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Abstract

The use of metaheuristic algorithms has become very popular in recent years. One of their 
many applications is in tuning different controllers, especially those that would require 
extensive effort to tune manually. In some cases, due to the complexity of the controller, it 
is almost impossible to adjust the parameters manually. In this work, a fractional-order PID 
controller (FOPID) is used to control an inverted pendulum. This is a non-linear, multi-
variable, and underactuated system that requires advanced techniques to achieve robust 
control. Three different algorithms have been implemented to compare their performance 
in solving this problem. The algorithms used are a Genetic Algorithm (GA), an Artificial 
Bee Colony algorithm (ABC), and Black Widow Optimization (BWO). The controllers have 
been evaluated through extensive tests on a physical model of the inverted pendulum, 
proving the validity of the designs. Furthermore, after running the algorithms several times, 
optimal configurations for the parameters of each algorithm have been obtained.

Keywords: metaheuristic algorithm; inverted pendulum; genetic algorithm; black widow 
optimization; fractional-order PID; intelligent control systems 
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1. Introduction
PID controllers are commonly used in industry because they are easy to implement and 

offer simple parameter-tuning methods, such as empirical approaches like Ziegler–Nichols 
tuning. However, for more complex systems, fractional-order 𝑃𝐼𝜆𝐷𝜇 controllers (FOPIDs) 
can be used. These improve the performance of PID controllers due to the two additional 
degrees of freedom they offer. Nonetheless, tuning five parameters for each controller is 
required, which is not feasible through analytical methods (which only allow, not without 
added difficulties, tuning of FOPI controllers), unlike conventional PIDs, which can be 
adjusted analytically. Rule-based methods such as Ziegler–Nichols can be applied with 
limitations. Lately, the most popular tuning methods for these controllers are objective 
minimization methods, based on the reduction of different index values. In that regard, 
metaheuristic algorithms have become quite popular as they are efficient and easier to 
implement than other existing approaches [1].

Therefore, metaheuristic algorithms are employed to tune the parameters of FOPID 
controllers. The first metaheuristic algorithm was proposed in 1975 by J.H. Holland [2], 
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and since then numerous variants have been proposed. They offer low computational cost 
and are capable of finding optimal solutions even when the search space is very large.

Metaheuristic algorithms are nowadays a very popular computation technique for 
complex problem solving. According to the Web of Science database, since 2021, more than 
2000 works about metaheuristic algorithms have been published each year, reaching more 
than 3800 in 2025. This allows choosing the most suitable algorithm for a given problem 
from a wide variety of algorithms, as each of them offers better performance in certain areas.

However, some authors have criticized the number of new publications. In [3], 
111 publications were analyzed to find that 65% of them were improvements of existing 
algorithms. This is the case for the intelligent water drop algorithm, which is claimed to be 
a specific case of Ant-Colony Optimization (ACO) [4]. The same also occurs regarding the 
Harmony Search or Black Hole Search algorithms [4,5]. In any case, with this many new al-
gorithms (either original or improved versions of existing ones), it is necessary to check their 
performance and utility in real scenarios rather than only on mathematical test-benches.

Many new algorithms appear each year—38 yearly in the last decade according 
to [6]—yet only a handful are responsible for the majority of citations in scientific publi-
cations. Using the number of citations in Google Scholar as a reference, the most popular 
algorithm is Particle Search Optimization (PSO), with 75,000 citations, followed by the GA. 
In terms of tendency over the last years, PSO remains the most popular one during the last 
years, with a slightly decreasing interest in the GA and an increasing interest in the Grey 
Wolf Optimizer (GWO) [6].

The case of PSO is very interesting. It has been one of the most popular algorithms 
for some time, and has led to a great number of engineering applications. PSO has been 
used in various applications from wireless communications to image processing and elec-
trical power systems. There are not only multiple applications but also multiple vari-
ants of the algorithm. One of the most common ones is the use of inertia weights [7]. 
However, many other variations have been proposed [8–10] as well as hybridization with 
other existing algorithms, such as the GA [11], the ACO [12], or the differential evolution
(DE) algorithm [13].

PSO is a good example of how there is a current tendency to modify existing algorithms 
with the aim of improving their performance. That also means that many metaheuristic 
algorithms can be classified into a limited number of groups that share similar underlying 
mechanisms, as analyzed later.

In this work, three metaheuristic algorithms (GA, ABC, and BWO) are used to design 
three FOPID controllers, one per algorithm.

A popular system used to test the effectiveness of different control techniques is the 
inverted pendulum. This is because it is a challenging system to control due to its inherent 
instability, as well as being a non-linear, underactuated, and multivariable system.

In the related scientific literature, there are several examples of the application of meta-
heuristic algorithms to FOPID tuning. These algorithms have been applied to many of 
the control techniques currently in use, with multiple case studies that demonstrate their 
effectiveness. Also, it is interesting to study the behavior of each algorithm for the solution 
of each problem, as, according to the No Free Lunch Theorem, there is no universally better 
metaheuristic algorithm [14].

The combination of using metaheuristic algorithms to tune a FOPID controller and 
applying it to an inverted pendulum is not commonly found in the literature. Eight publica-
tions up to mid-2026 have been identified in which a similar approach to the one mentioned 
previously has been used. The metaheuristic algorithms used in these studies are diverse. 
Apart from this, few experiments in the existing literature have tested the robustness of the 

https://doi.org/10.3390/math14213943

https://doi.org/10.3390/math14213943


Mathematics 2026, 14, 3943 3 of 40

controllers on real systems. The following publications are closely related to certain aspects 
of the research carried out in this paper.

In [15], the GA and PSO were used to adjust the controller. Tests were conducted in both 
simulations and on the real system, although an exhaustive study of the system’s behavior 
under disturbances was not performed. This publication also provides details about the 
parameters used in the execution of the algorithms.

In [16], the Sine–Cosine Algorithm (SCA) was used to tune the FOPID controller; 
however, few tests were carried out under disturbances on a real system. This research 
involved significant work to accurately identify the system, achieving a model that closely 
reflects reality. This is particularly important to ensure that the results obtained apply to 
real-world systems.

In [17], the GA with real encoding was used (solutions can be encoded in different ways; 
one common approach is binary encoding). Additionally, PSO and BFO were employed to 
tune the FOPID controller. A stability analysis of the system was conducted from a phase 
margin perspective. Various disturbances were also introduced during the tests. It is worth 
mentioning that, in addition to noise disturbances and reference changes, the length of the 
pendulum’s vertical bar and the mass of the pendulum were altered as well.

In [18], dPSO (dynamic Particle Swarm Optimization) was used to tune the FOPID 
controller. An LQR controller and an integer-order PID controller were also implemented. 
This publication also presented results from a real system model. To test the system’s 
robustness, the pendulum was manually perturbed.

In [19], a FOPID and a PID controller were used for the control of a two-wheeled 
inverted pendulum. Both controllers were tuned with metaheuristic algorithms in order to 
compare their performance. The metaheuristic algorithms employed were ABC, PSO, GWO, 
and Cuckoo Search (CS). It was determined that the best algorithm was ABC, although 
the configuration for each algorithm was not presented. It is also worth mentioning the 
research conducted in this publication regarding the objective function. The controllers were 
designed with different objective functions intended to achieve various system responses 
(for example, reducing settling time, overshoot, or angle and position deviations from the 
set point). This demonstrates that the definition of performance indices is key in achieving 
the desired results. Therefore, the objective function can and must be designed accordingly.

In [20], a similar approach to the one followed in [15] is used. The FOPID is designed 
with three different metaheuristic algorithms: the Starfish Optimization Algorithm (SFOA), 
Harris Hawks Optimization (HHO), and GWO. Afterwards, the transient behavior was 
studied. Disturbances were considered as deviations of the mass used in the model, up to 
15%. However, disturbances were applied in the real system while it was in the inverted 
position to test the robustness of the design.

The authors of [21] also consider the applicability of metaheuristic algorithms to the 
case study of a FOPID for the control of a cart-inverted pendulum. In this case, the approach 
used was more focused on the combination of the Slime Mould Algorithm (SMA) and the 
Artificial Hummingbird Algorithm (AHA), and no real tests were conducted. However, in 
the simulations, the robustness of the system was tested under noise conditions.

Due to the high interest in this research field, several recent works have focused on the 
application of metaheuristic algorithms to the tuning of FOPID controllers. In [22], a cart-
inverted pendulum system is controlled with a FOPID and a Fractional-Order PI (FOPI), 
both tuned with multiple algorithms such as the GA, PSO, and the Levenberg–Marquardt 
algorithm (LMA). Another cart-inverted pendulum system is controlled in [23] with a 
FOPID tuned using a different metaheuristic algorithm, the Teaching–Learning-Based 
Optimization (TLBO). This publication provides an exhaustive analysis of the system’s 
robustness. In [24], PSO is applied to tune a fractional-order integral regulator and a 
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fractional-order PI regulator. This work, applied to an inverted pendulum on a cart system, 
includes stability analysis and several robustness tests. Although not explicitly an inverted 
pendulum, [25] addresses two-wheeled self-balancing robots, which work under the same 
principles as an inverted pendulum. This study uses several metaheuristic algorithms to 
tune the FOPID controller for system stabilization. Some popular algorithms employed are 
GWO and PSO, alongside lesser-known ones such as Beluga Whale Optimization, Dung Beetle 
Optimization (DBO), and Multi-strategy Improved Beluga Whale Optimization (MSBWO).

In another context, recent publications relate to the power sector, where control engi-
neering is becoming increasingly important for managing power converters that connect 
renewable energy sources to the power grid. For example, in [26], BWO is used, demon-
strating that this very recent algorithm has already been applied in various fields. This 
publication also presents another algorithm: Egret Swarm Optimization. Another example 
of metaheuristic algorithms applied to the electrical sector is [27], where BWO is used to 
control distributed power-flow controllers that improve power quality. In this work, the 
performance of BWO is compared with two other popular algorithms.

As can be seen, many metaheuristic algorithms have been proposed since the GA was 
first used. Even now, new metaheuristic algorithms are proposed. BWO, first introduced 
in 2020 by V. Hayyolalam and A. Kazem [28], has recently been applied to the solution 
of different problems, such as in the manufacturing industry for optimization [29], the 
configuration of neural networks [30], or for damage assessment [31].

It must be noted that improvements to existing metaheuristic algorithms are frequently 
proposed to improve performance. Such is the case in [31], where improvements to BWO 
are proposed, even though it is a very novel algorithm.

However, BWO has not been applied yet to the tuning of a FOPID for the control of an 
inverted pendulum, which is a challenging case for testing the capabilities of the algorithm.

This paper provides insight into the whole process for using metaheuristic algorithms 
for the tuning of a FOPID applied to an inverted pendulum. The configurations of the algo-
rithms for solving this specific problem have been analyzed to provide recommendations 
on the more optimal adjustments of the algorithms. This paper also proves the applicability 
of BWO to the FOPID tuning problem. In Section 2, the fundamentals of the metaheuristic 
algorithms are described, and the GA, ABC algorithm, and BWO are described one by one 
in detail. Also, the kind of performance index suitable to this kind of problem is discussed. 
Afterwards, the inverted pendulum is described along with the equations for building a 
model of the system. In Section 3, the results are presented. First, the different configura-
tions of the algorithms are tested. Then, the best configuration is used to obtain a controller 
that can be implemented for the control of the real system. Finally, three controllers (one 
designed with each algorithm) are tested in the real system. Their robustness is tested by 
applying multiple disturbances. The maximum levels of disturbance are obtained to check 
the robustness of the designed controllers. The typical ranges of values for each gain of the 
FOPID controller are also shown. The results and limitations of the study are discussed in 
Section 4. Finally, in Section 5, the conclusions are presented.

2. Methods
This section provides an introduction to the fundamentals of the FOPID controller, the 

three metaheuristic algorithms used, and the inverted pendulum.

2.1. Fundamentals of Metaheuristic Algorithms
Metaheuristic algorithms are used to find optimal solutions (or at least optimized 

solutions) for problems with multiple objectives, wide search spaces, and non-linearities, 
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or high-dimensional problems [32]. In many cases, the goal is not to find a perfect solution, 
but rather a sufficiently optimal one.

Since the genetic algorithm emerged in 1975 [33], researchers have developed numerous 
metaheuristic algorithms. Many are inspired by natural phenomena, such as the GA itself, 
while others are based on the behavior of specific animal species, including the ABC and 
BWO algorithms.

There are multiple classifications regarding the strategies, and, therefore, the inspiration, 
of metaheuristic algorithms. Generally, they are based on the behavior of certain animal 
species, the behavior of collectives, physics laws, or other naturally occurring phenomena. 
For example, in [34], metaheuristic algorithms are classified as nature-inspired, human-
behavior-based, game-based, and population-based metaphor-free. The nature-inspired 
algorithms are the most common ones, including those based on biology and the laws of 
physics. The ones inspired by biology are based on evolution, populations, and swarms. 
The algorithms presented later on in this work are of biological inspiration. The GA and 
BWO, as will be latter analyzed, are based on evolution as a means to search and exploit. 
On the other hand, the ABC algorithm is based on the behavior of a population. Apart 
from nature-inspired algorithms, human-inspired algorithms are inspired by human social 
interactions, while game-based ones are inspired by the tactics and strategy of games to 
achieve solution by competition. Finally, population-based metaphor-free algorithms are 
based on mathematical operators to explore and exploit the search space [34].

As mentioned, no single taxonomy covers all metaheuristic algorithms. For example, [35] 
presents a very different classification. Metaheuristic algorithms are divided into trajectory-
based, evolutionary, and population-based algorithms. The trajectory-based algorithms are 
based on exploiting a single solution. The evolutionary algorithms include those based 
on genetics and evolution, such as the GA and BWO. Finally, this classification includes 
population-based algorithms, such as swarm intelligence, bio-inspired algorithms, and 
physics- and chemistry-based algorithms. In this case, the ABC algorithm analyzed later 
in this work would be considered a population-based algorithm, with traits of both a 
bio-inspired algorithm and a swarm intelligence one.

However, metaheuristic algorithms fall into multiple taxonomies. Studying them allows 
us to identify the underlying mechanisms and behaviors of each algorithm, having a direct 
relation with the search and exploitation strategies used. In [36], a comprehensive study 
of the taxonomy of nature-inspired metaheuristic algorithms is presented. As the range 
of strategies is limited, it is found that there are certain algorithms upon which the vast 
majority of algorithms are based, specifically, the GA, ABC, PSO, DE, and ACO. This is the 
case for the GA and BWO, the latter being an improvement on the former. Studying this kind 
of classification provides a better understanding of the strategies underlying the algorithms. 
It is also the case that the black hole search is based on PSO [5], and the intelligent water 
drop algorithm  [4] is based on ACO.

These algorithms work by progressively minimizing the value of a cost function. To 
achieve this, metaheuristic algorithms perform multiple tests to improve upon the best 
solution found so far. These trials can be conducted on either the real system or through 
model-based simulations. The former avoids modeling errors but can require significantly 
more time to perform all necessary trials. In contrast, simulations generally run much faster. 
For example, when simulating an inverted pendulum in Simulink, hundreds of trials can 
be conducted per minute. In this work, the simulations (and results presented) correspond 
to 10-second runs. If the simulations were performed on the real system, only two or three 
trials per minute could be carried out.

The GA is widely used and has proven its effectiveness in numerous applications, 
such as facility layout planning [37,38], operations planning and management [39], image 
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and video processing [40–42], and epidemiological predictions during the SARS-CoV-2 
pandemic [43]. On the other hand, the ABC algorithm is worth studying, as it follows a 
structure different from the other two implemented algorithms. Lastly, BWO is a more 
recent development that, although it shares similarities with the GA, offers an interesting 
performance comparison. In a way, BWO could be considered an evolution of the GA.

Each of these algorithms is explained in detail in the following sections, with a flowchart 
provided for each.

An important aspect of every metaheuristic algorithm is the definition of termination 
criteria. Since no perfect solution may exist for the types of problems metaheuristic algo-
rithms typically address, it is crucial to define when the algorithm should stop iterating. In 
this paper, three termination criteria are used for the implemented algorithms:

• Maximum index value. Reducing the index value beyond a certain point may be 
unnecessary. Therefore, when the algorithm reaches this “maximum index value”, it 
stops execution.

• Maximum number of generations. Since convergence is not guaranteed, a generation 
limit is set to abort execution. This is equivalent to an execution time limit. Both 
termination criteria serve the same purpose.

• Stall condition. Usually, there comes a point when the algorithm continues running 
but achieves little improvement in the performance index. Continuing execution may 
be a waste of resources, so it is best to stop the execution. However, the algorithm 
might still slightly improve the solution in each generation, so a “no change” tolerance 
is introduced. This means that although the performance index may change, if these 
changes are smaller than the tolerance, the algorithm is considered to be stalled. This 
condition does not apply to consecutive generations, as the performance index often 
remains unchanged for several generations. Instead, there must be no significant 
changes for multiple generations.

As soon as one of the conditions above is reached, the execution terminates. Therefore, 
the three conditions are completely independent. Depending on the algorithm used and 
its configuration, one of the three conditions may be more likely to end the execution. 
For example, when the execution is successful and good results are achieved quickly, the 
“maximum value index” condition usually terminates the execution. By contrast, if the algo-
rithm improves the results slowly, the maximum number of generations usually terminates 
the execution.

2.1.1. Genetic Algorithm
The basic working principle of the genetic algorithm is to generate an initial random 

population, evaluate each member, select the best individuals, and perform genetic opera-
tions on them, namely recombination and mutation. There are different ways to implement 
these algorithms, particularly regarding the selection process, as long as the principle of 
selecting the best—the “survival of the fittest”—is maintained [44].

One of the main advantages of these algorithms, besides not requiring extensive knowl-
edge of the system to be controlled, is that they tend to converge relatively easily and often 
avoid local minima. This is because the search begins from multiple independent points 
and then evolves in parallel [45].

Figure 1 shows a flowchart that illustrates the structure of the genetic algorithm. However, 
there are multiple ways to implement this algorithm, as different techniques for encoding, 
selection, recombination, and mutation exist. Various possibilities are outlined in [46].

In this work, the algorithm was implemented with real encoding, where each individual 
is represented by a vector of 10 decimal values, corresponding to the 10 gains to be tuned 
for the two FOPIDs used. For the selection process, all individuals were ranked according 
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to their cost function values, and the 𝑛 individuals with the lowest values were chosen 
(as defined here, the lower the cost function value, the better the system’s response). 
For the crossover operation, pairs of individuals were selected and combined using the
following process.

For each pair (𝑥1, 𝑥2), one random value (𝛼) between 0 and 1 is generated for each 
dimension of the problem; for example, 10 𝛼 values are generated when tuning the FOPIDs 
of the inverted pendulum. Once generated, the two individuals of the pair are combined 
(variable by variable) using the following equation to produce a new individual (𝑦):

𝑦 = 𝑥1𝛼 + (1 − 𝛼)𝑥2. (1)

For mutation, each value was randomly altered within limits defined by the mutation 
rate, which restricts the maximum allowable variation. The mutation is represented by a 
random value, 𝛿, and is applied as follows:

𝑦′ = 𝑦 · (1 + 𝛿). (2)

If the mutation limit is 𝛽, then 𝛿 is generated as a random value between −𝛽 and 𝛽. The 
mutation is applied individually to each dimension, representing a completely random 
phenomenon, similar to what occurs in nature.

Figure 1. GA flowchart.

In this work, this algorithm has been chosen to provide a baseline for comparing with 
other ones, as it is one of the most popular algorithms since being proposed in the 1970s. 
Although the field has improved and researchers have proposed modifications to this 
algorithm, it remains a useful reference for comparisons.

2.1.2. Artificial Bee Colony Algorithm
The ABC algorithm was proposed in 2005 by Dervis Karaboga [47], and is inspired by 

the behavior of a bee colony. For this specific implementation, the ideas presented in [48] 
have been largely followed. The algorithm involves three entities: resources, employed bees, 
and unemployed bees.

The resources, which correspond to nectar sources for the bees, represent candidate 
solutions. In this case, as with the genetic algorithm, they are encoded as 10-element vectors, 
representing the configuration of the two FOPID controllers.

Employed bees are those that collect food from a resource. In the algorithm, “collecting 
food” refers to making small modifications to the solution, represented by the resource, to 
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find improvements. This is analogous to a bee searching for new nectar sources near the 
one it is currently exploiting.

Finally, unemployed bees can be divided into two types: scouts and onlookers. Scouts 
search for new nectar sources. In the algorithm’s implementation, this means introducing 
randomly generated solutions (created within the specified initial search limits). This 
process replaces solutions that have been abandoned due to poor performance. On the 
other hand, onlooker bees wait for employed bees to communicate the locations of promis-
ing resources. Once informed, the onlookers become employed and join the workers in 
exploiting a certain resource, while also searching for new resources nearby.

To evaluate the resource’s quality, a simulation is performed to calculate the cost func-
tion value. Based on this value, a resource will have a higher or lower probability of being 
exploited by a bee. When a resource is good, many bees work on it (employed bees com-
municate its location to the onlookers, who then join them), increasing the chances of 
finding further improvements. The unemployed bees are assigned to resources based on 
probabilities calculated from the fitness values of those resources.

In order to generate similar resources in the vicinity of an existing resource, a change 
rate (equivalent to the mutation rate in the GA) is applied as follows:

𝑦′ = 𝑦 · (1 + 𝛿). (3)

Figure 2 presents a flowchart that describes the operation of the algorithm.

Figure 2. ABC algorithm flowchart.

This algorithm is quite different from the GA. The exploration part of the algorithm 
carries more weight than in the genetic algorithm compared to the exploitation, which also 
remains an important part for perfecting preliminary suitable solutions.
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2.1.3. Black Widow Optimization
At the beginning of the execution, a population of black widow spiders is generated 

randomly. Each spider represents a solution to the problem. The next step is reproduction. 
For this purpose, couples are formed among the best individuals in the population, since 
these individuals have higher chances of reproducing. The number of reproducing couples 
(𝑛𝑟) is determined by the reproduction rate parameter.

For each couple, four offspring are generated. These new spiders are created using the 
following equations, always incorporating a random component (𝛼) in the combination 
of individuals:

𝑦1 = 𝛼𝑥1 + (1 − 𝛼)𝑥2; (4)

𝑦2 = 𝛼𝑥2 + (1 − 𝛼)𝑥1. (5)

The novelty of BWO, and its main difference from other algorithms, lies in what hap-
pens once the offspring are generated. The female black widow may eat the male after 
reproduction. Cannibalism also occurs among the offspring, ensuring the survival of the 
strongest individuals.

In the algorithm, the strongest individuals from both the reproducing couple and their 
offspring are selected together, based on the cannibalism rate and according to the fitness 
function values.

This process is repeated for each couple, with the surviving spiders forming the 
next generation.

The cycle continues through subsequent generations, as in other algorithms, until the 
termination criteria are met [28,49].

The flowchart of the algorithm is shown in Figure 3.

Figure 3. BWO flowchart.
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BWO has been included in this work as it is one of the latest proposed algorithms and, 
to the best of the author’s knowledge, it has not yet been used for the specific case of tuning 
a FOPID for controlling an inverter pendulum. Moreover, it is interesting to analyze the 
performance of an algorithm that shares structural similarities with the GA, as BWO can be 
considered, in some ways, to be an evolution of the GA.

2.2. Implementation of a FOPID Controller Tuned with Metaheuristic Algorithms
This section explains certain practical aspects of implementing a metaheuristic algorithm.

2.2.1. Performance Measurement Indices
Metaheuristic algorithms operate by minimizing a scalar performance index. The algo-

rithm only knows how adequate the solution is based on this value, so it is of paramount 
importance to define it adequately, which means that it must be representative of the 
results obtained.

Standard evaluation metrics are integral performance indices, which compute the time 
integral of the error for each state or output variable independently. Although the literature 
offers various formulations, the most common indices are described in [33,50].

In Figure 4, the evolution of all the indices is shown, allowing one to distinguish which 
indices penalize each characteristic of the response. The system consists of a transfer function 
and a step input of 10 units. The system is underdamped and has a high overshoot.

In the graphic, the different indices have been multiplied by constants to match the order 
of magnitude achieved. In this way, the values for all the indices can be shown in a single 
graphic, allowing a simple comparison between them. The constants by which the indices 
have been multiplied are shown in the legend of Figure 4.

Figure 4. Index evolution comparison between different performance indices for an underdamped 
system with a steady-state output of 10 units.

It can be appreciated that the ITSE and the ISE do not strongly penalize the third 
oscillation nor the following ones. In certain systems, such as an inverted pendulum, an 
oscillation of the magnitude of the third one shown in the example of Figure 4 cannot be 
ignored, so these indices must be used consistently.
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In the case of the ITAE especially, the index continues to grow, although the oscillations 
are very small. This is useful if a strong penalization of the oscillations (or steady-state 
error) is desired, especially after several seconds after the step in the input signal. Also, 
it partially disregards the strong oscillations at the beginning of the transient as it grows, 
but not at a high rate compared with its own growth with the subsequent oscillations or 
compared with the other indices. This is useful if high errors during the first instants of the 
transient are acceptable.

The other indices (IAE and ISTE) offer intermediate characteristics. The IE index is not 
shown, as it has a value close to zero. Moreover, it has a negative value, which complicates 
the comparison with the other indices.

2.2.2. Fractional-Order PID Implementation
FOPID controllers differ from classical PID controllers because they include terms with 

non-integer (fractional) exponents, as shown in the following equation:

𝑅(𝑠) =
𝑈(𝑠)
𝐸(𝑠) = 𝐾𝑝 + 𝐾𝑖𝑠−𝜆 + 𝐾𝑑𝑠𝜇. (6)

To implement this in software such as MATLAB R2022b, an approximation of the 
fractional-order transfer function is required. For this purpose, the FOMCON library [51] 
is used, which performs the following operations.

First, the term raised to the fractional exponent is decomposed into the product of two 
terms. One term has an integer exponent, and the other has a fractional exponent between 
0 and 1:

𝑠𝑥 = 𝑠𝑛𝑠𝛼, (7)

where 0 < 𝛼 < 1 and 𝑛 is an integer.
The term 𝑠𝛼 is approximated by the following fractional-order function:

𝑠𝛼 ≈ (
𝑑 ⋅ 𝜔ℎ

𝑏 )
𝛼

⋅ (
𝑑 ⋅ 𝑠2 + 𝑏 ⋅ 𝜔ℎ ⋅ 𝑠

𝑑 ⋅ (1 − 𝛼) ⋅ 𝑠2 + 𝑏 ⋅ 𝜔ℎ ⋅ 𝑠 + 𝑑 ⋅ 𝛼
) ⋅ 𝐺𝑝, (8)

where

𝐺𝑝 =
𝑁

∏
𝑘=−𝑁

𝑠 + 𝜔′
𝑘

𝑠 + 𝜔𝑘
, (9)

𝜔𝑘 = (
𝑏 ⋅ 𝜔ℎ

𝑑 )
𝛼+2𝑘
2𝑁+1

, (10)

𝜔′
𝑘 = (

𝑑 ⋅ 𝜔𝑏
𝑏 )

𝛼−2𝑘
2𝑁+1

. (11)

Here, 𝜔𝑏 is the lower frequency of the operating frequency range, 𝜔ℎ is the upper frequency, 
and 𝑁 is the approximation order. It is recommended to use 𝑏 = 10 and 𝑑 = 9.

The primary purpose of the FOMCON toolbox employed in this research is the design 
of FOPID controllers. The integration of its blocks into Simulink provides a more advanced 
and flexible framework for system control through this approach, as illustrated in Figure 5.
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Figure 5. Rotatory inverted pendulum control architecture.

2.2.3. Fundamentals of the Rotatory Inverted Pendulum
In this paper, the controller designed with the algorithms is tested on a rotatory inverted 

pendulum, also known as Furuta’s pendulum. In order to execute the algorithm, a model of 
the pendulum is required. The model is based on the differential equations of the pendulum, 
and is programmed in Simulink R2022b.

This kind of rotatory inverted pendulum was developed in the 90s, substituting the 
inverted pendulums built with wheeled carts, which were planar pendulums. In the rotatory 
inverted pendulum, an arm is driven by an electrical motor that rotates on the horizontal 
plane. Attached to the first arm, there is a second arm that rotates freely on the vertical 
plane, in a similar way to the rotation of the planar-inverted pendulum [52].

The system can be modeled by these two linear equations, in a similar way to what is 
achieved in [52,53], with the input being the voltage applied to the motor and the output the 
angles of the two rods. The model used is commercially available: the Qube-Servo 2, a rotary 
inverted pendulum by Quanser, as illustrated in Figure 6A. To facilitate the understanding 
of the dynamics associated with the rotary pendulum, the free-body diagram is presented in 
Figure 6B. The mathematical model of the system was derived through the Euler–Lagrange 
approach. Equations (12) and (13) describe the non-linear equations of motion of the 
system, while the electromechanical torque is given in Equation (14). All parameters, along 
with their nominal values, are detailed in Table 1.

Figure 6. (A) QUBE-Servo 2 Quanser. (B) A free-body diagram for a rotary inverted pendulum.

(𝐽𝑟 + 𝑚𝑝𝐿2
𝑟 + 𝐽𝑝 sin2(𝛼)) ¨𝜃 + 2𝐽𝑝 sin(𝛼) cos(𝛼) .𝛼 .𝜃

− 𝑚𝑝𝐿𝑟𝑙𝑝 cos(𝛼) ¨𝛼 + 𝑚𝑝𝐿𝑟𝑙𝑝 sin(𝛼) .𝛼2 = 𝜏 − 𝑏𝑟 .𝜃;
(12)

𝐽𝑝 ¨𝛼 − 𝑚𝑝𝐿𝑟𝑙𝑝 cos(𝛼) ¨𝜃 − 𝐽𝑝 sin(𝛼) cos(𝛼) .𝜃2 − 𝑚𝑝𝑔𝑙𝑝 sin(𝛼) = −𝑏𝑝 .𝛼; (13)

𝜏 =
𝑘𝑡

𝑅𝑚
⋅ (𝑉𝑚 − 𝑘𝑚 ⋅ .𝜃). (14)
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Linearization around the upright position. Selecting the upper operating point (𝛼 = 0), 
the following approximations are performed:

cos(𝛼) ≈ 1,
sin(𝛼) ≈ 𝛼,
.𝜃2 = .𝛼2 ≈ 0.

Substituting into (12) and (13) gives the linearized model of the system:

(𝐽𝑟 + 𝑚𝑝𝐿2
𝑟) ¨𝜃 − 𝑚𝑝𝐿𝑟𝑙𝑝 ¨𝛼 = 𝜏 − 𝑏𝑟 .𝜃; (15)

𝐽𝑝 ¨𝛼 − 𝑚𝑝𝐿𝑟𝑙𝑝 ¨𝜃 − 𝑚𝑝𝑙𝑝𝑔𝛼 = −𝑏𝑝 .𝛼. (16)

Solving for the angular acceleration variables ¨𝜃 and ¨𝛼, the following results are obtained:

¨𝜃 =
1
𝐽𝑇

· (𝑚2
𝑝 · 𝑔 · 𝐿𝑟 · 𝑙2𝑝 · 𝛼 − 𝐽𝑝 · 𝑏𝑟 · .𝜃 − 𝑚𝑝 · 𝐿𝑟 · 𝑙𝑝 · 𝑏𝑝 · .𝛼 + 𝐽𝑝 · 𝜏), (17)

¨𝛼 =
1
𝐽𝑇

((𝐽𝑟 + 𝑚𝑝𝐿2
𝑟)𝑚𝑝𝑔𝑙𝑝𝛼 − 𝑚𝑝𝐿𝑟𝑙𝑝𝑏𝑟 .𝜃 − (𝐽𝑟 + 𝑚𝑝𝐿2

𝑟)𝑏𝑝 .𝛼 + 𝑚𝑝𝐿𝑟𝑙𝑝𝜏), (18)

𝐽𝑇 = 𝐽𝑝(𝐽𝑟 + 𝑚𝑝𝐿2
𝑟) − 𝑚2

𝑝𝐿2
𝑟𝑙2𝑝, (19)

where

• 𝑉𝑚 is the input voltage—for the studied case, it is limited to 12 V (either positive 
or negative);

• 𝜃 is the position of the horizontal rod—in this case, it is limited to a range of 180∘;
• .𝜃 is the speed of the horizontal rod (which is the same speed as the speed of the motor);
• 𝛼 is the position of the vertical rod;
• .𝛼 is the speed of the vertical rod;
• ¨𝛼 is the acceleration of the vertical rod;
• ¨𝜃 is the acceleration of the horizontal rod.

Table 1. Parameters of pendulum QUBE-Servo 2.

Symbol Description Value Unit

𝐽𝑟 Moment of inertia of the horizontal arm 1
3 𝑚𝑟𝑟2 kg m2

𝐽𝑝 Moment of inertia of the vertical rod 1
3 𝑚𝑝𝐿2

𝑝 kg m2

𝑚𝑟 Mass of rotary arm 0.095 kg
𝐿𝑟 Length of rotary arm 0.085 m
𝑚𝑝 Mass of pendulum 0.024 kg
𝐿𝑝 Total length of pendulum 0.129 m
𝑙𝑝 Center of mass (COM) location of pendulum

𝐿𝑝

2 m
𝑅𝑚 Terminal resistance 8.4 Ω
𝑘𝑚 Motor back-emf constant 0.042 V/(rad/s)
𝑘𝑡 Torque constant 0.042 N m/A
𝑏𝑟 Damping coefficient of rotary arm 10−3 N m s/rad
𝑏𝑝 Damping coefficient of pendulum 5 × 10−5 N m s/rad
𝑔 Gravitational acceleration 9.81 m s−2

With these equations, a model can be programmed in order to execute the algorithms 
and test the controllers designed with them on simulations before testing them on the 
real system.
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3. Results
After analyzing the fundamentals of the metaheuristic algorithms used, the FOPID 

controller, and the rotary inverted pendulum, this section presents the experimental tests. 
First, simulations are carried out to evaluate the performance of the algorithms. Then, the 
best results are implemented on a real system, where exhaustive tests are conducted to 
assess its robustness.

3.1. Configuration of the Metaheuristic Algorithms
In this section, various aspects related to the configuration of the parameters for each of 

the metaheuristic algorithms are discussed.

3.1.1. Selection of the Performance Index
After analyzing the general properties of different performance indices, it is necessary 

to evaluate their behavior to specifically assess the performance of the inverted pendu-
lum system. The selected index must distinguish between stable and unstable system 
responses. Ideally, unstable systems should yield very high index values; oscillatory or 
slow responses should result in intermediate values; and responses that meet the desired 
criteria—fast settling, minimal overshoot, and low oscillations—should correspond to the 
lowest index values.

As seen in [19], the objective function can be defined with as many components as 
desired. In this work, it is considered that the main goal is to keep the system stable. 
Therefore, the chosen components are the performance index for the angle of the horizontal 
arm, the index for the angle of the vertical rod, and the energy cost (the voltage applied to 
the electric motor, or, in other words, the controller output).

To compare the different typical indices, the index values for the three systems shown 
in Figure 7 (unstable system), Figure 8 (oscillating system), and Figure 9 (ideal stable 
system) are presented in Table 2. For this work, an inverted pendulum on a cart is used as 
an example. It is important to note that there is no such thing as an absolutely ideal system. 
This term is used here to denote a very good response, which would be the desired target. 

Table 2. Value of the indices for unstable, oscillating, and stable systems.

Type of Index Component Unstable Oscillating Stable (Ideal)

IE
Angle 𝜃 40.93 0.01393 −1.208 × 10−3

Position x −0.2741 0.04851 −5.280 × 10−2

Energy c −2.111 0.9769 −8.888 × 10−2

IAE
Angle 𝜃 55.15 0.9419 2.372 × 10−2

Position x 0.8446 0.5886 6.076 × 10−2

Energy c 45.10 57.68 1.718

ITAE
Angle 𝜃 244.3 4.740 1.361 × 10−2

Position x 2.797 2.909 5.998 × 10−2

Energy c 205.4 290.3 0.9523

ISE
Angle 𝜃 631.1 0.1138 7.572 × 10−4

Position x 0.1802 0.04503 2.456 × 10−3

Energy c 251.3 390.0 4.373

ITSE
Angle 𝜃 2404 0.5755 1.607 × 10−4

Position x 0.3463 0.2173 1.225 × 10−3

Energy c 1012 1971 0.6507
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Figure 7. Unstable response of an inverted pendulum on a cart.

Figure 8. Oscillating response of an inverted pendulum on a cart.

Figure 9. Stable response of an inverted pendulum on a cart.

According to the values in Table 2, the IE index is automatically ignored. The IAE 
exhibits similar behavior to the ITAE; however, with ITAE, the difference between the stable 
system and the other two is greater, making it preferable. The same occurs with the ISE and 
the ITSE, with the ITSE being the better option, although both show similar behavior. The 
indices regarding the angle of the vertical rod and horizontal rod, respectively, reach similar 
values. However, the term related to the energy (𝐼𝑇𝐴𝐸𝑐) has a different order of magnitude. 
As it is greater, it has to be multiplied to avoid canceling the effect of the other terms.

Also, it must be noted that at this stage, the objective function was intended for the 
stabilization of the system. Other aspects such as overshoot could be considered by adding 
additional terms with appropriate weights.

As a result, the global performance index is defined as follows:
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𝐽 = 𝐼𝑇𝐴𝐸𝜃 + 𝐼𝑇𝐴𝐸𝑥 + 0.5 ⋅ 𝐼𝑇𝐴𝐸𝑐, (20)

where 𝐼𝑇𝐴𝐸𝜃 is the index related to the vertical rod angle, 𝐼𝑇𝐴𝐸𝑥 is the index related to the 
horizontal arm angle, and 𝐼𝑇𝐴𝐸𝑐 represents the energy cost.

3.1.2. Tuning of the GA
In order to study the best configuration in terms of balance between success rate and 

execution time, several tests were carried out.
For these tests, the same conditions were used to allow comparisons between different 

runs. The inverted pendulum, controlled by the FOPID, is the target system, and the 
performance index is calculated as shown in the previous section. The rest of the parameters 
are configured as shown in Table 3.

Figures 10 and 11 show the evolution of the performance index for the four tests con-
ducted for each of the eight configurations tested. In each graphic, each line represents one 
execution of the algorithm. In this way, it can be compared to how each execution evolves, 
if it becomes stalled, or if it reaches a desirable solution.

These results indicate that a mutation rate of 0.25 is too low, and in several cases, the 
algorithm stalls before reaching the target index (𝐽 = 1). For a mutation rate of 0.75, the 
success rate depends on the population size. When using a 0.5 mutation rate, satisfactory 
results are obtained for both populations of 15 and 20 individuals. As the population size 
increases, so does the execution time, so it is desirable to keep the population as small 
as possible without compromising the success rate. It can be seen that a population of 
15 individuals is sufficient to obtain good results. However, a larger population increases 
the probability of convergence.

Depending on the intended use of the algorithm, it may be preferable to keep the 
population size small (around 15 individuals) and re-run the algorithm if the first execution 
fails to converge. Alternatively, larger populations (20 individuals or more) can be used to 
increase the likelihood of convergence.

It is important to note that these results apply to the specific case of an inverted pendulum. 
Depending on the number of variables to be tuned, a different configuration might be 
more suitable.

Table 3. Execution conditions for the performance tests of the GA.

Parameter Value

Termination criteria (generation limit) 50

Termination criteria (”no change” tolerance) 5 %

Termination crit. (generations without significant changes) 10

Termination criteria (maximum index value) 1.0

Index type ITAE

Controller FOPID (position and angle)

System for which the controller is designed Rotatory inverted pendulum

Angle controller upper search limit [𝑘𝑝, 𝑘𝑖, 𝑘𝑑, 𝜆, 𝜇] [70, 10, 10, 2, 2]

Position controller upper search limit [𝑘𝑝, 𝑘𝑖, 𝑘𝑑, 𝜆, 𝜇] [50, 8, 8, 2, 2]

Angle controller lower search limit [𝑘𝑝, 𝑘𝑖, 𝑘𝑑, 𝜆, 𝜇] [0, 0, 0, 0.5, 0.5]

Position controller lower search limit [𝑘𝑝, 𝑘𝑖, 𝑘𝑑, 𝜆, 𝜇] [0, 0, 0, 0.5, 0.5]

https://doi.org/10.3390/math14213943

https://doi.org/10.3390/math14213943


Mathematics 2026, 14, 3943 17 of 40

Figure 10. Index evolution for four different configurations of the GA, with populations (Pop) of 10 
and 15 individuals and different mutation (Mut) rates.

Figure 11. Index evolution for three different configurations of the GA, with a population (Pop) of 
20 individuals and different mutation (Mut) rates.

3.1.3. Tuning of the ABC
Using the same configuration (for the general aspects such as termination criteria, 

number of CPUs, kind of index used, etc.) as for the GA, as shown in Table 3, several tests 
were conducted to assess the performance of the algorithm. Figures 12 and 13 show the 
evolution of the performance index over generations.

According to the results of Figure 12, high values for the mutation rate seem to prevent 
the algorithm from converging. Therefore, a change rate (mutation) of 0.5 is chosen. In 
Figure 13, small populations, such as those with 50 individuals, produce poor results. 
However, increasing the population to 150 individuals does not appear to significantly 
improve the convergence rate or the success rate. Thus, it can be concluded that a population 
of 100 individuals yields acceptable performance.
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The trial limit has a greater impact. A low trial limit of three trials leads to a faster 
improvement in the index. In contrast, a limit of 15 trials can lead to stagnation. It should be 
noted that, for this specific configuration (population 100, mutation 0.5, and trial limit 15), 
the termination criterion was modified to avoid interrupting execution due to the stall 
condition. This is because the index is expected to remain unchanged for up to 15 generations 
in some cases. 

Figure 12. Index evolution for four different configurations of the ABC algorithm. Population (Pop) 
of 100 individuals with different mutation (Mut) rates and a trial limit (trial lim.) of five.

Figure 13. Index evolution for three different configurations of the ABC algorithm. Mutation (Mut) 
rate of 0.5 and different population (Pop) sizes and trial limits (Trial lim.).

3.1.4. Tuning of BWO
For BWO, the same configuration as in the case of the GA is used (see Table 3). The 

results obtained are shown in Figures 14 and 15.
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In light of the results shown in Figures 14 and 15, with a population of 100 individuals, 
the success rate achieved was 100% for the four executions carried out with a 0.75 mutation 
rate, 0.4 reproduction rate, and 0.6 cannibalism rate.

Figure 14. Index evolution for four configurations of the BWO algorithm, with different sizes of 
populations (Pop), and different values for the mutation (Mut), reproduction (Rep.) and cannibalism 
rates (Can.).

Figure 15. Index evolution for four configurations of the BWO algorithm, with populations of 
100 individuals and different values for the mutation (Mut), reproduction (Rep.), and cannibalism 
rates (Can.).

Out of the 20 different executions with five different configurations, the success rate 
was 90%, which is considered acceptable. Only one configuration with a larger population 
was tested, and the success rate in this case was 75% (three out of four executions were 
successful). This does not imply that a larger population leads to worse results; with more 
executions, the success rate presumably would increase. However, it indicates that even 
with a larger population, convergence is not guaranteed. Additionally, the changes in other 
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configuration parameters may have influenced the results. Therefore, the trade-off between 
a slight improvement in the success rate and an increase in execution time must be evaluated 
for each specific case.

As for the mutation rate, based on the results of Figure 14, a mutation rate of 0.75 offers 
promising results. Thus, further tests with high mutation rates (0.75 and 1) were carried 
out, as shown in Figure 15. Three different combinations of reproduction and cannibalism 
rates were tested. Only the configuration with a reproduction rate of 0.25 and a cannibalism 
rate of 0.75 showed significantly worse results (one of the executions did not converge).

Therefore, the most suitable configuration is deemed to be a population of 100 individuals 
with a 0.75 mutation rate. As for the cannibalism and reproduction rates, further research 
is needed, as there are many possible parameter combinations (including mutation and 
population size). Nevertheless, a reproduction rate of 0.5 and a cannibalism rate of 0.5 have 
shown promising results.

3.1.5. Comparison Between the Three Algorithms
Having configured the parameters of all the algorithms, a comparison between them is 

established. It should be taken into account that, as previously stated, the configuration 
of the algorithms can be modified to achieve better success rates or faster execution times. 
Table 4 shows the configurations used for this comparison.

Table 4. Best configuration for each algorithm according to the run executions. 

Algorithm Population Mutation 
Rate Trial Limit Reproduc-

tion Rate
Cannibalism 
Rate

GA 20 0.75 - - -
ABC 100 0.75 5 - -
BWO 100 0.75 - 0.5 0.5

These configurations have been chosen because, as determined in the previous section, 
they represent an optimal trade-off between execution time and success rate.

The general configuration of the number of CPUs and the termination criteria, which 
are common settings for the three algorithms, is the same as that used for testing each 
algorithm, as shown in Table 3.

With these ”optimal” configurations, 32 executions of each algorithm were performed. 
The results for the performance index and execution time are shown in Figure 16. The 
evolution of the index during 10 of the 32 executions of each algorithm is presented in 
Figure 17. In this figure, each line represents one execution, providing a general picture 
of each algorithm’s behavior. Several executions of each algorithm are shown, as a single 
execution is not representative due to the randomness of metaheuristic algorithms.

With these results, several conclusions can be drawn. The fastest algorithm is the ABC 
(with an average execution time of approximately 3 min), although it has the lowest success 
rate. It is possible that increasing the population size could improve the success rate, but 
this would also increase the execution time; therefore, under the same conditions, it may 
not be much faster than the other two algorithms.

The BWO algorithm has an average execution time of around 8 min. However, its success 
rate is much higher (80%), and even when it did not reach the target index, the index value 
was close to the target, which was one. On the other hand, the GA had the worst execution 
times (around 10 min on average), although it achieved acceptable cost function values in 
the majority of executions.

As seen in Figure 17, several stalls can be observed in the ABC executions. Stalls are also 
present in the GA executions but with lower values of the cost function. In the case of BWO, 
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there is only one stall, and the value of the cost function had already been significantly 
reduced. Therefore, BWO is considered the best of the three algorithms.

Figure 16. Execution time and final index value for ten executions of each algorithm using the 
”optimal” configurations from Table 4. 

Figure 17. Index evolution for the executions shown in Figure 16.

3.2. Performance of the Designed Controllers on a Real System
After the algorithms had been run several times, the best controllers were chosen for 

further testing. To test their stability, different disturbances are applied in this section to 
check whether the controller is capable of keeping the inverted pendulum in the inverted 
position or not.

3.2.1. GA Performance
With the GA, the controllers shown in Table 5 were obtained.
To test the performance of the controller designed with the GA, several tests were 

carried out on a real system. Three kinds of disturbances were applied: noise, load, and 
set-point changes.
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Table 5. FOPID parameters for the controllers designed with the GA.

Controller 𝒌𝒑 𝒌𝒊 𝒌𝒅 𝝀 𝝁

Pendulum angle 40.5701 0.4158 2.7800 0.6624 1.0328
Horizontal angle 10.0549 2.8109 2.3428 0.1131 1.0388

First, noise disturbances were introduced by software. The noise disturbance consists of 
white noise generated with a Gaussian distribution. This noise is added to the signals of 
both encoders (the one that reads the horizontal angle and the one that reads the pendulum 
angle). The level of noise introduced is characterized by the standard deviation of the 
Gaussian distribution used to generate the noise, expressed in degrees. The results obtained 
are shown in Figure 18, where it can be seen that the regulator keeps the system stable 
under a noise level of 𝜎 = 1.25∘.

Figure 18. System response under 𝜎 = 1.25∘ white noise. (Controller designed with the GA.)

The second disturbance applied is a change in the set point. This change is made abruptly, 
with a step input. This means the system must follow a rapid change in the set point while 
maintaining stability. If the set-point change was made gradually, the set point could be 
changed to any position. However, applying an abrupt change allows one to compare the 
performance of different regulators by assessing the maximum set-point change that does 
not destabilize the system. The largest change successfully handled by this regulator was 
75∘, as shown in Figure 19.

The last disturbance applied individually was a load change. This consists of adding 
weight to the pendulum. For this test, a 3D-printed support is attached to the vertical rod. 
On this support, weights are placed to carry out the tests, as illustrated in Figure 20. The 
results of placing 22 g (which includes the weight of both the support and the additional 
weights) are shown in Figure 21.
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Figure 19. System response to a set-point change of 75∘. (Controller designed with the GA.)

Figure 20. Photograph of the QUBE-Servo 2 Quanser in operation with the support base and weights.

Once performance with the three different disturbances was tested, combinations of 
multiple disturbances were evaluated. When multiple disturbances occurred simultane-
ously, the maximum level that the system could handle for each individual disturbance 
was generally lower than when applied separately. Given the infinite number of possible 
combinations, some significant cases are presented in Figures 22–25.
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Figure 21. System response with 22 g of extra load. (Controller designed with the GA.) 

Figure 22. System response to a set-point change of 75∘ under 𝜎 = 0.5∘ white noise. (Controller 
designed with the GA.)
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Figure 23. System response to a set-point change of 25∘ with 12 g of extra load. (Controller designed 
with the GA.)

Figure 24. System response with 22 g of extra load under 𝜎 = 0.5∘ of white noise. (Controller designed 
with the GA.)
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Figure 25. System response with all disturbances combined: 12 g load, 𝜎 = 0.5∘, and 25∘ set-point 
change. (Controller designed with the GA.)

The results of the previous seven tests are summarized in Table 6.

Table 6. Summary of the results of the disturbance tests with the GA.

Test Noise (∘) Set-Point Change (∘) Additional Mass (g)

#1 1.25 – –
#2 – 75 –
#3 – – 22
#4 0.5 75 –
#5 – 25 12
#6 0.5 – 22
#7 0.5 25 12

3.2.2. ABC Performance
With the ABC algorithm, the controllers shown in Table 7 were obtained.

Table 7. FOPID parameters for the controllers designed with the ABC algorithm.

Controller 𝒌𝒑 𝒌𝒊 𝒌𝒅 𝝀 𝝁

Pendulum angle 63.2082 9.0499 1.3976 1.0916 1.1968
Horizontal angle 4.6069 0.8126 1.8680 0.1692 1.0070

The same experiments conducted for the GA were conducted to test the robustness of 
the controller designed with the ABC algorithm. In Figure 26, it is shown that the system 
can withstand noise up to 𝜎 = 1.3∘. Figure 27 demonstrates that the system can handle 
a set-point change of 125∘. Regarding the load change, Figure 28 presents the results of 
adding 22 g of extra load.
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Figure 26. System response under 𝜎 = 1.3∘ white noise. (Controller designed with the ABC algorithm.)

Figure 27. System response to a set-point change of 125∘. (Controller designed with the ABC algorithm.)
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Figure 28. System response with 22 g of extra load. (Controller designed with the ABC algorithm.)

Having verified the limits that the system can withstand for each individual disturbance, 
combinations of disturbances were tested. For a combination of noise and a set-point change, 
the system could withstand 𝜎 = 0.7∘ while undergoing a set-point change of 125∘, as seen 
in Figure 29.

Figure 29. System response to a set-point change of 125∘ under 𝜎 = 0.7∘ white noise. (Controller 
designed with the ABC algorithm.)
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For a combination of load and set-point change, the results for a set-point change of 125∘

with an extra load of 12 g are shown in Figure 30. For the combination of load and noise, 
with a noise of 𝜎 = 0.5∘, 22 g of extra load could be added, as seen in Figure 31.

Figure 30. System response to a set-point change of 75∘ with 12 g of extra load. (Controller designed 
with the ABC algorithm.)

Figure 31. System response with 22 g of extra load under 𝜎 = 0.5∘ of white noise. (Controller designed 
with the ABC algorithm.)
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Finally, all the disturbances were combined, achieving 12 g of extra load, with 𝜎 = 0.75∘ 
and a set-point change of 50∘ (see Figure 32).

Figure 32. System response with all disturbances combined: 12 g load, 𝜎 = 0.75∘, and 50∘ set-point 
change. (Controller designed with the ABC algorithm.)

The results of the previous seven tests are summarized in Table 8.

Table 8. Summary of the results of the disturbance tests with the ABC algorithm.

Test Noise (∘) Set-point Change (∘) Additional Mass (g)

#1 1.3 – –
#2 – 125 –
#3 – – 22
#4 0.7 125 –
#5 – 75 12
#6 0.5 – 22
#7 0.5 50 12

3.2.3. BWO Performance
As was shown previously with the controllers designed using the GA and ABC algorithm, 

the controller designed with the BWO algorithm was tested on a real inverted pendulum. 
The values of the FOPID gains are shown in Table 9.

Table 9. FOPID parameters for the controllers designed with the BWO algorithm.

Controller 𝒌𝒑 𝒌𝒊 𝒌𝒅 𝝀 𝝁

Pendulum angle 47.5270 1.9886 2.0927 0.7109 1.1632
Horizontal angle 16.4606 1.0742 1.3525 0.7849 1.1895

First, tests were conducted with individual disturbances. The system could withstand a 
noise level of 𝜎 = 1.0∘, as seen in Figure 33. In the case of a set-point change, the maximum 
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change achieved was 100∘, as shown in Figure 34. Regarding extra load, 40 g was placed on 
the vertical rod. The results are shown in Figure 35.

Figure 33. System response under 𝜎 = 1.0∘ white noise. (Controller designed with the BWO algorithm.)

Figure 34. System response to a set-point change of 100∘. (Controller designed with the BWO algorithm.)
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Figure 35. System response with 40 g of extra load. (Controller designed with the BWO algorithm.)

Having tested the robustness of the system with individual disturbances, combinations 
of those disturbances were applied. First, the system could withstand a combination of a 
50∘ set-point change while white noise characterized by 𝜎 = 1∘ was applied to the sensor 
signals, as shown in Figure 36.

Next, a combination of 32 g of extra load and a set-point change of 50∘ was tested, as 
can be seen in Figure 37. Finally, a combination of extra load (30 g) and noise (𝜎 = 0.5∘) 
was also tested. The results are shown in Figure 38.

Figure 36. System response to a set-point change of 50∘ under 𝜎 = 1∘ white noise. (Controller 
designed with the BWO algorithm.)
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Figure 37. System response to a set-point change of 25∘ with 32 g of extra load. (Controller designed 
with the BWO algorithm.)

Figure 38. System response with 30 g of extra load under 𝜎 = 0.5∘ of white noise. (Controller designed 
with the BWO algorithm.)
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Last, the three disturbances were applied simultaneously. The result of applying 20 g of 
extra load, white noise characterized by 𝜎 = 0.5∘, and a set-point change of 40∘ is shown 
in Figure 39.

Figure 39. System response with all disturbances combined with 20 g load, 𝜎 = 0.5∘, and a set-point 
change of 40∘. (Controller designed with the BWO algorithm.)

The results of the previous seven tests are summarized in Table 10.

Table 10. Summary of the results of the disturbance tests with BWO.

Test Noise (∘) Set-Point Change (∘) Additional Mass (g)

#1 1.0 – –
#2 – 100 –
#3 – – 40
#4 1.0 50 –
#5 – 25 32
#6 0.5 – 30
#7 0.5 40 20

To summarize the tests carried out for the three controllers, Table 11 is provided. How-
ever, it must be taken into account that due to the randomness of the algorithms, the 
performance of the algorithm and the controller are independent. That is, a controller 
designed with a theoretically worse algorithm might still have better performance due to 
said randomness of the results. Moreover, as in all cases where the execution terminated 
when the objective function reached the established threshold, the controllers have a sim-
ilar overall performance, being each of them better at dealing with certain disturbances 
than others.
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Table 11. Summary of the results of the disturbance tests with the three controllers.

Disturbance GA ABC BWO

Noise (∘) 1.25 1.3 1.0
Set-point change (∘) 75 125 100
Additional mass (g) 22 22 40

3.3. Typical Values of the FOPID Controller Parameters
In order to provide further evidence about the performance of the algorithms,

Figures 40 and 41 show the values obtained for 13 different controllers. These controllers 
were tested in the laboratory to ensure that they were stable not only in simulations but 
also in reality.

In Figures 40 and 41, it can be seen that the five gains of each controller have roughly 
similar values. It is worth recalling that metaheuristic algorithms do not provide a perfect 
solution to the problem; they provide an optimized solution. Consequently, all the values 
are within a certain range that has been proven to be adequate.

Figure 40. Typical values for the pendulum angle FOPID controller.

Figure 41. Typical values for the horizontal angle FOPID controller. 

To obtain these 13 controllers, the same conditions as those in Table 3 were used, includ-
ing the search limits. These limits were applied to establish the initial search boundaries; 
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however, the algorithm was allowed to explore beyond these limits, as can be observed in 
Figure 41, where the lowest parameter values fall well below the initial inner search limit.

4. Discussion
Previous works have addressed the implementation of metaheuristic algorithms. How-

ever, it is hard to find information on how to configure the algorithms themselves in a 
comprehensive way.

However, metaheuristic algorithms involve many parameters, and their behavior 
can vary significantly depending on the specific application. For instance, the num-
ber of parameters to tune greatly affects the performance and fitness of the chosen 
algorithm configuration.

In this study, an effort was made to demonstrate that a complex system such as a FOPID 
controller can be effectively tuned using different metaheuristic algorithms. Moreover, not 
just one controller was designed: three controllers were developed and exhaustively tested 
to validate both the metaheuristic algorithms and the proposed controller for a complex 
control problem. Additionally, thirteen different configurations were successfully tested on 
a real system, confirming their ability to maintain the inverted pendulum in a stable upright 
position, although the maximum disturbances tolerated were not quantitatively measured.

As there are multiple ways of configuring the algorithms, different configurations were 
tested on a limited number of executions. In that way, the randomness of the metaheuristic 
algorithms was reduced, allowing one to study the effect of each configured parameter on 
the performance of each algorithm. These results can be applied only to the scope of this 
work, as for other problems, other configurations might improve performance.

However, it is important to avoid certain comparisons between algorithms. The results 
obtained do not allow one to establish universal comparisons between the algorithms. 
For the case study presented in this work, BWO showed better performance in terms of 
convergence rate than the ABC algorithm and the GA. However, this might not be the 
case for other kinds of problems. It is also important to avoid comparing the algorithms 
based on the performance of the controllers when disturbances are applied. In this study, 
the controllers were designed without applying disturbances to the model; therefore, the 
algorithms did not search for specific solutions for those kinds of problems. The three 
controllers tested are similar, as their performance index (J) was similar. According to the 
results obtained, each controller better withstands certain disturbances; however, this cannot 
be attributed to the algorithms themselves, but to the inherent randomness of metaheuristic 
algorithms. To perform such a comparison, the algorithms should execute a simulation 
model during their search in which the disturbances are applied.

Furthermore, the algorithms only consider the performance index, which does not 
include information on how the system reacts to disturbances, since the simulations con-
ducted during the algorithm execution do not include any form of disturbance (aside from 
the initial angle of the vertical rod).

Therefore, the results obtained from the three different algorithms serve to validate the 
applicability of all the algorithms rather than to establish direct comparisons between them. 
The main differences that can indeed be established from these results concern the success 
rate and the execution time, as shown in Figure 16.

5. Conclusions
First, an introduction explaining the need for the use of metaheuristic algorithms in 

control engineering was presented. After this, the fundamentals of metaheuristic algo-
rithms were explained, and the specific fundamentals of each of the metaheuristic algo-
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rithms used in this work were presented. In addition, detailed flowcharts of the algorithms 
were provided. 

The performance index is a key component for the proper execution of the algorithm, and 
has a significant impact on the controller’s performance. Therefore, the usual performance 
indices were analyzed to adequately choose the most suitable index for the specific case 
adopted in this work.

Then, the equations of the inverted pendulum were shown, as they are necessary to build 
a simulation model of the system, which is essential to execute the metaheuristic algorithms.

Subsequently, several executions of the algorithms were run to obtain the best configu-
ration for each algorithm, considering that many parameters affect both the likelihood of 
convergence and the execution time.

In summary, the best configuration that achieves a balance between speed and success 
for the algorithms studied in this work is shown in Table 12.

Table 12. Recommended configurations for each algorithm for tuning a FOPID controller for an 
inverted pendulum.

Algorithm Population Mutation Trial Limit Reproduction Cannibalism

 GA 15–20 0.5–0.75 – – –
 ABC 100 0.5–0.75 5 – –
 BWO 100 0.75 – >0.4 0.25–0.75

It must be taken into account, as previously mentioned, that these results are based on a 
limited number of executions and on a specific example, so they may vary under different 
circumstances. They can also be adapted to the requirements of the users; for instance, 
prioritizing higher convergence rates despite longer execution times.

Having obtained the most suitable configuration for each algorithm, 32 executions were 
performed to compare their performance in this case study. Based on the results,  it can 
be concluded that, in the tests performed, the BWO algorithm demonstrated better overall 
performance than the GA and the ABC algorithm, exhibiting the highest success rate while 
maintaining reasonable execution times. Taking into account only execution time, the ABC 
algorithm was faster than the others; however, it showed lower convergence reliability, 
as seen in Figure 16. For other kinds of problems, other algorithms might provide better 
performance, as, for example, it might be more desirable to explore more solutions rather 
than exploit them.

Finally, using the optimal configurations, three controllers were designed—one per 
algorithm—and tested to determine the maximum disturbances each could withstand.
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