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Abstract

This paper studies a quasilinear and nonuniformly coercive elliptic Neumann problem with
right hand side in L!(Q) and boundary data in L (9Q)), in the context of Sobolev spaces
with variable exponent. We analyze the existence and the uniqueness of renormalized
solutions to this problem.
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1. Introduction

Let Q) be a bounded open domain of RN (N > 2) with Lipschitz continuous boundary
0Q). In recent decades, extensive research has been dedicated to the analysis of nonlinear el-
liptic problems in the context of variable exponent Sobolev spaces W'?(*) (). These spaces
were systematically studied by Fan and Zhao in [1,2] (see also [3,4]). These spaces natu-
rally arise in the modeling of physical phenomena characterized by nonstandard growth
conditions, such as electrorheological fluids [5,6], where the viscosity depends on the
magnitude of an external electric field. Applications also extend to image processing [7-9],
particularly in edge detection and noise removal, by using variable diffusion models that
adapt to the local image structure, and to nonlinear elasticity, where spatial heterogeneity
of the material can be captured by allowing the growth exponent to vary [10-12]. Other
significant physical models include porous media flow and phase transition processes [13].
These applications motivate the study of quasilinear elliptic problems involving variable
exponent operators and lower-order terms with complex nonlinearities.

In this context, many works have been developed in the setting of Dirichlet problems
and constant exponent spaces. For instance, Boccardo, Gallouét and Murat [14] studied
a nonlinear elliptic problem involving a zero order term and a Lipschitz perturbation,
proving existence and uniqueness of solutions for 1 < p < 2, and illustrating the failure
of uniqueness when p > 2. Ben Cheikh and Guibé [15] extended this study to nonlinear
elliptic problems with mixed Dirichlet-Neumann boundary conditions and renormalized
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solutions in WP (Q)), for 1 < p < N, assuming only L'-data. The work of Betta, Guibé and
Mercaldo [16] addressed Neumann boundary-value problems of the form

V- (14 VuP)Z Vu+c@)u?) =f 0,
_ ey
((l—i—|Vu|2)pTZVu+c(x)|u|”*2) -v=g¢ onoadQ),

and established the existence of renormalized solutions under minimal assumptions on
the data. The uniqueness of the renormalized solutions for the nonlinear problem (1) was
shown in [17] under some compatibility conditions.
A particularly relevant reference is the work by Alvino, Boccardo, Ferone, Orsina and
Trombetti [18], who studied the degenerate equation
v (L) <5 no
(1 )21 @)
u=0 onodQ),

and established existence and regularity results for weak solutions in the constant exponent
case. However, their study is restricted to homogeneous Dirichlet boundary conditions,
and the existence and uniqueness question remain open.

The present work builds upon and extends these studies by considering the following
quasilinear elliptic equation with natural boundary condition

_(a(x,|Vu|)Vu
(1+ [u) 700

a(x, | Vu|) _
(WVM*F) V=g onE)Q,

) +uf®2y=f-V-F inQ,
(©)

where p(-) and 6(-) are continuous variable exponents. The functions f and g are given
in the spaces L' (Q) and L!(9Q)), respectively, whereas F belongs to a certain subspace of
LY ()(Q)N. The Carathéodory function a(x, |¢|)& leads to a Leray-Lions type operator in
WP (Q). However, the elliptic operator does not lead to a uniform coercive operator in
the same space since u# may be unbounded. This degeneracy poses serious difficulties in
applying classical existence theory. Problems involving natural and Fourier-type boundary
conditions with coercive Leray-Lions type operators in the variable exponent framework
have been considered, for instance, in these works [19-22].

Our contribution is threefold. First, we extend the framework of [18] to the case of
variable exponent Sobolev space, which allows for more complex and physically realistic
modelling. Second, we treat nonuniformly coercive operators under a Neumann boundary
condition, going beyond the scope of existing results such as [19]. Third, we establish both
the existence and the uniqueness of solutions for the problem above, using approximation,
compactness and monotonicity methods. The combined complexity of all these aspects
(nonlinearity, variable exponent Sobolev space, nonuniformly coercivity and Neumann
boundary condition) makes this problem of particular interest. Moreover, the mathematical
analysis of problem (3) described in this paper, has shown a special relation between the
regularity of the function F with the variable exponents 6 and p. This has led us to assume
an extra regularity to F.

The outline of the paper is as follows. In Section 2 we recall some definitions and
properties of variable exponent spaces. Section 3 describes the assumptions and some
preliminary lemmas in order to deduce the existence of a renormalized solution for the
problem (3). Section 4 is devoted to presenting the main existence result and develop its

https://doi.org/10.3390 /math14213959


https://doi.org/10.3390/math14213959

Mathematics 2026, 14, 3959

3 0f 30

proof. Finally, in Section 5 we show a uniqueness result. We end this presentation with
some conclusions.

2. Preliminaries

Let O € RN(N > 2) be an open and bounded domain. Its boundary is denoted by
dQ) and it is assumed to be Lipschitz-continuous. The closure of () is denoted by (). We
consider a function p € C(Q)) such that

2 <p- =minp(x) < p(x) < py = maxp(x). @)
xe) xeQ)

The function p’ € C(Q}) is the conjugate exponent of p, that is, ﬁ + A =1inQ,

and we also put p/, = max, . p'(x).
We then introduce the so-called (convex) modular function Op() given by

oy (0) = [ 1u()P
The Lebesgue space with variable exponent, denoted by LP()(Q2), is defined by
LP(‘)(Q) = {u : ) — R measurable // |u(x)|p(x) dx < oo}_
Q
This space is endowed with the Luxemburg norm, namely
. u(x)px)
ullrey = 1nf{A > 0//Q ‘T‘ dx < 1}.

Owing to (4) the space (LP()(QQ), || - I r0) (Q)) turns out to be a separable and reflexive

Banach space. In fact, its dual space is given by L' ()(Q). The following Holder type
inequality holds [2,23]

/ uvdx
@)

For any A C ), x4 stands for the characteristic function of A in Q). It will be interest-
ing to have an estimate of [|x 4|l ) () Whenever A is measurable. The following result
provides this estimate.

1 1 ) /(.
< (pi + Z)HuHLF’(‘)(Q)HUHLP,(’)(Q) forany u € L )(Q)) and v € L¥'( )(Q)

Lemma 1 ([23]). Let A be any measurable subset of (). Then
Al ) < max(meas (A)'/7~, meas (A)!/7+). ©)
We define the Sobolev space with variable exponent by
w0 (Q) = {u e LPY(Q) / |Vu| € LPO(Q)},

endowed with the norm
. u(x)
lill i = inf {2 >0/ [ oy (A) ax <1},

where p; () is the first order (convex) modular function, namely,

PLp() (1) :/Qlu(x)Ip(x) dx+/0|vu(x)|p(x) dx,
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and the space (Wl"’(') (), |l - Hl,p(-)) is a separable and reflexive Banach space.
The following result relates the Luxemburg norm with the corresponding convex
modular function.

Lemma 2 ([1]). Let (u,) C LPO)(Q) and u € LPCO)(Q). Then,

@ Nl = 1= 50,0 < o0 (0) < 25 0

) el < 1= 1175 ) < op00 (0 < Il o

©  Mullpeyqy <1 (resp. =1 > 1) & pp(y(u) <1(resp. =1, > 1);
(d) \|un||Lp. () = 0 (resp. = o) & Pp(y(un) =0 (resp. — o0);

(e) Pp() (W):l'

(@)

Lemma 3 ([24]). Let u € WYP()(Q), then,

@ Ml pey = 1= Nully, ) < prpey () < ullf )

® [l <12 Bl < prpe () < Jull,

@ Mully,py < 1(respectively = 1; > 1) < py .y (1) < 1 (respectively =1, > 1).

It will be interesting to introduce the embedding Sobolev exponents p*(-) and q*(-)
given as follows.

Np) (N-Dp(x)
{NﬂM)ﬁMM<M and wm—{N—mwﬁT?<M
o0 if p(x) > N.

Lemma 4 ([25]). Let p € C(Q), with p_ > 1,and q € C(9Q) such that
1 <q(x) <q"(x) forall x € 0Q). (6)

Then, WP (Q) < LI10)(9Q) with compact embedding. In particular, the injection
WLPO)(Q) < LPO)(9Q2) is compact.

Lemma 5 ([2,25]). The following embeddings hold and are compact:
o Ifp(x) < NinQ, then W0 (Q) — LIO)(Q), for any g € C(Q) such that 1 < q(x) <

p*(x)in Q.
o Ifp(x) = NinQ, then WP (Q) — LI0)(Q), forany g € C(Q) such that 1 < q(x) < oo
in Q).

o Ifp(x) > NinQ, then W20 (Q) — CO%(Q), for some 0 < a < 1.
Definition 1. Let k > 0, the truncation function at height k, denoted by Ty.: R — R, is the function
T (s) = max{—k, min(s, k) }.
We may introduce the space TP()(Q) defined by
TYWO(Q) = {u : Q — R is measurable and such that T (1) € W) (Q) for each k > 0}.

Proposition 1 ([21,22,26). For any given function u € T“P()(Q), there exists a unique mea-
surable function v : Q — RN such that VTi(u) = UX{|u|<k}, for all k > 0. The function v
is denoted by Vu. Moreover, if u € W'@P()(Q) then v € LPO)(Q)N and also v = Vu in the
distributional sense.
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The next definition introduces the subspace 7;3}7 ) (Q) of TP (Q).

Definition 2. The space 7;3,;7(-)(0) consists of those functions u € T“P()(Q) that can be
approximated by a sequence of functions (u,) C WYP()(Q) in the following sense.

(a) uy, —uae. in Q.
(b) VTi(uy) — VTi(u) in LY(Q)N for each k > 0.
(c) There exists a measurable function U : 0Q — R, such that u,|yq — U a.e. in 9Q).

The function U represents the boundary values of u, that is, the trace of u on 9} in the sense
given by this definition.

3. General Assumptions on the Elliptic Operator and Data

We go back to our nonlinear elliptic Neumann problem given in (3). Let A be the
operator acting from W7()(QQ) into its dual (W*()(Q0))’ given as

a(x, [Vul)

=_v. (22 r2 p(x)—2
Au ((1+|u|)9(x)Vu) + |ul u.

We will consider the following assumptions on the exponents functions 6(x) and p(x),
the function a(x, |¢|), and the data f, g and F.

(A1) The exponents p, 8 € C°(Q)) are such that p satisfies the conditions given in (4) and 6
is such that

0<0(x) <6 <p_-—1inQ), 6+ = max6(x), (7)
xeQ)

1460+ < (p- —1)% 8)
(A2) f € LY(Q)), g € L}(8Q)) and F € L) (Q)N N L0 (Q)N where T € C(Q)) is given by

)~ PEOEE 1) o

whereas 1, = 19/ (g — 1) and rg is introduced in (71).

(A3) The mapping (x,¢) € Q x RN — a(x, |¢])¢ is a Carathéodory function, (i.e., continu-
ous with respect to ¢ € RN for a.e. x € Q) and measurable with respect to x in Q) for
each & € RN) and is such that (see [19,20,27])

la(x, |E))E| < I(x) 4 BlE[P¥) T forae. x € Qand all & € RY, (10)
where [ € LV'()(Q)) and B > 0;
min {a(x, Is|), a(x, |s|) +SW} > a3ls|P¥) 2 forae. x € Qands € R;  (11)
for some real constant a3 > 0; and
s?a(x,s) < py /Os oa(x,o)do forall s > 0 and for a.e. x € Q). (12)
Remark 1. Since p(x) > p— > 2 in O, we have WP()(Q) — L®(Q) for N = 2.
Remark 2. Notice that p' < T in Q) so that L™ (Q)N ¢ LF'O(Q)N, and that p’ = T in Q)
if and only if 6(x) = 0 in Q) which is the case when the operator A is uniformly coercive. Thus,

the summability of F is related not only to the natural exponent p(x) but to the function 6(x) as
well. Consequently, the presence of the term (1 + |u(x)|)?%) in the denominator of the nonlinear
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divergence term is compensated by the assumption of more regularity to F, namely, F € LT() (Q)N

instead of just F € LV'()(Q)N. On the other hand, the extra reqularity F € L'o(Q)N is requested
in order to deal with the divergence term V - F (see the paragrah Stage 5: Almost everywhere
convergence of the gradients).

Now, we recall some lemmas which play an important role in the proof of our main result.

Lemma 6. Let O be an open set in RN. Let (g,) C L"(O) and g € L"(O) such that ||g,||, < C
for some r € (1,00). If g, converges to g a.e. in O, then g, — g weakly in L"(O).

Lemma 7 ([19]). Under the assumptions (10)—(12), there exist a positive constant Cy such that,
forall &,& € RN\ {(0,0)}, one has

(a(x,|E1])E1 — a(x,|E2])E) - (&1 — E2) > Cr4>F+| &) — &P, (13)

Lemma 8 ([19]). Let p € C(Q) verifying the condition (4), and let (u,) € WP()(Q) such that
iy, — u weakly in WP (Q)) and

P2t a7 20) (0~ ) i

(14)
—l—/ x, | Vuy|)Vu, —a(x,|Vu|)Vu) - (Vu, — Vu)dx — 0,as n — oo,

Then, under the assumptions (10)—(12), u, — u strongly in W»P()(QQ).

4. Main Results
Let W (R) the subspace of WY (R) defined as

WY (R) = {7 € W'*(R)/support of { is compact}.
In the sequel, the support of { will be denoted by supp C.

Definition 3. Let u: Q) — R be a measurable function. We say that u is a renormalized solution
to problem (3), if the following conditions hold true.

(R1) Tk() e WO (Q) for each k > 0;
(R2) [ufPO~ € LN (QY);

=) a(x, V)

li — L | Vu>dx = 0. 1
jrseo B J{jul<ny (1+\ul)9<’(>| Sl -

(R4) For any ¢ € WHP0)(Q)) N L®(Q)) and for each { € W (R) one has

o T apper v E Vg + CVeldns e 6

= [ f@igdx+ [ FLm)Ve+ )Tugldr+ [ g(x)iwedr.

Remark 3. According to Remark 1, if N = 2, any renormalized solution u is a weak solution with
ue wtrel) (Q)) and, in fact, the problem (16) is coercive in the standard sense. Thus, in this setting
and under the previous assumptions, the concept of renormalized solution is useful for N > 3 where,
in general, u ¢ L®(Q)).

Remark 4. Since the function { appearing in (16) has compact support, there exists k > 0 such

that = 0 in [—k, k|. Thus, we may replace any occurrence of u in (16) by Ty (u) without changing
the value of this expression. In particular, owing to (R1), every term in (16) makes sense.
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V

The main existence result now follows.

Theorem 1. Under the assumptions (4), (A1)-(A3), the quasilinear elliptic Neumann problem (3)
admits at least one renormalized solution u. Moreover, u € W0 (Q), where rg > 1 is defined
in (71).

Proof of Theorem 1. The proof is split into six stages.

Stage 1: Introduction of the approximate problem

In the sequel, the letter C will stand for a generic nonnegative constant that may change
from one occurrence to another. We put f,, = T, (f) € L®(Q) and g, = Tx(g) € L®(9Q)).
It is straightforward that f, — f strongly in L'(Q) and g, — ¢ strongly in L!(30)).
The approximate problem now follows.

o otV PR
v <<1+|Tn<un>|><>w">+|u" Rl e -
a(x, Vit _
((1+|Tn(un)|)9(x)V””_F V=8n on 9.

Consider the operator B,,: W'P()(Q) — (W'P()(Q))’ given as

_ a(x,|Vul) p(x
(Byu,v) —/Q 5 [Ty ()] )Vu Vvdx—i—/ |u|P¥) 2y dx

_/QF.Vde—/angnvd')/, u,vGWl'p(‘)(Q).

Lemma 9 ([28]). B, is a bounded and pseudo-monotone operator from WP() (Q) to (WLP() (Q))'.
Furthermore, it is coercive, that is

(Byv,v)

im — = o0.
ol pey—eo 110110

Proof. Since the elliptic operator in (17) is uniformly coercive, along the proof of this
lemma we will only make use of the regularity F € LV () (Q)N. Also, we will not need the
estimate (8) since (7) is enough.

Owing to Holder’s inequality and by using (12), we obtain, for u € W'7()(Q)),

|V B
<Bnu,u>:/ MVu~Vudx+/ | |P¥) 2uudx—/ F~Vudx—/mgnud'y
Vul)
/Q 1+T| ’9 |Vu |2dx+/ \u|F’ dx—/ |F||Vu|dx—/0|gn||u|dry
71
|Vu|7’ )
s+ [ (a9 dx = Col[ Vil gy = nCallnl o
2« ), o (L+{T, (0] o) e (18)
> min (= 1+n 1) (/ | VP dx+/ Jul P dx>—(1+”)c2”“||l,p(')
(1+n = 1)1 () = Canlully
>mm( ,1)||u||1,, — Canlluellpc)-

vl p- %f lullipey =1,
pe i flully ) <1
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(Bnv,v)

1oll1,p()
On the other hand, using (10) and Holder’s inequality, we obtain

Then, in view of (18), since p_ > 2 we deduce that — 00 as |||,y = oo

|(Byu,v)| = / MVwVvdx—i-/ \u|”<x)’2uvdx—/ F-Vvdx—/ gnody
a( Q Q 20

1+ | T (u)|)P)
g/ |a(x,|wmwuw|dx+/ P~ [o] dx
(@] (@]

+ [ 1FIVoldx+ [ [galfol dy

< llaCx, [Vul)Vull ey o) 1ol o () + |||u|p(‘)7l||Lp'<~>(Q)HUHLp(-)(Q)
+CaIVoll iy () + 7Csllvll 1oy

< Collltll oy + VPO ey ) 12l
H PO g @ 12l o ) + 1Cr N0l

Then, we get

|(Buu,v)| < Cg (Tl 1oy + |u|p(.)71”LP'(')(Q) + | |V“|p(')7l|\m’<->(g)> 19]11,p(.)/

and thus the operator B, is bounded. Now, we are going to prove that the operator B, is
pseudomonotone. We consider a sequence (i) C W'P()(Q) such that

uy — u weakly in wlr() (Q),
Buuy — x weakly in (W?0)(Q)), )
limsup, ., (Buttg, ug) < (x,u) in W) (Q).

We want to prove that B,u = x and (Bjug, ux) — (x,u) as k — oo. By using the
a(x, |vuk))9(x) Vuk) is bounded in LY’ () (Q)V,
k

growth condition (10), the sequence (
(14 [T ()|

then there exists a measurable function ® € L¥'()(Q)Y such that

a(x, | Vi)

T ATRIEE Vi — @ weakly in L () (Q)N as k — co. (20)

Having in mind the compact embedding W'?()(Q) < LP()(Q), then (u;) converges
to u strongly in LP() (Q)), and thus

|10 P20y — |u|PO) 2y strongly in LP'()(Q)) as k — oo. (21)
Additionally, since g, € L®(dQ2), we have
/annukd'y%/aOgnud'yask—)oo. (22)

Thanks to (19) and (20)-(22), we deduce

k—o0 1+ |Tn(uk)\)9(x)

—/F‘Vvdx—/ gnvd'y}
Q 20

:/ <:D~Vvdx+/ \u|p(x)*2uvdx—/ F-Vvdx—/ gnody.
Q Q Q o0

(x,v) = lim {/ ( alx, [Vug|) Vuy - Vodx +/ |uk|p(x)72ukvdx
Q Q

(23)
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According to (22) and using (23), we get

. a(x, |Vug|)
) >1 / Vi - Vit d / P g
() 2 lim sup { 0 T [T ) P00 6 Vit ™ dx

[ F-vud —/ d
[ rsuie s

=lim sup a(x, | Vi)
koo /0 (14| T (uge) )P0

—/ F'Vudx—/ gnudy
Q 20

=limsup a(x, |Vit|)
koo /O (14T (ug)])

|V |? dx + /Q |u|P) d

2
e(x)|Vuk| dx—i—(x,u)—/ﬂdb-Vudx.

This yields

lim sup a(x, | Vug|)

Vi 2d </ @ Vudx. 24
TSP J o T T 000 XS o @ Ve 24

From (12), we have

' , |V |V
(s T ™~ 5 P ) (T~ Ve 0. @9

Then, we obtain

a(x, [ Vi) e [ o010
Vup|cdx > Vu, - Vudx
o T Py Vol 2 [ ooy Vo

a(x, | Vu)
T T T (Y~ Vs

(26)

From (21), we may consider a subsequence of (), still denoted in the same way, such

(1 + [T () )°0)
Lyt ()N converges strongly in LY () (Q)N. Since Vi — Vu weakly in LPO) (Q)N, we
deduce that

that uy — u a.e. in ). Then, it is straightforward to show that ( al, [Vu]) Vu) -
k

a(x,|Vul|) B
/Q(1+|Tn(uk)|)9<x>w'(w" Vi)dx =0 as k — oo, 27)

Consequently, from (20) and (26), we find

liminf/ alx, [Vig|) |Vuk|2dx2/ ®- Vudx. (28)
k—oo JO (1 + | Ty (ug)] )0 0

Having in mind (24) together with (28), it yields

: a(x, | Vi) 2
1 \% dx= [ ®-Vudx. 29
kLnJo/Q(1+|Tn(uk)|)e<x>| i | dx /Q e )

O

By combining the results (20)-(22) and (29), we deduce that limy (B, ug, ug) =
(x,u), and since the limit is the same for any subsequence, it is the whole sequence
((Bnu, ug) )i that converges to this limit.
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Moreover, owing to (29), we obtain

1
I 7/ V)V — a(x, |Vu) Vi) - (Vi — Vi) d
imoup i s [ (A [Vl Vs — ol [Vl V) - (Vg = F0) da -
< lim/( ax, | Vi) Uy — alx, [Vu)) Vu)-(Vuk—Vu)dxzo.
koo JO\ (14 | T (1)) ) (14 [Ty (ug) )00
From (21) and (30), we obtain that
lim [ (a(x, |Vug) Vg — a(x, |Vu|) Vi) - (Vi — Vi) dx
k—o0 JQ (31)

+ /Q(|”k|p(x)_2uk — P9 2u) (g — u) dx = 0.

According to Lemma 8, and by using (31), it finally yields u; — u strongly in W7()(Q)),
and, up to a subsequence, we may also assume that Vi, — Vu a.e. in Q.

(x, [Vig]) o ax[Vul)
(L Ta(u) NP (1 [T w) 0
weakly in LY (Q)N. This implies that x = B,u and then B, is a pseudomonotone
operator in W7()(Q)). Owing to [28] (Theorem 2.7, p. 180), the operator By, is surjective
onto (WP()(Q))’. Since f, € L®(Q)), the mapping £,,: W) (Q)) — R given by (£,,v) =
[oy fuv dx is well defined and belongs to (W'*()(Q)))’. Consequently, there exists at least
one element 1, € WLP() (Q) such that B,u, = ¢y, thatis, forevery v € wir() (Q)), one has

Consequently, by Lemma 6, we have

' a(x,|Vuyl)
)Vu Vvdx+/ |14, [P 200 dx
/Q (1+ [T (u) )00 77" ! ! (32)

:/anvdx—k/mgnvdy—l—/QF'Vvdx.

This last expression is just the variational formulation of the approximate boundary
value Neumann problem (17).

Stage 2: Weak convergence of the truncation sequence

By using Ty (u,) as a test function in (32), we obtain

a(x, [Vun|) (x)—2
Vi, - VTi(u)dx + | T(un)|unl? Uy, dx
/Q (14 | T 2t )P0 ' /0 o ' (33)

:/anTk(un)dx'i'/angnTk<un)d’)’+/QF'VTk(un)dx.

By using (12), we obtain

|VTk(un)|p(x) p(x)—1
a/ : dx+/Q\Tk(un)Hu,,| dx

0 (14T, )70
< [l Titun) [ dx+ [ fgal TeCwa)ldy + [ FIVTim)[dx @9

< k(I + 18l omy) + [ IFIIV Tiun) .

As long as the last term of the inequality (34) is concerned, by applying Young’s
inequality, we get

| VT (un | pix)

B 2 0 (14| Ti(un]))?)

o |V Ty (1) [P 4/ /
<2 dx+Cy(1+k)7—1 [ |F|F'™
3 o Tt Ty 4+ G107 IR

ETICI
/ |V Ti(un)||F| dx < dx+C1/ (14 |Te(un)]) @ |F|P'® dx
Q

(35)
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Thanks to the fact that

® 1
5/u+m<mw

\ /\

|V T (1) [P dix. (36)

T

Putting together the results (34)-(36), it follows that

0

e
ﬁ/ﬂ\vmunwm dx+/0|un|’7(x)*l|Tk(un)|dxgkC2+C3(1+k)f’f1. (37)
Then, we deduce that
Oy p_
/Q|VTk(un)|”( dv < Cy(1+ K%+ 4 Cs(1+ k)7 1 (38)
and ,
.
/ Ty (1) ") dx < kCy + C3(1 + k) 7= 7. (39)
Q

In view of (38) and (39), we get

p(x) p(x)
TP d [T dx

Oy Opp— (40)
< Cok4+ C3(1+ k)71 +Cu(1+ k)1 + Cs(1+ k)71,

From (40) and Lemma 3, it can be concluded that

o 0,41

I Tie(un)ll1,p() < Co(kP~ + (L+K) 0T 4 (14K) 7= +(14K)T = ), @D

where the constant Cs does not depend on #n and k. Consequently, for each k > 0,
(Te(un))n € WHPO)(Q) is a bounded sequence. Therefore, for some subsequence, still
denoted in the same way, and there is a measurable function wy € Whr()(Q) such that

Tie(u,) — wy weakly in W'P0) (Q)),
Ti(un) — wy strongly in L'(9Q)) and a.e. on 90, (42)
Ti(ttn) — wy strongly in LP- (Q)) and a.e. in Q.

The next step consists in showing that (u,) is a Cauchy sequence in measure. To do
50, according to the inequality (37) we have

0
kP~ meas{|in| > k} < /Q T (i) || L A < KCo + C(1+K)- 1. (43)
Since 0 < 6 <p_ — 1, this yields
LA
p——1
meas{|u,| > k} < Cok + Clk(plj_ k) — 0ask — oo. (44)
Let o > 0. Then, it is straightforward that
meas{|uy, — uy| >0} < meas{|uy| >k} + meas{|u,| >k} + meas{|Ti(1n) — T (un)| >3} (45)

Now, for a given positive ¢, by using (44) we may select k = k(e) big enough, so that

meas{|uy| >k} < and  meas{|u,| >k} < (46)

QI m
Q| m
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In light of (42), (Ti(un)),, forms a Cauchy sequence in measure, then for any ¢, 9,k > 0,
we may find ng = ng (e, 6, k) such that

meas{| Ty (un) — Ty (um)| > 6} < % forall m,n > ny(e, d,k). (47)

From (46) and (47), we may deduce that for any ¢ > 0 and § > 0 and we can find
ng = no(e, 6) such that

meas{ |uy — uy| > 6} < eforallm,n > ny(e,0). (48)

Therefore, (1) is a Cauchy sequence in measure. Consequently, we may extract a
subsequence, still denoted in the same way, such that

u, — u almost everywhere in Q). (49)

Remark 5. Owing to (49), we obtain x {|,|>ry < Hminfy—eo X{|u,|>k}- Then, by Fatou’s lemma

meas ({|u| > k}) S/Q Hminf x>k dx < llmlnf/ X{Jun| >k} dX

n—oo

= lim inf meas ({|un| > k})

and therefore, using (44)

0
Cok 4+ Cy(1+K)71
kP

meas{|u| > k} < — 0as k — oo. (50)

Finally, by using (42) and (49), we obtain

Ty (1) — Ty (u) weakly in wirt)(Q),
Ti (1) — Ti(u) strongly in L' (9Q)) and a.e. in 9Q, (51)
Ty (1) — Ty(u) strongly in LP~ (Q)) and a.e. in Q).

Stage 3: Equiintegrability of the sequence (|u,|P()~1),

For h > 1, we choose v = %Th(un) as a test function in (17). It yields

Vun‘) Ty, (un)

Vit - VT () dx + LPE=2y d

h/ 1+|Tn DI () /|u| v (52)
)

_/ fnTh Un /F VTh(un dx+/ an un) dvy.

In view of (12), we obtain

|V”n|) [ |VTh(”n)|p(x)
Vu, -VT,(u,)d
7 1+|Th e ¥ VT &t o o AT ()

p(x)—1 |Th(un)|
+ /Q P01 0 g (53)

| Ty (1) | 1 | T (1) |
< _ — AR .
< LU e IRV TG dx+ [ gl dy
Having in mind that f € L!(Q) and since | Tj,(,)|/h — 0 weak-* in L®(Q) as h — oo,
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and similarly | ( ) |
h—o0 /aO Wl dy =0. 55

As long as the second integral of the right-hand side of the inequality (53) is concerned,
by Young’s inequality one has, for h > 1,

1 VT, pix C
i I < RO a0 )
: (56)
|vTh Uy |p C8 /(x)
F|P ¥
2]’1/ 1+|Th un‘ dX"‘hli 9+1 A)| | dx
Consequently,
X, |Vin|) / p(x)—1 T (tn)|
2h 1+|Th( )|)e(x)v”” VT (uy)dx + Q|un| p dx
(57)
" T () | / | Ty (14n) | /
< 12h\Fn) | p'(x)
< [ s [ jgl i 7' dx,
which yields
lim lim su f/ ax, |Vitn)) |Vu,|[>dx =0, (58)
h—00  y 300 {lun|<h} 1+|Th( )DG(X)
then @
px
hm lim su f/ Vit dx =0, (59)
h=eo oo 1 {jual iy (14 | T (ut ) )0
and also
lim i P14y =0. 60
LI SUp [y 1 : 0
Moreover, in view of (49) we get
lim |1 [P~ = [u[PB)=1 ae in Q. (61)

Now, let E C Q) be any measurable set and let ¢ > 0. From, (60) there exists hy =
ho(e) > 1 such that

lim sup / |u,1\”(")_1 dx < eforall h > hy.
n—oo J{|un|>h}
Thus, there exists 19 = ng(¢e) such that
/ |un|7"(")*1 dx < 2eforall n > ng. (62)
{lun|>ho}
Since

11, | P8 1dx</ u P(x)*ldx+/ ug [P dx, (63
/ i oo <y | Tro 1) oy 63)

the last term of (63) does not exceed 2¢ for all n > ny. On the other hand, for B(e) =
e/hl it yields

/E (il <o) |Th0(un)|7”(")71 dx < hg*il meas (E) < e whenever meas (E) < B(¢). (64)
N{lun|<hg
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Gathering the estimates (62)—(64), we have shown that
/E |1y |P¥) =1 dx < 3¢ as long as meas (E) < B(e). (65)
Thus, in view of (61) and (65), and by applying Vitali’s theorem, we finally deduce that
nh_r)r.}o |1, [PE) 1 = [P strongly in L1(Q)). (66)

Stage 4: An estimate of (Vi) in L"(Q)N for some r > 1

We start by establishing a certain uniform bound.

Lemma 10. There exists a constant C > 0 such that

/ a(x, |Vuy))
{k<|un|<k+1} (14 | Ty (uy)])

e |Vu,[> <C forallk,n €N, (67)

where C does not depend on n and k.

Proof. For k € N we define the function Sy € W' (R) as Si(s) = Tj41(s) — Ti(s). Then,
1Sk(s)| < 1inRand VS (un) = VunX (k<|u,|<k+1}- Using v = Sg(un) in (32) we obtain

/ a(x, |Viuy|)
{k<n|<k+1} (14 T (1en)|)8C

:/(‘)fnsk(un)dx+/5;0gn5k(”n)d’)’+/(.)[:'Vsk(un)dx.

x) )|Vun|2dx + /Q |un|p(x)72unsk(”n) dx

Using the property (10) it yields

/ a(x, |Vuyl)
{k<un| <kt1} (14 | T (1))

2dx <
) IVinfdx < [ (flds+ [ lgldy

/ / p(x)
G [ IO 1T, )10 00 g 1 Vg,

2 Jik<u| <k+1} (14 | Ty (uy)])0)
whence

a(x, |Vuyl) 9
Viuy|~dx <2 dx +2 d
/{kg\un\<k+1} (1+|Tn(un)|)9(x))| | dx /Q|f| X+ /aQ|g| Y

+C2/ |F|P" ) (1 4 |10, | 0@/ (=1 g,
0

Now, since () is bounded in LP()=1(Q)), the sequence |u,,|?)/ (P(x)=1) is bounded in
L30)(Q)) where s(x) = (p(x) —1)2/60(x) if 6 > 0, s(x) = +oo if f(x) = 0. From (8) we have
s(x) > 1in Q. The conjugate exponent of s(x) is s'(x) = (p(x) — 1)2/((p(x) —1)> — 0(x))
and thus s/ (x)p'(x) = 7(x) in Q, where 7 is defined in (9). Consequently, owing to (A2),
|F|P'() € L¥'0)(Q). Then, owing to the Holder inequality, we deduce

S EIO L+ a0 O < CalllE Ol |1+ i PO gy g < €

This ends the proof of Lemma 10. [
Remark 6. I the proof of the previous lemma, we have used a Holder’s inequality in L51)(Q)

where the exponent s(-) may attain the value +oo. This inequality is still valid in this context
(see Corollary 2.28 in [23]).
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Corollary 1. There exists a constant C > 0, not depending on k and n, such that
p,
/ L)e <C forallk,n e N. (68)
{r<lun] <k} (14| T () )%

Proof. From (11) and (67) we readily obtain

|Vun|p(x)

< C forallk,n e N.
/{kg\un\<k+l} (1 + |Tn(”n)|)9(x) -

Since |V, |PO) /(1 + | Ty (1) )0 > [V |PO) /(1 + | Ty () )+ we have |Vuy, |/ (1 +
| Ty (un)])?+/P0) € LPO)(Q) and is bounded in {k < |u,| < k+ 1} by the same con-
stant C. Finally, from |V, |/(1+ | Ty (un) )% /P0) > |Vuy|/ (1 + | T (un)|)%+/P-, we have
|Viy|/ (14 |To(un)|)?+/P- € LPO)(Q) and is bounded in {k < |u,| < k 4 1} by the same
constant C. Owing to the continuous embedding L) (Q) < LP-(Q), we deduce the
desired result. O

Lemma 11. There exists v > 1 and a constant C > 0, not depending on n, such that
/Q |Vu,|" < C foralln > 1. (69)

Proof. For any r > 0, we can write

|Vun|" 0.1/
Vd — 1 T +r/p—
Jo 1Vl dx /(2(1+|Tn(un)|)9+r/l7—( 1T (n)])
3 |Vitn|P- )r/p( 0ur ))(P—V)/P
< = 14 | Ty (uy)|)0+77 P-=7
_kzo(./{k<un|<k+1} (14 | T (1) | )P+ ./{kg\u,,\<k+1}( * | T(un)])

)/ p-

; — 01/ (p——r) (p—=r
Let the numbers ay ,, be defined as a;,,, = (f (1 + | T (un) )7+ P )

{k<un|<k+1}
From Corollary 1 we obtain

[ee]
/ |Vu,|"dx < C1 ) ag .
0 k=0
In order to estimate the right side of this last expression, we need the following result.

Lemma 12. There exists § > 0 such that forr =1+ 6 and ry = (1+26)/p— one has

Z k"lp—/(P—fr)aI’:,;l/(pf =) < Gy, (70)
k=0

—1)2-9, —
where Cy > 0 is a constant not depending on n. Moreover, we can take 6 = =D —0:-1 gy

P—+1+9+
consequence, Y 1> 4, < Cs, for some constant C3 > 0 not depending on n.
Proof. According to the definition of the numbers a; , we have
krip=/(p-=ngh /(P==1) _ Y™ v/ (p-r) / 14 |T, (1) )0+ (P~ dx
)y b )y iy (LT T TnCen))
[ee]
<oy 1P~/ P (1 g7/ = 1))

=0 k<l <k+1}

< C1/ (|t |17~ P==1) g |19~/ (= =407/ (1) g
o
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This last integral is uniformly bounded with respect to # if

rlp* + 9+T <p__1/
p-—r p-—r

which is equivalent to

< (p-=Dp- —np-
- p——14+64 '

We search for § > 0 such that 7y = (1+429)/p— and r = 1+ ¢ fulfill the necessary
requirements. Indeed, it will be enough to choose § > 0 such that

r

(p- —p- — (1 +29)

1+96=
* p7—1+9+

7

which yields § = %. This is a positive number because of (8). Thus, for this 4,
by taking r1 = (14 26)/p— and r = 1+ J we obtain (70).

Now we show the uniform bound } ;2 ;ax, < C3. Indeed, by Holder’s inequality,

we deduce
(P-=1)/pP- / & r/p-
krlp/(p—r)allz”/(l’—f)> <Z k—V1P/7>
’ k=0

and therefore Y > ja;, < C3, C3 not depending on 1, because of (70) and rip_/r =
(1426)/(14 ) > 1. This ends the proof of Lemma 12 and then Lemma 11. [

[ee] [ee] (e}
Y agn =) Klagk " < (Z
k=0

k=0 k=0

We put §y = % and define

ro = min(1 + &y, p— — 1). (71)
Then, ry > 1 and owing to (66) and the Lemmas 11 and 12, we obtain
() is bounded in W70 (Q) and, in particular, u € W70 (Q)), (72)
where u is the same function appearing in the expressions (51) and (66).

Stage 5: Almost everywhere convergence of the gradients

We adapt the proof of Theorem 4.1 in [23] to the setting of variable exponent Sobolev
spaces and to Neumann boundary conditions. For A € R, 0 < A < 1 to be chosen later, we
consider the quantity J(n), n € N, defined as follows.

B (a(x, |Vun|) Vi, — a(x, |[Vu|) Vi) - (Vi, — Vi)
1= ERTATRILS )

Owing to the inequality of Lemma 7, J(n) is well defined since the integrand is
nonnegative (though it could be infinite). We write Q = {|u| > k} U {|u| < k} so that
J(n) = Ji(k,n) + J2(k, n) where

o (a(x,|Viup|)Vup —a(x, |Vu|)Vu) - (Vu, — Vu) \* N
hiln) = {u|>k}( (1+ [T (un)] )0 ) a

B (a(x,|Viup|)Vuy —a(x, |Vu|)Vu) - (Vu, — Vu) \*
]2(k'n)_/{u|<k}( (1+ [T (un)] )0 ) ax

https://doi.org/10.3390 /math14213959


https://doi.org/10.3390/math14213959

Mathematics 2026, 14, 3959 17 of 30

From (10) we readily obtain

k,n) < C 1+ [V [P0 4 | 7uP)) da.
Jilkmy <C [ (1 V70 [Vl ) dx

In order to derive an estimate for this term, we will make use of the following result.

Lemma 13. Let A C Q) be a measurable set. Let ry be the number defined in (71) and write
ro=1+e€p. Let A= (1+ %O)p% and ¥ = 2212;0 Then, there exists a constant C > 0, that does
not depend on A, such that for all w € L'*€0(Q)) one has

1y P

P
[ ) dx < C(/A w|”€°) " meas (4)"T7 where p = p(A,w) € {p_,py ).

Proof. In light of Lemma 2, we have

R , p/p+
[l dse < 1D, < Clllwl Iy ) = c( / Jwl dx) ,
and applying Holder’s inequality to the functions |w|*P+ and 1 with exponents 7 and
7 =7/(F — 1), respectively, we obtain the desire result. [

We use the previous result with A = {|u| > k}, first with w = |Vu,|, then with
w = |Vu|. Owing to (44), (50), (72), we readily obtain that

lim limsup J;(k,n) = 0. (73)

k=00 0

As long as the J»(k, n) is concerned, since u = Ty (u) in the set {|u| < k}, we have

_ (a(x, | Viun|) Vi — a(x, VT () ) VTi(1)) - (Vitn = V(1)) \*
(k) = /{u|<k}( (1+ | T (un)|)0™) > dx

(a(x, [ Vun|) Vitn — a(x, [V T () ) VTic () - (Vitw — VT (w)) \*
< /()( (L3 T Gt) )P ) dx = J3(k,n).

Now we fix j > 0 and write J3(k,n) = J4(j, k,n) + J5(j, k, n) where

Ja(j k,n) :/

(el Vea Ve = o VD V)9t = VD) o,
Ajkn ’

(14 | T (1)) )

( (o ) Vit~ o [T Vi) (Pt VTk(“)))Adx,

i) = | (1 i)

C
A jkn

and, its turn, Aji, = {[un — Ti(u)| > j} and A}, | = {Jun — Te(w)| < j}.
For J4(j, k,n) we may estimate this term like it was done for 1 (k, n). In this way, we
would obtain an estimate like

_1y P
1 7)P+_

J4(j, k,n) < Cmeas (A]-,k,n)(

We can express Aj , = (A]-,k,n N Bj,k) U (A]-,k,,1 N B].E,k) where B;; = {lu — Te(u)| #j}
and BEk = {|u — Ti(u)| = j}. It is easy to check that meas (A, N Bjx) — meas ({|u —
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Ti(u)| > j}) < meas ({|u| > k}) and meas (A, ﬂBEk) < meas(B]-B,k) = meas ({|u| =
k+j}) < meas ({|u| > k}). Consequently, thanks to (50), we have, for any j > 0,

lim limsup J4(j, k,n) = 0. (74)

k—oo peo
As for J5(j, k,n) we have the identity V(u, — Ty(u)) = VTj(uy — Ty (u)) in the set

AE e HeEnce,

dx.

<<a<x, Vit ) Vit — a(x, |V T(1)]) VT (1)) - VT (1 — Tk<u>>>A

Js(jikim) = /AG (1+ | T (1) )P

jkn
Owing to Holder’s inequality it yields
o < [, ATVt ol VWD) Tt~ T dx)f
o (14 [T (1) )P0

Consequently, J5(j, k,n) < C(Js(j,k,n) — J7(j,k,n))"* where

X, |Vun|)Vuy - VTi(un — Ti(u))

dx,
(1 + | T (11) )P0 *

Jo(j k,n) = /Q «

and
X, VT (u))VTi (1) - VT (up — Ti(u))

‘ a(
Joj, k) = /o (14 Ty (10 )0

From (51) it is straigthforward that VT;(u, — Tx(u)) — VT;(u — Ti(u)) weakly in
LPO(Q)N as n — oo and also that

a(x, [VTi(u))VTi(u)  alx, [VTi(u)])VTi(1)
(1 + [T (1) )P (14 Ju)])oe)

dx.

strongly in LP() (Q)N as n — co.

Therefore,

X, VT (1) )V Ty () - VT;(u — Ty (1))

dx =0.
(1 + | T (1) )00 *

fi ) = [

This last integral vanishes because VTj (1) - VT;(u — T (u)) = 0 a.e. in Q.
As long as Je(j, k,n) is concerned, we take v = Tj(u, — Ti(u)) in the variational
formulation of the approximate problem (32). Consequently,

JolGikm) = [ (F = 0l 200 ) Ty 0y = Te)) do+ [ guTy (= Te(w)) dy
+/QF~VTj(un—Tk(u))dx.
By dominated convergence it is easy to check that
dim [ (f — [P 200 Ty (1 n_Tk(“))dx+/()gn7}(”n = Ti(u)) dy
= [0 = P2 Ty = Ty(w)) dx+ [ T, = Ty)) dy
and also

lim [ (F = ™20 Ty(n = i) dx+ | T;(n = Ticw)) dy = 0.
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I

a(x, |Vuyl)

It remains to study the term [, F - VT;(u, — Ty(u))dx. Firstly, [ F - VTj(uy —
Ti(u))dx — [ F- VTi(u — Ti(u)) dx as n — oo because, from (51), VTj(u, — Ti(u)) —
VTi(u — Ty (u)) weakly in LPC)(Q). Then, since

IVTj(u = Ti(u))| < [Vl + |[VTi(u)] < 2|Vu| € LP(Q)Y,

the sequence, (T;(u — T(u)))ren is bounded in WL (Q)N. Thus, up to a subsequence,
Ti(u — Ti(u)) — wj weakly in W0(Q)N, strongly in L'0(Q)N and a.e. in Q. But it is
evident that w; = 0 for each j > 0 because Tj(u — Ti(u)) — 0 a.e. in Q. Consequently,
VTi(u — Ti(u)) — 0 weakly in L' ()N and, from the assumed regularity F € L'0(Q)N

in (A2) we finally deduce that

li F-VTi(u—T, dx =0.
Jim f j(u — Ti(u)) dx

Gathering all these limit properties, we have shown that J(n) — 0 as n — oo. Since
the integrand defining J(1) is nonnegative, we deduce that, for some subsequence, still
denoted in the same way it is

(a(x, |Vuy|)Vu, —a(x, |Vul)Vu) - (Vu, — Vu)

(14| T (un)] )™ —0 ae inQ.

Since meas ({|u| = +o0}) = 0, and using (13) we readily derived the a.e. convergence
of a subsequence of (Vu,) to Vu, that is

Vu, - Vu asn— o0 ae.inQ. (75)

Stage 6: Passage to the limit

We take ¢ € WP()(Q) N L®(Q), £ € WEP(R), and let M > 0 such that supp C
[—M, M]. Then, we put {(uy,)¢ as a multiplier in (17). This yields,

1+ [T (un)l)
= [ A@2)gdr+ [ P w0) Vg + () Vo) dx+ [ guZ(m)pdy.

6(x) Vity (&' (un) Ving + {(1n) V) dx + /Q [n |p(x)72un§<un)(l’ dx -

We analyze each of the terms in (76). The first one is

a(x, |Vuy|) ,
s T (a0 e (€ (1) Vit - C 1) Vo) dx

_ [ ATt
o (1+ | Toa (1) 0

_ [ A ()
Q (L + | Tyn (1))

- a(x, [V T ()

I (L+ | Taa (1))

) VT (un) (gl(TM(un))VTM(un)q’ + g(TM(un))V(p)dx

)VTM(“n)gl(TM(”n))VTM(”n)§9dx

) VTM(un)g(TM(un))qu dx.

Thanks to (51) and (75), one has

a(x, |V Twm(un)|) Y Tup (1) = a(x, [VTy(u)
n 0

)
5% (T4 [Tag 1)) O (U [Ta(w) )

‘( ) VTym(u) ae.inQ)

https://doi.org/10.3390 /math14213959


https://doi.org/10.3390/math14213959

Mathematics 2026, 14, 3959 20 of 30

. a(x, |V Tpm(un)|) > : in L7
and by using (10) we have YV Tm(u is bounded in L) (Q)N.
Hence, with the help of Lemma 6 we get

a6 VT ) Gy 0| VTu(n)
n 0

)
(1 + | Taa (14))0C) (14 [Ty () )7

VTym(u)

|
(x)

weakly in LV'()(Q)N as n — co. On one hand, we have {'(Ty(u,))V Ty (un)g —
T'(Tar(u)) VT (u) @ strongly in LPC) (Q)N. This yields

/ A% VT Gr 1007 (Tag (1)) Y Tag (1)

Q (14 | Taa () )07

a(x, [VTy(u)]) ,
- /ﬂ Lt Ty ¥ e (M) VIn(u)gdr asn = co,

(77)

N

and considering that ¢ (T (1)) converges to ¢ (Tas(u)) strongly in LP() ()N, we obtain

a(x, |V Taa (1))
oy oY Toan) V08 (Tag 1))

a(x, [V Ty (1))
= o+ a9

(78)

VTpm(u)Vel(Tam(u))dx asn — oo,

which implies that

. |V /
lim / an(@ (1) Vit + T (100) ¥ )

\Vul)
(1 + u|)6(x)

(79)
Vu (' (u)Vug + Z(u)Ve)dx.

Inasmuch as F lies in L' ()(Q)N and that {(u,)Ve + ¢’ (un)Vine — Z(u)Ve +
{'(u)Vug weakly in LPC) ()N, we obtain

lim | F[Z(un)Ve+ (un)Vupe]dx = lim | F[Z(un)Ve~+ (1) VTr(un) @] dx

n—eo /O n—oo JO)

(80)
—/ F[Z(u)Ve + ' (u)Vug]dx

Having in mind (66) and thanks to the fact that {(u,)p — {(u)¢ weakly- in L*(Q2),
we get

lim/ 1 [P0 =200, (u godx—/ [P =207 (u) @ dx. (81)

n—oo

Similarly, as limy o || fu — fl|11() = 0, we obtain

/an(f(un)q)dx — /Qfg(u)(pdx as n — oo. (82)

Also, since im0 [[gn — 8ll11(90) = 0 and limy—e0 {(un)@ = (1) weakly-x in
L*(0Q)), it yields

/annC(un)fpdVH/mgé(u)q)dvasnﬂoo- (83)
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Combining (76) and (79)—(83), we obtain, for any test function ¢ in the space wir)n
L®(Q) and any { € W™ (R),

Mvu \V4 Yu dx p dx
Jo T et VH T+ L Vug)dxt [ g "

= [ ftwedr+ [ Fle)Ve+¢'(u)Vug] dx+/ gEwdr.
Now, the property (15) can be deduced from (84) by taking { = (j, where the function

Cris Ck(s) = 1= |Txy1(s) — Tr(s)], ¢ = ( ), and taking k — oo then i — oo. This ends
the proof of the existence theorem . O

5. A Uniqueness Result

This section is devoted to proving a uniqueness result of renormalized solution to the
quasilinear problem (3) in the sense of Definition 3.

Theorem 2. Assume the hypotheses (4) and (A1)-(A3). Then, the renormalized solution of the
problem (3) is unique.

Proof. Along this paragraph, C will denote different constants that do not depend on h, k
orr.

Let u; and up two renormalized solutions of (84). Forr > 0, h > 1, k >
2h 4+ 1, we put {(s) = 1 — }|Ty(s) — Ty(s)| so that supp, C [—2h,2h]. We set
p1 = éh(ul)w and ¢, = Ch(uz)w as admissible functions be-
cause Ty(u;) € WYPO(Q) for i = 1,2, §(m1) = Gu(Tan(m1)) € WHPD(Q) N L¥(QY),
Th(u2) = 3y(Topgr (u2)) € WHPO)(Q) N L®(Q) and since T, is a Lipschitz function, then
HTH(Tr(u1) — Te(uz)) € WHPD(Q) N L2(Q).
)Tr(Tk(Ul) — Ti(u2))

r

Then, by taking ¢ = {j, (13 e L®(Q) N W) (Q) as a multiplier

in (84) we deduce

[ s Ivapv
0 (¢ )P

! L (24 ) VT () — Tilu) + 6 (00) VT (Tir) — Ty )
+ / 42 P~ 2103 3 (1) Ty (Ti (111) — Ty (102) )l
= )0 T (Ti) = Ti) b (85)
o (G ) VT (Taar) = Tia)) + 8 ) VT (T () = Te(uz)) )
[ 88 T (Ty(ar) — Ty

T (Ti(u2) — Ti(u1))

Then, using ¢ = {j,(uz) p

as a multiplier in (84), we get

1/ alx, |Vu2|)vuz
?/n <1+|u )P

+- /|u2|p sy (1) Ty (Ty (12) — Ti(ug))dx

(@h(uz)VuzTr(Tk(uz) Tie(u1)) + Zp () VT (Ti(ug) — Tk(ul)))dx
= /Q f(X)Ch(uz)Tr(Tk(uz) — Tk(ul))dx (86)

B (2h () Vi T (Tu2) = TyCun)) + 8y () VT (Ti2) = Tk

4 ST ()T (Tua2) = Tiar) ey
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By adding (85) and (86), we get
Apjr + Buir = Chir + Drir + Enjers (87)

with

1 , a(x, |Vup|)VurVuy, -, a(x, |Vuy|)Vua Vg
Apjer = */ (511(” ) (1% |y )P — Gy (u2) (15 [12])70 )
X T (Ti(u1) — Tie(uz)) dx

|Vu1| Vul a(x, |Vuy|)Vuy (88)
XVTr(Tk(ul) - Tk(uz))dx
= A%t,k,r + A%,k,r'
1
B, = P /Q (|“1|p<x)_2”1§h(u1) - |u2|p(x)_2u25h(u2))Tr(Tk(ul) — Ti(u2))dx,  (89)

Chkr = 7 [ F(@n(a2) = £1(12)) T (Tyar) = Ty()) i, (90

Dijr = 7 [ F(&h () Vi = & u2) Vi) T (Tear) — Ti()) ek

1)
1
1 [P (m) = 0u(02)) VT (Tir) = Ti(2)) dx,
and 1
Enjr =~ /an(Ch(m) — Cn(u2)) T (Tic(u1) — Tie(u2)) dy- (92)
Concerning the term A111,k,r' one has
| Akl = ’/ (G (u lJFVI:l'))vul Vuy — g, (u )% Vu T (Ty(u1) — Tk(”Z))’
_ / a(x, | VT (ur)|)VTop(u1)
_’/\u1|<2h} Talu1)) (14 [Ty (u1)])0) VTilm)
oo Tr (T (T (1) _er(TZthl(uZ))) (93)
_ a(x, |V Topi1(u2))VTopia (u2)
/{‘uzldm}@ (T (1)) = 2 B2 G2 V)
o Tr(T(Ton (1) = Tie(Ton g1 (112))) ’
r
e (5,19 Ty (1)) Y Ta (1)
(T agx, 2n\U1 a\) g LL(O
Cp(Top(ur)) (1 + | Top (u1))f@ an(m1) € LY(Q)
and VT VT
g;Z(TZthl(uZ))a(x,' 2h+1(u2)|) 2h+1(u2) . VT2h+1(M2) c Ll(Q)

(14 | Topg1 (u2) )0

Also, we have
T (Ti(u1) — Tie(up) — T (g —up) ae. in Qask — o

Then, by the dominated convergence theorem, we have
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a(x, |V Ty (u1)]) V Top (1) Ty (111) T (Ton(u1) — Topa (u2))

(1+ | Top(u1)])?™) r

lim Al :/ (T (1
Lim Aj ‘ {\ul\<2h}gh( (1))

AV Tops1(u2)])V Topia (42) T (Top (u1) — Topia (u2))
_ (T u a(x, |V Tyt + VT U
/{\u2\<2h+1} Cn(Topt1 (u2)) (1t | Types (2)] 0 2n+1(12) .
Owing to
lim Tr(m —uz) = sign(uq —up) a.e. in Q,
r—00 r

and, in view of the dominated convergence theorem, we get
a(x, |V Top(u1)]) VT (u1)
(1 + [ Tan(u) )0

a(x, |V Topy1(u2)])V Ty 1 (u2)
(1+ [ Topr (u2) )0

Now, we have |gj, (To, (1)) < and |¢},(Tapy1(u2))| <, then

lim lim (4}, | = | /{‘Wh} Ch(Ton (1)) -V Ty, (1) sign(un — 1)

r—0k—o0

0(Topg1 (u2)) VT i1 (uz) sign(ug — uz)

B /{\u2|<zh+1}

T T
lim lim Lim |Allrh| S lim 1 a(xr|v Zh(ul)DV Zh(ul)
h—oor—0k—oco ™ h—sco h J{|uy|<2n} (1+ |T2h(ul)|)9(x)
' a(x, |V Topy1(u2)|)V Ty (u2)

. VTZh(”l) dx

+ lim VT ) da
im0 J{luol<an1) (14 | Ty (142)])P0) 211 (102)
Consequently, thanks to (15), we have
lim lim lim |A,1<,r’h| —0. (94)

h—o0r—0k—00

Let Hk,r,h = {0 < |Tk(1/l1) — Tk(uz)‘ <, ‘M]‘ < 2h, |u2| <2h+ 1} and k > 2h + 1, then
Ti(Tan+1) = Tanta-

1 a(x, |Vuy|)Viuy a(x, |[Vup|)Vup _
AL = ;/Q(gh(ul)W —gh(uz)W) VT (T (u1) — T (u2)) dx

a(x, |V Ty (u1)]) VT (u1)
(1 + [T (1) )0
0 (T (1)) 22 |<v1?h|%iﬁ)<22v> |€§’Z§ (),

VT (Ti(Top(u1)) — Ti(Topgr (u2))) dx

_ 1/ @h(Tzh(m))(a(x' VT (u)) VT (1) alx, \VTzhH(uz)DVTzhH(uz))

=2, @lTa)

r JH

r JHy,, (1+ | T (ug)[)) (1+ [ Topr (u2) )0
(VTi(Ton(11))) = VTi(Tap 1 (142))) dx (%)
1 a(x, | Vo1 (u2)]) VT (u2)
+2 /Hk’r,h(éh(Tzh(ul)) — n(Top41(u2)) 1 j |+leh+1(uz)|)9(j)
(VTi(Top(u1))) — VTi(Topy1(u2))) dx
+i*/Hk hCh(T2h+1(”2))a(x'|VT2h+1(”2)|)VT2h+1(”2)

1 _ 1 . _
X ((1+|T2;,(u1)\)9(1) (1+|T2h+1(u2)|)9(")) (VTk(TZh(Ml))) vTk(T?.h-i-l (uZ)))dx
2,1 2,2 2,3
= A T At A

For Ai: o since k > 2h + 1, we have
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Aﬁﬁz1ﬁ%hmfﬁg&&;mwuwvanmvnum»—wanﬂummvnﬂum»

(VT (u1) — Vo1 (u2)) dx

By the strict monotonicity of a(x, |¢|)¢, we obtain

AP, >0 (96)
For the term Aif,h'

a(x, |VToyi1(u2)|)V Ty (u2)
(14 | Top (uq)] )0

A= [ @) = G Tape (1))
(VT (1)) = VTi(Toe (12)))

In view of the Lipschitz continuity of {j, and the fact that Ty (Toy11) = To11, We get

1422 | < 1 a(x, [VTopy1(u2)])-|V Tony1 (u2)|
K= 1 S T (1) = Ty (u2) < | <20, Juz | <2h+1} (1 + | Top (1) ])0®)

X |V Ty (u1) — VToyqq(uz)|dx

From (10) and Young's inequality we deduce
|a(x, [V Top1 (u2) DIV Topg1 (u2) [V Top (1) — VT (u2)] dx
{0<|uy —up | <r|uy|<2h,|up | <2h+1}

<3/ (1) + BIV s (u2) PO ) (1 V T (1) + |9 T (12) )

{0<|ug —up| <r,|uy|<2h,|up | <2h+1}

1
Z

1
<./ (1Y T 102) | + | VT ()]
{0<|uy —up| <r,|up|<2h,|up | <2h+1}
8 (97)
+ﬁ/ |V Ty (12) [P (1 T (1) | + [V T (12)]) d,
{0<|ug —ua| <r,|ug | <2h,|up| <2h+1}
<7 P @ ax s T [ 19 T (1) P19l
{0<|uy —up| <r,|uq|<2h,|up| <2h+1} {0<|uy —up| <r,|ug | <2h,|uy| <2h+1}
C .
+- |V T (12) [P dix.

{0< |ty —up |<r,|uy|<2h,|uy | <2h+1}

In view of I € LF'O)(Q), |V o (u1) [P, [V Ty (u2)|PC) € L1(Q) this last estimate
implies that, for 0 < r < ro,

(|ﬂ(X, IV Top 1 (u2) D[V Tapg1 (u2) [|V Top (u1) — VTZh-‘rl(uZ)|)X{0<\u17u2|§r,\u1|§2h,|uz\§2h+1} e LY(Q).

Moreover, we have

(1005, 19 T2 (2) )|V Tap1 (42) |9 T (102) = VT 1 (1))
XX{0<uy —ua|<ro, |y | <20 |u | <201} —> 0 @€ in €2,
as r — 0, then by applying Lebesgue’s dominated convergence theorem, it yields

1
lim - la(x, |V Topp1 (u2) DIV Topgr (42) ||V Top (1) — VToppq (u2)| dx = 0.

r—0 h
{0<|uy —up| <r,|uy | <2h,|uy | <2h+1}
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Then, we get

lim lim lim ’Ai'zh
h—so0 r—0k—o0l T

=0. (98)

2,3
For the term Ak, iy

—_

A :‘f/ T uy))a(x,|VT: uy)|)VT. u
| k,r,h| T J{| Top (u1) = Top 1 (u2) [<7,|ug | <20, [ug | <2h+1} O (T (2))a (6, [V T (142) )V i (1)

1 1
.((1 T (1) )P - (1+ ‘T2h+1(u2)|)9(x)>(VTk(Tzh(m)) = VTi(Tapy1(u2))) dx|.

Since the continuous function ¢ — is a globally Lipschitz function, then

1
(14 ¢))0x)
for some constant L > 0, which does not depend on x € Q), we have

1 1
(1+[s1])P®) (1 + [so])8)

< L|S1 — Sz| forall s1,s2 € R.

Thus, for k > 2h + 1, we can write

23 L
‘ Ak,r,h < r

a X,|VT2h 1(”2)|)-VT2;1 1 uZ)
[{\Tzh(ul)*TzhH(uz)\<r,|u1\SZh/\MZISZhH}| ( + +1(u2)]

X | Top (1) — Topga (u2) ||V Top (1) — VToppq (u2)| dx

<L la(x, |V Topi1(u2)]).V Topiq (u2)]
(1T (1)~ Tapan (102) <1, 10 | <20 || <2041} - "

X|VTon(u1) = VT (u2)| dx.
By using Young’s inequality we get

,|IVT, VT, VT, - VT, d
S ooy 1O T T (2) DV Do 12) [ 9 T )) = ¥ T (1)

<c| VT VT VT VT d
= .{\ul—uz\gr,\ul\§2h,|u2\§2h+1}Ha(x‘ 2h41(42) )|V Toppq (u2) | (1 V Top (un) | + |V Toppq (u2)|) dx

<C a(x,|VT ur )YV 1) [P' ) dx
< {\ulfuz\ér,\ul\SZh,lu2\§2h+1}|( [V Top g1 (u2)|)VTop g1 (u2)]

VT P 4| VT P(*)) dx.
/{szlKMMSZM}<| o (1) [P 4 [V T (112)[P)) dx

Since |a(x, |V Toyi1(112)] )V Topg1 (u2)| € LFO(Q)N and |V Ty (1), |V o1 (u2)] €
L) (Q), we get
(la(x, |V T (u2) )V T 1 (u2) [V T (1) = V Topsr (42) 1) X {0ty 1ty <oy a1y | <20 | <2041} € L ().

Thanks  to  [a(x, |VTyy1(42) ||V o1 (u2)[[VTon (1) — VTopi1(42)]) X 0<uy— ) <r,
lug| < 2h, |lup| <2h+1} - 0ae. inQ,asr — 0.
By dominated convergence we then deduce that

li ,IVT. VT, VT - VT dx = 0.
7135 {0<|ug —up| <r,|u1| <2k, |up | <2h+1} |a(x, [V Topg1 (u2) )|V Topgr (u2) | (| V Top, (u1) ont1(u2)| dx (99)

Consequently, we have

. . . 23
J iy i 432, = o a0
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By combining (95) and (96)—(100), we conclude

. . . 2

fm i 4, =0 o

For the term By, , one has |uq|P()~2u; and |u,|P()~2u, belong to L'(Q), and since

Tr(Ti(u1) — T (uz)) — Ty (ug — up) as k — oo, then by the dominated convergence theorem,
we get that

lim Q(|”1|p(x)72uléh(u1) - |u2|P(">*2u2§h(u2)>Tr(Tk(ul) — T (u2)) dx

k—oo T

1

= /(_2(|”1|p(x)72”1§h(u1) - |H2|p(x)72uzéh(u2)>Tr(“1 —up) dx.

Thanks to the fact that M

dominated convergence leads to

— sign(uy — up) a.ein Q as r — 0, Lebesgue’s

. . 1 X)— X)—
lim lim — Q(|u1|p( 220183 (1) — |up|P™) Zuzéh(uz)>Tr(Tk(”1) — Ty (uz)) dx

r—0k—oc0 ¥

(102)
= [ (17212 01) = 2 P 20353 (1)) sy — 2) i,
and using again dominated convergence as h — oo, we obtain
S (1079728 () = fua 920383 (1)) sign (= ) dx
(103)

— / <|u1|”(")_2u1 - |u2|p(x)_2u2) sign(uq — up) dx > 0.
Q
For the term Cy ., we have f € L!(Q), then dominated convergence yields

lim lim 1

r—0k—oo /Qf<€h(u1> — Cn(u2)) Tr( Ty (u1) — Ti(uz)) dx
_ /Q F(Tu () = O (u2)) sign(us — uz) dx.

Since {;,(u1) — 1 (respectively, {;(up) — 1) weak-* in L®(Q) and f € L}(Q), once
again by dominated convergence, we get

/Q F(Zn(ur) — C(un)) sign(ug — up)dx — 0, ash — oo.

Therefore,
lim lim lim Cy, ) = 0. (104)

h—o0 r—0 k—00

For the first term of Dy, ,, we have

| [P (@) Vi — 8 2 Vi) Ty (Tean) — Ty a2))|
=7 oy F 00 VT ) Ty (Te11) — Tioz)) kv

- /[\u2|§2h+1} F - 2, (Tops1 (u2) ) V Tappiq () Tr (T (u1) — Tk(“Z))dx‘~
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Since L1F - 7} (Top (1)) V Ty (ua) Tr(Ti (1) — Tie(u2)) € LY(Q) and L1F - g} (Tops1(u2))
V Topgr (42) To (T (uq) — Ti(u2)) € L(Q). Also, we have

Tr(Tk(Ml) — Tk(uz)) — Tr(ul — uz) a.e. in QN as k — oo.

Then, it follows that

tim [ [ (@4) Vit = €(02) 9102) T (Tyar) — Ticlu))|

k—o0

1
= ’; Alul\SZh} F - 0 (To (1)) V Ty (u1) Ty (w1 — u2) dx
!
3 o camony B O T (12)) VT () T 1y — )

Also,

lim lim % /Q F - (g3, (u1)Vuy — g3, (u2) Vo) T ( Ty (u1) — Tk(”Z))’

r—>0kaool
_ 1 _ . ! .
]}:E)Ig) r ‘/{lulISZh} F gh(TZh(ul))VTzh(ul)Tr(ul MZ) dx
_7/ F'az(TZthl(u2>)VT2h+1(u2)Tr(u1 — up) dx‘
T J{|up|<2h+1} (105)
’/{Iul\ﬁh} 03, (Top(11))VTop(u) sgn(ug — up) dx
_ F. ! T u VT ” w — 1) dx
{lun|<2n+1} Tn(Tonsa (u2)) ih+1( 2)sgn(uy — uz) ‘
=T F||VT. d - F||VT dx.
h {|u1| <21} | || Zh(u1)| X+ 2 Clal <21} | H 2h+1(u2)| X

Now, we investigate the right-hand side of (105). For the first term, we use Young’s
inequality and (11). This yields

1
- F||VT. d
i gy 119 Tan )
C v , _0) C r |V [PO)
<= FIP'™) (14 |T POT dy + — d
~h {|u1|§2h}| A T () T {lu|<2n} (1 + Top(uy))00) i

0

G
(14 2k)7-1 / : C ax, [Vin|) Vin
<A @ ge 4 &
< h olfl S jur <2 (1 + [Ty (1a1) )0

Since F € L' ()(Q)N, 0, < p_ — 1 and owing to (15) we deduce

lim — F T dx =0. 106
Jim {|u1\§2h}| ||V Top (uy)| dx (106)

By proceeding with the same arguments as in (106), we obtain that

1
li 7/ F|VT dx = 0. 107
Jim > {|u2\§2h+1}| ||V Topy1 (u2)] dx (107)

Combining (106) and (107) in (105), we conclude that

1
p

lim lim lim
h—o00r—0 k—00

/QF' (25, (11) Vg — g (u2) Vuz) Ty (Ti(141) — Ti(uz)) dx| = 0. (108)
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For the second term of Dy, j,, similarly as in (101), we get

im © [ Fo (1) — 2y(2) VT, (Te(tr) — Te(uz)) d

k—oo ¥ JQO

—tim L [P (@m) — Gn(0)) (VT T (1)) — VTe(Tapyn (12))) dx,  (109)

k—oo 1 Hr,h,k
= P @)~ (00)) (VTap 1) — Ty (1) e

r

Recalling that {j, is a Lipschitz continuous function with supp ¢;, C [—2h, 2h], we de-

duce that
1
o[ F (@) = 8(02) (VTan(u1) = VT (1)) dx
thl ) (110)
< Z — .
< g Jy VIV T vt [ JFIV T ()] d
In the light of (106) and (107), we obtain
Nt
lim | [ F(64(m) = 04(2)) (VT (1) = VEapa () dx| = 0. (111)
From (108) and (111), we deduce that
lim lim lim |D, ;| = 0. (112)

h—o00 r—0 k—s00

Considering the term Ey, ;, we have ¢ € L!(9Q)). Thanks to the Lipschitz continuity
of Z(.) and to the continuity of the trace function, then |g||;(u1) — {5 (u2)| € L'(9Q) and
we have also

Tr(Ti(u1) — Te(uz)) — Tr(ug — up) a.e. in 0Q as k — oo.

By using the dominated convergence theorem, we have

lim = [ (1) = 0u(2) Ty (Ti) — Ti)) Ay

= [ 8(@u(un)  Gulu2)) Ty — )y

7

Then,
tim lim ~ [ g(@ (1) — (02)) Ty (T () = Ty uz)) by

r—0k—o0 I
= | g(@uun) = 5 (2)) sgn(un — uz) d.

Since {j,(u1) — 1 (respectively, {;(u2) — 1) weak-* in L*®(9Q) and ¢ € L'(9Q0),
we get

lim [ ¢(Cn(u1) — Cp(uz)) sgn(uy —uz)do =0, (113)

h—00 JoO)

one can conclude that
lim lim lim Ej,; = 0. (114)

h—o00 r—0 k—c0

Gathering (94), (101), (103), (104), (112) and (114), we deduce

/ <|”1|p(x)_2u1 - |”2|p(x)_2uz) sign(uy — up) dx <0, (115)
O
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Having in mind (103), we get
/Q <|u1|”(x)*2u1 - |u2|”(")*2u2) sign(uy —up) dx = 0. (116)

Therefore, since for almost all x € Q) the function ¢ — |¢|P()=2¢ is strictly monotone,
then (116) implies that
Uy =upy ae. in(), (117)

Furthermore, in view of Proposition 4, we also deduce
U] = up a.e.onod (118)
This completes the proof of Theorem 2. []

6. Conclusions

In this work, we have studied the existence and the uniqueness of a renormalized
solution for the nonuniformly coercive Neumann problem (3) in the context of Sobolev
spaces with variable exponent such that with 2 < p_ < p(x) < p4 < oco. The exponent
describing the nonuniform elliptic character is such that 0 < 6(x) < 6, < p— —1 and
1+604 < (p— —1)2. The data of this problem belongs to L' (QQ) (right hand side of the partial
differential equation) and to L!(9Q)) (right hand side of the Neumann boundary condition).

An interesting situation correspond with the case in which the partial differential
equation of (3) do not contains the zero order term |u[P()=2y. In this case, the exis-
tence/uniqueness of renormalized solutions is an open problem. The analysis described in
this presentation has not considered the case 1 < p_ < 2 even when 6 = 0 because in this
case we have not found the good estimates to pass to the limit. Also, it is remarkable the
extra regularity assumed on the function F since its natural space L7 ()(Q) is not enough
in our approach.

Author Contributions: Conceptualization, H.B., A.E.]., HH. and FEO.G.; Methodology, H.B., A.EJ.,
H.H. and F.O.G.; Formal analysis, H.B., A.E.J., HH. and FO.G,; Investigation, H.B., A.E.J., H.H. and
F.O.G.; Writing—original draft, H.B., A.E.]., H.H. and FO.G.; Writing—review & editing, H.B., A.E.].,
H.H. and F.O.G; Supervision, H.B., A.E]J., HH. and FO.G.; Funding acquisition, F.O.G. All authors
have read and agreed to the published version of the manuscript.

Funding: This research was partially supported by Ministerio de Ciencia, Innovacién y Universidades
of the Spanish Government [grant PID2023-1500760B-100] with the participation of the European
Regional Development Fund (ERDF/FEDER).

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Acknowledgments: The authors wish to express their appreciation to the referees of this paper for
their excellent reviewing work providing key points, comments and suggestions that have led to the
improvement of this presentation.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Fan, X,; Zhao, D. On the Spaces LP(x) and wmp(x), J. Math. Anal. Appl. 2001, 263, 424-446. [CrossRef]

2. Fan,X; Shen,J.; Zhao, D. Sobolev Embedding Theorems for spaces W*P(¥) (QQ). J. Math. Anal. Appl. 2001, 262, 749-760. [CrossRef]

3.  Diening, L.; Harjulehto, P.; Hasto, P.; Razicka, M. Lebesgue and Sobolev Spaces with Variable Exponents; Lecture Notes in Mathematics;
Springer: Berlin/Heidelberg, Germany, 2011. [CrossRef]

4. Kovatik, O.; Rakosnik, J. On spaces LP(¥) and W*P(¥), Czechoslov. Math. ]. 1991, 41, 592-618.

https://doi.org/10.3390 /math14213959


http://dx.doi.org/10.1006/jmaa.2000.7617
http://dx.doi.org/10.1006/jmaa.2001.7618
http://dx.doi.org/10.1007/978-3-642-18363-8
https://doi.org/10.3390/math14213959

Mathematics 2026, 14, 3959 30 of 30

10.

11.
12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

Rtzicka, M. Electrorheological Fluids: Modeling and Mathematical Theory; Lecture Notes in Mathematics; Springer: Berlin/Heidelberg,
Germany, 2000; Volume 1748. [CrossRef]

Rajagopal, K.; Wineman, A. Flow of electro-rheological materials. Acta Mech. 1992, 91, 57-75. [CrossRef]

Chen, Y,; Levine, S.; Rao, M. Variable Exponent, Linear Growth Functionals in Image Restoration. SIAM |. Appl. Math. 2006, 66,
1383-1406. [CrossRef]

Guo, Z.C.; Liu, Q.; Sun, J.B.; Wu, B.Y. Reaction-diffusion Systems with p(x)-Growth for Image Denoising. Nonlinear Anal. Real.
World Appl. 2011, 12, 2904-2918. [CrossRef]

Li, E; Li, Z.; Pi, L. Variable exponent functionals in image restoration. Appl. Math. Comput. 2010, 216, 870-882. [CrossRef]
Boukrouche, M.; Merouani, B.; Zoubai, F. On a nonlinear elasticity problem with friction and Sobolev spaces with variable
exponents. Fixed Point Theory Algorithms Sci. Eng. 2022, 2022, 72. [CrossRef]

Zhikov, V. Averaging of functionals of the calculus of variations and elasticity theory. Math. USSR-Izv. 1987, 29, 33-66. [CrossRef]
Zoubai, F,; Merouani, B. On a pure traction problem for the nonlinear elasticity system in Sobolev spaces with variable exponents.
Stud. Univ. Babes-Bolyai Math. 2022, 67, 167-180. [CrossRef]

Antontsev, S.; Shmarev, S. A model porous medium equation with variable exponent of nonlinearity: Existence, uniqueness and
localization properties of solutions. Nonlinear Anal. Theory Methods Appl. 2005, 60, 515-545. [CrossRef]

Boccardo, L.; Gallouét, T.; Murat, E. Unicité de la solution de certaines équations elliptiques non linéaires. C. R. Acad. Sci. Paris Sér.
I Math. 1989, 309, 243-246.

Ali, M.B.C.; Guibé, O. Nonlinear and non-coercive elliptic problems with integrable data. Adv. Math. Sci. Appl. 2006, 16, 275-297.
Betta, M.; Guibé, O.; Mercaldo, A. Neumann problems for nonlinear elliptic equations with L! data. J. Differ. Equ. 2015, 259,
898-924. [CrossRef]

Betta, M.F,; Guibé, O.; Mercaldo, A. Uniqueness for Neumann problems for nonlinear elliptic equations. Commun. Pure Appl.
Anal. 2019, 18, 1023-1048. [CrossRef]

Alvino, A.; Boccardo, L.; Ferone, V.; Orsina, L.; Trombetti, G. Existence results for nonlinear elliptic equations with degenerate
coercivity. Ann. Mat. Pura Appl. 2003, 182, 53-79. [CrossRef]

Benboubker, M.B.; Benkhalou, H.; Hjiaj, H.; Nyanquini, I. Entropy solutions for elliptic Schrodinger type equations under Fourier
boundary conditions. Rend. Circ. Mat. Palermo (2) 2023, 72, 2831-2855. [CrossRef]

Benkhalou, H.; Janathi, A.E. Existence and uniqueness of solutions for a p(x)-Schrodinger-type equation under Fourier boundary
conditions. J. Elliptic Parabol. Equ. 2025, 11, 1875-1900. [CrossRef]

Nyanquini, I.; Ouaro, S. Entropy solution for nonlinear elliptic problem involving variable exponent and Fourier type boundary
condition. Afr. Mat. 2012, 23, 79-101. [CrossRef]

Ouaro, S. Weak and entropy solutions for a class of nonlinear inhomogeneous Neumann boundary value problem with variable
exponent. CUBO Math. |. 2012, 14, 15-41. [CrossRef]

Cruz-Uribe, D.V,; Fiorenza, A. Variable Lebesgue Spaces: Foundations and Harmonic Analysis; Applied and Numerical Harmonic
Analysis; Birkhéduser: Basel, Switzerland, 2013. [CrossRef]

Wang, L.L.; Fan, Y.H.; Ge, W. Existence and multiplicity of solutions for a Neumann problem involving the p(-)-Laplace operator.
Nonlinear Anal. Theory Methods Appl. 2009, 71, 4259-4270. [CrossRef]

Yao, J. Solutions for Neumann boundary value problems involving p(x)-Laplace operators. Nonlinear Anal. Theory Methods Appl.
2008, 68, 1271-1283. [CrossRef]

Azroul, E.; Benboubker, M.B.; Ouaro, S. Entropy solutions for nonlinear nonhomogeneous Neumann problems involving the
generalized p(x)-Laplace operator. . Appl. Anal. Comput. 2013, 3, 105-121. [CrossRef]

Repovs, D.D. Stationary waves of Schrodinger-type equations with variable exponent. Anal. Appl. 2015, 13, 645-661. [CrossRef]
Lions, J.L. Quelques Méthodes de Résolution Des Problemes Aux Limites Non Linéaires; Dunod et Gauthier-Villars: Paris, France, 1969.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390 /math14213959


http://dx.doi.org/10.1007/BFb0104029
http://dx.doi.org/10.1007/BF01194033
http://dx.doi.org/10.1137/050624522
http://dx.doi.org/10.1016/j.nonrwa.2011.04.015
http://dx.doi.org/10.1016/j.amc.2010.01.094
http://dx.doi.org/10.1186/s13663-022-00724-9
http://dx.doi.org/10.1070/IM1987v029n01ABEH000958
http://dx.doi.org/10.24193/subbmath.2022.1.12
http://dx.doi.org/10.1016/j.na.2004.09.026
http://dx.doi.org/10.1016/j.jde.2015.02.031
http://dx.doi.org/10.3934/cpaa.2019050
http://dx.doi.org/10.1007/s10231-002-0056-y
http://dx.doi.org/10.1007/s12215-022-00822-y
http://dx.doi.org/10.1007/s41808-025-00355-2
http://dx.doi.org/10.1007/s13370-011-0030-1
http://dx.doi.org/10.4067/S0719-06462012000200002
http://dx.doi.org/10.1007/978-3-0348-0548-3
http://dx.doi.org/10.1016/j.na.2009.02.106
http://dx.doi.org/10.1016/j.na.2006.12.023
http://dx.doi.org/10.11948/2013009
http://dx.doi.org/10.1142/S0219530514500420
https://doi.org/10.3390/math14213959

	Introduction
	Preliminaries
	General Assumptions on the Elliptic Operator and Data
	Main Results
	A Uniqueness Result
	Conclusions
	References

