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Abstract

Message-Passing Neural Networks (MPNNs) propagate information through iterative 
neighborhood aggregation, making long-range information exchange dependent on both 
network depth and graph structure. This study investigates whether graph diameter ade-
quately characterizes effective information propagation and which topological properties 
provide additional explanatory information. A mathematical framework is developed to 
distinguish finite-depth reachability from communication redundancy, including formal re-
sults demonstrating that graphs with identical diameters can exhibit fundamentally different 
connectivity, articulation-point structures, and path redundancy. Controlled experiments 
were conducted on path, cycle, Erdős–Rényi, grid, and barbell graphs using a label-copying 
task and MPNNs with 2, 4, 6, and 10 message-passing layers. Graph-level structural mea-
sures were correlated with propagation accuracy, complemented by targeted node-removal 
experiments. The results show that graphs with comparable diameters can exhibit sub-
stantially different propagation performance. Average shortest-path length and clustering 
coefficient showed only weak associations with accuracy, whereas articulation points and 
edge connectivity exhibited stronger relationships. Removing high-betweenness nodes 
produced the largest accuracy reductions for several graph topologies, further demon-
strating the importance of structurally critical communication pathways. Together, the 
theoretical and empirical results show that graph diameter alone provides an incomplete 
characterization of effective information propagation in MPNNs. Message-passing depth 
determines theoretical reachability, whereas effective long-range propagation additionally 
depends on graph topology, particularly communication redundancy, structural bottlenecks, 
connectivity, and the availability of alternative paths.

Keywords: message-passing neural networks (MPNNs); graph neural networks (GNNs); 
information propagation; long-range dependencies; graph topology; graph diameter; over-
squashing; structural bottlenecks

MSC: 68T07; 68R10

1. Introduction
Message-Passing Neural Networks (MPNNs), introduced by [1], provide a general 

framework for learning representations from graph-structured data through iterative ex-
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change of information between neighboring nodes. The framework unified several previ-
ously proposed graph neural architectures under a common message-passing formulation 
consisting of message, update, and readout functions. Among the earliest and most influ-
ential graph neural architectures are Graph Convolutional Networks (GCNs) proposed 
by Kipf and Welling [2], which demonstrated that local neighborhood aggregation can be 
performed efficiently using a simplified spectral formulation.

A further important development was the introduction of Graph Attention Networks 
(GATs), which use attention mechanisms to assign different importance to neighboring 
nodes during aggregation [3].

Although originally developed for molecular property prediction, MPNNs have since 
become one of the dominant architectures for graph representation learning, with applica-
tions spanning social networks, recommender systems, computer vision, computational 
biology, and scientific machine learning. By iteratively aggregating information from neigh-
boring nodes, MPNNs naturally exploit graph topology and enable node- and graph-level 
predictions across a broad range of applications.

Comprehensive surveys have documented the rapid expansion of graph neural net-
work methodologies and applications across numerous disciplines, highlighting both their 
practical success and remaining theoretical challenges [4].

However, their local message-passing mechanism also imposes an inherent limitation: 
information originating from distant parts of a graph can influence a node only after a 
sufficient number of propagation steps. Consequently, tasks requiring long-range interac-
tions remain particularly challenging for conventional MPNNs. Early studies of deep graph 
convolutional architectures already demonstrated that increasing the number of propaga-
tion layers does not necessarily improve their ability to use distant information. Study [5] 
showed that graph convolution can be interpreted as a form of Laplacian smoothing and that 
repeated propagation makes node representations increasingly similar. This phenomenon, 
commonly referred to as over-smoothing, limits the discriminative capacity of deep GCNs 
and illustrates that simply stacking additional layers may eventually degrade rather than 
improve model performance. The empirical performance of graph neural architecture has 
also been evaluated systematically across a wide range of benchmark datasets and tasks [6].

Subsequent theoretical work further demonstrated that graph neural networks can 
exponentially lose expressive power as depth increases, providing a rigorous explanation 
for the limitations of deep architectures [7].

The expressive capabilities of message-passing architecture have been extensively 
studied. Paper [8] demonstrated that the representational power of standard MPNNs is 
fundamentally determined by the neighborhood aggregation mechanism and is bounded 
by the discriminative power of the Weisfeiler–Lehman graph isomorphism test. Their 
analysis established a theoretical foundation for understanding both the strengths and 
inherent limitations of local message-passing architectures, motivating subsequent research 
on improving long-range information propagation.

More recent surveys identify over-squashing and information bottlenecks as among 
the most fundamental limitations affecting modern graph neural networks [9].

The relationship between network depth and the ability to capture distant information 
has been investigated theoretically. Loukas [10] demonstrated fundamental depth–width 
limitations of message-passing GNNs, showing that certain graph problems cannot be 
solved by architectures whose depth and width are insufficient relative to the graph structure. 
Increasing depth alone, however, does not necessarily provide an effective solution. Alon 
and Yahav [11] identified the phenomenon of “over-squashing”, in which information 
from increasingly large receptive fields must be compressed into fixed-dimensional node 
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representations as messages propagate through the graph. This effect becomes particularly 
problematic when long-range dependencies pass through narrow structural bottlenecks.

Subsequent research has demonstrated that over-squashing and ineffective long-range 
propagation are strongly related to graph topology. Study [12] connected graph bottlenecks 
to discrete curvature and showed that edges associated with strongly negative curvature 
can indicate regions in which information flow is constrained. These findings inspired 
a growing body of work on graph rewiring strategies designed to alleviate topological 
bottlenecks and improve long-range communication [13].

Their work further demonstrated that curvature-guided graph rewiring can alleviate 
such bottlenecks. From an information-theoretic perspective, Banerjee et al. [14] interpreted 
over-squashing as information contraction during message propagation and related the 
phenomenon to graph expansion.

Alternative graph-theoretic approaches have further connected message propagation 
limitations to geometric and topological properties of graphs beyond purely distance-based 
descriptors [15].

These findings indicate that the ability to transmit information through a graph de-
pends not simply on the existence of paths between nodes, but also on the structural 
capacity of those paths to convey information. Beyond bottlenecks, effectively integrating 
information from distant graph regions is also closely related to challenges arising in het-
erophilous graph settings, where neighboring nodes may contain substantially different 
information [16].

A particularly important development was provided by Di Giovanni et al. [17], who 
systematically investigated the roles of network width, depth, and graph topology in MPNN 
over-squashing. Their analysis showed that graph topology plays a central role and con-
nects propagation difficulties to large commute times between nodes. This perspective goes 
beyond ordinary shortest-path distance because commute time also reflects the availability 
and structure of alternative routes through the graph. Similarly, Black et al. [18] character-
ized over-squashing using “effective resistance”, a graph-theoretic quantity that captures 
the collective contribution of multiple paths connecting two nodes. Effective-resistance-
based rewiring was consequently proposed as a mechanism for reducing communication 
bottlenecks. Together, these studies suggest that long-range information propagation is 
governed by more complex aspects of topology than pairwise distance alone.

This observation has motivated several approaches that modify the communication 
structure of MPNNs. For example, research work [19] dynamically expands the set of nodes 
allowed to communicate while retaining information about their original graph distance, 
thereby addressing long-range dependencies without completely discarding graph locality. 
More recently, Bamberger et al. [20] argued that the notion of long range itself requires 
a more precise characterization and introduced a formal range measure for assessing the 
extent to which graph tasks and GNN architectures depend on distant information. These 
developments underline the growing recognition that both distance and topology must be 
considered when analysing information propagation in graph neural networks.

The limitations of purely local message passing have additionally motivated transformer-
based graph architectures that explicitly aim to capture long-range dependencies through 
global interactions [21]. However, the present study focuses specifically on classical message-
passing neural networks. The objective is not to compare local message-passing architec-
tures with transformer-based alternatives, but rather to investigate which graph-theoretic 
properties influence information propagation within the message-passing paradigm itself. 
Consequently, transformer-based architectures are considered outside the scope of the 
present work.
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Despite this progress, the role of a simple and widely interpretable global distance 
property “graph diameter” has received comparatively limited systematic attention as an 
independent predictor of effective message propagation. Graph diameter represents the 
maximum shortest-path distance between any pair of nodes and therefore provides an 
intuitive description of the maximum spatial extent of a graph. One might consequently 
expect graphs with larger diameters to present greater difficulties for shallow MPNNs. 
Such an interpretation, however, ignores the fact that graphs with identical diameters may 
possess fundamentally different connectivity patterns, path redundancies, bottlenecks, clus-
tering structures, and expansion properties. Whether diameter itself provides meaningful 
explanatory power for effective information propagation, and how its influence interacts 
with topology and network depth, therefore requires controlled investigation.

In this work, we systematically investigate whether graph diameter provides a mean-
ingful predictor of effective information propagation in MPNNs. Using controlled synthetic 
graph families, including path, cycle, grid, Erdős–Rényi, and barbell graphs, we vary graph 
structure and message-passing depth while evaluating information propagation through a 
label-copying task. Our experiments show that graph diameter alone is a weak predictor 
of propagation performance: graphs with comparable diameters can exhibit substantially 
different propagation behavior. The observed limitations of graph diameter as a predic-
tor of propagation performance are further supported by Proposition 2. The proposition 
demonstrates that graphs with identical diameters can possess substantially different edge 
connectivity, articulation-point structure and betweenness distributions. Consequently, 
diameter constrains communication distance but does not uniquely determine communica-
tion capacity. The experimental results therefore align with the theoretical observation that 
distance and communication structure constitute fundamentally different graph properties.

We therefore extend the analysis beyond distance-based descriptors and investigate 
structural properties including average shortest-path length, clustering coefficient, articula-
tion points, edge connectivity, node degree, and betweenness centrality.

These experiments reveal a distinction between local connectivity and global com-
munication importance. In particular, node degree alone provides limited information 
about propagation relevance, whereas nodes occupying critical communication positions 
can have a substantially greater influence on propagation performance. The node-removal 
experiments further demonstrate that eliminating low-degree nodes may remove globally 
relevant communication paths and substantially alter bottlenecked graph structures.

In contrast to prior work that develops or analyzes specific mechanisms and met-
rics associated with over-squashing, the present study focuses on a narrower question: 
whether graph diameter provides an adequate structural descriptor of effective long-range 
information propagation in MPNNs. Our contribution is a controlled theoretical and empir-
ical analysis that distinguishes distance-based reachability from communication structure 
and examines how graphs with comparable distance characteristics can exhibit different 
propagation behavior due to differences in connectivity, path redundancy, and structural 
bottlenecks. Taken together, our theoretical and empirical results indicate that effective 
long-range propagation cannot be adequately characterized by graph diameter or local 
density alone but depends on the interaction between message-passing depth and the 
global communication structure of the graph. In this sense, the study complements existing 
topology-based analyses of over-squashing by specifically examining the limitations of 
graph diameter as an explanatory descriptor of long-range information propagation.

The remainder of this paper is organized as follows. Section 2 presents the mathemati-
cal framework underlying information propagation in MPNNs, including graph-theoretic 
concepts of reachability, connectivity, path redundancy, and structural bottlenecks. Section 3 
describes the experimental methodology, including the graph families, label-copying task, 
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MPNN architecture, and structural measures. Section 4 presents the experimental results, 
while Section 5 discusses the findings and their implications for long-range information 
propagation. Finally, Section 6 summarizes the main conclusions and outlines directions 
for future research.

It is important to emphasize that the present study does not directly quantify over-
squashing using established metrics such as effective resistance, commute time, discrete 
curvature, or Jacobian-based sensitivity measures. Instead, the study investigates whether 
simpler graph-theoretic descriptors, including articulation points, edge connectivity, and 
betweenness-centrality-related interventions, are associated with differences in information 
propagation performance. Consequently, the results should be interpreted as evidence 
regarding structural factors associated with propagation performance rather than as a direct 
measurement of oversquashing itself.

2. Mathematical Framework
2.1. Graph-Theoretic Preliminaries

This section introduces the mathematical notation and theoretical concept used 
throughout this paper. The objective is not to provide an exhaustive treatment of graph 
theory, linear algebra or neural network theory, but rather to establish a common framework 
for the analysis and interpretation of the proposed methodology and experimental results.

Definition 1.  Let V, E be sets. A graph is an ordered pair G = (V, E), where V is a finite set of 
vertices and E ⊆ V × V is a set of edges connecting pairs of vertices.

Throughout this paper, we consider simple, connected, undirected graphs unless stated 
otherwise. The number of vertices is denoted by |V| and the number of edges by |E|.

Definition 2.  Let G = (V, E) be a graph and let u, v ∈ V . The shortest-path distance between u 
and v is denoted by d(u, v) and provides the minimum number of edges among all paths connecting u 
and v. We can therefore write d(u, v) = min{k ∈ N0 ∶ u = v0, v1, … , vk = v, (v{i−1}, vi) ∈ E)}.

While the shortest-path distance in path graphs is obvious, given that there only is one 
existing path connection between two distinct vertices, it becomes an important property 
in other graph topologies as there may be multiple alternative paths between two vertices. 
One of the graph metrics that shortest-path distance becomes important for is eccentricity.

Definition 3.  Let G = (V, E) be a connected graph and let v ∈ V . The eccentricity of v is defined 
as the greatest shortest-path distance from v to any other vertex, namely ecc(v) = max

{u∈V}
d(v, u).

The eccentricity therefore measures how far a vertex is from the most distant vertex in 
the graph. This motivates the definition of a graph diameter.

Definition 4.  Let G = (V, E) be a connected graph. The diameter of G is the maximum shortest-path 
distance between any two vertices, namely diam(G) = max

{u,v∈V}
d(u, v).

In other words, the diameter of a graph is the maximum eccentricity among all vertices.
The shortest-path distance provides a natural notion of locality in graph-structured data. 

Building upon this concept, eccentricity characterizes the local reachability of individual 
vertices, while the graph diameter captures the largest communication distance occurring in 
the graph. These quantities are particularly relevant when studying long-range information 
propagation in Message-Passing Neural Networks.
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2.2. Mathematical Formulation of Message Passing
Message-Passing Neural Networks (MPNNs) constitute a broad class of graph neural 

network architectures that learn node representations through iterative local information ex-
change between neighboring vertices. Given graph G = (V, E), each node v ∈ V is associated 
with an initial feature vector h(0)

v ∈ Rd. The objective of message-passing is to iteratively 
update these node representations by aggregating information from neighboring nodes.

Formally, an MPNN layer consists of a message aggregation step followed by a node 
update step. At layer k + 1, each node v receives messages from its neighbors u ∈ N(v)
according to m(k+1)

v = AGG(k)({M(k)(h(k)
v , h(k)

u , euv) ∶ u ∈ N(v)}), where M(k) denotes the 
message function, euv optionally represents edge attributes, and AGG(k) is a permutation 
invariant aggregation operator such as summation, averaging or maximum pooling.

The aggregated message is subsequently incorporated into the representation of node v 
through an update function h(k+1)

v = U(k)(h(k)
v , m(k+1)

v ), where U(k) is typically implemented 
as a learnable neural network layer.

By repeatedly applying these operations for K layers, information propagates through 
the graph and produces final node embeddings h(K)

v . A graph-level representation may 
then be obtained through the readout function hG = R({h(K)

v ∶ v ∈ V}), where R is again 
chosen to be permutation-invariant.

The general message-passing framework can be instantiated through different choices 
of message passing, aggregation and update functions. Several widely used graph neural 
network architectures can be expressed as special cases of the above-mentioned framework.

Graph Convolutional Networks (GCNs) employ a normalized aggregation scheme in 
which neighboring node representations are averaged before being transformed by a learnable 
weigh matrix. The layer update is given by h(k+1)

v = 𝝈(W(k)𝚺u∈N(v)∪{v}1
1

√{deg(v)deg(u) h(k)
u ), 

where W(k) is a learnable weight matrix, deg(v) denotes the degree of node v and 𝝈 is a 
non-linear activation function.

In this formulation, M(hv, hu) = hu and aggregation are performed using a normalized 
summation operator. GCN is the framework that is used throughout this paper. Other 
frameworks include Graph Isomorphism Networks (GINs), Graph Attention Networks 
(GATs) and GraphSAGE.

2.3. Depth and Theoretical Receptive Field
The central mechanism underlying MPNNs is the iterative exchange of information 

between neighboring vertices. Since each message-passing layer aggregates information ex-
clusively from one-hop neighbors, the depth of the network determines how far information 
can propagate through the graph.

This notion is commonly referred to as the theoretical receptive field of a node. Infor-
mally, the receptive field of a node at layer K consists of all vertices whose initial features 
may influence the node’s representation after K rounds of message passing.

Understanding this relationship between network depth and graph distance is partic-
ularly important when studying long-range dependencies. Information originating from 
distant vertices must traverse multiple message-passing layers before it can affect a target 
node. Consequently, the depth of an MPNN imposes a fundamental limit on the range of 
information propagation.

The following proposition formalizes this observation.

Proposition 1.  Let G = (V, E) be a graph and consider an L-layer MPNN whose message-passing 
operation uses exclusively one-hop neighborhood aggregation. Then the representation h(L)

v  of a node 
v can depend on the initial feature vector h(0)

u  of a node u only if  d(u, v) ≤ L , where d(u, v) denotes 
the shortest-path distance between u and v.
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Proof.  We proceed by induction on the number of message-passing layers.
Base case L = 0: Before any message passing is performed, h(0)

v  contains only the initial 
features of node v. Therefore, h(0)

v  can depend on h(0)
u  only when u = v. Since d(v,v) = 0, 

the proposition holds for L = 0.
Induction hypothesis: Assume that after k message-passing layers, the representation 

h(k)
v  can depend on h(0)

u  only if d(u, v) ≤ k.
Induction step: Consider layer k + 1. By the message-passing framework, h(k+1)

v =
U(k)(h(k)

v , AGG{M(h(k)
v , h(k)

w ) ∶ w ∈ N(v)}). Thus, the representation of node v at layer k + 
1 depends only on (1) its previous representation h(k)

v  and (2) the representations h(k)
w  of 

neighboring nodes w ∈ N(v).
By the induction hypothesis, h(k)

w  can depend only on initial node features originating 
from vertices u satisfying d(u, w) ≤ k. Since w is a neighbor of v, we have d(w, v) = 1. Using 
the triangle inequality of shortest-path distances, we find d(u, v) ≤ d(u, w)+d(w, v) ≤ k+1.

Therefore, every initial feature capable of influencing h(k+1)
v  must originate from a node 

within distance k + 1 of v.
Hence, h(k+1)

v  can depend on h(0)
u  only if d(u, v) ≤ k + 1.

This completes the induction. □

Proposition 1 establishes that each message-passing layer expands the receptive field 
by exactly one graph hop. Consequently, an L-layer MPNN is unable to directly incorporate 
information from nodes whose shortest-path distance exceeds L. For example, a six-layer 
MPNN can theoretically receive information from nodes at most six hops away. Long-range 
dependencies therefore require increasingly deep architectures, causing information from 
a rapidly growing number of vertices to be compressed into fixed-dimensional hidden 
representations. This observation forms one of the fundamental motivations for studying 
oversquashing in graph neural networks.

2.4. Diameter Versus Path Redundancy and Connectivity
The diameter of a graph is frequently used as a proxy for the difficulty of long-range 

information propagation. Proposition 1 demonstrates that an L-layer MPNN can only 
propagate information between nodes separated by at most L hops. Consequently, graphs 
with large diameters are often regarded as challenging for message passing.

However, diameter captures only the length of the shortest communication route 
between two nodes and ignores the abundance of alternative routes. From the perspective 
of information propagation, the existence of multiple independent communication paths 
can be equally important. Two graphs may exhibit identical diameters while differing 
substantially in their robustness to edge or vertex removal and, consequently, in their ability 
to support information dissemination.

To formalize this distinction, we introduce the notions of path redundancy and con-
nectivity.

Let u, v ∈ V be two distinct vertices.

Definition 5.  Two paths between u and v are called internally vertex-disjoint if they share no 
common internal vertices.

Formally, if P1 = (u, x1, … , xr, v) and P2 = (u, y1, … , ys, v) are two paths, then P1 and 
P2 are internally vertex-disjoint if {x1, … , xr} ∩ {y1, … , ys} = ∅.

The maximum number of internally vertex-disjoint paths between u and v is denoted 
by 𝜿(u, v).
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Definition 6.  Two paths between u and v are called edge-disjoint if they do not share any common 
edge.

The maximum number of edge-disjoint paths between u and v is denoted by 𝝀(u, v). 
It measures the level of communication redundancy available between two vertices.

A fundamental result relating connectivity and path redundancy is Menger’s theorem.

Theorem 1  (Menger [22]). For any two distinct vertices, u, v ∈ V: 𝜿(u, v)
= min{|S| ∶ S ⊆ V r {u, v}  disconnects u and v} and 𝝀(u, v) = min{|F| ∶ F ⊆ E  disconnects 
u and v.

In other words, the maximum number of independent communication paths equals 
the minimum number of vertices or edges whose removal separates the two vertices. Thus, 
high connectivity implies the existence of many alternative communication routes, whereas 
low connectivity indicates the presence of bottlenecks.

Diameter and connectivity characterize fundamentally different graph properties. 
The diameter quantifies the length of the shortest communication path diam(G) =
max
u,v∈V

d(u, v) whereas 𝜿(u, v) and 𝝀(u, v) quantify the number of independent communication 
routes available between vertices.

Consequently, two graphs may satisfy diam(G1) = diam(G2) while 𝝀(G1) ≠ 𝝀(G2).
In such a situation, the graphs possess identical maximum shortest-path distance but 

differ substantially in the redundancy of communication pathways.
Proposition 1 states that depth determines whether communication between two 

nodes is theoretically possible. However, it does not quantify how much information can 
be transmitted once such communication is possible.

When a graph contains articulation points, bridges or low edge connectivity, informa-
tion originating from many nodes must pass through a small number of communication 
channels. These bottlenecks force a large amount of information to be compressed during 
message aggregation and can therefore contribute to over-squashing.

This observation suggests that graph diameter alone is insufficient for characterizing 
information propagation. Measures of connectivity and path redundancy capture structural 
bottlenecks that are invisible to shortest-path distance and therefore provide a complemen-
tary theoretical explanation for the empirical importance of articulation points and edge 
connectivity observed in this work.

The roles of distance and connectivity must therefore be distinguished carefully. For a 
one-hop L-layer MPNN, the inequality dG(s, t) > L implies that the initial representation of 
s cannot influence the representation of t after L layers. In contrast, dG(s, t) ≤ L establishes 
only theoretical reachability. It does not guarantee that the source information is transmitted 
without substantial attenuation, mixing, or compression. Among node pairs lying within 
the same theoretical receptive field, the quantities 𝜿(s, t) and 𝝀(s, t) characterize the avail-
ability of internally vertex-disjoint and edge-disjoint communication routes, respectively. 
Thus, distance determines the minimum depth required for possible influence, whereas 
connectivity characterizes structural redundancy among the available routes. Effective 
information transmission additionally depends on the MPNN architecture, its parameters, 
and the aggregation dynamics.

The following proposition follows naturally from the discussion above.

Proposition 2.  Let D ≥ 2 be an integer. There exist connected graphs G1, G2 satisfying diam(G1) =
diam(G2) = D while simultaneously 𝝀(G1) ≠ 𝝀(G2), A(G1) ≠ A(G2), B(G1) ≠ B(G2), 
where 𝝀 denotes the edge connectivity, A denotes the number of articulation points and B denotes the 
betweenness-centrality distribution.
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Proof.  We prove the proposition by constructing two graph families with identical diameter 
but different communication structures.

Graph family 1: Let G1 = PD+1 be the path graph on D + 1 vertices v0, v1, … , v_D. The 
distance between v0 and vD equals D, so diam(G1) = D. Moreover, every communication 
route between v0 and vD is unique and every internal vertex is an articulation point, meaning 
removal of any edge disconnects the graph. Hence 𝝀(G1) = 1 und A(G1) = D − 1. In 
addition, the central vertices lie on almost every shortest path and therefore attain high 
betweenness centrality.

Graph family 2: Let G2 = C2D be the cycle graph on 2D vertices, where D ≥ 2. Con-
sider two antipodal vertices u, v ∈ V(G2). Since the cycle consists of two arcs of equal 
length connecting u and v , their shortest-path distance is dG2

(u, v) = D. Consequently, 
diam(G2) = D. Unlike the path graph, however, the cycle graph contains two indepen-
dent routes between antipodal vertices. The clockwise and counterclockwise arcs connect-
ing u and v are internally vertex-disjoint and edge-disjoint. Therefore, 𝜿(u, v) = 2 and 
𝝀(u, v) = 2.

Furthermore, no vertex of C2D is an articulation point, since removing any single vertex 
leaves a connected path graph. Hence, A(G2) = 0.

Similarly, removing any single edge does not disconnect the graph, implying 𝝀(G2) = 2.
Consequently, 𝝀(G2) > 𝝀(G1) and A(G2) < A(G1).
Although G1 and G2 possess identical diameters, they exhibit fundamentally different 

communication structures. The path graph provides only a single communication route 
between distant vertices, whereas the cycle graph offers redundant alternative routes. 
Moreover, shortest paths in the cycle graph are distributed more evenly across the graph, 
resulting in a substantially more uniform betweenness-centrality distribution than in the 
path graph.

Hence, the proposition follows. □

Proposition 3.  Let L ≥ 2 . There exist connected graphs G1, G2 with source–target pairs (s1t1),
(s2, t2) such that dG1

(s1, t1) = dG2
(s2, t2) = L but 𝜿G1

(s1, t1) ≠ 𝜿G2
(s2, t2) and 𝝀G1

(s1, t1) ≠
𝝀G2

(s2, t2).

Proof.  Take G1 = PL+1 and let s1, t1 be its endpoints. Then dG1
(s1, t1) = L and the unique 

path between them implies 𝜿G1
(s1, t1) = 𝝀G1

(s1, t1) = 1. Now take G2 = C2L and let s2, t2 be 
antipodal vertices. Then dG2

(s2, t2) = L. The two arcs of the cycle connecting s2, t2 are 
internally vertex-disjoint and edge-disjoint. Hence 𝜿G2

(s2, t2) = 𝝀G2
(s2, t2) = 2. Hence 

equal source–target distance and equal minimum required message-passing depth do not 
determine communication redundancy. □

2.5. Structural Bottlenecks and Information Propagation
While graph diameter characterizes the maximum shortest-path distance between 

vertices, it does not identify the specific structural elements through which communication 
must pass. In many graphs, information flow is constrained by a small subset of critical 
vertices whose removal significantly alters connectivity. Such structures are commonly 
referred to as graph bottlenecks.

From the perspective of MPNNs, bottlenecks are particularly important because infor-
mation originating from large portions of the graph may be forced to propagate through a 
limited number of vertices or edges. Consequently, these vertices may play a disproportion-
ately large role in determining how effectively information can be transmitted across the 
graph. To formalize this notion, we introduce articulation points and betweenness centrality 
from a mathematical point of view.
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Definition 7.  Let G = (V, E) be a connected graph. A vertex v ∈ V is called an articulation point 
if the graph obtained by removing v and all incident edges, namely G–v, contains more connected 
components than G.

Equivalently, v is an articulation point if there exist vertices u, w ∈ V ∖{v} such that 
every path between u and w contains v.

Articulation points represent extreme communication bottlenecks. Information ex-
changed between different regions of the graph must pass through such vertices. The 
presence of many articulation points therefore indicates limited communication redun-
dancy and increased vulnerability to information compression.

Proposition 4.  Let v be an articulation point separating two vertex sets S1, S2 . Then every path 
connecting a vertex in S1 to a vertex in S2 must contain v.

Proof.  By definition, removing v disconnects S1 and S2. Suppose there exists a path between 
a vertex in S1 and a vertex in S2 that does not contain v. Then this path would remain after 
the removal of v, contradicting the assumption that v is an articulation point. Therefore, 
every such path must contain v. □

While articulation points describe extreme bottlenecks, many graphs contain vertices 
that are not articulation points but nevertheless lie on a large proportion of communication 
routes. To quantify this effect, we introduce betweenness centrality.

Definition 8.  Let 𝝈st denote the number of shortest paths between vertices s and t and let 𝝈st(v) denote 
the number of those shortest paths that contain vertex v as an internal vertex. The betweenness 
centrality of a vertex v is defined as BC(v) = 𝚺s,t∈V

𝝈st(v)
𝝈st

.

Hence, the betweenness centrality represents the proportion of shortest communication 
routes between s and t that pass through v.

Vertices with high betweenness centrality participate in many shortest paths and 
therefore occupy strategically important positions within the graph. Such vertices influence 
communication throughout large portions of the network, even if their removal does not 
disconnect the graph entirely. Consequently, betweenness centrality also captures a broader 
notion of communication importance than articulation points, which represent only strict 
bottlenecks. However, betweenness centrality itself is derived exclusively from shortest-path 
structure and therefore has inherent limitations when used to characterize information 
propagation in MPNNs. Message passing may depend not only on shortest communication 
routes, but also on the availability of alternative paths and redundant communication 
channels. As a result, graphs may contain soft bottlenecks, namely high-betweenness 
vertices whose removal substantially impedes information flow without disconnecting 
the graph.

Articulation points and betweenness centrality capture different aspects of graph 
structure. Articulation points describe a local topological property: whether a single vertex 
is indispensable for maintaining connectivity. Betweenness centrality, in contrast, is a global 
quantity derived from shortest-path structure across the entire graph. A vertex may exhibit 
a high betweenness centrality even without being an articulation point.

Consequently, articulation points measure the existence of strict communication bot-
tlenecks, whereas betweenness centrality measures the overall communication load carried 
by a vertex.
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3. Materials and Methods
This section describes the experimental design, the investigated graph topologies and 

their structural properties, the MPNN architecture, the label-copying task, and the statistical 
methods used to evaluate information propagation. This study exclusively focusses on five 
families of synthetic graphs (path, cycle, grid, ER-random and barbell graphs). Conse-
quently, the empirical findings should primarily be interpreted within controlled synthetic 
settings rather than as direct evidence for all real-world graph domains.

3.1. Graph Families
In this paper, we investigate information propagation performance of graphs with 

varying topology.
Path graphs are graphs that consist of one single chain of nodes. Information can 

only propagate along this single line. Cycle graphs are a special kind of path graph where 
the end points are connected to each other. Therefore, information could flow along two 
different paths. Erdos–Renyi Graphs are random graphs in which edges are created ran-
domly between nodes with a fixed probability. This topology usually contains multiple 
alternative propagation paths. Grid graphs are designed as two-dimensional lattices with 
multiple edges between the nodes and therefore multiple alternative communication paths. 
Barbell graphs consist of two densely connected subgraphs that are connected via a narrow 
bridge. Information flow between these two dense subgraphs can only happen along the 
narrow bridge.

3.2. Label-Copying Task
For each graph instance G = (V, E), a source node 𝑠 ∈ 𝑉 and a target node 𝑡 ∈ 𝑉

were selected such that their shortest-path distance satisfied 𝑑(𝑠, 𝑡) = 𝑘, where k denotes 
the propagation distance under investigation. Source–target pairs were sampled across 
multiple distance values to evaluate how information propagation performance changes as 
communication is required over increasingly larger graph distances.

The source node s was assigned to a binary label 𝑦𝑠 ∈ {0, 1}, while all remaining node 
features were initialized identically and therefore contained no information about the label. 
Consequently, successful prediction at the target node required the MPNN to propagate 
information originating from the source node through the graph structure.

For each source–target pair, the network was trained to predict the label associated with 
the source node using only the representation learned at the target node after L rounds of 
message passing. Let ˆ𝑦𝑡 denote the prediction obtained from the target-node representation 
ℎ(𝐿)

𝑡 . The label-copying task is therefore defined as ˆ𝑦𝑡 = 𝑓 (ℎ(𝐿)
𝑡 ), where f denotes the final 

classification layer.
Prediction accuracy was computed as Accuracy = 1

𝑁 𝛴𝑁
𝑖=11( ˆ𝑦𝑡 = 𝑦𝑖), where N denotes 

the number of evaluated source–target pairs and 1 is the indicator function.
For each graph topology, multiple source–target pairs were sampled for every evaluated 

distance 𝑘. Reported accuracies were calculated across the evaluated node pairs and graph 
configurations. This design isolates the ability of the MPNN to transmit information through 
the graph and allows propagation performance to be analysed independently of application-
specific prediction tasks.

3.3. MPNN Architecture and Training
To investigate the influence of graph topology on information propagation, all experi-

ments were performed using a GCN-based MPNN. The architecture was selected because it 
represents one of the most widely studied instances of general MPNN framework introduced 
in Section 2.2 and performs message passing through iterative neighborhood aggregation.
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Let A denote the adjacency matrix of a graph and let 
∼
𝐴 = 𝐴 + 𝐼 be the adjacency 

matrix with added self-loops. Furthermore, let 
∼
𝐷𝑖𝑖 = 𝛴𝑗

∼
𝐴𝑖𝑗 denote the corresponding 

degree matrix.
Each graph convolution layer updates the matrix of node pair representations 𝐻(𝑙)

according to 𝐻(𝑙+1) = 𝜎(
∼
𝐷

−1/2 ∼
𝐴

∼
𝐷

−1/2
𝐻(𝑙)𝑊(𝑙) ), where 𝑊(𝑙) denotes a learnable weight 

matrix and 𝜎  represents a non-linear activation function.
The study evaluated architecture consisting of 𝐿 ∈ {2, 4, 6, 10} message-passing layers 

in order to investigate the relationship between propagation depth and information trans-
mission. The selected depths were chosen to cover both shallow and deep message-passing 
regimes while remaining computationally tractable.

Node representations were initialized using the feature vectors described in Section 3.2. 
Following the final message-passing layer, the representation of the target node was passed 
to a fully connected classification layer that predicted the source-node label in the label-
copying task.

Training was performed using the cross-entropy loss function 𝐿 = −𝛴𝑁
𝑖=1𝑦𝑖 𝑙𝑜𝑔( ˆ𝑦𝑖), 

where 𝑁𝑡𝑟𝑎𝑖𝑛 denotes the number of training target nodes, 𝑦𝑖 ∈ {0, 1} is the source label 
associated with target node 𝑖, and 𝑝𝑖,𝑐 is the predicted probability of class 𝑐. For each source 
node and propagation distance, the candidate target nodes were randomly divided into 
equally sized training and test subsets, corresponding to a train–test ratio of 0.5 ∶ 0.5. When 
the number of candidate targets was odd, integer partitioning assigned ⌊𝑁𝑘/2⌋ targets to the 
training set and the remaining targets to the test set. The same architecture, hidden dimen-
sionality, optimization procedure, and training duration were used across all graph families 
and message-passing depths to ensure comparability between experimental conditions.

Model parameters were optimized using the Adam optimizer. The learning rate was 
set to 𝜂 = 0.001 and the number of epochs was set to 250.

Each node was represented by a one-dimensional input feature vector, such that the 
input dimensionality was 𝑑𝑖𝑛 = 1. The initial feature of the selected source node encoded 
its binary label, whereas all non-source nodes were assigned the same neutral input value, 
as described in Section 3.2. Each hidden graph-convolutional layer mapped the node 
representations into a 32-dimensional latent space, yielding 𝑑ℎ𝑖𝑑𝑑𝑒𝑛 = 32. The final graph-
convolutional layer produced two output logits for every node, corresponding to the two 
possible source-label classes, and therefore used an output dimensionality of 𝑑𝑜𝑢𝑡 = 2. For 
a target node t, the resulting output vector was given by 𝑧𝑡 ∈ R2, and was converted into 
class probabilities using the SoftMax function 𝑝(𝑦𝑡 = ˆ𝑦𝑡|𝐺, 𝑋) = 𝑒𝑥𝑝(𝑧 𝑡,𝑐)

Σ1̂
𝑗=0𝑒𝑥𝑝(𝑧𝑡,𝑗)

). The predicted 

label was subsequently determined by ˆ𝑦𝑡 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑐∈{0,1} 𝑝(𝑦𝑡 = ˆ𝑦𝑡 ∣ 𝐺, 𝑋).
The same hidden dimensionality was maintained across all investigated graph topolo-

gies and network depths, ensuring that comparisons reflected differences in graph structure 
and propagation depth rather than differences in representational width.

The use of a fixed MPNN architecture across graph topologies ensured that observed 
differences in propagation performance could be attributed primarily to graph structure 
rather than architectural variation. Consequently, the experimental design isolated the 
interaction between message-passing depth and graph topology, which constitutes the 
primary focus of this study.

3.4. Experimental Design
The study comprised three complementary analyses. First, propagation performance 

was compared across path, cycle, Erdős–Rényi, grid, and barbell graphs. Graphs with similar 
or overlapping diameter values but different topological structures were evaluated using 
MPNNs with 2, 4, 6, and 10 message-passing layers. This analysis examined whether graph 
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diameter alone explains propagation performance and whether the empirical propagation 
boundary corresponds to the theoretical (k)-hop receptive field of a (k)-layer MPNN. 
Second, graph-level structural measures were related to propagation performance using 
Pearson correlation analysis. The analyzed measures included average shortest-path length, 
clustering coefficient, edge connectivity, and the number of articulation points. Correlations 
were calculated separately for the evaluated network depths. In particular, the two-layer 
and ten-layer models were analyzed as representative shallow and deep message-passing 
configurations. For each graph instance, mean propagation accuracy was calculated by 
averaging across all evaluated source–target distances k, sampled source–target node pairs, 
and experimental repetitions.

Third, targeted structural interventions were performed on path, Erdős–Rényi, grid, 
and barbell graphs. Modified graph versions were generated by removing low-degree nodes, 
high-degree nodes, high-betweenness nodes, or articulation points. Cycle graphs were not 
included in this analysis because the structural interventions investigated were designed 
for graph topologies containing structurally distinguishable communication bottlenecks 
and node-importance patterns, which are largely absent in highly symmetric cycle graphs. 
The intervention experiments were conducted using the 10-layer MPNN, and propagation 
accuracy was averaged across all evaluated graph variants and experimental repetitions.

All graphs were generated synthetically using the NetworkX library [23]. To examine 
propagation performance under controlled distance conditions, graph-family parameters 
were selected with respect to a prescribed diameter D. Path graphs were generated as 
Gpath(D) = PD+1, where PD+1 denotes the path graph on D + 1 vertices. Since the two 
endpoints are separated by D edges, this construction satisfied diam (Gpath(D)) = D.

Cycle graphs were generated as Gcycle(D) = C2D, where C2D is the cycle graph on 2D
vertices. The greatest distance in an even cycle is attained by antipodal vertices, and hence 
diam (Gcycle(D)) = D.

Grid graphs were constructed as rectangular two-dimensional lattices with dimensions 
m = ⌊ D+2

2 ⌋, n = D + 2 − m. Because the diameter of an m × n rectangular grid i (m − 1) +
(n − 1) = m + n − 2, the selected dimensions yield diam (Ggrid(D)) = D.

The two-dimensional coordinate labels produced during grid generation were subse-
quently replaced by consecutive integer node indices.

Barbell-like graphs were generated from two independent Erdős–Rényi components. 
Each component contained nER = 40 vertices, and each possible edge was included inde-
pendently with probability pER = 0.2.

The two components were connected through an intermediate path whose construction 
parameter was D − 4. One attachment vertex was selected randomly from each Erdős–
Rényi component, after which the connecting path was joined to the selected vertices. This 
topology was designed to combine relatively dense local subgraphs with a narrow inter-
component communication structure. Because the internal diameters of randomly generated 
Erdős–Rényi components are stochastic, D in this construction controls the nominal bridge 
length rather than guaranteeing an exact realized graph diameter. The realized diameter 
and all other structural quantities were therefore computed directly from each generated 
graph before the corresponding analysis.

For the structural correlation analysis, graph instances were generated using D ∈
{4, 6, 8, 10, 12}.

This parameter range produced graphs with varying distance characteristics while 
preserving the defining structural properties of each graph family. The resulting graph 
instances were subsequently characterized using graph diameter, average shortest-path 
length, clustering coefficient, edge connectivity, and the number of articulation points. To 
control stochastic variation and improve reproducibility, a fixed random seed of 42 was 
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used throughout the experimental pipeline. The random state was initialized before graph 
generation, source-node selection, binary-label assignment, target-node shuffling, train–
test partitioning, and model initialization. The same seed-setting procedure was applied 
consistently across all graph families and MPNN depths. Eligible target nodes at distance 
k from the selected source node were randomly shuffled and subsequently divided into 
training and test subsets using a 0.5 ∶ 0.5 split. This procedure ensured that stochastic 
components were handled consistently across the experimental conditions investigated.

3.5. Structural Measures
3.5.1. Graph-Level Measures

Several graph-level measures were computed to characterize global distance, local 
density, and structural robustness.

The graph-theoretic quantities introduced in Section 2 were computed for every graph 
instance. Graph-level measures included graph diameter, average shortest-path length, 
clustering coefficient, edge connectivity, and the number of articulation points. Node-level 
measures included degree and betweenness centrality.

Average shortest-path length, clustering coefficient, edge connectivity, and the number 
of articulation points were used in the correlation analysis of propagation accuracy.

3.5.2. Node-Level Measures for Structural Interventions
Node degree and betweenness centrality were used to identify nodes for the structural-

intervention experiments.
Node degree was defined as the number of edges incident to a node and represented 

its local connectivity. Betweenness centrality quantified the proportion of shortest paths 
between node pairs that passed through a given node. Nodes with high betweenness 
centrality were therefore considered potential global communication bottlenecks.

For the degree-based interventions, all nodes with a degree below or above the mean 
node degree of the graph were removed, respectively. The degree ranking was computed on 
the original graph and was not recomputed after node removal. If multiple nodes shared the 
same degree value, all nodes satisfying the corresponding removal criterion were removed 
simultaneously. For the betweenness-based intervention, nodes with high betweenness 
centrality according to the corresponding ranking were removed in the same manner.

For the articulation-point intervention, all articulation points identified in the original 
graph were removed. Source and target nodes were not excluded from removal and were 
therefore sampled only from the remaining nodes after the structural modification.

Following each intervention, graph connectivity and the number of connected compo-
nents were recomputed. If source and target nodes became disconnected, the corresponding 
sample was analyzed separately.

This procedure ensured that the effects of structural modification and complete graph 
disconnection were distinguished in the subsequent analysis.

To investigate the relationship between graph structural properties and information 
propagation performance, Pearson correlation coefficients together with their corresponding 
p-values were computed. The Pearson correlation coefficient r measures the strength and 
direction of the linear relationship between two variables, where values close to 1 indicate a 
strong positive relationship, values close to −1 indicate a strong negative relationship, and 
values close to 0 indicate little or no linear association.

The p-value was used to assess the statistical significance of the observed correlations. 
Small p-values indicate that the observed relationship is unlikely to have occurred by chance. 
In this work, Pearson correlation analysis was used to evaluate how strongly graph structural 
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measures, such as average shortest path length, clustering coefficient, edge connectivity, 
and the number of articulation points, are associated with propagation accuracy.

We conducted an additional distance-controlled analysis to assess whether the accuracy 
differences observed in the node-removal experiments could be attributed to intervention-
induced changes in source–target distance. For each intervention condition, we retained only 
those source–target pairs for which the shortest-path distance remained unchanged after 
node removal, i.e., dG (s,t) = dG ′(s,t). Predictions obtained before and after the intervention 
were compared on the same source–target pairs, resulting in a paired evaluation design. 
Statistical significance was assessed using the exact McNemar test, which is appropriate for 
paired binary classification outcomes. This procedure controls for changes in shortest-path 
distance when comparing propagation performance before and after structural intervention 
and provides a controlled follow-up analysis of the original node-removal experiments.

4. Results
The experiments used in this work were designed to determine how information 

propagation in message-passing neural networks is influenced by graph distance, model 
depth and topological properties. The results are divided into two parts. One part addresses 
the question of whether diameter alone is sufficient to explain the propagation performance 
(Sections 4.1–4.4), while the other part focuses on the topological properties, such as 
articulation points, connectivity patterns, etc.

4.1. Graph Diameter Alone Does Not Explain Propagation Performance
The first set of experiments investigated whether the graph diameter alone provides 

an explanation for the varying ability of MPNNs to propagate information across the 
graph. Graphs with larger diameters were expected to have more difficulties propagating 
information, since information must travel across longer paths before reaching distant nodes. 
However, the results of the experiments do not support this explanation in isolation.

Graphs with comparable diameters exhibited substantially different propagation be-
havior depending on their topology. This effect was most visible when comparing path-, 
grid-, cycle- and barbell-like structures. These graphs can be constructed with similar 
distance properties, but their accuracy when increasing the source–target distance was not 
equivalent (see Figures 1 and 2a,b).

4.2. Experimental Validation of Receptive Field Limitation
To analyze the influence of network depth on information propagation, the node label-

copying task was evaluated using MPNNs with two, four, six and ten layers. Increasing 
the source–target distance, we measured the accuracy of the information propagation (see 
Figure 1).

Across all graph topologies, models with more layers propagated information more 
accurately along greater distances.

Accuracy clearly decreased when the propagation distance exceeded the number of 
network layers in accordance with the well-known k-hop limit in k-layer MPNNs.

4.3. Structural Robustness Is More Informative than Average Distance Measures
The correlation analysis further supports the conclusion that simple distance-based 

metrics are insufficient. For the ten-layer MPNN, mean accuracy showed only a weak 
positive correlation with average shortest path length, with Pearson’ r equal to 0.239 and p 
equal to 0.310 (Figure 3a). The correlation with clustering coefficient was also weak with 
Pearson r equal to 0.344 and p equal to 0.137 (see Figure 3b).
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Figure 1. Propagation performance across different graph topologies and network depths ((a) -> 2 
layers, (b) -> 4 layers and (c) -> 10 layers). Graphs with comparable distance characteristics exhibit 
substantially different accuracy patterns.

Figure 2. Propagation accuracy as a function of source–target distance for MPNNs with two (a) and 
four (b) layers. The dashed vertical lines indicate the theoretical receptive field boundaries of the 
respective models.

In contrast, structural robustness measures showed a stronger relationship with accu-
racy. For the ten-layer MPNN, the number of articulation points was negatively correlated 
with mean accuracy, with Pearson r equal to negative 0.523 and p equal to 0.018 (Figure 4b). 
Edge connectivity showed a positive relationship with mean accuracy, with Pearson r equal 
to 0.432 and p equal to 0.057 (Figure 4a). For the two-layer MPNN, this pattern became 
even more pronounced. The number of articulation points had a strong negative correlation 
with mean accuracy, with Pearson r equal to negative 0.775 and p equal to 0.001, while edge 
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connectivity had a strong positive correlation, with Pearson r equal to 0.680 and p equal 
to 0.001. 

Figure 3. Mean propagation accuracy in relation to graph structural properties. (a) Average shortest 
path length. (b) Clustering coefficient. Pearson correlation coefficients and associated p values are 
reported for both analyses.

Figure 4. Correlation analysis between propagation accuracy and structural robustness metrics.
(a) Edge connectivity. (b) Number of articulation points. Pearson correlation coefficients and p values 
are shown above each plot.

4.4. Node Removal Experiments and Structural Bottlenecks
The second set of experiments examined information propagation after systematically 

modifying the graph structure. For each graph topology (Path graph, Erdos–Renyi graphs, 
Grid graphs and barbell graphs), five settings were considered: the original graph, a graph 
with low-degree nodes removed, a graph with high-degree nodes removed, a graph with 
high-betweenness nodes removed and a graph with articulation points removed (for results, 
see Figure 5). The accuracy of the original graphs ranged from 0.60 to 0.71, with path graphs 
showing the lowest initial accuracy and grid graphs showing the highest initial accuracy.

Removing low-degree nodes reduced accuracy across all four graph topologies, al-
though the decrease was generally modest, ranging from 0.01 to 0.03, except for the path 
graph. This suggests that low-degree nodes contribute to propagation performance, but 
their removal usually had a smaller effect than the removal of structurally central nodes.
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Figure 5. Accuracy (vertical axis) in different experiments across graph topologies. The figure 
compares the impact of different node-removal strategies on information propagation performance.

Removing high-degree nodes produced a more topology-dependent effect. The accu-
racy of barbell graphs and grid graphs decreased, with decreases of 0.05 and 0.07 respectively. 
In contrast, path graphs and Erdos–Renyi graphs showed a small increase of 0.02 and 0.01 
respectively.

In the unrestricted intervention analysis, the largest accuracy differences were observed 
after removing high-betweenness nodes. Barbell graphs and grid graphs showed the largest 
decreases in accuracy, with decreases of 0.10 and 0.16 respectively. Erdos–Renyi graphs also 
showed a notable decrease of 0.07, while path graphs changed only slightly with a decrease 
of 0.01. Removal of articulation points was also associated with changes in propagation 
accuracy, although the effect differed across the different topologies. Erdos–Renyi graphs 
showed the strongest decrease in accuracy with articulation points removed, with a decrease 
of 0.08. Grid graphs decreased by 0.03, path graphs decreased by 0.02 and barbell graphs 
increased by 0.02.

To assess whether the accuracy differences observed in the structural-intervention 
experiments were associated with intervention-induced changes in source–target distance, 
we performed an additional paired analysis restricted to source–target pairs for which the 
shortest-path distance was preserved before and after node removal, dG (s,t) = dG ′(s,t). 
Table 1 summarizes the corresponding distance-controlled results.

Table 1. Accuracy of the trained MPNN before and after targeted node removals on source–target 
pairs whose shortest-path distance remained unchanged.

Graph Family Intervention
Distance-

Preserved Pairs 
(n)

Accuracy 
Before

Accuracy 
After 𝚫 Accuracy McNemar p

Barbell Low degree 10 0.700 0.700 0.000 1.000
Barbell High degree 8 0.625 0.625 0.000 1.000
Barbell High betweenness 8 0.625 0.625 0.000 1.000
Barbell Articulation points 8 0.625 0.625 0.000 1.000
Path Low degree 7 0.714 0.714 0.000 1.000
Path High degree 10 0.500 0.500 0.000 1.000
Path High betweenness 4 0.250 0.750 +0.500 0.625
Path Articulation points 2 0.000 1.000 +1.000 0.500
Erdős–Rényi Low degree 49 0.898 0.898 0.000 1.000
Erdős–Rényi High degree 12 0.583 0.917 +0.333 0.125
Erdős–Rényi High betweenness 16 0.625 0.500 −0.125 0.727
Erdős–Rényi Articulation points 82 0.878 0.902 +0.024 0.815
Grid Low degree 13 0.615 0.615 0.000 1.000
Grid High degree 14 0.714 0.714 0.000 1.000
Grid High betweenness 14 0.714 0.714 0.000 1.000
Grid Articulation points 25 0.760 0.760 0.000 1.000

https://doi.org/10.3390/math14213931

https://doi.org/10.3390/math14213931


Mathematics 2026, 14, 3931 19 of 24

For each graph family, nodes were removed according to four intervention strategies 
(low degree, high degree, high betweenness, and articulation points). The table reports 
the number of distance-preserved evaluation pairs, classification accuracy before and after 
the intervention, the corresponding accuracy difference (Δ Accuracy), and the p-value 
of McNemar’s test. After controlling for source–target distance, most intervention condi-
tions showed little or no change in propagation accuracy. Differences were observed in 
several conditions; however, none of the paired comparisons reached statistical significance. 
The comparatively large differences observed for high-betweenness and articulation-point 
removal in the path graph should be interpreted cautiously because only four and two 
distance-preserved source–target pairs, respectively, were available for these comparisons. 
Overall, the distance-controlled analysis indicates that source–target distance should be 
considered when interpreting changes in propagation performance following structural 
node removal.

5. Discussion
The present study does not directly quantify oversquashing using established measures 

such as effective resistance, commute time, discrete curvature, or Jacobian-based sensitiv-
ity metrics. Consequently, the observed relationships between articulation points, edge 
connectivity, betweenness-related interventions, and propagation accuracy should not be 
interpreted as direct measurements of oversquashing. Instead, the results demonstrate as-
sociations between these topological properties and information propagation performance. 
While these observations are consistent with hypotheses proposed in the oversquashing 
literature, they do not establish a causal relationship between the investigated structural 
properties and oversquashing itself.

The results of the first set of experiments suggest that graph diameter alone is, in 
general, a weak predictor of information propagation performance. They indicate that 
information propagation is influenced by multiple topological properties rather than graph 
diameter alone. Given that graph diameter represents the maximum shortest-path distance 
between any pair of nodes, it captures only an extreme global distance property and does 
not reflect the overall communication structure of the graph. Path graphs represent a 
special case because information can propagate only along a single trajectory. Consequently, 
propagation performance appears to depend not only on the maximum distance between 
nodes but also on the availability of alternative communication paths within the graph.

Increasing the number of layers in the MPNN, the results illustrate a significant drop 
in accuracy after a certain distance k which corresponds to the k-hop limit. This observation 
is consistent with Proposition 1, which established that an L-layer MPNN can only depend 
on node features originating from vertices at distance at most L. The empirical propagation 
boundary observed in Figure 2 therefore reflects a fundamental theoretical limitation of 
local message-passing architectures rather than an artifact of the experimental setup.

Furthermore, even information originating from nodes within the theoretical receptive 
field may become increasingly compressed as it is aggregated through successive layers. 
Such compression is consistent with mechanisms associated with over-squashing and may 
contribute to reduced effective propagation.

While the k-hop limit establishes a theoretical boundary for information propagation, 
the experimental results demonstrate that propagation performance within this boundary 
remains highly dependent on graph topology. Graphs with comparable receptive field sizes 
exhibited substantial differences in accuracy, indicating that structural characteristics such 
as alternative communication paths, bottlenecks, and connectivity patterns influence how 
effectively information can be propagated. Consequently, propagation performance cannot 
be explained by propagation depth alone.

https://doi.org/10.3390/math14213931

https://doi.org/10.3390/math14213931


Mathematics 2026, 14, 3931 20 of 24

The experimental results indicate that different classes of topological measures exhibit 
substantially different relationships with propagation performance. While average topo-
logical measures correlate only weakly with mean accuracy, measures reflecting structural 
robustness show considerably stronger associations.

The average shortest path length exhibits only a weak correlation with mean accu-
racy. While larger average distances generally imply that information must travel further 
through the graph, this metric does not capture whether communication is constrained 
by structural bottlenecks or whether alternative propagation paths are available. Conse-
quently, an increase in average shortest path length does not necessarily result in lower 
propagation performance. Likewise, reducing the average shortest path length does not 
guarantee improved accuracy if information flow remains limited by oversquashing or other 
topological constraints.

The clustering coefficient exhibits only a weak correlation with mean accuracy. While a 
higher clustering coefficient increases the density of local connections between neighboring 
nodes, it does not necessarily improve communication between distant regions of the 
graph. As a result, graphs with substantially different clustering coefficients may still 
exhibit similar propagation performance. Likewise, a lower clustering coefficient does not 
necessarily imply poor information propagation as long as sufficient communication paths 
remain available. These observations suggest that local connectivity alone is not a strong 
predictor of propagation performance.

On the other hand, the number of articulation points correlates strongly with mean 
accuracy. A larger number of articulation points indicates a greater presence of structurally 
critical bottlenecks through which communication between graph regions may depend. 
Such structures can restrict alternative propagation routes and may therefore increase sus-
ceptibility to oversquashing, providing a plausible explanation for the observed association 
with lower propagation accuracy. By Menger’s theorem, graph regions separated by an 
articulation point are connected through a structurally restricted set of communication 
routes. In an MPNN, this can require information originating from multiple nodes to be 
aggregated through a limited communication structure, which may increase susceptibility 
to information compression and over-squashing. This provides a plausible structural in-
terpretation of the observed association between articulation-point abundance and lower 
propagation accuracy.

Edge connectivity exhibited a moderate positive association with mean accuracy in the 
ten-layer configuration and a stronger positive association in the two-layer configuration.

In the context of Section 2.4, larger edge connectivity implies the existence of a greater 
number of edge-disjoint communication paths between graph regions. Information can 
therefore propagate through multiple alternative routes rather than being concentrated 
on a small set of critical edges. The positive association between edge connectivity and 
propagation accuracy is therefore consistent with the hypothesis that greater communica-
tion redundancy may reduce susceptibility to topology-induced information bottlenecks, 
including mechanisms associated with over-squashing.

The results of the second set of experiments indicate that node degree alone pro-
vides limited information about propagation relevance, whereas interventions targeting 
high-betweenness nodes and articulation points were associated with larger changes in 
propagation performance.

Removing low-degree nodes may have only a limited impact on propagation per-
formance if sufficient alternative communication paths remain available. In such cases, 
information can still propagate through other regions of the graph, reducing the effect of the 
removed nodes on overall accuracy. The exception of path graphs is structurally meaningful 
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because endpoint removal changes the available source–target configurations in a topology 
that already has only one route for information flow.

The impact of removing high-degree nodes appears to be strongly topology-dependent. 
In barbell and grid graphs, the removal of high-degree nodes resulted in a noticeable de-
crease in accuracy. A possible explanation is that these nodes provide a large number of 
communication paths and therefore play an important role in maintaining efficient informa-
tion propagation. Their removal may reduce connectivity, increase structural bottlenecks, 
and limit the availability of alternative propagation routes. Their removal may reduce 
connectivity, strengthen structural bottlenecks, and limit the availability of alternative 
propagation routes. These structural changes may increase susceptibility to information 
compression and other topology-induced propagation limitations, providing a plausible 
explanation for the observed decrease in accuracy. Path graphs and Erdos–Resnyi graphs 
experienced only a negligible increase in accuracy. Path graphs consist almost entirely 
of nodes with identical degree values, except for the endpoints. Consequently, removing 
high-degree nodes either removes nearly all internal nodes, disrupting the graph structure 
entirely, or has no effect on the graph topology at all. In contrast, Erdos–Renyi graphs typi-
cally exhibit a more homogeneous degree distribution and do not rely on a small number 
of high-degree nodes. As a result, removing these nodes may have only a limited effect 
on the overall communication structure because a large number of alternative paths often 
remain available for information propagation. This suggests that degree alone is not a 
reliable indicator of whether a node is important for propagation. A node may have many 
neighbors but still not be in a globally critical position in the graph.

Removing high-betweenness nodes appears to have the strongest effect on overall 
accuracy. Betweenness centrality measures the fraction of shortest communication paths that 
traverse a given vertex. Consequently, removing a node with large betweenness centrality 
simultaneously eliminates a substantial proportion of the shortest routes available for 
information propagation. The pronounced accuracy degradation observed in several graph 
families therefore provides empirical evidence that global communication position is more 
important than purely local connectivity measures such as degree.

As discussed above, the number of articulation points correlates strongly with the 
mean accuracy of the label-copying task. Removing articulation points affected propa-
gation performance in a topology-dependent manner. While barbell graphs experienced 
an increase in accuracy, the remaining graph topologies generally exhibited decreasing 
accuracies. In most cases, articulation points represent critical communication bottlenecks 
whose removal disconnects parts of the graph and reduces the availability of alternative 
propagation paths. Consequently, information flow becomes more restricted, leading to 
lower propagation performance. The behaviour of barbell graphs suggests that the role 
of articulation points depends on the surrounding topology. The apparent increase in 
accuracy observed for barbell graphs after articulation-point removal should be interpreted 
cautiously. Removing articulation points can disconnect the graph and eliminate difficult 
source–target configurations that previously required communication across the bottleneck. 
The remaining evaluation set may therefore contain structurally easier propagation tasks. 
Consequently, higher accuracy after removal does not necessarily indicate improved global 
information propagation.

The additional distance-controlled analysis provides a complementary perspective on 
these intervention results. When source–target distance was preserved, most intervention 
conditions showed little or no change in propagation accuracy, and none of the paired 
comparisons reached statistical significance. This indicates that source–target distance and 
intervention-induced changes in connectivity should be considered when interpreting the 
accuracy differences observed in the unrestricted node-removal experiments.
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Taken together, the experimental results are consistent with the mathematical frame-
work developed in Section 2. Proposition 1 explains the observed propagation boundary 
in terms of finite-depth reachability, whereas Proposition 2 demonstrates that diameter 
alone cannot characterize communication structure. The stronger associations observed 
for articulation points and edge connectivity, together with the larger accuracy changes 
following high-betweenness node removal in several graph families, suggest that effective 
information propagation depends not only on how far information must travel but also on 
the structure and redundancy of the available communication pathways. Within the inves-
tigated experimental setting, communication redundancy and bottleneck-related measures 
therefore provide complementary explanatory information beyond distance-based graph 
measures alone.

A further limitation of the present study is that all experiments were conducted on 
synthetic graph families. While synthetic graphs provide controlled settings for isolating 
the influence of topological properties, the empirical findings should not be assumed 
to generalize automatically to real-world graph datasets. Future work should therefore 
investigate whether the observed relationships between graph topology and propagation 
performance persist in more complex real-world networks.

6. Conclusions
Taken together, the theoretical and experimental results show that distance-related 

graph properties alone provide an incomplete characterization of information propagation 
in Message-Passing Neural Networks. The mathematical analysis establishes that message-
passing depth determines theoretical reachability, while graphs with identical diameters can 
differ substantially in their connectivity and communication redundancy. The experimental 
results complement this analysis by showing that graphs with comparable diameters can 
nevertheless exhibit substantially different propagation performance.

Within the investigated graph families and experimental settings, average shortest-
path length and clustering coefficient showed only weak associations with propagation 
accuracy, whereas articulation points and edge connectivity exhibited stronger relation-
ships. In the unrestricted node-removal experiments, removing high-betweenness nodes 
was associated with comparatively large reductions in propagation accuracy for several 
graph topologies. However, the additional distance-controlled analysis showed that most 
intervention conditions exhibited little or no change when source–target distance was 
preserved, and none of the paired comparisons reached statistical significance. These find-
ings indicate that structural-intervention results should be interpreted in conjunction with 
intervention-induced changes in distance and connectivity.

The results therefore support a distinction between theoretical reachability and effective 
information propagation. Source–target distance determines the minimum message-passing 
depth required for information exchange, but satisfying this depth requirement does not 
guarantee effective transmission. Once nodes are theoretically reachable, propagation 
performance may additionally depend on the topology of the available communication 
pathways, including their redundancy, connectivity, and the presence of structural bot-
tlenecks. These structural conditions are consistent with mechanisms discussed in the 
literature on over-squashing; however, over-squashing was not directly quantified in the 
present study.

Future work should investigate these relationships using more direct measures of 
information transmission and bottleneck severity, including curvature-based quantities, 
effective resistance, commute time, and Jacobian-based sensitivity measures. Such analyses 
could clarify how distance, connectivity, and communication redundancy jointly affect 
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information propagation and could support the development of topology-aware graph 
neural architectures.

A further prospective direction is to extend this framework to quantum and hybrid 
quantum–classical graph learning. In particular, controlled comparisons could investigate 
whether topology-induced communication limitations analogous to those observed for clas-
sical MPNNs also arise in quantum graph models, and how they interact with information 
encoding, circuit depth, entanglement structure, and measurement strategies.
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