(𝑡) are multiplicative coefficients induced by quantization errors, 𝑛𝑘(𝑡) and 
𝑚𝑘(𝑡) are additive noises in wireless channels. 𝑎𝑘(𝑡) and 𝑏𝑘(𝑡) follow Bernoulli distributions 
to describe packet dropouts. For convenience in discussion, the following assumptions are 
considered.

Assumption 1. The means of 𝑎𝑘(𝑡) and 𝑏𝑘(𝑡) satisfy P{𝑎𝑘(𝑡) = 1} = 𝑎, 0 < 𝑎 ≤ 1 and 
P{𝑏𝑘(𝑡) = 1} = 𝑏, 0 < 𝑏 ≤ 1.

Assumption 2. 𝜔𝑘(𝑡), 𝜎𝑘(𝑡), 𝑚𝑘(𝑡) and 𝑛𝑘(𝑡) are mutually independent zero‑mean random vari-
ables. The multiplicative quantization‑related noises 𝜔𝑘(𝑡) and 𝜎𝑘(𝑡) have variances 𝑄𝜔 = 𝑄𝜎 =
𝜓2/3; 𝑚𝑘(𝑡) and 𝑛𝑘(𝑡) follow Gaussian distributions with variances 𝑄𝑚 and 𝑄𝑛, respectively.

It should be noted that the above Bernoulli packet‑dropout assumption supposes inde-
pendent dropout events across different time instants. Practical wireless communication 
channels may produce correlated burst dropouts, time delays and out‑of‑order packets, 
which are not characterized within the present theoretical framework. Additionally, the 
multiplicative noise description for logarithmic quantization is a stochastic equivalent 
assumption for theoretical analysis. Real quantization error is deterministic and signal‑de-
pendent. This approximation is effective when the signal amplitude is away from the 
quantizer dead zone, and its conservativeness will increase when signals are close to zero. 
Furthermore, channel noises are supposed to be statistically independent across iterations in 
our analysis; iteration‑invariant or iteration‑correlated disturbances encountered in practical 
repetitive systems are not covered by the present theoretical framework.

Our motivation for introducing the input estimator to improve the ILC performance of 
repetitive processes under quantization and packet‑dropout constraints is as follows. If the 
adopted ILC law can guarantee output convergence under ideal communication, accurate 
reconstruction of the control signal sent by the ILC controller can compensate input‑channel 
disturbances, so that satisfactory output convergence can still be achieved even when both 
input and output channels suffer from various interferences. To this end, an input estimator 
is deployed at the plant side to precisely reconstruct the control input transmitted from the 
ILC controller. The block diagram of the whole system is shown in Figure 1. This estimator 
receives the disturbed control signal transmitted over the input channel and reconstructs 
the estimated input 𝒖̂𝑘|𝑘(𝑡) for the plant actuator. Notably, the ILC update law remains 

https://doi.org/10.3390/math14213981

https://doi.org/10.3390/math14213981


Mathematics 2026, 14, 3981 7 of 19

unchanged; the controller still uses the corrupted tracking error fed back from the output 
channel for iterative updates.

Input

estimator

Iterative

learning

controller

Plant

( )r

k te

( )k te( )r

k tu

( )k tu

|
ˆ ( )k k tu

Actuator Sensor

Figure 1. Block diagram of the networked ILC system with the proposed input estimator.

3. Proposed Estimation Method
3.1. Estimation Model Construction

By organizing the produced input of IRPs and the received input data and output error 
data into a vector, a model would be constructed as follows:

𝑥𝑘+1(𝑡) = 𝛾
𝑘
𝑥𝑘(𝑡) + 𝜂

1,𝑘
𝑢𝑘(𝑡) + 𝜂

2,𝑘
𝑤𝑘(𝑡) (9)

𝑦
𝑘
(𝑡) = 𝛿𝑘𝑥𝑘(𝑡) + 𝑣𝑘(𝑡) (10)

where

𝑥𝑘+1(𝑡) = 𝑐𝑜𝑙{𝑢𝑘+1(𝑡), 𝑢𝑟
𝑘(𝑡), 𝑒𝑟

𝑘(𝑡)},
𝑢𝑘(𝑡) = 𝑒𝑘(𝑡 + 1),

𝑦
𝑘
(𝑡) = 𝑢𝑟

𝑘(𝑡),

𝑤𝑘(𝑡) = 𝑐𝑜𝑙{𝑚𝑘(𝑡), 𝑛𝑘(𝑡)},
𝑣𝑘(𝑡) = 𝑛𝑘(𝑡),

𝛾
𝑘

=
[


𝐼 0 (1 − 𝑎𝑘(𝑡))Γ
𝑏𝑘(𝑡)(1 + 𝜎𝑘(𝑡))𝐼 (1 − 𝑏𝑘(𝑡))𝐼 0

0 0 (1 − 𝑎𝑘(𝑡))𝐼

]

,

𝜂
1,𝑘

=
[



𝑎𝑘(𝑡)(1 + 𝜔𝑘(𝑡))Γ
0

𝑎𝑘(𝑡)(1 + 𝜔𝑘(𝑡))𝐼

]


, 𝜂

2,𝑘
=

[



Γ 0
0 𝐼
𝐼 0

]


,

𝛿𝑘 = [ 𝑏𝑘(𝑡)(1 + 𝜎𝑘(𝑡))𝐼 (1 − 𝑏𝑘(𝑡))𝐼 0 ].

According to Assumptions, we can get 𝐸{𝑎𝑘(𝑡)2} = 𝑎, 𝐸{𝑏𝑘(𝑡)2} = 𝑏, 𝑄𝑤 = [


𝑄𝑚 0
0 𝑄𝑛

]


, 

𝑄𝑣 = 𝑄𝑛, and 𝑄𝑠 = 𝐸{𝑤𝑘(𝑡)𝑣𝑘(𝑡)𝑇}=[


0
𝑄𝑛

]


.

Remark 1. Packet dropouts, quantization‑induced multiplicative noises and channel additive 
noises are all embedded into the augmented iteration‑domain state‑space model constructed in 
Equations (9) and (10). Packet dropouts are characterized by Bernoulli‑type binary random vari-
ables 𝑎𝑘(𝑡) and 𝑏𝑘(𝑡) with given successful‑transmission probabilities. For multiplicative quantiza-
tion noise, the uniform‑distribution assumption is an engineering approximation under sufficiently 
rich input excitation and is only adopted to compute its statistical moments. The additive chan-
nel noises are modeled as zero‑mean Gaussian variables. All above random terms are assumed 
mutually uncorrelated. The proposed linear minimum mean square error (LMMSE) estimator 
jointly handles these three types of network impairments by exploiting their statistical first‑ and 
second‑order moments.
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3.2. Estimator Design
Before designing the estimator, we first define the mean and deviation values of the 

filtering model parameters. Specifically, the overline represents the expectation of a random 
variable, and Δ(⋅) denotes the corresponding deviation from its expectation. The notations 
are defined as: 𝛾

𝑘
= E{𝛾

𝑘
}, 𝜂

1,𝑘
= E{𝜂

1,𝑘
}, 𝜂

2,𝑘
= E{𝜂

2,𝑘
}, 𝛿𝑘 = E{𝛿𝑘}, Δ𝛾

𝑘
= 𝛾

𝑘
− 𝛾

𝑘
, 

Δ𝜂
1,𝑘

= 𝜂
1,𝑘

− 𝜂
1,𝑘

, Δ𝜂
2,𝑘

= 𝜂
2,𝑘

− 𝜂
2,𝑘

, Δ𝛿𝑘 = 𝛿𝑘 − 𝛿𝑘. Two lemmas are provided as follows.

Lemma 1. The following results can be derived for the estimation model

𝛾
𝑘

=
[




𝐼 0 (1 − 𝑎)Γ
𝑏𝐼 (1 − 𝑏)𝐼 0
0 0 (1 − 𝑎)𝐼

]



, 𝜂

1,𝑘
=

[



𝑎Γ
0
𝑎𝐼

]


,

𝜂
2,𝑘

=
[



Γ 0
0 𝐼
𝐼 0

]


, 𝛿𝑘 = [ 𝑏𝐼 0 0 ].

(11)

Δ𝛾
𝑘

= (𝑏𝑘(𝑡) − 𝑏)Ξ1 + 𝑏𝑘(𝑡)𝜎𝑘(𝑡)Ξ2 + (𝑎𝑘(𝑡) − 𝑎)Ξ3,

Δ𝜂
1,𝑘

= (𝑎𝑘(𝑡) + 𝑎𝑘(𝑡)𝜔𝑘(𝑡) − 𝑎)Ξ4,

Δ𝜂
2,𝑘

= 0,

Δ𝛿𝑘 = (𝑏𝑘(𝑡) − 𝑏)Ξ5 + 𝑏𝑘(𝑡)𝜎𝑘(𝑡)Ξ6. (12)

where Ξ1 =
[



0 0 0
𝐼 −𝐼 0
0 0 0

]



, Ξ2 =
[



0 0 0
𝐼 0 0
0 0 0

]



, Ξ3 =
[



0 0 −Γ
0 0 0
0 0 −𝐼

]



, Ξ4 =
[



Γ
0
𝐼

]



, Ξ5 =

[ 𝐼 −𝐼 0 ], and Ξ6 = [ 𝐼 0 0 ].

Proof. Equation (11) follows directly from taking expectation on defined stochastic param-
eters, and Equation (12) follows directly from (11). 

Lemma 2. Defining 𝑢𝑘 = 𝐸{𝑢𝑘}, 𝑥𝑘 = 𝐸{𝑥𝑘}, for the model described in (9) and (10), the 
second-order origin moment 𝑞𝑘 = 𝐸{𝑥𝑘𝑥𝑇

𝑘 } satisfies the recursion as:

𝑞𝑘+1 = 𝐸{𝑥𝑘+1𝑥
𝑇
𝑘+1}

= 𝛾
𝑘
𝑞𝑘𝛾𝑇

𝑘
+ 𝛾

𝑘
𝐸{𝑥𝑘𝑢𝑇

𝑘 }𝜂𝑇
1,𝑘

+ 𝜂
1,𝑘

𝐸{𝑢𝑘𝑥𝑇
𝑘 }𝛾𝑇

𝑘
+ 𝜂

1,𝑘
𝑢𝑘𝑢𝑇

𝑘 𝜂𝑇
1,𝑘

+ (𝑏 − 𝑏
2
)Ξ1𝑞𝑘Ξ𝑇

1 + 𝑏𝑄𝜎Ξ2𝑞𝑘Ξ𝑇
2 + (𝑎 − 𝑎2)Ξ3𝑞𝑘Ξ𝑇

3

+ (𝑎 − 𝑎2 + 𝑎𝑄𝜔)Ξ4𝑢𝑘𝑢𝑇
𝑘 Ξ𝑇

4 + 𝜂
2,𝑘

𝑄𝑤𝜂𝑇
2,𝑘

(13)

Proof. Equation (9) can be rewritten as:

𝑥𝑘+1(𝑡) = (𝛾
𝑘

+ Δ𝛾
𝑘
)𝑥𝑘(𝑡) + (𝜂

1,𝑘
+ Δ𝜂

1,𝑘
)𝑢𝑘(𝑡) + (𝜂

2,𝑘
+ Δ𝜂

2,𝑘
)𝑤𝑘(𝑡)

Accordingly, the second geometric moment of state could be expressed as

𝑞𝑘+1 = 𝛾
𝑘
𝑞𝑘𝛾𝑇

𝑘
+ 𝛾

𝑘
𝐸{𝑥𝑘𝑢𝑇

𝑘 }𝜂𝑇
1,𝑘

+ 𝜂
1,𝑘

𝐸{𝑢𝑘𝑥𝑇
𝑘 }𝛾𝑇

𝑘
+ 𝜂

1,𝑘
𝑢𝑘𝑢𝑇

𝑘 𝜂𝑇
1,𝑘

+ 𝐸{Δ𝛾
𝑘
𝑞𝑘Δ𝛾𝑇

𝑘
} + 𝐸{Δ𝜂

1,𝑘
𝑢𝑘𝑢𝑇

𝑘 Δ𝜂𝑇
1,𝑘

} + 𝐸{𝜂
2,𝑘

𝑤𝑘𝑤𝑇
𝑘 𝜂𝑇

2,𝑘
}

(14)
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where

𝐸{Δ𝛾
𝑘
𝑞𝑘Δ𝛾𝑇

𝑘
} = (𝑏 − 𝑏

2
)Ξ1𝑞𝑘Ξ𝑇

1 + 𝑏𝑄𝜎Ξ2𝑞𝑘Ξ𝑇
2 + (𝑎 − 𝑎2)Ξ3𝑞𝑘Ξ𝑇

3 (15)

𝐸{Δ𝜂
1,𝑘

𝑢𝑘𝑢𝑇
𝑘 Δ𝜂𝑇

1,𝑘
} = (𝑎 − 𝑎2 + 𝑎𝑄𝜔)Ξ4𝑢𝑘𝑢𝑇

𝑘 Ξ𝑇
4 (16)

𝐸{𝜂
2,𝑘

𝑤𝑘𝑤𝑇
𝑘 𝜂𝑇

2,𝑘
} = 𝜂

2,𝑘
𝑄𝑤𝜂𝑇

2,𝑘
(17)

Substituting Equations (15)–(17) into (14), we obtain (13). 

Based on the above preparation works, the state estimator can be designed according to 
the innovation analysis theory. We define Φ𝑘 as the innovation sequence with covariance 
matrix as 𝜃𝑘 = 𝐸{Φ𝑘Φ𝑇

𝑘 }, 𝐾𝑘 = 𝐸{𝑥𝑘Φ𝑇
𝑘 }𝜃−1

𝑘  means the filter gain, 𝐿𝑘 = 𝐸{𝑥𝑘+1Φ
𝑇
𝑘 }𝜃−1

𝑘  is 
the prediction gain, 𝑃𝑘|𝑘  and 𝑃𝑘+1|𝑘  are covariance matrices of filter errors and prediction 
errors, ˆ𝑥𝑘∣𝑘 −1 = min𝜃1,𝑘

𝐸{(𝜃1,𝑘 − 𝑥𝑘)(⋅)𝑇}, ˆ𝑥𝑘+1∣𝑘 −1 = min𝜃2,𝑘
𝐸{(𝜃2,𝑘 − 𝑥𝑘)(⋅)𝑇}, ˆ𝑦

𝑘∣𝑘−1
=

min𝜃3,𝑘
𝐸{(𝜃3,𝑘 − 𝑥𝑘)(⋅)𝑇}, where 𝜃1,𝑘, 𝜃2,𝑘, and 𝜃3,𝑘 are linear functions of 𝑦

1
, 𝑦

2
, … , 𝑦

𝑘−1
.

Theorem 1. The estimation for the model represented in (9) and (10) can be given as

ˆ𝑥𝑘∣𝑘 = ˆ𝑥𝑘∣𝑘 −1 + 𝐾𝑘Φ𝑘, (18)

ˆ𝑥𝑘+1∣𝑘 = ˆ𝑥𝑘+1∣𝑘 −1 + 𝐿𝑘Φ𝑘, (19)

Φ𝑘 = 𝑦
𝑘

− ˆ𝑦
𝑘∣𝑘−1

, (20)

ˆ𝑥𝑘+1∣𝑘−1 = 𝛾
𝑘

ˆ𝑥𝑘|𝑘 −1 + 𝜂
1,𝑘

𝑢𝑘, (21)

ˆ𝑦
𝑘∣𝑘−1

= 𝛿𝑘 ˆ𝑥𝑘∣𝑘 −1, (22)

𝐾𝑘 = 𝑃𝑘|𝑘 −1𝛿
𝑇
𝑘 𝜃−1

𝑘 , (23)

𝐿𝑘 = (𝛾
𝑘
𝑃𝑘|𝑘 −1𝛿

𝑇
𝑘 + 𝐻𝑘)𝜃−1

𝑘 , (24)

𝜃𝑘 = 𝛿𝑘𝑃𝑘|𝑘−1 𝛿
𝑇
𝑘 + 𝐼𝑘, (25)

𝑃𝑘+1|𝑘 = (𝛾
𝑘

− 𝐿𝑘𝛿𝑘)𝑃𝑘|𝑘 −1(𝛾
𝑘

− 𝐿𝑘𝛿𝑘)
𝑇

+ 𝐿𝑘𝑄𝑚𝑇𝑇
𝑘 + Λ1,𝑘+Λ2,𝑘 + Λ3,𝑘

+ Λ4,𝑘 + Λ𝑇
4,𝑘 − Λ5,𝑘 − Λ𝑇

5,𝑘,

(26)

𝑃𝑘|𝑘 = 𝑃𝑘|𝑘 −1 − 𝐾𝑘𝜃𝑘𝐾𝑇
𝑘 . (27)

where

𝐻𝑘 = (𝑏 − 𝑏
2
)Ξ1𝑞𝑘Ξ𝑇

5 + 𝑏𝑄𝜎Ξ2𝑞𝑘Ξ𝑇
6 + 𝜂

2,𝑘
𝑄𝑠,

𝐼𝑘 = (𝑏 − 𝑏
2
)Ξ5𝑞𝑘Ξ𝑇

5 + 𝑏𝑄𝜎Ξ6𝑞𝑘Ξ𝑇
6 + 𝑄𝑣,

Λ1,𝑘 = (𝑏 − 𝑏
2
)(Ξ1 − 𝐿𝑘Ξ5)𝑞𝑘(Ξ1 − 𝐿𝑘Ξ5)

𝑇

+ 𝑏Q𝜎(Ξ2 − 𝐿𝑘Ξ6)𝑞𝑘(Ξ2 − 𝐿𝑘Ξ6)
𝑇 + (𝑎 − 𝑎2)Ξ3𝑞𝑘Ξ𝑇

3 ,

Λ2,𝑘 = (𝑎 − 𝑎2 + 𝑎𝑄𝜔)Ξ4𝑢𝑘𝑢
𝑇
𝑘 Ξ𝑇

4 ,

Λ3,𝑘 = 𝜂
2,𝑘

𝑄𝑤𝜂𝑇
2,𝑘

,

Λ4,𝑘 = (𝑎 − 𝑎2)Ξ3𝑥𝑘𝑢
𝑇
𝑘 Ξ𝑇

4 ,

Λ5,𝑘 = 𝜂
2,𝑘

𝑄𝑠𝑇𝑇
𝑘 .

Proof. According to the innovation analysis theory, the estimator should satisfy
Equations (18) to (20). Taking the expectation on both sides of Equations (9) and (10) 
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and projecting them onto the space generated by (𝑦
1
, 𝑦

2
, … , 𝑦

𝑘−1
), the following results can 

be obtained.

ˆ𝑥𝑘+1∣𝑘−1 = 𝛾
𝑘
𝑥𝑘∣𝑘 −1 + 𝜂

1,𝑘
𝑢𝑘 (28)

ˆ𝑦
𝑘∣𝑘−1

= 𝛿𝑘 ˆ𝑥𝑘∣𝑘 −1 (29)

Defining ˜𝑥𝑘|𝑘 −1 = 𝑥𝑘 − ˆ𝑥𝑘−1 and substituting Equations (10) and (22) into (20), we obtain

Φ𝑘 = Δ𝛿𝑘𝑥𝑘 + 𝛿𝑘 ˜𝑥𝑘∣𝑘−1 + 𝑣𝑘 (30)

It is clear that ˜𝑥𝑘|𝑘 −1⊥𝑣𝑘, 𝑥𝑘⊥𝑣𝑘, and the means of Δ𝛿𝑘, ˜𝑥𝑘|𝑘 −1, and 𝑣𝑘 are all zero. There-
fore, the innovation covariance matrix 𝜃𝑘 is

𝜃𝑘 = 𝐸{Φ𝑘Φ𝑇
𝑘 }

= 𝛿𝑘𝑃𝑘|𝑘−1 𝐶
𝑇
𝑘 + (𝑏 − 𝑏

2
)Ξ5𝑞𝑘Ξ𝑇

5 + 𝑏𝑄𝜎Ξ6𝑞𝑘Ξ𝑇
6 + 𝑄𝑣

(31)

Due to ˜𝑥𝑘|𝑘 −1⊥ ˆ𝑥𝑘−1, the filter gain 𝐾𝑘 can be expressed as

𝐾𝑘 = 𝐸{𝑥𝑘Φ𝑇
𝑘 }𝜃−1

𝑘 = 𝑃𝑘|𝑘 −1𝛿𝑘𝜃−1
𝑘

Similarly, according to the definition of prediction gain, we have

𝐿𝑘 = E{𝑥𝑘+1Φ
𝑇
𝑘 }𝜃−1

𝑘

= E{𝛾
𝑘
𝑥𝑘Φ𝑇

𝑘 + 𝜂
1,𝑘

𝑢𝑘Φ𝑇
𝑘 + 𝜂

2,𝑘
𝑤𝑘Φ𝑇

𝑘 }𝜃−1
𝑘

(32)

Substituting Equation (30) into 𝐸{𝛾
𝑘
𝑥𝑘Φ𝑇

𝑘 } yields

𝐸{𝛾
𝑘
𝑥𝑘Φ𝑇

𝑘 } = 𝐸{𝛾
𝑘
𝑞𝑘Δ𝛿𝑇

𝑘 } + 𝐸{𝛾
𝑘
𝑥𝑘 ˜𝑥𝑇

𝑘∣𝑘−1 𝛿𝑇
𝑘 }

= (𝑏 − 𝑏
2
)Ξ1𝑞𝑘Ξ𝑇

5 + 𝑏𝑄𝜎Ξ2𝑞𝑘Ξ𝑇
6 + 𝛾

𝑘
𝑃𝑘|𝑘−1 𝛿

𝑇
𝑘

(33)

Furthermore, due to ˜𝑥𝑘∣𝑘 −1⊥ ˆ𝑥𝑘∣𝑘 −1, substituting Equation (30) into E{𝜂
1,𝑘

𝑢𝑘Φ𝑇
𝑘 } and 

E{𝜂
2,𝑘

𝑤𝑘Φ𝑇
𝑘 } leads to

E{𝜂
1,𝑘

𝑢𝑘Φ𝑇
𝑘 } = E{Δ𝜂

1,𝑘
𝑢𝑘𝑥𝑇

𝑘 Δ𝛿𝑇
𝑘 }

= 0
(34)

E{𝜂
2,𝑘

𝑤𝑘𝜀𝑇
𝑘 } = E{𝜂

2,𝑘
𝑤𝑘𝑣𝑘

𝑇}

= 𝜂
2,𝑘

𝑄𝑠

(35)

Substituting Equations (33)–(35) into (32), the prediction gain is obtained. Subtracting 
ˆ𝑥𝑘+1∣𝑘  from 𝑥𝑘+1, the one-step prediction error can be given as

˜𝑥𝑘+1∣𝑘 = (𝛾
𝑘

− 𝐿𝑘𝛿𝑘) ˜𝑥𝑘∣𝑘 −1 + (Δ𝛾
𝑘

− 𝐿𝑘Δ𝛿𝑘)𝑥𝑘

+ Δ𝜂
1,𝑘

𝑢𝑘 + 𝜂
2,𝑘

𝑤𝑘 − 𝐿𝑘𝑣𝑘

(36)

As a result, 𝑃𝑘+1|𝑘  can be obtained as follows

𝑃𝑘+1|𝑘 = (𝛾
𝑘

− 𝐿𝑘𝛿𝑘)𝑃𝑘|𝑘 −1(𝛾
𝑘

− 𝐿𝑘𝛿𝑘)
𝑇

+ 𝐸{(Δ𝛾
𝑘

− 𝐿𝑘Δ𝛿𝑘)𝑞𝑘(Δ𝛾
𝑘

− 𝐿𝑘Δ𝛿𝑘)
𝑇
}

+ 𝐸{Δ𝜂
1,𝑘

𝑢𝑘𝑢
𝑇
𝑘 Δ𝜂𝑇

1,𝑘
} + 𝐸{𝜂

2,𝑘
𝑄𝑤𝜂𝑇

2,𝑘
} + 𝐸{(Δ𝛾

𝑘
− 𝐿𝑘Δ𝛿𝑘)𝑥𝑘𝑢

𝑇
𝑘 Δ𝜂𝑇

1,𝑘
}

+ 𝐸{(Δ𝛾
𝑘

− 𝐿𝑘Δ𝛿𝑘)𝑥𝑘𝑢
𝑇
𝑘 Δ𝜂𝑇

1,𝑘
}

𝑇
− 𝐸{𝜂

2,𝑘
𝑄𝑠𝐿𝑇

𝑘 } − 𝐸{𝜂
2,𝑘

𝑄𝑠𝐿𝑇
𝑘 }

𝑇
+ 𝐿𝑘𝑄𝑣𝐿𝑇

𝑘

(37)
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where
𝐸{(Δ𝛾

𝑘
− 𝐿𝑘Δ𝛿𝑘)𝑞𝑘(Δ𝛾

𝑘
− 𝐿𝑘Δ𝛿𝑘)

𝑇
}

= (𝑏 − 𝑏
2
)(Ξ1 − 𝐿𝑘Ξ5)𝑞𝑘(Ξ1 − 𝐿𝑘Ξ5)

𝑇

+ 𝑏Q𝜎(Ξ2 − 𝐿𝑘Ξ6)𝑞𝑘(Ξ2 − 𝐿𝑘Ξ6)
𝑇 + (𝑎 − 𝑎2)Ξ3𝑞𝑘Ξ𝑇

3

(38)

𝐸{Δ𝜂
1,𝑘

𝑢𝑘𝑢𝑇
𝑘 Δ𝜂𝑇

1,𝑘
} = (𝑎 − 𝑎2 + 𝑎𝑄𝜔)Ξ4𝑢𝑘𝑢𝑇

𝑘 Ξ𝑇
4 (39)

𝐸{𝜂
2,𝑘

𝑄𝑤𝜂𝑇
2,𝑘

} = 𝜂
2,𝑘

𝑄𝑤𝜂𝑇
2,𝑘

(40)

𝐸{(Δ𝛾
𝑘

− 𝐿𝑘Δ𝛿𝑘)𝑥𝑘𝑢𝑇
𝑘 Δ𝜂𝑇

1,𝑘
} = (𝑎 − 𝑎2)Ξ3𝑥𝑘𝑢𝑇

𝑘 Ξ𝑇
4 (41)

𝐸{𝜂
2,𝑘

𝑄𝑠𝐿𝑇
𝑘 } = 𝜂

2,𝑘
𝑄𝑠𝐿𝑇

𝑘 (42)

Substituting Equations (38)–(42) into (37) results in prediction error covariance matrix.
According to Equation (18), the estimation error can be expressed as ˜𝑥𝑘∣𝑘 = ˜𝑥𝑘∣𝑘 −1−𝐾𝑘Φ𝑘, 

the filter error covariance matrix 𝑃𝑘|𝑘  is derived as

𝑃𝑘|𝑘 = 𝑃𝑘|𝑘 −1 − 𝐾𝑘𝜃𝑘𝐾𝑇
𝑘 − 𝐾𝑘𝐸{Φ𝑘 ˜𝑥𝑇

𝑘∣𝑘−1 } − 𝐸{ ˜𝑥𝑘|𝑘−1 Φ𝑇
𝑘 }𝐾𝑇

𝑘 (43)

where
𝐸{ ˜𝑥𝑘|𝑘−1 Φ𝑇

𝑘 } = 𝐸{𝑥𝑘|𝑘 Φ𝑇
𝑘 } = 𝐾𝑘𝜃𝑘 (44)

From Equations (43) and (44), it follows that

𝑃𝑘|𝑘 = 𝑃𝑘|𝑘 −1 − 𝐾𝑘𝜃𝑘𝐾𝑇
𝑘 (45)

Remark 2. The estimation‑error covariance matrices {𝑃𝑘|𝑘} and {𝑃𝑘+1|𝑘} obey coupled iterative 
recursions. Drawing on the analysis framework in ref. [38], under suitable conditions: the itera-
tion‑domain dynamics satisfy detectability, packet‑dropout probabilities ¯𝑎, ¯𝑏 are moderate, and the 
variances of multiplicative quantization noise and additive channel noise are bounded, the covariance 
sequences {𝑃𝑘|𝑘} and {𝑃𝑘+1|𝑘} are uniformly bounded and convergent with increasing iteration index 
𝑘. Full detailed matrix‑algebra derivation is omitted to keep manuscript concise. Note that an explicit 
bound relating plant tracking error to input estimation error is not derived here and will be studied 
in our future work.

Note that the proposed approach does not adopt the conventional lifted representation 
which stacks all time‑step samples of one trial. The filtering‑state vector is formed by cou-
pling ILC iteration evolution and signal transmission dynamics. Its dimension depends 
only on the plant’s input‑output channel number and does not increase with trial length. 
Fixed‑dimension matrix recursions are performed at each instant, making the algorithm 
applicable for long‑duration trials. Additionally, if we intend to extend the packet‑dropout 
model from Bernoulli to Markov‑type burst dropouts, several essential modifications are 
required. First, the channel stochastic model should be rebuilt with Markov state‑transi-
tion rules to capture temporal correlation among packet dropouts. Second, the coupled 
iterative recursion for estimation‑error covariance needs full reformulation to accommodate 
correlated channel noise. Third, the sufficient conditions for uniform boundedness and 
convergence of covariance sequences should be re‑established accordingly. This valuable 
extension will be investigated in our future work.
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4. Simulation Results
To verify the effectiveness of the proposed estimation method, a class of linear discrete-

time plants are presented as follows:

{


𝑥𝑘(𝑡 + 1) = 𝐴𝑥𝑘(𝑡) + 𝐵𝑢𝑟
𝑘(𝑡)

𝑦𝑘(𝑡) = 𝐶𝑥𝑘(𝑡)

where 𝑥𝑘(𝑡) and 𝑦𝑘(𝑡) represent the plant state and output sent to the controller, respectively; 
𝑢𝑟

𝑘(𝑡) is the received input; 𝑡 ∈ [0, 100] denotes the discrete time instant; and 𝑘 is the iteration 
index. Matrices 𝐴, 𝐵, and 𝐶 are given by

𝐴 =
[



−0.5 0 0
1 1.24 0.87
0 0.87 0

]


, 𝐵 =

[



1
0
0

]


, 𝐶 =

[



2
2.6

−2.8

]



𝑇

The ILC controller given in (1) is adopted. The output tracking error is defined as 𝑒𝑘(𝑡 + 1) =
𝑦𝑑(𝑡 + 1) − 𝑦𝑘(𝑡 + 1). The desired trajectory is

𝑦𝑑(𝑡) = 10(1 + sin(
2𝜋𝑡
100 −

𝜋
2 ))

where the period is set as 𝑇 = 100 in this simulation.
The learning gain is 0.12 that ensures the system convergence without communication 

constraints. The quantization density is chosen as 𝜌 = 0.8. According to 𝜓 = (1 − 𝜌)/(1 + 𝜌), 
we obtain 𝜓 ≈ 0.1111. Consistent with the theoretical assumption, the multiplicative 
quantization noises 𝜔𝑘(𝑡) and 𝜎𝑘(𝑡) are generated as zero‑mean uniform random variables 
over [−𝜓, 𝜓] in simulation, which gives 𝑄𝜔 = 𝑄𝜎 = 0.004. The means of data dropouts 
are set as 𝑎 = 𝑏 = 0.96, and the variances of zero‑mean channel additive noises are given 
as 𝑄𝑚 = 𝑄𝑛 = 0.06. For the proposed estimator, the initial predicted state is ˆ𝑥0|−1 =

[ 1 1 1 ]
𝑇

, and the initial prediction error covariance matrix is 𝑃0|−1 = 0.1𝐼3, where 𝐼3
denotes the third‑order identity matrix. This initialization will affect the transient estimation 
and tracking performance in the first few iterations. Additionally, the convergent input 
under the ideal communication environment is shown as the desired input for comparison, 
and the data compensation method and the standard Kalman filtering method are adopted 
as two benchmarks. For the data compensation method, if packet dropout occurs at time 
instant 𝑡 in iteration 𝑘, the missing data is replaced by the received data at the same time 
instant 𝑡 from iteration 𝑘 − 1. For the standard Kalman filter, it only considers additive 
Gaussian process noise and measurement noise and cannot jointly cope with logarithmic 
quantization and random packet dropouts. For fair comparison, the system matrices 𝐴, 𝐵, 
𝐶 and noise covariance matrices of both benchmark methods are set identical to those used 
in the proposed method. Convergence curves against iteration index are provided, where 
the Mean Absolute Error (MAE), i.e., the mean value of absolute tracking error within 
each trial, is taken as the evaluation index. Simulations under different packet‑dropout 
probabilities are supplemented for robustness assessment.

Figure 2 shows the signal and error generated by the real logarithmic quantizer. It 
can be observed that practical quantization error is signal‑dependent rather than ideal 
zero‑mean noise. The tracking curves in Figures 3–10 are all plotted at the 25th iteration, 
where the proposed method has achieved stable convergence according to the convergence 
curves. Figures 3 and 4 display the raw input received by the plant and the output of 
this raw input. It can be seen that quantization errors, packet dropouts and channel noise 
lead to obvious fluctuations of the raw input. Correspondingly, the output of this raw 
input fails to track the desired output at the 25th iteration. Figures 5 and 6 show the input 
received with data compensation and the output of this input. It can be seen that the data 
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compensation has suppressed the fluctuations of the received input to a certain extent, but 
it cannot fully guarantee the convergence of the received input. The reason is that this 
method cannot simultaneously deal with the impact of quantization error and channel 
noise. Figures 7 and 8 illustrate the input estimated by the standard Kalman filter. Similar 
to the results shown in Figure 5, the standard Kalman filtering method only suppresses the 
fluctuations of input waveform to a certain extent, and accordingly, the output of this input 
cannot achieve accurate tracking of the desired trajectory. The reason is that the standard 
Kalman filtering method can only deal with the impact of channel noise, but cannot deal 
with the impact of quantization error and packet dropouts. Figures 9 and 10 display the 
input obtained by the proposed estimation method and the output of the input, respectively. 
It can be seen from the figures that thanks to the proposed estimation method, the input 
curve can track the desired input at the 25th iteration, and naturally, the output of the input 
also converges to the desired output. The reason is that the proposed estimation method 
considers the effects of quantization errors, packet dropouts and channel noise at the same 
time when establishing the estimation model.

0 50 100
(a) Original  signal and  quantized signal
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0 50 100
(b)  Quantization Error
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Figure 2. Illustration of logarithmic quantization.
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Figure 3. The raw input.

In order to further verify the effectiveness of the proposed method, the convergence of 
input and output is investigated by taking the MAE within each iteration as the evaluation 
index. The curves in Figures 11 and 12 are from a single realization. For each iteration 
𝑘, the MAE over all discrete time instants within this iteration is calculated, and random 
disturbances are generated at each time step. It can be seen from Figures 11 and 12 that 
the MAE of raw input error and the corresponding output error exhibit the poorest conver-
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gence. The packet-dropout compensation method and the conventional Kalman filter can 
achieve approximate convergence. Compared with the raw case, both methods improve the 
convergence performance to a certain degree, yet they cannot guarantee full convergence. 
In contrast, only the proposed method achieves fully convergent MAEs of input and output 
errors, which further demonstrates the effectiveness of our method.
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Figure 4. The output of raw input.
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Figure 5. The input with data compensation.
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Figure 6. The output of input with data compensation.

To test the robustness against channel‑parameter variations, simulations under different 
packet‑dropout rates (corresponding to transmission success probabilities of 0.99, 0.96 and 
0.93) are carried out to evaluate estimation and tracking performance. Figures 13 and 14 show 
the evolution of input and output MAEs versus iteration index under transmission success 
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probabilities of 0.99, 0.96 and 0.93. The convergence speed is the highest at 0.99 and lowest 
at 0.93. Since the control input converges in the iteration domain and the packet-dropout 
compensation scheme utilizes the correctly received data at the same instant from the prior 
iteration, larger packet dropout rates result in slower convergence.

Additional statistical Monte Carlo results, ablation tests and quantization sensitivity 
analysis are provided in the Supplementary Materials for further validation.

10 20 30 40 50 60 70 80 90

Time

0

5

10

15

20

25

30

35
In

pu
t

Desired input
25th iteration

Figure 7. The input estimated by the standard Kalman filter.
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Figure 8. The output of input estimated by the standard Kalman filter.
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Figure 9. The input estimated by the proposed estimator.
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Figure 10. The output of input estimated by the proposed estimator.
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Figure 11. Comparison of input MAE under different methods.
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Figure 12. Comparison of output MAE under different methods.
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Figure 13. Comparison of input MAE under different dropout probabilities.
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Figure 14. Comparison of output MAE under different dropout probabilities.

5. Conclusions
This paper investigates the input estimation problem for networked ILC systems suffer-

ing from logarithmic quantization and random packet dropouts. Different from existing 
methods that redesign ILC update laws, this work develops a plant-side estimation frame-
work to reconstruct the actual control input without modifying the original learning strategy. 
Within the tested scenarios, the proposed framework can suppress quantization-induced mul-
tiplicative noise and packet-dropout data distortion. Numerical simulations illustrate the 
uniform boundedness and convergence of estimation error covariance observed in these tests, 
and demonstrate improved tracking performance compared with the iteration-domain data 
compensation method and the conventional Kalman filtering method.

Nevertheless, this work still has several limitations. First, packet dropouts are mod-
eled as Bernoulli independent events, which ignores temporal channel correlation and 
burst dropout characteristics in practical wireless links. Second, the channel noise and 
quantization statistics are assumed known and iteration-independent, while practical repet-
itive systems may contain iteration-varying or iteration-correlated disturbances. Third, the 
stochastic equivalent multiplicative quantization model may introduce conservativeness 
when the control signal approaches the quantizer dead zone.

Future work will focus on the following concrete extensions. First, the packet-dropout 
model will be generalized to Markov burst dropout processes to accommodate correlated 
wireless channel fading. Second, parameter mismatch and iteration-correlated disturbances 
will be considered to improve the algorithm robustness. Third, joint design of learning law 
and state estimation will be further explored to achieve higher tracking accuracy under 
complex network environments.

Supplementary Materials: The following supporting information can be downloaded at: https://www.
mdpi.com/article/10.3390/math14213981/s1, Figure S1: Without-processing scheme: Input MAE and 
Output MAE; Figure S2: Iteration-domain compensation: Input MAE and Output MAE; Figure S3: 
Standard Kalman filter: Input MAE and Output MAE; Figure S4: Proposed estimator: Input MAE 
and Output MAE; Figure S5: Only packet dropouts: Input MAE and Output MAE; Figure S6: Only 
quantization errors: Input MAE and Output MAE; Figure S7: Varying quantization steps: Input MAE 
and Output MAE.
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