
Academic Editors: Lin Lin and

Dan Liu

Received: 23 September 2026

Revised: 16 October 2026

Accepted: 23 October 2026

Published: 26 October 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Review

Advanced Data-Driven Diagnostics and Prognostics for
Next-Generation Battery Systems
Mohad Tanveer and Heung Soo Kim *

Department of Mechanical, Robotics and Energy Engineering, Dongguk University-Seoul, 30 Pildong-ro 1-gil,
Jung-gu, Seoul 04620, Republic of Korea; mohadtanveer@dgu.ac.kr
* Correspondence: heungsoo@dgu.edu

Abstract

Battery diagnostics and prognostics support safe electrified transport and grid storage, yet
comparison across model families is hindered by inconsistent notation, validation, and
uncertainty reporting. This review organizes state-of-health, state-of-charge, and remaining-
useful-life estimation in a common mathematical framework, drawing primarily on lithium-
ion evidence and examining conditions for transfer to sodium-ion, lithium–sulfur, and solid-
state systems. Deterministic degradation laws, Wiener and Gamma processes, reduced-
order electrochemical models, statistical learning, deep architectures, Kalman and particle
filters, and physics-informed methods are expressed in common notation and compared
by assumptions, identifiability, data requirements, computational cost, and uncertainty
treatment. The synthesis shows that stochastic and Bayesian formulations are well suited
to probabilistic life prediction, feature-based models remain competitive in small-data
regimes, and physics-informed approaches improve extrapolation only when governing
models and parameters remain valid. Cross-chemistry transfer requires target-system
evidence that the model assumptions and input features remain appropriate. Priorities
include cell-wise and cross-condition validation, calibrated prediction intervals, pack-level
inference, interpretable models, and privacy-preserving multi-fleet learning.

Keywords: battery prognostics; state-of-health estimation; remaining useful life; stochastic
degradation modeling; deep learning; uncertainty quantification

MSC: 62M20

1. Introduction
Electrified transport and grid-scale storage have made rechargeable batteries a critical

infrastructure component, and the reliability of that infrastructure now rests on the ability
to infer internal conditions from external measurements [1–3]. Lithium-ion cells dominate
present deployment on account of high energy density, low self-discharge, and long cycle
life [4,5], while sodium-ion, lithium–sulfur, and solid-state formats are entering service
with degradation signatures that differ materially from the lithium-ion case. Performance
in all of these systems decays irreversibly through coupled electrochemical, thermal, and
mechanical processes governed by cycling history, temperature, and load [6–8]. Failure to
track those processes leads to premature capacity loss, unanticipated outage, and in severe
cases thermal runaway with safety and economic consequences [9].

Diagnostics and prognostics address this problem from opposite ends of the time
axis. Diagnosis estimates the present condition of a system from current and historical
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measurement; prognosis projects that condition forward to a defined failure threshold and
returns the residual life together with its uncertainty [10,11]. For battery systems, the two
are realized through three quantities: the state of health (SOH), which measures capacity or
power capability relative to the pristine cell [12]; the remaining useful life (RUL), which
counts the cycles or the operating time remaining before an end-of-life criterion is met [13];
and the state of charge (SOC), which expresses the available charge as a percentage of the
present maximum capacity of the cell [14].

Methodologically, the field has organized itself around a physics-based and a data-
driven pole [15]. Physics-based descriptions, from full-order porous electrode theory to
lumped equivalent circuits, encode the governing transport and reaction relations explic-
itly [16–19]. They can extrapolate beyond the calibration range when their governing form
remains valid and their parameters are re-identified as the cell ages. Data-driven descrip-
tions estimate the degradation map directly from measurement without a mechanistic
hypothesis, which makes them computationally convenient at inference and suitable for
online execution; transfer across chemistry or duty cycle nevertheless requires representa-
tive target-domain data, retraining, or explicit domain adaptation, and validity otherwise
remains confined to the observed operating envelope [20–23].

Statistical and machine learning methods have accordingly become the dominant
computational instrument [24–27]. Kernel machines, ensembles of trees, and Gaussian
process models map engineered health indicators onto degradation targets and, in the
probabilistic cases, return model-based predictive intervals whose calibration must be
verified empirically [28–32]. Deep architectures learn the representation and the regression
jointly from raw voltage, current, and temperature streams, which removes the dependence
on manual feature design [33–37]. Convolutional, recurrent, and attention-based models
capture the local and long-range structure of cycling data, and generative models synthesize
degradation trajectories where measured data is scarce [38–41].

Three obstacles persist. Deep models require large labeled corpora, and run-to-failure
data is expensive to acquire and correspondingly rare [42]. Most reported validation is
performed under laboratory cycling that does not reproduce field variability, so accuracy
degrades when the deployment distribution departs from the training distribution [43].
The internal logic of high-capacity models resists physical interpretation, which is a binding
constraint in regulated safety-critical sectors [44]. A recent assessment argues further that
innovation has concentrated on architectural refinement while degradation mechanisms,
material evolution, and multi-physics coupling remain comparatively underexplored [45].

This review responds to those obstacles by treating diagnostics and prognostics as
a single estimation problem and by presenting each method family through its govern-
ing mathematics. A consistent notation, applied to ninety-four numbered equations and
consolidated in Tables A1 and A2 of Appendix A, allows the modeling assumptions, the
identifiability conditions, the sample complexity, and the computational cost of compet-
ing approaches to be compared on their own terms rather than through reported error
values alone. The scope is deliberately broader than lithium-ion, since the mathematical
structure of the estimation problem is shared across chemistries even where the underlying
degradation physics is not; Section 4.4 makes that separation explicit for the sodium-ion,
lithium–sulfur, and solid-state formats. The evidence base behind those formats is neverthe-
less uneven: the empirical results reviewed in Sections 5–10 are drawn predominantly from
lithium-ion cells, while Section 4.4 summarizes the empirical studies available for each of
the other three, which are growing in number for sodium-ion, few but methodologically
informative for lithium–sulfur, and very limited for solid-state. The title should therefore
be read as naming the systems the mathematics is intended to serve and not as a claim that
each is equally well evidenced.
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This review is distinct from, and complementary to, the authors’ recent treatment of
trustworthy machine learning for lithium-ion state-of-health estimation [46] and from the
most closely related external reviews [24,47,48]. The prior review is organized by learning
formulation and confined to SOH in lithium-ion cells; the external reviews are organized,
respectively, by model fidelity, by machine-learning workflow stage, and by probabilistic
modeling and uncertainty quantification, and all three are likewise confined to lithium-ion
batteries. The present review is organized by the mathematics of the underlying estimation
problem and extends this literature in four directions not treated jointly in those reviews:
remaining useful life through selected first-passage lifetime laws under stated assumptions,
developed in Section 4.2; reduced-order electrochemical and thermal descriptions, in
Section 4.3; fault diagnosis and safety prognosis, in Section 9; and conditions for transfer to
sodium-ion, lithium–sulfur, and solid-state systems, together with the empirical literature
now available for each of them, in Section 4.4. Table 1 sets out the comparison explicitly.

Table 1. Scope of the present review compared with the authors’ most closely related prior review [46]
and with three representative external reviews [24,47,48].

Dimension Sohail et al. [46] Martí-Florences
et al. [47] Khaleghi et al. [24] Thelen et al. [48] Present Review

Target state SOH SOC and SOH SOH and RUL SOH and RUL SOH, SOC, and RUL

Chemistry Lithium-ion Lithium-ion Lithium-ion Lithium-ion

Lithium-ion (evidence base);
conditions for transfer to, and the
empirical literature on,
sodium-ion, lithium–sulfur, and
solid-state systems (Section 4.4)

Organizing axis Learning
formulation Model fidelity ML workflow

stages
Probabilistic ML
and UQ

Mathematics of the estimation
problem

First-passage life
distribution Not treated Not treated Not treated

Probabilistic
RUL, not first
passage

Central; inverse Gaussian and
Gamma survival,
Equations (13)–(16)

Electrochemical and
thermal models Background only Primary focus Limited Limited

Butler–Volmer, Fickian transport,
energy balance,
Equations (20)–(24)

Sequential Bayesian
estimation Not treated Observer and filter

design Limited Covered within
UQ

Kalman, EKF, UKF, particle filters,
Equations (73)–(81)

Fault and safety
prognosis Not treated Not treated Limited Not treated Section 9

Cross-chemistry
transfer Not treated Not treated Not treated Not treated

Section 4.4, including the
empirical literature for each
format, and Equation (93)

Notation Per-method Per-method Per-method Per-method

Consistent notation across
94 equations, with units and a
register of reused symbols,
Appendix A

Abbreviations: EKF, extended Kalman filter; ML, machine learning; UKF, unscented Kalman filter;
UQ, uncertainty quantification.

The paper is organized as follows. Section 2 states the literature-selection protocol, the
notation conventions, the scope and nature of the contribution, and the limitations of the
synthesis. Section 3 poses the estimation problem formally, derives the health metrics, and
sets out the conditioning of state-of-charge estimation. Section 4 develops deterministic,
stochastic, and physics-based degradation models, and Section 4.4 examines what changes
when the chemistry is not lithium-ion. Section 5 treats signal processing and feature
construction. Section 6 presents statistical and machine learning formulations for diagnosis,
and Section 7 presents deep architectures for prognosis together with graph-based and self-
supervised formulations. Section 8 develops sequential state estimation and uncertainty
quantification. Section 9 addresses fault diagnosis and safety prognosis. Section 10 covers
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evaluation metrics, the quality of uncertainty estimates, validation protocols, data leakage,
and reporting practice; Section 11 identifies open problems and emerging directions; and
Section 12 concludes. Appendix A collects the notation, with dimensions and units, together
with a register of symbols that carry more than one meaning.

2. Review Methodology and Scope
2.1. Literature Identification and Selection

The literature reviewed here was identified through a structured narrative search, and
the selection procedure is described in this subsection for transparency. As the work is
a narrative rather than a systematic review, no review protocol was registered, and the
database-specific query strings, the dates of the individual searches and the number of
records at each screening stage are not reported; the limitations that follow from this are
stated in Section 2.4.

Records were sought in Scopus, Web of Science, IEEE Xplore, ScienceDirect, Springer-
Link, Wiley Online Library, the MDPI journal collection, and arXiv, with Google Scholar
used for forward and backward citation chasing rather than as a primary index. The
search covers material published up to and including September 2026, the final update
having been made during revision. No lower bound on publication date was imposed. Sev-
eral of the formulations reviewed here originate in the electrochemical, signal-processing
and statistical-learning literature of the 1980s and 1990s and are cited in their original
form, whereas the empirical battery material is concentrated in the last seven years; the
composition of the reference list is reported below.

Queries were constructed by combining a state term, a system term and a method
term, in the pattern (state) AND (system) AND (method). The state terms were state of
health, state of charge, remaining useful life, capacity fade, degradation, prognosis and
diagnosis. The system terms were battery, cell, lithium-ion, sodium-ion, lithium–sulfur,
solid-state and battery pack. The method terms were machine learning, deep learning,
neural network, Gaussian process, support vector, ensemble, Kalman filter, particle filter,
Bayesian, stochastic process, first-passage, Wiener process, Gamma process, equivalent
circuit, single-particle model, physics-informed, transfer learning and domain adaptation.
Each combination was re-expressed in the syntax of the index being searched, and the
method terms were also used without a state term when the object of the search was a
primary methodological source rather than a battery application. Sources for gradient
boosting, graph-based and self-supervised learning, calibration and conformal prediction,
and validation and data leakage, treated in Sections 6.3, 7.4, and 10.2–10.4, were reached
through the generic method terms and by citation chasing rather than by dedicated queries.

A record was included if it satisfied all of the following: it states a mathematical formu-
lation of diagnosis or prognosis for an electrochemical cell, module or pack, or it supplies a
dataset, benchmark or primary methodological result on which such a formulation depends;
its evaluation, where it reports one, is attributable to a stated dataset; and it is available in
English. A record was excluded if it addresses cell design, materials synthesis, electrode
manufacturing, thermal-management hardware or charging-protocol optimization without
an estimation component; if its formulation duplicates one already represented, in which
case the earlier or more complete source was retained; if it is a secondary account of a
result available in a primary source; or if a reported result could not be attributed to an
identifiable dataset and split protocol.

Screening proceeded in three passes. Titles and abstracts were screened against the
inclusion criteria; the records surviving that pass were read in full and screened against the
exclusion criteria; and the retained records were then followed in both citation directions
until no further distinct formulation appeared. Selection was performed by the first author
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and checked by the second. The review was not double-screened by independent assessors
and no inter-rater agreement statistic was computed.

The reference list of this review consists of the retained corpus together with reviews
and contextual sources cited for background, for the comparison with earlier reviews in
Table 1 and for the reproduced figures, which were not screened against the criteria above,
and the figures below can be checked against it directly. The list contains 200 records
spanning 1985 to 2026. Of the 199 records that carry a publication date, the remaining one
being an undated data portal, the median publication year is 2021; 153 (77%) were published
in 2020 or later and 77 in 2022 or later, while 20 predate 2015 and are retained because they
are the primary sources for the electrochemical, thermal, signal-processing, feature-analysis,
statistical-learning and forecast-evaluation formulations of Sections 4.3, 5–7, 10.2 and 11.2.
The distribution is therefore weighted toward recent empirical work without discarding
the originating mathematical literature.

2.2. Notation and Reporting Conventions

Because the review draws on several bodies of literature, a symbol that is standard in
one of them frequently carries a different standard meaning in another. Imposing globally
unique symbols would make the equations unrecognizable against the sources from which
they are taken, so two conventions are used instead. First, every symbol is defined in the
text where the equation that uses it is introduced, and where a symbol that already carries
a meaning elsewhere in the review is reused, the meaning in force is stated at that point,
so that the text can be followed without recourse to the appendix; all such reuses are also
collected in Table A2, together with each meaning and the equation that fixes it. Second,
where a reuse would be likely to mislead, one of the meanings is subscripted, given an
argument or re-lettered: the shape coefficient and rate parameter of the Gamma process in
Equation (16) are written αΓ and βΓ to distinguish them from the capacity-fade coefficients
α and β of Equation (12); the first-passage time in Equations (14) and (15) is written Tf to
distinguish it from the temperature T used elsewhere in Section 4 and to parallel the failure
index nf of Equation (8); the moving-average window length in Equation (27) is written
Nw to distinguish it from the failure threshold w of Equations (14) and (15); the Gamma
increment density in Equation (16) is written f ∆X to distinguish it from the regression
function f ; and the sample index in Equations (36) and (37) is written as an argument, as
in Equation (31), so that a subscript on V always names the kind of voltage, as in Vt, and
never a sample. On the same principle, the discharge duration in Equation (1) is written
td, so that T always denotes temperature, and the sample size in the bound of Equation
(44) is written N, so that the bare symbol n always denotes the cycle index. Quantities that
recur are also written in the same way wherever they appear: the capacity in Equations
(2) and (12) as Cmax(n), the continuous terminal voltage and current in Equations (18) and
(35) as Vt(t) and I(t), the Kullback–Leibler divergence in Equations (38) and (60) as DKL,
the hidden-unit count in Equations (38) and (61) as mh, and, in Section 6, the kernel as
k(·, ·) with length scale ℓ and the observation-noise variance as σε

2. The scaled feature in
Equation (26) is written x̃ rather than with an asterisk, which marks complex conjugation
in Equation (29), and log denotes the natural logarithm throughout. Dimensions and units
are given for every symbol listed in Table A1. The assumptions and, for the distributed
formulations, the boundary and initial conditions attached to each equation are stated
where the equation is introduced.

2.3. Scope and Nature of the Contribution

The organizing principle of the review is the mathematics of the estimation problem
rather than a taxonomy of methods or of applications, and its selection of material follows
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from that principle. A formulation is included when it contributes a distinct mathematical
statement of diagnosis or prognosis, when it is in current use on battery data, or when it
is required to make a later formulation intelligible. For approaches that are already well
established, representative rather than exhaustive citations are given, and primary sources
are preferred to secondary accounts. The material is drawn from the applied mathematics,
control, power electronics, electrochemistry, and machine learning literature, together with
the public dataset repositories catalogued in Section 5.1. Elementary definitions, such as
the scaling, statistical-moment, activation and error-metric relations, are included so that
the notation is closed under the operations used later, and not as contributions in their
own right.

The scope is delimited as follows. The review covers cell-level and, where evidence
permits, pack-level estimation of state of health, state of charge, and remaining useful life
for lithium-ion, sodium-ion, lithium–sulfur, and solid-state systems. It covers determinis-
tic, stochastic-process, reduced-order electrochemical, statistical-learning, deep-learning,
sequential-Bayesian, and physics-informed formulations. It excludes cell design, materials
synthesis, thermal-management hardware, and charging-protocol optimization except
where these bear directly on the estimation problem.

Two kinds of claims should be distinguished at the outset, because reviews of math-
ematical material can blur them. This review contributes a synthesis and an organizing
framework: the estimation problem is stated once, in Remark 1, and each method family
is then exhibited as a specialization of that single statement, so that families ordinarily
described in incompatible vocabularies become comparable based on assumptions, identifi-
ability, data requirement, cost, uncertainty treatment and extrapolation behavior, as set out
in Section 12.1. It does not contribute new theorems, new estimators, or new experimental
results, and nothing below is presented as a previously unpublished finding. Where a
formulation is given in a form that differs from the source from which it is taken, the
difference is a correction or a clarification of an existing statement rather than a new result,
and it is explained at the point where it occurs; the discretely normalized smoothing kernel
of Equation (28), the dimensional reading of the thermal balance of Equations (23) and (24),
and the explicit statement of the conditions under which the inverse Gaussian life distribu-
tion of Equation (15) follows from Equation (13) are the three instances.

2.4. Limitations of the Review Design

Five limitations follow from this design and are stated at the outset. First, the syn-
thesis is structural rather than quantitative: reported error values are not pooled across
studies, because differences in dataset, split protocol, and end-of-life threshold make them
incommensurable, and the comparison in Table 2 is therefore made on assumptions and
requirements rather than on accuracy. Second, coverage is representative rather than ex-
haustive, so the absence of a method from this review is not evidence that it is unused.
Third, the evidence base is strongly imbalanced across chemistries, so conclusions drawn
for lithium-ion batteries rest on far more run-to-failure data than those drawn for the
formats discussed in Section 4.4.

Fourth, as is usual for a narrative review, the database-specific query strings, the dates
of the individual searches and the number of records identified, screened and excluded at
each stage are not reported; the retained corpus is not distinguished entry by entry from
the contextual sources in the reference list; and no PRISMA-type flow diagram is provided.
Section 2.1 describes the search and selection procedure for transparency, but not at the
level of detail that exact repetition would require. Fifth, because the final screening pass
was citation chasing rather than exhaustive enumeration, the corpus is representative of the
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formulations in current use rather than complete, and a quantitative estimate of coverage
of the field is therefore not available.

Table 2. Comparison of physics-based and data-driven modeling paradigms for battery diagnostics
and prognostics across the criteria that govern method selection in practice.

Criterion Physics-Based Models Data-Driven Models

Basis Governing electrochemical, thermal, and
electrical relations

Statistical relations learned from historical
measurement

Prior knowledge Extensive; requires cell design and material
parameters

Minimal; requires representative labeled
data

Parameterization System-specific identification, repeated as
the cell ages Training on a representative dataset

Extrapolation

Potentially more robust outside the
calibration range, but only while the model
form and the identified parameters remain
valid

Unreliable beyond the training distribution

Computational cost High for full-order models; moderate for
reduced-order models

Mostly incurred in training; inference cost
depends on the architecture and hardware

Interpretability High; parameters carry physical meaning Low for deep architectures; moderate for
tree and kernel methods

Uncertainty
Propagated analytically for selected models;
otherwise evaluated numerically, for
example by sampling or filtering

Native only for probabilistic estimators

Online suitability
Equivalent-circuit and selected
reduced-order electrochemical or gray-box
models

Well suited once trained

Typical failure mode Model-form error and parameter drift Distribution shift between laboratory and
field

3. Formulation of the Estimation Problem and Health Metrics
Let the internal condition of a cell at cycle index n be summarized by a latent degra-

dation state x(n) taking values in a state space X ⊆ Rd, and let z(n) ∈ Rp denote the vector
of accessible measurements, comprising terminal voltage, current, surface temperature,
and, where available, impedance. Diagnosis is the recovery of x(n) from the observation
history, and prognosis is the projection of x forward to the first index at which a failure
criterion is met. Both are inverse problems that can be ill-posed or poorly conditioned.
An instantaneous measurement may not determine the internal state uniquely, whereas
identifiability from an observation history depends on the dynamics, the excitation and
the signals available, and sensitivity to measurement noise is a separate property; physical
structure and learned prior information are used to regularize the resulting estimation
problems [11]. The remainder of this section makes the associated quantities precise. No-
tation is defined locally and summarized in Appendix A; where an established symbol is
reused, its context-dependent role is stated explicitly.

3.1. Capacity, Health, and Charge

Discharge capacity is obtained by integrating current over the discharge interval,
which gives the coulomb counting relation of Equation (1).

Q =
∫︂ td

0
I(t) dt (1)
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Here, I(t) is the current in amperes at time t, taken positive on discharge, td is the total
discharge duration, and Q is the delivered capacity. Equation (1) returns ampere-hours only
when time is measured in hours; if the acquisition system records time in seconds, as most
public corpora do, the integral must be scaled by 1/3600. This convention is adopted once
here and applied throughout, in particular to Equation (5). The capacity-based definition of
SOH follows as the ratio of the maximum available capacity at cycle n to the capacity of the
pristine cell, given in Equation (2).

SOHC(n) =
Cmax(n)

C0
× 100% (2)

where C0 is the initial capacity and Cmax(n) is the measured maximum capacity at cycle
n. This quantity decreases monotonically in expectation while fluctuating locally through
capacity regeneration during rest, a behavior that any estimator must accommodate. Failure
is conventionally declared once the fully charged capacity has fallen to between 70% and
80% of the nominal one [49–52].

Capacity is not the sole admissible basis. Growth of internal resistance provides a
definition better matched to power-limited duty, given in Equation (3).

SOHR(n) =
REOL − R(n)
REOL − RBOL

× 100% (3)

with R(n) representing the internal resistance at cycle n; RBOL being its value at beginning
of life, distinguished from the ohmic resistance R0 of Equations (6), (17) and (18); and REOL

meaning its value at the declared threshold. Written this way, the metric equals 100% at
beginning of life and zero at the declared threshold, whereas the capacity-based metric of
Equation (2) equals the end-of-life capacity fraction, typically 70% to 80%, at its threshold;
the two scales therefore differ, and numerical values of the two can be compared only after
their reference states and thresholds have been aligned. The two definitions diverge for
cells in which power fade outpaces energy fade, so the operative definition should follow
the application rather than convention [12,53–55].

SOC is the residual charge available relative to the maximum capacity of the current
cycle, given in Equation (4), in which Qavail(k) is the charge still available at sample k. It is
an intra-cycle quantity, so it is indexed by the sample index k within a cycle, or equivalently
by continuous time t, and never by the cycle index n, which indexes cycle-level degradation
quantities such as SOH(n) and has that meaning throughout the review; the subscripted
symbols nf, ns and nt denote distinct quantities, namely the failure index of Equation (8)
and the source and target sample counts of Equation (93). The relation between SOC and
the measured voltage is nonlinear and depends on temperature and on the charge and
discharge rate.

SOC(k) =
Qavail(k)
Cmax(n)

× 100% (4)

In online operation, SOC is propagated recursively from an initial value through the
ampere-hour integral of Equation (5) [56–58].

SOC(t) = SOC(t0)−
100

Cmax(n)

∫︂ t

t0

η I(τ) dτ (5)

where Cmax(n) is the maximum capacity at cycle n, the same capacity basis used in
Equation (4), and the integration is again over time in hours, so that for time in seconds
the coefficient 100/Cmax(n) becomes 100/(3600 Cmax(n)); η ∈ (0, 1] is the coulombic effi-
ciency accounting for charge losses, and the current is again taken positive on discharge,
so that the integral subtracts charge on discharge and adds it on charge. Where charge
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and discharge efficiencies differ materially, as they do for lithium–sulfur cells, in which
the polysulfide shuttle consumes part of the charging current, a separate charge efficiency
must be defined rather than a single η; η then depends on the direction of the current,
and the usual convention is η = 1 on discharge, so that only the charging current is scaled.
Two weaknesses follow directly from the structure of this relation: the integration accumu-
lates sensor bias without bound, and the estimate inherits any error in the initial condition.
Both are addressed by the recursive Bayesian schemes of Section 8, which is the principal
reason SOC estimation and filtering theory are inseparable in practice.

3.2. State of Charge: Conditioning of the Estimation Problem

Equations (4) and (5) fix what state of charge is and how it is propagated; neither
determines how accurately it can be recovered from measurement. Because the weight of
attention in the literature, and in Sections 4–7 of this review, falls on cycle-level degradation,
the conditions under which this intra-cycle quantity is identifiable are set out here before
the degradation formulations are introduced. Three properties separate the problem from
the degradation problem, and together they determine which of the later formulations
apply to it.

First, where state of charge is inferred from the voltage response, the inversion
that recovers it is ill-conditioned wherever the open-circuit-voltage characteristic is
flat. Reconstructing the open-circuit voltage from the terminal measurement through
Equations (18) and (19), and then inverting the characteristic, gives the first relation of
Equation (6); the second relation states, to first order, the conditioning of that inversion.

SOC = V−1
oc (Vt + IR0 + V1), ∆SOC ≈ ∆V

(︃
dVoc

dSOC

)︃−1
(6)

Here Vt, R0 and V1 are the terminal voltage, the ohmic resistance and the polarization
voltage of the equivalent circuit of Equations (17)–(19); the inverse of the open-circuit-
voltage characteristic exists only where that characteristic is strictly monotone in state of
charge, δV is the error in the reconstructed open-circuit voltage, and δSOC is the resulting
error in the inferred state of charge. The second relation is a first-order approximation, valid
for a small error δV about an operating point at which the characteristic is differentiable
with nonzero slope; the local amplification factor is the reciprocal of that slope and becomes
unbounded as the slope approaches zero, and near a flat region the linear approximation
itself can fail. For cells with a pronounced slope, the inversion is benign. For lithium iron
phosphate, over its central plateau, it is poorly conditioned, and for the lithium–sulfur
cells discussed in Section 4.4, the low-voltage plateau is flat enough that state of charge
is poorly observable from voltage alone within it; an observability analysis of a zero-
dimensional electrochemical model of such a cell shows this directly [59], and the difficulty
has motivated estimators that return a state-of-charge interval from a classifier instead
of a point value from an inversion [60]. Hysteresis between the charge and discharge
characteristics, and the temperature dependence of the characteristic itself, enter as further
departures from the single monotone inverse assumed in Equation (6).

Second, the recursion of Equation (5) is open-loop, so its errors do not decay. Writing
bI for a constant bias in the measured current, so that the measured current is I + bI, and
εSOC for the error of the integrated estimate, taken as the estimate minus the true value, the
error evolves according to Equation (7) when the coulombic efficiency η and the capacity
Cmax(n) are constant over the interval from t0 to t and equal to the values used by the
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estimator; if the bias, the efficiency or the capacity varies over that interval, the second term
of Equation (7) is replaced by the corresponding time integral.

εSOC(t) = εSOC(t0)−
100ηbI(t − t0)

Cmax(n)
(7)

An error in the initial value therefore persists undiminished, and a current-sensor bias
produces drift that grows linearly in elapsed time, with nothing in the recursion to correct
either. This is the formal content of the two weaknesses noted after Equation (5), and it is
the reason ampere-hour integration is used together with a voltage-based correction rather
than on its own.

Third, state of charge is an intra-cycle quantity, whereas the degradation state is a
cycle-level one, so the two are estimated on different time scales and, in general, from
different signals. This difference has a systematic consequence for method selection. State-
of-charge estimation is dominated by the sequential formulations of Section 8, in which
the ampere-hour relation of Equation (5) and the branch dynamics of Equation (19) supply
the transition and the terminal-voltage relation of Equation (18) supplies the measurement.
Where the model and the excitation make the state observable, voltage feedback can correct
the initial-value error of Equation (7) and limit the drift caused by its bias term; the bias
can itself be estimated by appending bI to the state, provided it is identifiable, but feedback
cannot restore information that a locally flat voltage response does not carry. State of
health and residual life are dominated instead by the regression and sequence formulations
of Sections 6 and 7. Direct learned mappings from a window of voltage, current and
temperature to state of charge are also used and can be accurate within the conditions
represented in training [41]; because they draw on the whole input history rather than on a
single voltage inversion, Equation (6) describes only part of their information content, and
their reliability outside the training conditions must be established separately. Finally, the
two quantities are coupled rather than independent: the capacity basis Cmax(n) in Equation
(4) is itself the quantity on which the state of health of Equation (2) is defined, so an error
in state of health propagates directly into state of charge. Schemes that estimate the two
jointly, typically by nesting a fast state-of-charge filter inside a slower capacity filter, are
discussed in Section 8.2 [12].

3.3. End of Life and Residual Life

End of life is the index at which the cell ceases to meet its performance requirement. It
is most often expressed as a discrete cycle count [61], as in Equation (8), with the residual
life following as the difference in Equation (9). Formally nf = inf{n ≥ 0: SOH(n) ≤ SOHEOL},
the first index at which the health metric falls to the declared threshold.

EOL = nf (8)

RUL = nf − n (9)

where nf is the failure index of Equation (8) and n is the current cycle. Figure 1 shows a
measured health trajectory against a declared threshold, which makes the construction
concrete: the curve falls with local recoveries superimposed, and the crossing defines both
the end of life and the residual interval. Written this way, RUL is a deterministic quantity. It
is more properly a random variable, since the threshold crossing depends on a degradation
trajectory that is itself stochastic and on future operating conditions that are unknown at
the time of prediction. Section 4.2 develops the first-passage time formulation that makes
this explicit and delivers a closed-form life distribution rather than a point estimate [62–64].

https://doi.org/10.3390/math14213906

https://doi.org/10.3390/math14213906


Mathematics 2026, 14, 3906 11 of 74

Figure 1. Measured state-of-health trajectory against cycle number for a cell cycled to failure, with
the declared end-of-life threshold marked. Local recoveries superimposed on the falling trend are
characteristic of capacity regeneration during rest. Reproduced without modification under the terms
of the Creative Commons Attribution (CC BY) license from [65].

These quantities are mutually dependent. Capacity falls across the service life while
fluctuating within each charge and discharge sequence, so the definition of failure must be
stated with respect to a specified measurement condition if it is to be reproducible.

The workflow connecting raw measurement to a maintenance decision proceeds
through six stages: data acquisition, signal conditioning, condition monitoring, health
assessment, life prediction, and decision support. The reliability of each stage bounds the
reliability of those downstream, so an error introduced during conditioning propagates
unchecked into the life estimate [11,66].

Remark 1 (unified estimation problem). With the notation of this section, diagnosis is the
estimation of x(n) from the observation history z(0), . . ., z(n), and prognosis is the estimation of the
first-passage index nf = inf{n ≥ 0: SOH(n) ≤ SOHEOL} of the latent trajectory, so that RUL(n)
= nf − n is a random variable whose distribution is induced by the law of the trajectory and by
the assumed future operating profile. Every formulation in Sections 4–11 is a specialization of this
statement: Sections 4.1 and 4.3 fix the dynamics of x; Section 4.2 assigns a probability law to its
increments and thereby to nf; Sections 5–7 replace x by an engineered or learned functional of the
measurements; Section 8 propagates the conditional law of x recursively; and Section 11.3 constrains
the learned map by the residual of a governing relation.

4. Degradation Modeling
Three formalisms are available for describing how the latent state evolves, and their

historical succession is shown in Figure 2: electrochemical descriptions came first, equiva-
lent circuits followed as a tractable reduction, and data-driven models arrived once cycling
corpora became large enough to support them [67]. Deterministic empirical laws fit an
algebraic trend to observed fade. Stochastic process models treat the trajectory as a random
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function and deliver a life distribution. Physics-based models resolve the transport and
reaction processes that generate the fade. The three are complementary, and the hybrid
schemes of Section 11 combine them.

Figure 2. Evolution of battery modeling methods, from electrochemical descriptions through
equivalent-circuit reductions to data-driven formulations. Panel (a) of the original figure has been
adapted by cropping under the terms of the Creative Commons Attribution (CC BY) license from [67].

4.1. Deterministic Empirical Laws

Capacity fade arises from growth of the solid electrolyte interphase, loss of cyclable
lithium, loss of active electrode material, lithium plating at low temperature or high charge
rate, and mechanical fracture of electrode particles [6,68–70]. The principal pathways
and the interfacial processes that drive them are shown in Figure 3. These processes are
thermally activated, so their rate constants follow the Arrhenius law of Equation (10) [71].

k(T) = A exp
(︃
− Ea

RgT

)︃
(10)

with A a pre-exponential factor, Ea the activation energy, Rg the universal gas constant, and
T absolute temperature. Semi-empirical life models extend this by admitting throughput
and current rate as explicit stress factors, as in Equation (11).

Qloss = B exp
(︃
−Ea + γCrate

RgT

)︃
(Ah)

z (11)

where Qloss is the capacity loss, B is a pre-exponential factor, γ weights the rate dependence
of the effective activation energy and is negative in the usual parameterization, so that a
higher rate lowers the effective barrier and accelerates loss, Crate is the applied rate, Ah is
cumulative ampere-hour throughput, and z is a power-law exponent typically near one
half. Because this exponent is not in general an integer, the ampere-hour throughput must
be interpreted as a value normalized by a stated reference throughput, so that the bracketed
quantity is dimensionless and the pre-exponential factor carries the units of capacity
loss; reporting that factor without the reference makes fitted coefficients incomparable
between studies. The square-root dependence reflects diffusion-limited interphase growth,
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while a linear term captures the later regime in which loss of active material dominates.
Superposing the two gives Equation (12).

Cmax(n) = C0 − α
√

n − βn (12)

Figure 3. Degradation pathways in a lithium-ion cell, showing solid electrolyte interphase formation,
structural disordering of the electrode, contact polarization, electrolyte decomposition, gas evolution,
and metal dissolution. Reproduced without modification under the terms of the Creative Commons
Attribution (CC BY) license from [71].

In Equation (12), C0 and Cmax(n) are the initial and maximum capacities of Equation (2),
and α and β are the diffusion-limited and linear fade coefficients. Relations of this form are
attractive because they are identifiable from a handful of parameters and they extrapolate in
a physically defensible way. They are nevertheless deterministic, so they cannot represent
the cell-to-cell dispersion that is observed even within a single manufacturing batch, and
they return no interval around a life prediction.

4.2. Stochastic Degradation Processes

The natural remedy is to model the degradation path as a stochastic process. Let X(t)
denote a monotone or near-monotone degradation measure, such as the state of health lost
since the beginning of life, so that the threshold w introduced below corresponds to the
end-of-life criterion of Section 3.3. The Wiener process with drift, given in Equation (13),
is the standard choice where the path is non-monotone, which is precisely the situation
created by capacity regeneration [49,62,64,72].

X(t) = x0 + µΛ(t;θ) + σBB(Λ(t;θ)) (13)

with initial state x0, drift coefficient µ, diffusion coefficient σB, standard Brownian motion B,
and a time transformation Λ(t; θ), monotone increasing with Λ(0) = 0 and parameter vector
θ, that admits nonlinear trends. The value of this construction is that the life distribution
follows analytically. If failure is defined as the first passage of X across a threshold w, at the
time Tf = inf{t ≥ 0: X(t) ≥ w}, and the linear time scale Λ(t) = t is taken, with x0 < w and
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µ > 0, the density of the first-passage time is given by Equation (14), which is the inverse
Gaussian density of Equation (15).

fTf (t) =
|w − x0|√︂

2πσ2
Bt3

exp

(︄
− (w − x0 − µt)2

2σ2
Bt

)︄
(14)

Tf ∼ IG

(︄
w − x0

µ
,
(w − x0)

2

σ2
B

)︄
(15)

Equation (15) uses the mean–shape parameterization, with mean (w − x0)/µ and
shape (w − x0)2/σB

2, and describes total first-passage life from the initial state on the linear
time scale. At a current time tc, remaining useful life is Tf − tc conditioned on survival to tc

and the available observations. If X(tc) = xc < w is known and the model parameters are
fixed, the linear-clock residual-life distribution is obtained by replacing w − x0 with w −
xc in Equations (14) and (15). For a differentiable increasing nonlinear clock, the relevant
operational-time increment is Λ(tc + u; θ) − Λ(tc; θ), where u is future elapsed time; the
corresponding residual-life density is the operational-time first-passage density evaluated
at this increment and multiplied by its derivative with respect to u. Uncertainty in the
current state or model parameters must be propagated through the filtering posterior. A
point prediction and interval may then be obtained from the conditional distribution. Where
a monotone latent degradation process is appropriate, the Gamma process in Equation (16)
is an alternative with non-negative increments.

∆X(t) ∼ Ga(αΓ ∆Λ(t), βΓ), f∆X(x) =
βΓ

αΓ∆Λ

Γ(αΓ∆Λ)
xαΓ∆Λ−1e−βΓx (16)

with ∆X(t) = X(t + ∆t) − X(t) being the increment over an interval of length ∆t, ∆Λ(t) = Λ(t +
∆t; θ) − Λ(t; θ) being the corresponding increment of operational time, and αΓ ∆Λ(t) being
the shape parameter of the increment and βΓ the rate parameter, so that βΓ

−1 is the scale.
The subscript distinguishes these parameters from the capacity-fade coefficients α and β of
Equation (12), which are unrelated quantities introduced in Section 4.1. The Gamma process
does not share the elementary first-passage density of Equation (14); because its paths
are monotone, however, the survival function of the life is available directly, for a process
started at X(0) = 0, as P(Tf > t) = P(X(t) < w) = γ(αΓΛ(t), βΓw)/Γ(αΓΛ(t)), the regularized
lower incomplete gamma function, in which γ(·, ·) is the lower incomplete gamma function
and Γ(·) the gamma function, from which quantiles follow numerically. Choosing between
these processes is an empirical question decided by whether the observed increments
admit negative values. Applying a monotone latent model to a capacity signal that shows
regeneration requires an observation model that accounts for the recoveries, either as
measurement noise or as an explicit recovery term, and the direction of any resulting
bias in the life prediction cannot be inferred from monotonicity alone. A state-space
formulation of this kind is estimated by the sequential methods of Section 8, among which
particle filtering has been applied both to battery life prediction and to state-of-charge
estimation [73–75]. With the time transformation fixed, or normalized so that its scale
is identifiable, the drift and diffusion coefficients of the Wiener model can be estimated
by maximum likelihood from its independent Gaussian increments, and the shape and
rate parameters of the Gamma model by the method of moments or maximum likelihood
from its independent gamma increments; where measurement noise is not negligible, the
likelihood must model it separately from the latent increments. When the clock is estimated
jointly with the degradation parameters, identifiability has to be checked explicitly, since
a free multiplicative scale of the clock is confounded with the Wiener drift and diffusion

https://doi.org/10.3390/math14213906

https://doi.org/10.3390/math14213906


Mathematics 2026, 14, 3906 15 of 74

coefficients and with the Gamma shape coefficient, and denser sampling does not remove
this ambiguity.

4.3. Physics-Based Descriptions

Physics-based models divide by fidelity. Equivalent-circuit models represent the
terminal response with lumped elements and are light enough for onboard execution [15].
The internal resistance model relates terminal to open-circuit voltage through a single
ohmic term, Equation (17).

Vt(t) = Voc(SOC(t)) − I(t)R0 (17)

This reproduces the instantaneous voltage step and not the relaxation that follows a
load change. Adding a parallel resistor–capacitor branch yields the first-order Thévenin
model of Equation (18), with branch dynamics given by Equation (19).

Vt(t) = Voc(SOC(t)) − I(t)R0 − V1(t) (18)

dV1(t)
dt

= −V1(t)
R1C1

+
I(t)
C1

(19)

where Vt is the terminal voltage, Voc is the open-circuit voltage, R0 is the ohmic resistance,
V1 is the polarization voltage, and R1 and C1 are the polarization resistance and capacitance.
Second-order variants add a branch to separate charge-transfer from diffusion time con-
stants at the cost of additional parameters. The parameters of these models carry limited
physical meaning and drift as the cell ages, so they must be re-identified online [7,8,16].

Electrochemical models resolve the underlying processes directly. Interfacial kinetics
follow the Butler–Volmer relation of Equation (20) and solid-phase lithium transport follows
Fickian diffusion in spherical coordinates, shown in Equation (21) [76].

j = j0

[︃
exp

(︃
αaFηov

RgT

)︃
− exp

(︃
−αcFηov

RgT

)︃]︃
(20)

∂cs

∂t
=

Ds

r2
∂

∂r

(︃
r2 ∂cs

∂r

)︃
(21)

with j representing the local current density; j0, the exchange current density; αa and
αc, the anodic and cathodic charge-transfer coefficients; F, the Faraday constant; ηov, the
surface overpotential; cs, the solid-phase concentration; r, the radial coordinate; and Ds,
the solid-phase diffusivity. The overpotential ηov in Equation (20) is distinct from the
coulombic efficiency η of Equation (5). The pseudo-two-dimensional model that couples
these relations across the electrode thickness is accurate but computationally heavy, which
motivates reduced-order surrogates such as the single-particle model for online use.

Equation (21) is a partial differential equation in the radial coordinate and is not well
posed without boundary and initial conditions. For a spherical particle of radius Rp, they
are given in Equation (22).

∂cs

∂r
(0, t) = 0,−Ds

∂cs

∂r
(︁

Rp, t
)︁
=

j
F

, cs(r, 0) = cs,0 (22)

The first condition imposes symmetry at the particle center, where the flux must
vanish. The second equates the flux at the particle surface to the interfacial reaction rate of
Equation (20) through Faraday’s law and is the point at which the kinetic and transport
descriptions are coupled. The third fixes the initial concentration profile, taken uniform
at cs,0. The sign convention is that j is positive in the anodic direction of Equation (20),
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which for the particle is deintercalation, so that a positive j corresponds to lithium leaving
the particle. Three assumptions are carried by this formulation and should be checked
before it is applied: the active material is represented by spherical particles of a single
representative radius; the solid-phase diffusivity Ds is independent of concentration over
the range traversed; and, in the single-particle reduction, the reaction current is distributed
uniformly across the electrode thickness, so that one representative particle per electrode
suffices and electrolyte-phase gradients are neglected. The last of these fails first, and it fails
at high rate, where electrolyte transport becomes limiting and the pseudo-two-dimensional
description is required.

Thermal state is coupled to the electrical response through the energy balance of
Equation (23), with the cell temperature propagated by the lumped model of Equation (24) [77].

.
q = I(Voc − Vt)− I T

∂Voc

∂T
(23)

m cp
dT
dt

=
.
q − h As(T − Tamb) (24)

In Equations (23) and (24), q̇ is the total cell heat generation rate in watts, since the
right-hand side of Equation (23) is a product of current and voltage; a volumetric rate q′′′ in
watts per cubic meter would be obtained as q′′′ = q̇/Vcell, with Vcell representing the cell
volume, and the thermal balance would then have to be written per unit volume throughout.
Here, m is the cell mass, cp is the specific heat capacity, h is the convective heat transfer
coefficient, As is the surface area, and Tamb is the ambient temperature. The first term of
Equation (23) is irreversible Joule and polarization heating and the second is the reversible
entropic contribution. The lumped model of Equation (24) likewise assumes a spatially
uniform cell temperature, a single convective path to the ambient, and heat-capacity and
heat-transfer parameters that do not vary over the temperature range considered; it is
therefore a description of cell-average behavior and cannot resolve the internal gradients
that govern local degradation or the initiation of thermal runaway. Because temperature
simultaneously accelerates degradation and shifts the signals from which health is inferred,
thermal and health states are not separable, and estimators that treat them jointly are more
reliable than those that do not [78].

Impedance spectroscopy provides the experimental bridge between the circuit and
electrochemical descriptions. The Nyquist representation of the spectrum separates three
regions: the ohmic series resistance at high frequency, the charge-transfer semicircle at
intermediate frequency, and the diffusion-limited response at low frequency. Each maps
onto a distinct degradation pathway, which makes impedance features among the most
physically interpretable health indicators available [24].

The three formalisms are complementary rather than competing, and the hybrid
schemes of Section 11 operate in the region where they overlap. Table 2 compares them
across the criteria that govern method selection.

4.4. Transferability of the Formulations Across Chemistries

The formulations of Sections 4.1–4.3 were identified on lithium-ion evidence, and the
formats now entering deployment, among them sodium-ion, lithium–sulfur, and solid-state
constructions, raise the question of how far they carry over. That question is addressed here
in two stages: structurally first, by identifying which of the preceding equations survive a
change in the underlying degradation process, and then empirically, by reviewing at the
end of the subsection the studies available for each format. Establishing which degradation
mechanisms operate in any particular chemistry is a material question requiring chemistry-
specific evidence, and no such claim is made below. What is set out instead is which of the

https://doi.org/10.3390/math14213906

https://doi.org/10.3390/math14213906


Mathematics 2026, 14, 3906 17 of 74

preceding equations retain their functional form when a given property of the degradation
process changes, and which do not. The analysis is therefore organized by process property
rather than by chemistry, and it identifies what would have to be established, and what
would have to be re-identified, before any of these formulations were applied to a new
system. The statements in the next three paragraphs are properties of the formulations
of Sections 4.1–4.3 and of the assumptions they carry, and they are not claims about any
particular chemistry; the empirical literature that does exist for each format is reviewed
separately below, where both its extent and its limits are stated.

Three levels of dependence can be distinguished. The health metrics in Equations (2)–(4)
are definitions once their capacity, charge and resistance reference values have been specified.
Defining failure as the first crossing of a stated degradation threshold is also chemistry-
independent, but the process model and resulting life distribution are not: Equation (13)
assumes a time-changed Wiener process, while Equations (14) and (15) additionally use a
linear clock, positive drift, positive diffusion and an initial state below the threshold. Their
transfer therefore requires these assumptions to remain appropriate. The empirical laws
in Equations (10)–(12) and equivalent-circuit relations in Equations (17)–(19) may retain
their form only when their modeling assumptions remain applicable; coefficients and, where
necessary, model order must be re-identified on target-domain data. Re-identifying coefficients
alone cannot repair an invalid model structure.

Several assumptions should therefore be checked explicitly. Equation (5) uses a single
coulombic-efficiency factor; if efficiency depends materially on state, current direction or
operating history, the integration model should include that dependence. Equation (16)
requires non-negative independent Gamma increments with the stated shape and rate
structure. Multiple degradation mechanisms do not alone invalidate this model, although
differing increment laws or dependencies may require a richer state or alternative process.
Equation (36) defines incremental capacity, but the interpretation and numerical stability
of its peaks depend on the voltage–charge response, measurement resolution and pre-
processing; a near-flat voltage response can make numerical differentiation particularly
sensitive. Finally, omitted influences can bias the state estimate or compromise identifi-
ability, so transfer should include an observability and identifiability assessment of the
target-domain model.

The estimator families of Sections 6 and 7 are not automatically chemistry-agnostic.
They inherit the information content of their features and the distribution of their train-
ing data. Transfer therefore calls for representative target-system evaluation and, where
necessary, retraining or explicit domain adaptation as formalized in Equation (93). These
statements define conditions to examine before transfer; they do not establish that those con-
ditions hold for a particular chemistry or that transfer has been empirically demonstrated.
The present narrative review does not provide a systematic estimate of cross-chemistry
dataset coverage.

The empirical position differs sharply among the three formats. It is set out concretely
here, because the structural analysis above is silent on how much evidence exists and the
asymmetry governs how far any of these formulations can presently be relied upon.

For sodium-ion cells, the evidence base is now sufficient to test some of the formu-
lations above rather than merely to motivate them. State-of-health forecasting over a
20-cycle horizon has been demonstrated on six custom-made pouch cells with a recurrent
network trained on health indicators drawn from the charge, discharge and post-charge
relaxation segments, over 1200 cycles to roughly the 80% threshold [79]. State-of-charge
estimation has been addressed by hybrid schemes that weight a learned estimate against an
equivalent-circuit filter of the type set out in Equations (18), (19) and (73)–(77), there with a
second-order circuit and an unscented filter [80]. Impedance-based health estimation has
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been reported in which features were selected for insensitivity to temperature so that a
model identified at a single temperature could be applied across an operating range [81],
which addresses the distribution shift discussed in Section 11.2 by invariant feature selec-
tion rather than by the discrepancy minimization of Equation (93). Public cycling data for
the chemistry has also begun to appear: the multi-chemistry life-prediction benchmark
listed in Section 5.1 is, to the authors’ knowledge, the first to release sodium-ion life data
alongside lithium-ion data [82]. A comparative review of data-driven health and safety es-
timation for chemistries other than nickel-manganese-cobalt lithium-ion, organized around
sodium-ion and lithium iron phosphate, is also available [83].

For lithium–sulfur cells, the literature is smaller but methodologically informative,
because the chemistry directly violates one of the conditions of Section 3.2. The discharge
characteristic has an extended low-voltage plateau over which the terminal voltage is
almost insensitive to the remaining sulfur inventory, so the inversion of Equation (6) is
ill-conditioned there. An observability analysis of a zero-dimensional electrochemical
model shows that the state is poorly observable from voltage in that region and derives
a reduced-order model with better observability in both plateaus [59]. The responses
to this difficulty are informative about which formulations transfer. A dual filter that
identifies circuit parameters on a fast time scale and the state on a slow one improves
accuracy substantially for partially discharged cells [84]; a classifier that returns a state-of-
charge interval, combined with ampere-hour integration for the continuous value, avoids
the ill-conditioned inversion rather than attempting it [60]; and an extended Kalman
filter applied to the differential-algebraic system of a three-step electrochemical model
with polysulfide shuttle recovers the individual species masses from current and voltage
alone [85]. Aging has been characterized directly on prototype pouch cells, with health
estimated from identified circuit parameters, and with the finding that power fade proceeds
far more slowly than capacity fade [86]. That finding has a direct bearing on Section 3.1:
the resistance-based metric of Equation (3) and the capacity-based metric of Equation (2)
diverge more strongly for this chemistry than for lithium-ion chemistry, so the choice
between them is not a matter of convention here.

For solid-state cells, the available evidence is very limited. Only isolated studies were
found that estimate state or cycle life on measured solid-state cells. Cycle life has been
predicted by symbolic regression on features drawn from voltage and capacity curves
for a set of 12 polymer-electrolyte cells whose lives ranged from roughly 70 to just over
200 cycles [87], and state of charge has been estimated from impedance spectra by Gaussian
process regression in a manner that remains valid across different states of health [88]. The
charge and discharge records of the first of these studies have been made public by its
authors, but no larger public cycling or aging dataset for solid-state cells was located. Three
consequences follow for this review: the sparse and heterogeneous measurements reviewed
here do not yet provide a comprehensive validation of the structural conditions identified
above for this format; no identification of the life distributions of Equations (14)–(16) on
solid-state run-to-failure data was found; and any statement about the transfer of the
learned estimators of Sections 6 and 7 to this format is a conjecture rather than a finding.
This is the clearest instance of the third limitation stated in Section 2.4.

The evidence base is therefore strongly asymmetric. Lithium-ion supplies the great ma-
jority of run-to-failure data and of the empirical results reviewed in Sections 5–10; sodium-
ion now supports direct empirical tests of several of these formulations; lithium–sulfur
supplies a small but methodologically informative literature concentrated on identifiability;
and solid-state supplies very little. The scope of the review should be read accordingly.
It is a review of the mathematics of battery diagnostics and prognostics, evaluated pre-
dominantly on lithium-ion evidence, together with an explicit analysis of what would be
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required to carry that mathematics to the formats now entering deployment, and with the
empirical position for each of those formats reported above. It is not a review of established
practice for the non-lithium-ion formats, and no such claim is made.

5. Data Acquisition, Signal Processing, and Feature Construction
The estimator of Section 3 consumes features rather than raw samples, and the quality

of those features bounds the attainable accuracy. This section treats their construction as a
signal-processing problem.

5.1. Benchmark Data and Acquisition

Standardized repositories underpin algorithmic comparison. The NASA Prognostics
Center of Excellence (PCoE) provides cycling data to failure under regulated conditions, of
which the B0005, B0006, B0007, and B0018 sets remain the most widely used for state of
health and remaining useful life validation [89,90]. The Center for Advanced Life Cycle En-
gineering (CALCE) supplies data across several chemistries under dynamic stress protocols
emulating driving behavior [91,92]. The largest fast-charging corpus was released through
a collaboration between the Massachusetts Institute of Technology, Stanford University, and
the Toyota Research Institute, comprising 124 lithium iron phosphate cells cycled to failure
under 72 distinct charging protocols [93]; the demonstration that cycle life is predictable
from the first hundred cycles of voltage data was built on that resource. A subsequent
closed-loop campaign extended it by allowing the learning algorithm to select the protocols
to be tested [94]. Combined with early prediction, the campaign identified high-cycle-life
charging protocols among 224 candidates in 16 days, against more than 500 days for an
exhaustive search, so that early prediction converts experimental cost into computational
cost. Further sets include Oxford cells cycled under an energy-trading duty profile [95],
cell-level and system-level operating measurements from a modular battery system of
four series-connected packs at Karlsruhe [96], and a second-life corpus obtained by cycling
retired cells under grid-storage conditions [97].

These are summarized in Table 3.

Table 3. Publicly available battery experimental datasets for which a citable source is given in this
review. Each row states experiment type, repository, cell count, physical format, nominal capacity,
electrode chemistry, recorded parameters, and the reference from which the entry is taken, so that
every row can be traced to its origin. Cell counts and formats follow the sources cited in the final
column. Datasets without a citable source are not listed.

Experiment
Type Repository Cells Cell Format Nominal

Capacity Chemistry Recorded
Parameters Source

Cyclic aging NASA PCoE 34 18,650 2 Ah Mixed Capacity, IR, V,
I, T [89,90]

Toyota Research
Institute 124 18,650 1.1 Ah LFP Capacity, IR, V,

I, T [93]

Oxford 6 Pouch (Kokam
SLPB78205130H) 16 Ah NMC Capacity, V, I, T [95]

CALCE CS2, CX2
and PL cohorts

43 (15 CS2 + 12
CX2 + 16 PL) Prismatic/pouch 1.1/1.35/1.5 Ah LCO Capacity, V, I, T [91,92]

NASA PCoE
(random walk) 28 18,650 2.2 Ah LCO Capacity, IR, V,

I, T [89]

Driving cycle CALCE 2 26,650 2230 mAh LFP V, I, T [91]

Calendar
aging CALCE 144 Multiple Various Mixed Capacity, IR, E,

V, I [91]

Battery-
system
operation

Karlsruhe
Institute of
Technology

44 (4 packs of
11 in series) Prismatic 40 Ah NMC Cell V and T;

system V and I [96]
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Table 3. Cont.

Experiment
Type Repository Cells Cell Format Nominal

Capacity Chemistry Recorded
Parameters Source

Second life Stanford (grid
storage) 6

Cylindrical 21,700
(LG Chem
INR21700-M50T)

4.85 Ah NMC/graphite–
silicon

Capacity, V, I,
T; pulse-power
tests and EIS

[97]

Aggregated
benchmark BatteryML 383 Multiple Various Mixed Standardized

cycling records [98]

BatteryLife About 1000 Multiple Various Li-ion, Na-ion,
Zn-ion

Standardized
cycling records,
life labels

[82]

Abbreviations: IR, internal resistance; V, voltage; I, current; T, temperature; E, energy; EIS, electro-
chemical impedance spectroscopy; LFP, lithium iron phosphate; LCO, lithium cobalt oxide; NMC,
lithium nickel manganese cobalt oxide.

The datasets of Table 3 are not interchangeable, and the choice among them determines
which estimation task can be addressed and which split protocol of Section 10.3 is available.
Table 4 states, for each source, the tasks it supports, the basis for that judgment, and the
limitation that bounds its use.

Table 4. Suitability of the public datasets of Table 3 for each estimation task, with the basis for each
judgment and the principal limitation of each source. Exploratory pack-level diagnosis is supported
only by Karlsruhe battery-system data, which carries no reference fault, SOC or health labels, and the
final row records that no listed dataset supports pack-level aging studies.

Dataset Estimation Tasks it
Supports Basis for the Judgment Principal Limitation

NASA PCoE (cyclic
aging)

SOH and RUL;
cross-temperature splits

Capacity, internal resistance, voltage, current
and temperature recorded over cycling to an
end-of-life criterion at several ambient
temperatures

Cells are divided among small groups that
differ in discharge and temperature protocol,
so a cell-wise split within any one condition
has few units

Toyota Research
Institute

RUL, early-life
prediction and
cross-protocol
generalization

The largest single-source run-to-failure
cohort in Table 3, cycled under many
distinct fast-charging protocols

One chemistry, one format and one
laboratory; it records fast-charging cycles
rather than dynamic load profiles, and the
flat open-circuit-voltage characteristic of LFP
makes voltage-based SOC inversion poorly
conditioned (Section 3.2)

Oxford SOH under realistic
grid duty

Year-long cycling under current profiles
derived from day-ahead energy-trading
operation, with monthly capacity
measurements

Six cells and monthly capacity labels only;
the dataset description reports no low-rate
open-circuit characterization, so it does not
support the differential features of
Section 5.3

CALCE CS2, CX2 and
PL cohorts

SOH and RUL;
cross-cohort
comparison

Long cycling records across three cohorts,
and among the most widely used
benchmarks in the literature

LCO is not representative of current traction
cells, and the capacity records contain
abrupt outliers that require the conditioning
of Section 5.2

NASA PCoE (random
walk)

SOC and SOH under
non-constant duty

Randomized load profiles rather than
constant-current cycling, so the duty
resembles field operation

Reference capacity is measured only
intermittently, so health labels are sparse

CALCE (driving cycle) SOC under dynamic
load

Measured drive-cycle current profiles rather
than laboratory cycling; the LFP plateau
makes it a demanding test of SOC estimators
(Section 3.2)

Two cells: a cell-wise holdout is possible, but
it gives a weak basis for estimating
variability across cells

CALCE (calendar
aging)

Calendar-aging models
and storage SOH

Large cohort with capacity, resistance and
energy recorded under storage

No cycling, so unsuitable for the
cycle-indexed RUL formulation of
Section 3.3
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Table 4. Cont.

Dataset Estimation Tasks it
Supports Basis for the Judgment Principal Limitation

Karlsruhe Institute of
Technology

Exploratory pack-level
diagnosis: cell-to-cell
inconsistency and
anomaly screening
under system operation

Per-cell voltage and temperature for 44 cells
in four series-connected packs, with system
voltage and current, over 19 charge,
discharge and rest profiles

Operational monitoring only, without aging
tests, capacity checks or reference labels for
health, faults or SOC; it therefore supports
exploratory pack-level analysis, but not
supervised fault or SOC benchmarking or
pack-level SOH and RUL studies

Stanford (grid storage,
second life)

Second-life SOH and
impedance-based
diagnosis

Pulse-power tests and impedance spectra
recorded alongside cycling, supporting the
features of Section 4.3

Six cells; grid-storage duty does not transfer
to automotive duty

BatteryML
Benchmarking,
cross-dataset and
external validation

Records from several source datasets
expressed under one schema, which makes
external validation practicable

Aggregation conceals protocol differences
between constituents; a common schema is
standardization and not harmonization

BatteryLife

Cross-chemistry
transfer, external
validation and life
prediction

The only public source located that provides
sodium-ion life labels alongside lithium-ion,
as discussed in Section 4.4

As for BatteryML, aggregation conceals
protocol differences between constituents,
and the size of each non-lithium cohort
should be checked before cross-chemistry
claims are made

Pack-level aging
records

Not supported by any
dataset in Table 3

The Karlsruhe data provide per-cell
measurements within packs but no aging or
health labels, and no other listed source
records modules or packs

Pack-level SOH and RUL formulations,
including the graph-based construction of
Section 7.4, therefore cannot be
benchmarked on the public data listed here

Abbreviations: LCO, lithium cobalt oxide; LFP, lithium iron phosphate; RUL, remaining useful life;
SOC, state of charge; SOH, state of health.

Two developments have altered the benchmarking picture. Curated aggregations
standardize heterogeneous sources into a single schema, as in BatteryML [98] and the
BatteryLife collection, which integrates 16 datasets spanning lithium-ion, sodium-ion,
and zinc-ion chemistries [82]. Fleet-scale field corpora have also appeared, including
operational records from 300 vehicles over three years [99,100], which begin to close the
distance between laboratory cycling and service conditions [43].

Acquisition proceeds through controlled experiment or field monitoring. Laboratory
protocols include capacity tests establishing reference values, hybrid pulse power charac-
terization quantifying resistance against SOC and rate, impedance spectroscopy, cycle-life
testing, calendar-life testing under storage, and accelerated testing that compresses the
degradation timescale by elevating stress. Standard driving profiles are emulated to pro-
duce realistic load data. Selection among these procedures follows from the target quantity:
capacity tests calibrate the health metric, pulse characterization resolves the resistance
terms, and cycling under a driving profile exercises the stress factors that dominate in
service. Safety and reliability testing forms a third group, covering abnormal condition,
external stress, and extreme environmental protocols that generate the fault signatures
discussed in Section 9.

The relationship between what is measured, how it is analyzed, and what degrada-
tion quantity is recovered is set out in Figure 4 [101]. Field monitoring captures behav-
ior that laboratory cycling cannot reproduce. Parameters are relayed from the battery
management system through a vehicle terminal to a central platform, with positional
data supplying operating context. Such records contain missing segments, sensor noise,
and incomplete run-to-failure histories, so preprocessing is a precondition rather than a
refinement [24,30–32].
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Figure 4. Relationship between measured quantities, analysis techniques, and recovered degradation
descriptors, spanning electrical, thermal, mechanical, and acoustic measurement channels. Repro-
duced without modification under the terms of the Creative Commons Attribution (CC BY) license
from [101].

5.2. Conditioning and Filtering

Cleaning unifies formats, removes anomalous samples, and imputes gaps. Linear
interpolation of a signal x(t) across a gap bounded by the samples taken at tk and tk+1, for
tk ≤ t ≤ tk+1, is given in Equation (25).

x(t) = x(tk) +
t − tk

tk+1 − tk
(x(tk+1)− x(tk)) (25)

Normalization places features on a common scale, which matters for gradient-based
optimization. Min-max scaling maps features to the unit interval and z-score standardiza-
tion gives zero mean and unit variance; the two relations are collected in Equation (26),
in which x is a raw feature value, x̃ is its scaled value, xmin and xmax are the smallest and
largest values of the feature, and µx and σx are its mean and standard deviation.

∼
x =

x − xmin
xmax − xmin

,
∼
x =

x − µx

σx
(26)

These statistics must be computed on the training partition alone. Using full-dataset
statistics leaks information across the split and is a recurring source of optimistic bias in
reported results.

Noise suppression matters most for the differential quantities of Section 5.3, whose
numerical differentiation amplifies high-frequency content. The moving average of
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Equation (27) weights a window uniformly, while Gaussian smoothing, Equation (28),
weights it with a Gaussian kernel.

x̄(i) =
1

Nw

i

∑
j=i−Nw+1

x(j) (27)

xGS(i) =
L

∑
j=−L

gjx(i − j) (28)

In Equation (27), x̄(i) is the moving average at sample i of the sampled signal x(j)
and Nw is the window length, written with a subscript to distinguish it from the failure
threshold w of Equations (14) and (15); in Equation (28), xGS(i) is the smoothed value and
the summation runs over a truncated support of half-width L samples. The weights gj are
defined discretely as the exponential kernel exp(−j2/(2σ2)), with σ the smoothing width
in samples, divided by the sum of that kernel over the same window, so that they sum to
unity and the filter has unit gain. Using the continuous Gaussian prefactor does not, in
general, normalize a discrete kernel, even with unbounded support; exact unit gain requires
division by the sum of the sampled weights. The choice between Gaussian smoothing and
the moving average depends on the noise spectrum, the window length and the signal
features that must be preserved [24]. The wavelet transform of Equation (29), in which ψ is
the mother wavelet, the asterisk denotes complex conjugation, a ̸= 0 is the scale and b is
the translation, localizes the signal jointly in time and frequency.

Wx(a, b) =
1√︁
|a|

∫︂ ∞

−∞
x(t)ψ∗

(︃
t − b

a

)︃
dt (29)

Empirical mode decomposition offers a data-adaptive alternative requiring no basis
choice, resolving a signal x(t) into K intrinsic mode functions IMFi(t) and a residual rK(t), as
shown in Equation (30) [102].

x(t) =
K

∑
i=1

IMFi(t) + rK(t) (30)

The residual is frequently used alone for capacity estimation, since it follows the
underlying trend while excluding the regeneration transients that otherwise corrupt a fit.
Applied to an incremental capacity curve, filtering recovers the peak structure that raw
differentiation buries under noise impulses. The methods are summarized in Table 5.

Table 5. Summary of data preprocessing methods applied in battery diagnostics and prognostics, with
the objective addressed, the governing formulation, and the principal limitation of each technique.

Stage Method Equation Objective Principal Limitation

Cleaning Outlier removal and
format unification -

Remove anomalous readings
from sensor and communication
faults

Aggressive thresholds discard
genuine capacity regeneration
events

Cleaning Linear interpolation Equation (25) Impute missing samples and
restore uniform sampling

Underestimates curvature across
long gaps

Scaling Min-max normalization Equation (26) Map features to the unit interval Sensitive to outliers that define
the range

Scaling Z-score normalization Equation (26) Standardize to zero mean and
unit variance

Assumes an approximately
stationary distribution
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Table 5. Cont.

Stage Method Equation Objective Principal Limitation

Filtering Moving average Equation (27) Suppress short-term fluctuation
and expose trend

Attenuates peak amplitude in
differential curves

Filtering Gaussian smoothing Equation (28) Reduce noise while preserving
signal shape

Requires selection of the kernel
width

Filtering Wavelet transform Equation (29) Localize the signal in time and
frequency

Requires selection of the mother
wavelet

Decomposition Empirical mode
decomposition Equation (30) Separate capacity regeneration

from the underlying trend
Mode mixing and end effects;
computationally heavy

5.3. Health Indicator Construction

A health indicator is any scalar functional of the measured signals that correlates with
the latent degradation state. An admissible indicator varies smoothly over life, separates
beginning-of-life from end-of-life conditions by a wide margin, and maintains a monotone
relation with capacity fade [24,103–107].

The raw material from which indicators are built comprises the measured signals
within a cycle, the capacity trajectory across cells, and the systematic displacement of
the charge and discharge voltage curves with cycle number [71]. Direct indicators are
computed from these. Voltage-based quantities are the largest family. The mean voltage
falloff of Equation (31) measures the average separation between the nominal voltage Vnom

and the N terminal-voltage samples V(i) of a discharge window

MVF =
1
N

N

∑
i=1

(Vnom − V(i)) (31)

and grows steadily with age. Statistical descriptors over the same window supply com-
plementary information: for N samples x(i) of a signal in the window, with mean µx and
standard deviation σx, the root mean square of Equation (32) captures magnitude, while
skewness and kurtosis, collected in Equation (33), describe distributional asymmetry and
tail weight, both of which shift measurably with aging [108–111].

RMS =

⌜⃓⃓⎷ 1
N

N

∑
i=1

x(i)2 (32)

Skew =
1
N

N

∑
i=1

(︃
x(i)− µx

σx

)︃3
, Kurt =

1
N

N

∑
i=1

(︃
x(i)− µx

σx

)︃4
(33)

Sample entropy, Equation (34), quantifies the irregularity of a sequence of length N
and was introduced for physiological time series [112]; applied to a voltage sequence, its
value as a health indicator, including whether its trajectory over life is monotone, has to be
established for the particular signal and operating conditions.

SampEn(m, r, N) = − log
(︃

Am(r)
Bm(r)

)︃
(34)

with m being the embedding dimension, r being the similarity tolerance, and Am(r) and
Bm(r) being the numbers of template pairs matching within r at embedding lengths m + 1
and m, respectively. Time-based indicators measure durations such as the constant-current
charging interval, the time for the discharge voltage to fall by a fixed increment, and the
charging voltage saturation time, each of which contracts as capacity is lost and resistance
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grows. Temperature-based indicators capture the area under the surface temperature curve
or the rate of rise across a fixed voltage increment. Energy-based indicators integrate the
product of the terminal voltage Vt(t) and the current I(t) during discharge, between the
instants t1 and t2 at which the voltage crosses the two bounds of a fixed voltage interval, as
in the energy of equal discharge voltage interval (EEDVI) of Equation (35), and correlate
strongly with fade [113–115].

EEDVI =
∫︂ t2

t1

Vt(t) I(t) dt (35)

Statistical indicators divide into basic descriptors of location and spread, impulsive
measures such as the crest and clearance factors, and high-order moments. The complete
classification is given in Table 6.

Table 6. Classification of battery health indicators by signal domain, with representative features, the
governing formulation, and the practical constraint associated with each group.

Group Representative Indicators Equation Practical Constraint

Voltage, statistical Mean voltage falloff, root mean
square, skewness, kurtosis Equations (31)–(33) Window length must be fixed across

cells for comparability

Voltage, entropy Sample entropy of the discharge
voltage sequence Equation (34) Sensitive to the embedding

dimension and tolerance

Voltage, geometric Arc length, velocity, curvature of the
terminal voltage curve - Requires a consistently defined

voltage interval

Voltage, relaxation Rest voltage value and recovery rate
after load removal - Requires a sufficiently long rest

period

Time-based
Constant-current duration, time for
an equal voltage drop, charging
voltage saturation time

- Depends on a fixed charge protocol

Temperature-based Surface temperature rise rate, area
under the temperature curve - Confounded by ambient conditions

and cooling state

Energy-based Energy over an equal discharge
voltage interval Equation (35) Interval bounds must be selected by

correlation analysis

Indirect, differential
Incremental capacity and differential
voltage peak position, height, and
area

Equations (36) and (37) Requires low current rate and prior
smoothing

Indirect, frequency
Median frequency, band power,
signal-to-noise ratio, total harmonic
distortion

- Requires a stationary segment of
adequate length

Indirect, impedance Ohmic, charge-transfer, and diffusion
resistance from the spectrum - Requires dedicated instrumentation

and a stable thermal state

Indirect indicators are obtained by transformation. Incremental capacity analysis
differentiates the charge Q(i) accumulated up to sample i with respect to the terminal
voltage V(i), as shown in Equation (36), exposing the electrochemical phase transitions
that correlate with specific aging modes; differential voltage analysis supplies the inverse
relation, Equation (37).

IC =
dQ
dV

≈ Q(i)− Q(i − 1)
V(i)− V(i − 1)

(36)

DV =
dV
dQ

≈ V(i)− V(i − 1)
Q(i)− Q(i − 1)

(37)

Representative curves of both kinds are shown in Figure 5. Peaks in the incremental
capacity curve correspond to phase equilibria in the electrode materials, and their position,
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amplitude, and area evolve in ways attributable to loss of lithium inventory or loss of
active material. Peaks attenuate and shift systematically as the cell ages, which is what
makes them diagnostic of the mechanism rather than merely of the extent of fade. Since
the curves are formed by numerically differentiating a sampled signal, the smoothing of
Section 5.2 is required rather than optional. Frequency-domain indicators are obtained by
discrete Fourier or power spectral density transforms, yielding median frequency, band
power, signal-to-noise ratio, and total harmonic distortion, all of which reflect impedance
change [24].

 

Figure 5. Illustrative incremental capacity analysis (ICA) and differential voltage analysis (DVA)
curves: (a) ICA and (b) DVA, from Tang et al. [71], Figure 3. The panels are not asserted to be matched
transforms of a single measured cycle. Reproduced without modification under the terms of the
Creative Commons Attribution (CC BY) license from [71].

Where an indicator set is learned rather than designed, a sparsity penalty on the latent
code enforces the same parsimony that explicit selection achieves. The sparse autoencoder
objective of Equation (38) adds to the reconstruction loss LAE of Equation (59) the Kullback–
Leibler divergence DKL(ρ∥ρ̂j) = ρ log(ρ/ρ̂j) + (1 − ρ) log[(1 − ρ)/(1 − ρ̂j)] between Bernoulli
distributions whose means are a target activation rate ρ and the observed mean activation
ρ̂j of each of the mh hidden units, weighted by λ, which encourages compact codes;
whether the active units correspond to physical degradation modes has to be established
independently [116–119].

LSAE = LAE + λ
mh

∑
j=1

DKL
(︁
ρ ∥ ρ̂j

)︁
(38)
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5.4. Indicator Selection

Selection reduces dimension and removes redundancy. Filter criteria score candi-
dates independently of any downstream model. For N paired values xi of a candidate
indicator and yi of the capacity, with sample means x̄ and ȳ, the Pearson coefficient ρXY of
Equation (39) measures linear association, and the Spearman rank coefficient rs of Equa-
tion (40), in which di is the difference between the ranks of the two values in the ith pair,
measures monotone association without a linearity assumption; the subscripted coefficient
ρXY is unrelated to the activation rate ρ of Equation (38). The closed form of Equation (40)
holds when there are no tied ranks; with ties, the coefficient is computed as the Pearson
coefficient of Equation (39) applied to the average ranks.

ρXY =
∑N

i=1(xi − x̄)(yi − ȳ)√︂
∑N

i=1(xi − x̄)2
√︂

∑N
i=1(yi − ȳ)2

(39)

rs = 1 −
6∑N

i=1 d2
i

N(N2 − 1)
(40)

Grey relational analysis, Equation (41), ranks each candidate sequence xi by its grade
γ(x0, xi) of similarity to a reference sequence x0, both of length N, in which ∆i(k) = |x0(k) −
xi(k)| is the absolute deviation of candidate i from the reference sequence at index k, ∆min

and ∆max are the smallest and largest of these deviations over all candidates and indices,
and ζ ∈ (0, 1], conventionally 0.5, is the distinguishing coefficient; it is the most widely
used criterion in this literature [120]. In Equation (41), x0 and xi denote whole sequences,
with values x0(k) and xi(k), rather than the single values xi of Equation (39); the reference x0

and the grade γ are unrelated to the initial state x0 of Equation (13), to the rate weighting γ

of Equation (11) and to the incomplete gamma function of Section 4.2.

γ(x0, xi) =
1
N

N

∑
k=1

∆min + ζ∆max

∆i(k) + ζ∆max
(41)

Mutual information, Equation (42), quantifies dependence of arbitrary form and
therefore detects relations that correlation coefficients miss. In Equation (42), the sums run
over the values x and y taken by the discrete random variables X and Y, p(x, y) is their joint
probability mass function, p(x) and p(y) are its marginals, and the logarithm is natural, so
that I(X; Y) is in nats.

I(X; Y) = ∑
x∈X

∑
y∈Y

p(x, y) log
p(x, y)

p(x)p(y)
(42)

Wrapper criteria instead score subsets through the performance of a specific esti-
mator, using recursive elimination, genetic search, or stepwise selection. They account
for interaction between features and for the inductive bias of the estimator, at the cost
of repeated training. The two paradigms differ in where the selection criterion is evalu-
ated: filters score candidates before the estimator is trained, whereas wrappers score them
through the trained estimator itself. Deep models bypass explicit selection by learning the
representation jointly with the regression, which trades interpretability for convenience.

6. Statistical and Machine Learning Formulations for Diagnosis
Health estimation is a supervised regression problem: given a feature vector con-

structed as in Section 5, estimate the latent degradation state. Surveys of the estimator
families in use place kernel machines, tree ensembles, and neural architectures as the three
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dominant groups [121]. This section presents the principal estimator families through their
optimization problems, since the differences that matter in deployment follow from the
loss, the hypothesis class, and the regularization rather than from implementation detail.

6.1. Risk, Regularization, and the Bias-Variance Trade-Off

Every estimator considered here minimizes an empirical risk over a hypothesis class.
For a fixed input x, let the observation y equal f (x) plus a noise term of zero mean and
variance σε

2, independent of the training data; the expected squared error of a predictor f̂
fitted on a random training set then decomposes into a squared bias, a variance, and an
irreducible noise term, as in Equation (43), in which the expectation and the variance are
taken over training sets and noise.

E
[︃(︂

y − f̂ (x)
)︂2
]︃
=
(︂
E
[︂

f̂ (x)
]︂
− f (x))2 +V

[︂
f̂ (x)

]︂
+ σ2

ε (43)

This decomposition motivates balancing approximation bias against estimation vari-
ance when few independent cells are available, which is the usual situation in battery
studies; it does not by itself establish that low-capacity estimators outperform deep mod-
els. The generalization gap admits the distribution-free bound of Equation (44), in which
the expected loss, or risk, R( f̂ ) of a predictor f̂ chosen from the hypothesis class F is
bounded by its average loss R̂N( f̂ ) over the N training samples plus a complexity term and
a confidence term.

R
(︂

f̂
)︂
≤ R̂N

(︂
f̂
)︂
+ 2RN(F ) + 3

√︃
log(2/∆)

2N
(44)

The bound of Equation (44) is not deterministic: for independent and identically
distributed training samples and a loss bounded in the unit interval, it holds simultaneously
for all f ∈ F with probability at least 1 − δ over the draw of the N training samples,
where ℜN(F ) denotes the empirical Rademacher complexity of the induced loss class. The
inequality is the standard Rademacher complexity bound of statistical learning theory,
stated for bounded losses as Theorem 3.3 of [122]. Here, N must count independent samples;
cycles of the same cell are dependent and cannot simply be counted as such, so applying the
bound to cycling data requires either one sample per cell or a dependence-aware extension.
Because the complexity term grows with model capacity while the number of independent
cells is limited by the cost of run-to-failure testing, the bound motivates capacity control
in this application, but it does not by itself rank model families. Explicit regularization is
applied through the penalized objective of Equation (45), in which y is the vector of the
N training targets, X the matrix whose rows are the corresponding feature vectors, β the
coefficient vector and λ1, λ2 ≥ 0 the penalty weights; setting λ1 = 0 gives ridge regression,
setting λ2 = 0 gives the least absolute shrinkage and selection operator (lasso), and keeping
both positive gives the elastic net.

β̂ = argmin
β

{︂
∥ y − Xβ ∥2

2 +λ2 ∥ β ∥2
2 +λ1 ∥ β ∥1

}︂
(45)

Before the individual estimator families are developed, it is useful to see where they
sit within the wider set of health estimation strategies. Figure 6 divides those strategies
into direct estimation from experimental measurement; indirect estimation through a
physical, data-based, or hybrid model; and a residual group built on differential and
entropy analysis. The formulations of this section occupy the data-based branch, and the
physics-based descriptions of Section 4.3 occupy the branch beside it [11].

https://doi.org/10.3390/math14213906

https://doi.org/10.3390/math14213906


Mathematics 2026, 14, 3906 29 of 74

 

Figure 6. State-of-health estimation strategies, separating direct estimation from experimental
measurement, indirect estimation through physical, data-based, and hybrid models, and a residual
group of differential and entropy methods. Reproduced without modification under the terms of the
Creative Commons Attribution (CC BY) license from [11].

6.2. Kernel Methods

Support vector regression (SVR) maps features through a feature map φ into a repro-
ducing kernel Hilbert space in which the degradation relation is approximately linear [123].
The primal problem is stated in Equation (46), in which w and b are the weight vector and
bias of the regression function in that space, and is minimized subject to the ε-insensitive
constraints yi − 〈w, φ(xi)〉 − b ≤ ε + ξi, 〈w, φ(xi)〉 + b − yi ≤ ε + ξi*, and ξi, ξi* ≥ 0 for i = 1,
. . ., N, which admit deviations of magnitude up to ε at no cost. Without these constraints,
the objective is minimized trivially at the origin, so they are part of the problem rather than
an aside.

min
w,b,ξ

1
2
∥ w ∥2 +C

N

∑
i=1

(ξi + ξ∗i ) (46)

with the slack variables ξi and ξi
* absorbing violations and the penalty parameter C > 0

setting the trade-off between flatness and training error. Solving the dual gives the fitted
prediction function f̂ of Equation (47), in which αi and αi

* are the Lagrange multipliers of
the two sets of constraints, k(xi, x) = 〈φ(xi), φ(x)〉 is the kernel, and only the support vectors
carry non-zero coefficients.

f̂ (x) =
N

∑
i=1

(αi − α∗i )k(xi, x) + b (47)
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The Gaussian radial basis kernel of Equation (48), with length scale ℓ > 0, is the usual
choice, since the degradation response is smooth and locally stationary.

k
(︁

xi, xj
)︁
= exp

(︄
−
∥ xi − xj ∥2

2ℓ2

)︄
(48)

Kernel machines generalize well from the small samples typical of aging studies, but
they scale cubically in sample count in the worst case and they return no native uncertainty
estimate. The least squares variant of Equation (49) substitutes a quadratic loss, weighted
by the regularization constant λ > 0, under the equality constraints yi = 〈w, φ(xi)〉 + b + ei,
with ei the residual of sample i; this converts the quadratic program into a linear system at
the cost of sparsity, since every sample then becomes a support vector [21,22,124–126].

min
w,b,e

1
2
∥ w ∥2 +

λ

2

N

∑
i=1

e2
i (49)

6.3. Ensembles of Trees

Random forests average the predictions hk(x; Θk) of K trees, each grown on a boot-
strap resample with randomly restricted feature subsets that are encoded by the random
parameter Θk, Equation (50) [127].

ŷRF(x) =
1
K

K

∑
k=1

hk(x; Θk) (50)

Bagging reduces variance without requiring feature scaling and supplies a natural
importance ranking, which has made forests a common choice where interpretability of the
input attribution matters more than raw accuracy [23,25–27].

Gradient boosting builds the ensemble sequentially, with each stage fitted to the
pseudo-residual of the current model. The additive form after M stages is Equation (51),
in which F0 is the initial model, hm is the base learner fitted at stage m and γm is its step
size; the target of each new stage is the pseudo-residual rim of Equation (52), the negative
gradient of the loss L(yi, F(xi)) of sample i evaluated at the current model Fm−1 [128].

FM(x) = F0(x) + ν
M

∑
m=1

γmhm(x) (51)

rim = −
[︃

∂L(yi, F(xi))

∂F(xi)

]︃
F=Fm−1

(52)

with the shrinkage parameter ν ∈ (0, 1] regularizing each stage. Boosting attains high
accuracy on tabular health indicators and handles missing entries robustly, at the cost
of careful control of the learning rate, tree depth, and subsampling fraction to avoid
overfitting [29–32].

The implementations in routine use differ in how they grow and regularize the trees
rather than in the formulation of Equations (51) and (52). XGBoost adds an explicit penalty
on leaf weights and tree complexity to the stage objective and has been applied to state-
of-health estimation with a subsequent Markov correction of the regression output [129].
LightGBM grows trees leaf-wise rather than level-wise and bins features into histograms
before searching for splits, which makes it the cheaper choice on large indicator sets; it
has been used after a manifold-learning reduction of the indicator space [130]. CatBoost
uses ordered boosting, in which the residual used to fit each stage is computed, for every
observation, from a model trained only on the observations that precede it in a random
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permutation; this is designed to remove the target leakage that otherwise arises within
training when the same observations are used both to fit a stage and to evaluate its residuals,
but it does not replace the separation of training and test data discussed in Section 10.4. The
method has been applied to joint health estimation and life prediction from multi-domain
features [106]. On tabular health indicators, these ensembles remain competitive with
the deep architectures of Section 7 and are the baseline against which those architectures
should be compared.

6.4. Gaussian Process Regression and Sparse Bayesian Models

Gaussian process regression (GPR) places a prior over functions specified by a mean
function m(x) and a covariance kernel k(x, x′), as shown in Equation (53) [131]. Conditioning
on the vector y of training targets observed at the inputs X gives the posterior mean µ* of
Equation (54) and the posterior variance σ*

2 of Equation (55) at a test input x*.

f (x)∼GP(m(x), k(x,x
′
)) (53)

µ∗ = k⊤∗
(︂

K + σ2
ε I)−1y (54)

σ2
∗ = k(x∗, x∗)− k⊤∗

(︂
K + σ2

ε I)−1k∗ (55)

Equation (55) gives the variance of the latent function; the predictive variance of a new
noisy observation is obtained by adding σε

2 to it. Here, K is the training covariance matrix,
k* is the vector of covariances between the test input and the training inputs, I is the identity
matrix, and σε

2 is the observation noise variance, which also regularizes the inversion and is
the same quantity as in Equation (43). Equations (54) and (55) are written for the zero-mean
convention m(x) ≡ 0; for a non-zero prior mean, the term m(x*) is added to Equation (54)
and y is replaced by y – m(X). The squared exponential kernel of Equation (56), which is
the Gaussian kernel of Equation (48) scaled by the signal variance σf

2, is a common default,
with the length scale ℓ controlling the smoothness of the inferred function.

In Equation (56), x and x′ are any two inputs and ∥·∥ is the Euclidean norm, as in
Equation (48).

k
(︁
x, x′

)︁
= σ2

f exp
(︃
−∥ x − x′ ∥2

2ℓ2

)︃
(56)

The posterior variance is the reason this family is favored for prognosis: it supplies
a model-based predictive interval around the projected trajectory without a post hoc
calibration step, although that interval is calibrated only if the kernel and noise model
are correct, so its empirical coverage must still be checked against a held-out set using
the prediction interval coverage probability (PICP) of Equation (89) reported jointly with
interval width [48,132–134]. The cubic scaling in sample count nevertheless restricts direct
application to fleet-scale corpora, and performance is dominated by kernel choice. The
relevance vector machine (RVM) offers a sparse Bayesian alternative retaining probabilistic
output with far fewer retained basis functions [135]. Where several plausible models M1,
. . ., MM are available, Bayesian model averaging of Equation (57) combines their predictive
distributions for a new target y* given the training data D, weighted by the posterior model
probabilities, which is more defensible than selecting a single winner on validation error.

p(y∗ | D) =
M

∑
m=1

p(y∗ | Mm,D) p(Mm | D) (57)

Table 7 compares the supervised families. The division between probabilistic estima-
tors, which return a posterior, and deterministic estimators, which return a point value, is
the distinction that matters most when the output feeds a maintenance decision.
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Table 7. Comparison of supervised machine learning methods for battery SOH and RUL estimation,
summarizing the operating principle, the associated equations, and the principal advantages and
limitations of each family.

Method Principle Equations Advantages Limitations

Support vector
regression

Kernel projection with
an epsilon-insensitive
loss

Equations (46)–(48)
Strong generalization
from small samples;
robust to outliers

Cubic scaling in sample
count; no native
uncertainty; kernel
selection required

Least squares SVM
Quadratic loss
reducing the problem
to linear equations

Equation (49) Faster training than
standard SVR

Loses sparsity; every
sample becomes a
support vector

Random forest Bagged ensemble of
decision trees Equation (50)

Low variance; no feature
scaling; native
importance ranking

Opaque aggregate
decision path; high
memory footprint

Gradient boosted
trees

Sequential fitting to
pseudo-residuals Equations (51) and (52)

High accuracy on tabular
health indicators;
handles missing data

Prone to overfitting;
sensitive to learning rate
and depth

Gaussian process
regression

Bayesian inference over
functions Equations (53)–(56)

Model-based predictive
intervals requiring
empirical coverage
checks; effective on small
datasets

Cubic scaling; kernel
choice dominates
performance

Relevance vector
machine

Sparse Bayesian
formulation -

Probabilistic output with
few basis functions;
hyperparameters
inferred during training

Local optima in training;
sensitive to kernel
parameters; held-out
validation still required

6.5. Unsupervised and Semi-Supervised Formulations

Labels are frequently unavailable in the field, since a reference capacity measurement
requires a controlled full discharge. Unsupervised models therefore carry substantial
weight in practice. Autoencoders learn a compressed representation by minimizing re-
construction error. The encoder fθ maps an input x to a latent code z and the decoder gϕ

maps the code back to a reconstruction x̂, Equation (58), where θ and ϕ are the encoder and
decoder parameters; the objective, averaged over the N training inputs xi, is Equation (59).

z = fθ(x), x̂ = gϕ(z) (58)

LAE =
1
N

N

∑
i=1

∥xi − gϕ( fθ(xi)) ∥2 (59)

Sparse variants add a penalty encouraging compact codes, denoising variants train on
deliberately corrupted inputs to improve robustness, and stacked variants fuse features
across levels. The variational autoencoder treats the latent variable probabilistically, with
an approximate posterior q(z|x), a likelihood p(x|z) and a prior p(z), and is trained by
minimizing the loss LVAE of Equation (60), the negative of the evidence lower bound [136].

LVAE = −Eq(z|x)[logp(x|z)] + DKL(q(z|x) ∥ p(z)) (60)

where the first term penalizes poor reconstruction and the Kullback–Leibler divergence
DKL regularizes the approximate posterior toward the prior. This construction has been
embedded within particle filters to counter particle degeneracy in life prediction, which is
discussed in Section 8.
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Deep belief networks stack restricted Boltzmann machines and learn hierarchical
features by layer-wise unsupervised pre-training [137]. The energy function of a restricted
Boltzmann machine is Equation (61).

E(v, h) = −
mv

∑
i=1

aivi −
mh

∑
j=1

bjhj −
mv

∑
i=1

mh

∑
j=1

viwijhj (61)

with v and h representing the vectors of the mv visible and mh hidden units, a and b
representing their biases, and wij representing the connecting weights. The generative
structure supports adaptive feature extraction from raw signals, but the Gibbs sampling
required for training imposes a cost that restricts online use.

Generative adversarial networks pit a generator G, which maps noise z drawn from a
prior pz to candidate samples, against a discriminator D, which returns the probability that
a sample x was drawn from the distribution pdata of measured data, through the minimax
objective of Equation (62), in which V(G, D) is the value function [138].

min
G

max
D

V(G, D) = Ex∼pdata [log D(x)] +Ez∼pz [log(1 − D(G(z)))] (62)

Training terminates in principle when the discriminator performs no better than
chance. Adversarial augmentation has become important where run-to-failure data is
scarce, but convergence to the equilibrium is unreliable and mode collapse remains a
standing risk. The unsupervised family is summarized in Table 8.

Table 8. Summary of unsupervised and semi-supervised learning methods applied in battery
diagnostics and prognostics, contrasting their roles in representation learning, data augmentation,
and the handling of unlabeled data.

Method Role in Diagnosis Equations Characteristic Limitation

Autoencoder
Dimensionality reduction
and unsupervised feature
extraction

Equations (58) and (59)
Compressed data must
follow the training
distribution

Sparse autoencoder Extraction of compact
representations Equation (38) Requires tuning of the

sparsity target

Denoising autoencoder Robust representation from
corrupted inputs - Corruption level must match

the observed noise

Variational autoencoder

Probabilistic latent
representation for
uncertainty-aware
estimation

Equation (60)
Reconstruction quality
traded against latent
regularity

Deep belief network
Layer-wise generative
pre-training of hierarchical
features

Equation (61) High training cost; unsuited
to online execution

Generative adversarial
network

Synthetic augmentation of
sparse degradation datasets Equation (62) Unstable convergence; risk

of mode collapse

Semi-supervised learning Training from partially
labeled operational records - Pseudo-label error

propagates through training

Weakly supervised
learning

Training under coarse or
approximate capacity labels - Label granularity bounds

achievable accuracy
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7. Deep Architectures for Prognosis
Deep models compose many nonlinear transformations and learn the representation

jointly with the regression. The forward computation of a fully connected layer is Equa-
tion (63), in which al is the output of layer l (a0 being the input feature vector), Wl and bl are
the weight matrix and bias vector of that layer, and σ is the logistic sigmoid of Equation (64),
applied elementwise; the rectified linear unit of the same equation is the usual alternative
in deep layers. Gradient descent on the training loss L, with learning rate η, updates the
network parameters θ at iteration k as in Equation (65).

al = σ(Wlal−1 + bl) (63)

ReLU(z) = max(0, z), σ(z) =
1

1 + e−z (64)

θk+1 = θk − η ∇θL(θk) (65)

Depth allows complex fade trajectories to be represented, while generalization also
depends on the hypothesis class, regularization, optimization and the number of indepen-
dent cells available. Dropout regularizes training by stochastically deactivating units [139]
and batch normalization stabilizes optimization by standardizing layer inputs [140]. The
extreme learning machine assigns input weights at random and solves only the output
layer, through the pseudo-inverse of Equation (66) [141].

β = H†Y = (H⊤H)−1H⊤Y (66)

with H standing for the hidden-layer output matrix; H†, its Moore–Penrose pseudo-inverse;
Y, the matrix of training targets; and β, the output-layer weights; the learning rate η of
Equation (65) is unrelated to the coulombic efficiency of Equation (5). The second equality
in Equation (66) is the pseudo-inverse specialized to the case in which H has full column
rank; otherwise, the pseudo-inverse is taken directly. Training is very fast, at the cost of
sensitivity to the random draw and a tendency to fit noise in the inputs.

7.1. Convolutional Models

Convolutional networks extract local structure from raw waveforms through the
discrete filtering of Equation (67), in which ai

l−1 is the input to layer l at position i, that
is, the activation of layer l − 1 or its pooled value (a0 being the input sequence), the sum
runs over the positions j of the kernel support, wj

l are the kernel weights shared across
positions and bl is the bias. An elementwise activation of zi

l, typically the rectified linear
unit of Equation (64), gives the activations ai

l, and the max pooling of Equation (68) returns
their maximum vi

l over the window Ri of positions pooled into output i. Strictly, the
summation over the kernel index j in Equation (67) is a cross-correlation, the operation that
neural-network implementations conventionally call convolution. For two-dimensional
inputs, such as the image transformations cited below, both operations carry a second
position index.

zl
i = ∑

j
al−1

i+j wl
j + bl (67)

vl
i = max

i′∈Ri
al

i′ (68)

Weight sharing across the input reduces parameter count substantially relative to a
fully connected network, which is precisely the capacity control the sample-size argument
of Section 6.1 recommends. Pooling improves efficiency and translation tolerance, but it can
discard information relevant to subtle transitions. Applications span capacity estimation
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from partial charging segments, impedance-derived features, and image transformations
of cycling data [34–39].

7.2. Recurrent Models

Recurrent networks maintain a hidden state ht accumulating information across the
steps t of an input sequence xt, Equation (69), which matches the conditional structure of
cycling history; Wxh and Whh are the input and recurrent weight matrices, bh is the bias and
σ is again the logistic sigmoid, for which the hyperbolic tangent is a common alternative.
In Equations (69)–(71), t is a discrete step index rather than continuous time.

ht = σ(Wxhxt + Whhht−1 + bh) (69)

Gradients vanish or explode over long sequences, limiting the range of dependence
that can be captured. Long short-term memory (LSTM) networks resolve this with input,
forget, and output gates regulating a memory cell, Equation (70) [142].

it = σ(Wxixt + Whiht−1 + bi)

ft = σ
(︂

Wxfxt + Whfht−1 + b f

)︂
ot = σ(Wxoxt + Whoht−1 + bo)

ct = ft ⊙ ct−1 + it ⊙ tanh(Wxcxt + Whcht−1 + bc)

ht = ot ⊙ tanh(ct)

(70)

with the sigmoid input, forget and output gates it, ft and ot and the elementwise prod-
uct ⊙ controlling the flow of information into and out of the memory-cell state ct; the
weight matrices W and biases b carry the subscripts of the connections and gates they
serve. This construction retains degradation signal across many cycles while discarding
noise, and it has become the most widely applied architecture for multi-step capacity
prediction [40,41,143–146]. Bidirectional variants process the sequence in both directions,
which is admissible whenever the degradation record is fully observed offline.

Gated recurrent units (GRUs) reduce the gating to a reset gate rt and an update gate zt,
Equation (71) [147].

rt = σ(Wr · [ht−1, xt])

zt = σ(Wz · [ht−1, xt])
∼
ht = tanh(W · [rt ⊙ ht−1, xt])

ht = (1 − zt)⊙ ht−1 + zt ⊙
∼
ht

(71)

Here, [ht−1, xt] denotes the concatenation of the previous hidden state and the current
input; Wr, Wz and W are the weight matrices of the reset gate, the update gate and the
candidate state h̃t; and bias terms are omitted for brevity. The update gate interpolates
between the previous hidden state and the candidate state. Fewer parameters shorten
training and lower memory demand, which suits smaller corpora, but the simplification
limits expressive capacity where degradation behavior is strongly heterogeneous [148–152].

7.3. Attention and Hybrid Architectures

Hybrids that place convolutional layers before recurrent layers combine local feature
extraction with temporal modeling; any improvement over either component alone has to
be established under matched data and evaluation protocols [153–156]. Figure 7 shows the
complete pipeline such a model occupies, from preprocessing of the raw cycling record
through the convolutional and recurrent stages to the health estimate and its evaluation [71].
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Attention weights the contribution of each position in forming a prediction, through the
scaled dot-product of Equation (72) [157].

Attention(Q, K, V) = softmax

(︄
QK⊤
√

dk

)︄
V (72)

with query, key, and value matrices Q, K, and V formed by linear projection of the input
sequence; dk representing the dimension of the key vectors; the softmax applied row by row;
and the scaling factor

√
dk stabilizing the softmax gradient. These three matrices are local

to Equation (72) and are unrelated to the quantities denoted by the same letters elsewhere
in the review. Transformer models built on this operation relate arbitrary positions without
recurrence and parallelize efficiently, which has made them an established alternative to
recurrent networks for long degradation sequences. In the battery setting, this advantage
is subject to three qualifications: the cost of attention grows quadratically with sequence
length, which matters for long cycling records and for onboard execution; the data demand
is high relative to the run-to-failure cohorts of Table 3, a constraint that the transformer-
based framework discussed in Section 7.4 addresses by self-supervised pre-training on
unlabeled records; and the chronological and cell-wise split controls of Sections 10.3 and 10.4
apply to these models as to any other sequence model. Table 9 compares the properties of
these architectures.

Figure 7. End-to-end pipeline of a convolutional and recurrent hybrid estimator, comprising prepro-
cessing of the raw cycling record, feature extraction by convolutional layers, temporal modeling by
recurrent layers, and evaluation of the resulting health estimate. Reproduced without modification
under the terms of the Creative Commons Attribution (CC BY) license from [71].
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Table 9. Comparison of deep learning architectures applied to battery diagnostics and prognos-
tics, with the associated formulation, the principal strength, and the corresponding limitation of
each architecture.

Architecture Governing Equations Principal Strength Limitation

Deep neural network Equations (63)–(65) Models complex nonlinear
degradation trajectories

Parameter count grows rapidly;
prone to overfitting on small
samples

Extreme learning machine Equation (66) Very fast training; closed-form
output weights

Sensitive to random initialization;
overfits noisy features

Convolutional neural network Equations (67) and (68)
Weight sharing reduces
parameters; captures local
waveform structure

Pooling discards information;
weak on long-range dependence

Recurrent neural network Equation (69) Natural treatment of sequential
cycling history

Vanishing and exploding
gradients on long sequences

Long short-term memory Equation (70) Retains degradation signal over
many cycles

Computationally heavy; sensitive
to initialization

Gated recurrent unit Equation (71) Fewer parameters and faster
training than LSTM

Reduced capacity on highly
heterogeneous degradation

Attention and transformer Equation (72) Models dependence between
arbitrary positions; parallelizable

Large data requirement; quadratic
cost in sequence length

Convolutional-recurrent
hybrid Equations (67)–(71) Combines spatial extraction with

temporal modeling
Increased architectural
complexity and tuning burden

7.4. Graph-Based and Self-Supervised Formulations

Two families that have entered the battery literature more recently do not fit the con-
volutional, recurrent or attention categories above, and they are treated here because each
addresses a limitation of those categories rather than offering an alternative architecture for
the same problem.

Graph formulations replace the fixed grid or sequence over which convolution and
recurrence operate with an explicit graph. A layer aggregates over the neighbors of each
node and then applies a learned transformation, so that the operator of Equation (67)
becomes a sum over an adjacency structure rather than over a fixed kernel support. Two
constructions are relevant here. In the first, the nodes are features, measurement channels
or segments of the cycling record, and the edges encode which of them are related, for
example through mutual information, which allows dependencies that are neither local
in time nor uniform across channels to be represented directly; this construction has been
used for state-of-health estimation with a graph perceptual neural network whose nodes
are health indicators extracted from each cycle and whose edges are retained where their
mutual information exceeds a threshold [158]. In the second, the nodes are the cells of
a module or pack and the edges are the electrical and thermal couplings between them,
which makes the formulation a natural candidate for the pack-level problem discussed in
Sections 9.2 and 11.1, where cell-to-cell interaction rather than single-cell degradation is the
object of estimation; as Table 4 records, this construction cannot at present be benchmarked
on public pack-level aging data. The cost is that the adjacency structure is itself a modeling
choice: where it is inferred from the data it becomes an additional estimand, and where it
is imposed it carries an assumption that should be stated.

Self-supervised formulations address the labeling constraint of Section 11.1 rather
than the representation. The model is first trained on a task constructed from the unlabeled
cycling record itself, by masking part of a charge curve and reconstructing it, by predicting
a later segment from an earlier one, or by requiring that two augmented views of the same
cycle map to nearby representations and views of different cycles to distant ones. The
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learned representation is then fine-tuned on the small labeled subset for which reference
capacity measurements exist. The attraction in this domain is specific: unlabeled cycling
records are comparatively plentiful while reference capacity measurements are expensive
and rare, so the pretext task uses exactly the data that the supervised formulations of
Section 6 cannot use. Frameworks of this kind have been reported for state-of-health
estimation under label scarcity, among them one that pre-trains a transformer encoder on a
large unannotated database, incorporates weak labels, and transfers to other cell types after
fine-tuning on a small annotated set [159]. Two cautions apply. The pretext task encodes an
assumption about which transformations leave health unchanged, and that assumption is
rarely tested; and because pre-training consumes the unlabeled portion of the same cells
that supply the labeled portion, the split discipline of Section 10.4 must be applied to the
pre-training stage as well, or the reported gain will include leakage.

7.5. Comparison of Shallow and Deep Formulations

The choice between shallow and deep estimators is governed by sample size, inference
budget, and interpretability requirement. Bibliometric surveys of the field record recurrent
architectures as the most frequently applied family, followed by convolutional and kernel
methods [160,161]. Controlled comparisons on a common capacity-fade corpus report
narrower margins between families than the individual studies suggest, which indicates
that dataset and protocol choices account for much of the reported spread [162]. Deep
architectures tend to be favored when labeled data is abundant, since they can learn
representations that hand-crafted indicators do not capture, whereas shallow estimators
are often competitive when few independent cells are available; Section 6.1 explains why
capacity control matters in that regime, but no general ranking of the families follows from
it. Inference cost depends on the architecture, input size, implementation and hardware,
and it should be measured on the target embedded controller where the estimator must
execute alongside the control loop. Interpretability remains the sharpest distinction, since
the internal logic of a deep network resists mapping onto degradation mechanisms, and this
is a binding constraint where regulatory acceptance is required [44]. Table 10 summarizes
the comparison.

Table 10. Comparative assessment of traditional machine learning and deep learning for battery
diagnostics and prognostics across the dimensions that determine suitability for a given deploy-
ment context.

Dimension Traditional Machine Learning Deep Learning

Accuracy with abundant data Moderate; bounded by feature
quality

High; learns representations directly from
raw signals

Accuracy with scarce data Often competitive Prone to overfitting unless strongly
regularized or pre-trained

Feature engineering Required and decisive for
performance Largely automatic

Training cost Low to moderate High; scales with depth and dataset size

Inference cost Usually low; suitable for onboard
execution

Depends on architecture and hardware;
compression is often needed for embedded
use

Interpretability Moderate for trees and kernels Low; requires post hoc attribution

Uncertainty quantification Native for GPR and RVM Requires ensembling or Bayesian treatment

Robustness to distribution shift Moderate Low without domain adaptation
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8. Sequential State Estimation and Uncertainty Quantification
Prognosis requires a predictive distribution rather than a point estimate, since a

maintenance decision depends on the probability of threshold crossing within a planning
horizon. Sequential Bayesian estimation supplies that distribution and simultaneously
corrects the drift that afflicts the open-loop integration of Equation (5). This section develops
the recursions.

8.1. The State-Space Formulation

Write the degradation and measurement processes in the discrete state-space form of
Equation (73), in which k is the step index, counting samples within a cycle when the state
is SOC, as in Equation (4), and cycles, in the role of the cycle index n of Section 3, when the
state is a degradation quantity.

xk = fk−1(xk−1) + wk−1, wk−1 ∼ N (0, Qk−1)

zk = hk(xk) + vk, vk ∼ N (0, Rk)
(73)

with transition map fk−1, observation map hk, process noise wk−1 and measurement noise
vk, the two noises being mutually independent and Gaussian with covariances Qk−1 and
Rk. In this section w, v, Q and R denote only these noises and covariances, and not the
failure threshold, the charge or the resistances of Sections 3 and 4. The estimation objective
is the filtering density of the state given all observations to the present index. Where the
transition and observation maps are linear, the initial state is Gaussian, and the process and
measurement noises are white, Gaussian and independent of each other and of the initial
state, this density is Gaussian and is propagated exactly by the Kalman recursions.

8.2. Kalman Filtering and Its Nonlinear Extensions

The prediction step propagates the mean and covariance through the transition model,
Equation (74), in which x̂k|k−1 and Pk|k−1 are the mean and covariance of the state at
step k given the measurements up to step k − 1, and Fk−1 is the transition matrix, with
fk−1(xk−1) = Fk−1xk−1 in the linear case.

x̂k|k−1 = Fk−1 x̂k−1|k−1, Pk|k−1 = Fk−1Pk−1|k−1F⊤
k−1 + Qk−1 (74)

The gain Kk that minimizes the posterior error covariance is given in Equation (75),
where Hk is the observation matrix, with hk(xk) = Hkxk in the linear case, and the correction
applied on receipt of the measurement zk is Equation (76), in which I is the identity matrix
and x̂k|k and Pk|k are the corrected mean and covariance.

Kk = Pk|k−1H⊤
k

(︂
HkPk|k−1H⊤

k + Rk)
−1 (75)

x̂k|k = x̂k|k−1 + Kk

(︂
zk − Hk x̂k|k−1

)︂
, Pk|k = (I − Kk Hk)Pk|k−1 (76)

Battery models are not linear, so the extended filter departs from Equations (74) and (76)
in its mean updates: the predicted mean is obtained by evaluating the nonlinear transition
map of Equation (73) at the previous posterior mean, and the innovation is the measurement
minus the nonlinear observation map evaluated at the predicted mean. The Jacobians of
Equation (77), which linearize these maps about the current estimate, are used only to propa-
gate the covariance in Equation (74), to compute the gain in Equation (75) and to update the
covariance in Equation (76).

Fk−1 =
∂ fk−1

∂x

⃓⃓⃓⃓
x̂k−1|k−1

, Hk =
∂hk
∂x

⃓⃓⃓⃓
x̂k|k−1

(77)
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This is adequate where the nonlinearity is mild over the region spanned by the poste-
rior, but it degrades near the extremes of the open-circuit-voltage curve, where the map
from SOC to voltage is strongly nonlinear, and the state becomes poorly observable where
the curve is nearly flat, as over the central plateau of lithium iron phosphate, because
the Jacobian there approaches zero (Section 3.2). Unscented and cubature variants avoid
explicit differentiation by propagating deterministically chosen sigma points, which im-
proves accuracy at comparable cost. Joint and dual formulations that estimate state and
parameters simultaneously are the standard route to co-estimation of SOC and SOH [63].
The progression of these variants, together with the strengths and limitations that motivate
each successive refinement, is set out in Figure 8 [65].

 

Figure 8. Progression of Kalman filter variants from the standard linear formulation through adaptive,
extended, and unscented forms, with the strengths and limitations that motivate each refinement.
Reproduced without modification under the terms of the Creative Commons Attribution (CC BY)
license from [65].

8.3. Particle Filtering

Where the posterior is multimodal or strongly non-Gaussian, sequential Monte Carlo
is a natural choice; capacity regeneration alone does not establish either property, and the
appropriate inference method depends on the transition, observation and noise models. The
filtering density, given the measurements z1:k = (z1, . . ., zk), is represented by Np particles xk

(i)

with normalized weights ωk
(i), as shown in Equation (78), in which δ(·) is the Dirac delta.

p(xk | z1:k) ≈
Np

∑
i=1

ω
(i)
k ∆

(︂
xk − x(i)k

)︂
(78)

with weights updated by importance sampling from a proposal density q, as shown in
Equation (79).

ω
(i)
k ∝ ω

(i)
k−1

p
(︂

zk | x(i)k

)︂
p
(︂

x(i)k | x(i)k−1

)︂
q
(︂

x(i)k | x(i)k−1, zk

)︂ (79)

Weight concentration on a shrinking subset is the characteristic failure mode, diag-
nosed by the effective sample size of Equation (80), written for weights normalized to sum
to unity, and treated by resampling when that quantity falls below a preset fraction of the
particle count Np. Degeneracy and the sample impoverishment that resampling introduces
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in its place are the two failure modes the literature addresses, and Figure 9 summarizes the
strategies proposed against them [65].

Neff =
1

∑
Np
i=1(ω

(i)
k )2

(80)

Figure 9. Failure modes of the particle filter and the strategies proposed against them, covering
distribution optimization, regularization, and learning-based enhancements. Reproduced without
modification under the terms of the Creative Commons Attribution (CC BY) license from [65].

Particle filters are widely combined with the empirical degradation laws of Section 4.1,
the physical model supplying the transition and the filter adapting its parameters online,
which yields life predictions that remain physically admissible while tracking the individual
cell [73,74].

8.4. Bayesian Inference and Uncertainty Calibration

All of the above are instances of the posterior update of Equation (81), in which θ

denotes the unknown parameters or states and D the observed data.

p(θ | D) =
p(D | θ) p(θ)∫︁

p(D | θ′) p(θ′) dθ′
(81)

Sources of predictive uncertainty separate into aleatoric components arising from
measurement noise and intrinsic path variability and into epistemic components arising
from limited data and model misspecification. The distinction matters operationally, since
epistemic uncertainty is reducible by further data collection while aleatoric uncertainty is
not. Deterministic deep models return no uncertainty natively and require ensembling,
Monte Carlo dropout, or an explicit Bayesian treatment to produce intervals, and those
intervals require calibration checking rather than assumption [48,163–166].

Life prediction under this framework proceeds by propagating the filtered state for-
ward under an assumed future load and recording the first threshold crossing, which
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recovers the first-passage time distribution of Section 4.2 as the special case in which the
transition model is a Wiener process [167–170]. Where no transition model is available,
similarity-based schemes instead match the observed degradation trajectory against a
library of run-to-failure histories and read the residual life from the closest matches [171].

9. Fault Diagnosis and Safety Prognosis
Health estimation addresses gradual degradation. Fault diagnosis addresses abrupt

departure from expected behavior, and its safety consequences are considerably more
severe. Treatments confined to SOH and RUL therefore describe only part of what a
deployed system must deliver [11].

9.1. Fault Taxonomy

Faults divide into three classes. External faults originate outside the cell and com-
prise sensor failures in voltage, current, and temperature channels; thermal management
faults; communication and relay faults; and connection faults such as contact oxidation.
Internal faults comprise manufacturing defects, overcharge and over-discharge, overheat-
ing, internal and micro short circuits, and accelerated degradation. Thermal runaway
forms the third class and is triggered by mechanical abuse such as penetration, electrical
abuse such as overcharge, or thermal abuse, proceeding through interphase decomposi-
tion, separator failure, and successive exothermic reactions at the anode, cathode, and
electrolyte [9,172–174]. Figure 10 sets out the taxonomy together with the abuse conditions
that trigger the third class.

 

Figure 10. Fault taxonomy for battery systems, distinguishing external faults, internal faults, and
thermal runaway, with the mechanical, electrical, and thermal abuse conditions that trigger the third
class. Reproduced without modification under the terms of the Creative Commons Attribution (CC
BY) license from [11].
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9.2. Diagnosis Methods

Model-based diagnosis uses the descriptions of Section 4.3 with state estimation
and parameter identification to observe quantities that are not directly measurable, inter-
preting departures of the identified parameters from their expected trajectories as faults.
Experiment-based methods characterize fault signatures directly through abuse testing,
which supplies labeled data for conditions that cannot be sampled from normal opera-
tion [175–177].

Data-driven methods detect abnormal states without an explicit mechanistic model.
Threshold and rule schemes remain common in production because they are transparent
and auditable. Statistical schemes exploit inconsistency between cells within a pack, us-
ing entropy measures, sliding-window correlation, and modified Z-scores to isolate the
deviating cell. Learning-based schemes infer fault signatures directly, and recent work
has demonstrated detection that operates reliably on field data from operating vehicles
rather than on laboratory abuse tests alone [178–181]. Figure 11 summarizes the available
approaches. Read alongside the estimation methods of Figure 6, they divide on the same
axis: direct measurement, indirect inference through a physical or learned model, and
hybrid combinations of the two.

 

Figure 11. Diagnosis and prediction methods for battery faults, divided into model- and experiment-
based approaches on one branch and data-driven approaches on the other. Reproduced without
modification under the terms of the Creative Commons Attribution (CC BY) license from [11].

9.3. Early Warning for Thermal Runaway

Warning is more valuable than detection, since the interval between the onset of an
internal short circuit and venting can be very short. Warning schemes exploit precursors
including abnormal voltage drop, localized temperature rise, impedance change, gas
evolution, and cell expansion force [173,174,176,180]. Accuracy can be expected to improve
when electrochemical and thermal constraints are embedded in the learning model rather
than left implicit, consistent with the evidence on physics-informed learning discussed in
Section 11. The barriers to deployment are the cost of the additional sensing that the most
accurate schemes require, and the scarcity of labeled failure events, since runaway is rare
in a healthy fleet and cannot be induced at scale.
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10. Evaluation, Benchmarking, and Reproducibility
10.1. Point-Error Metrics

Comparison across studies requires a common evaluation basis. Throughout this
Section 10, Y(i) and Ŷ(i) are the reference and predicted values of the target, whether
SOH, SOC or RUL, for the ith of the Ns samples of the test set. The absolute error of a
single prediction is Equation (82) and the mean absolute error (MAE) over the test set is
Equation (83).

AEi = |Y(i)− Ŷ(i)| (82)

MAE =
1

Ns

Ns

∑
i=1

|Y(i)− Ŷ(i)| (83)

The mean squared error of Equation (84) and its root, the root mean square error
(RMSE) of Equation (85), weight large deviations more heavily, which makes them sensitive
to isolated regeneration events.

MSE =
1

Ns

Ns

∑
i=1

(Y(i)− Ŷ(i))2 (84)

RMSE =

⌜⃓⃓⎷ 1
Ns

Ns

∑
i=1

(Y(i)− Ŷ(i))2 (85)

The mean absolute percentage error of Equation (86) is defined only when every
included target value is nonzero and becomes unstable as the target approaches zero. It
should therefore not be the sole metric for RUL trajectories approaching end of life; MAE
and RMSE should also be reported. Any exclusion of zero targets must be declared together
with the resulting sample count. The maximum absolute error of Equation (87) reports
the largest observed error on the evaluated test set, rather than a guaranteed deployment
safety bound.

MAPE =
1

Ns

Ns

∑
i=1

⃓⃓⃓⃓
⃓Y(i)− Ŷ(i)

Y(i)

⃓⃓⃓⃓
⃓× 100% (86)

MaxAE = max
i

|Y(i)− Ŷ(i)| (87)

The coefficient of determination of Equation (88), in which Ȳ is the mean of the
reference values over the test set, expresses variance explained relative to a mean predictor.

R2 = 1 − ∑Ns
i=1(Y(i)− Ŷ(i))2

∑Ns
i=1(Y(i)− Ȳ)2

(88)

10.2. Assessing the Quality of Uncertainty Estimates

Point-error metrics describe the location of the predictive distribution and say nothing
about its spread. For an estimator that returns a distribution or an interval, predictive
accuracy and the quality of the uncertainty statement are separate properties, and a model
may be strong in one and weak in the other: a predictor whose intervals are wide enough
to contain almost every outcome may meet or exceed the nominal coverage while con-
veying very little, and a predictor with small mean absolute error may be systematically
overconfident. The two must therefore be reported together, and neither substituted for
the other. The appropriate decomposition is into calibration, the agreement between stated
and realized frequencies, and sharpness, the concentration of the predictive distribution;
the governing principle is to maximize sharpness subject to calibration [182].
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At a stated nominal coverage 1 – α, the prediction interval coverage probability in
Equation (89) estimates empirical marginal coverage on the evaluated test population, with
[Li, Ui] the prediction interval for sample I and the indicator function equal to one when
Y(i) lies in that interval and to zero otherwise. It should be reported with the nominal target,
interval width, test-set size and sampling uncertainty; coverage close to the nominal target
alone does not establish conditional calibration. Cell-wise or other appropriate grouped
evaluation is needed when observations from the same cell are dependent.

PICP =
1

Ns

Ns

∑
i=1

1{Y(i) ∈ [Li, Ui]} (89)

Coverage alone is insufficient, for two reasons that are frequently conflated. The first
is that coverage says nothing about width. The mean prediction interval width (MPIW)
of Equation (90) summarizes sharpness at the stated nominal level, and must be reported
alongside the coverage it accompanies, in the units of the target.

MPIW =
1

Ns

Ns

∑
i=1

(Ui − Li) (90)

The second is that coverage at a single nominal level says nothing about the remainder
of the predictive distribution. Evaluating the empirical coverage ĉ(τm) of the central interval
at each of M nominal levels τ1, . . ., τM spanning the levels of interest, and comparing it with
the nominal level, gives the calibration error (CE) of Equation (91). This is the numerical
counterpart of the reliability diagram. It is zero when the empirical coverage equals the
nominal level at each of the M evaluated levels; such agreement on a finite grid, estimated
from a finite test set, does not establish calibration at levels that were not evaluated.

CE =
1
M

M

∑
m=1

|ĉ(τm)− τm| (91)

Marginal calibration is a weaker guarantee than it appears. An estimator can attain
the nominal level averaged over a test population while being badly miscalibrated within
identifiable subsets of it, which is the situation that matters in deployment, where the
operating condition is a single cell, temperature or duty rather than the population average.
Partitioning the test set and reporting the worst-group coverage deviation, Equation (92),
makes this visible; the natural partitions in this field are by cell, by temperature and by rate.

∆cov = maxg∈G
⃓⃓
ĉg − (1 − α)

⃓⃓
(92)

Here, ĉg is the empirical coverage within group g of the set of groups G, 1 − α is
the nominal coverage, a single level of the kind indexed by τm in Equation (91), and the
maximum is taken over the groups. Good marginal coverage combined with a large worst-
group deviation can indicate subgroup miscalibration, and reporting the former without
the latter overstates what the estimator supports. Each group holds a finite and often small
number of dependent observations, so the deviation should be reported with the group
sizes and its sampling uncertainty, and a small deviation over the groups examined does
not establish conditional validity in general. Where a distribution-free guarantee is wanted
rather than an empirical check, conformal methods construct intervals whose marginal
coverage holds under exchangeability alone, without assumptions on the underlying
model [183]. Pooled cycles of battery data are, however, generally not exchangeable,
because of their temporal ordering and their grouping by cell, and a construction that
respects the grouping must still state the sampling assumption under which its coverage
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guarantee holds. Subgroup deviations can be large in battery data. In the study discussed
in Section 10.3, residual intervals with 90% nominal coverage, calibrated on the training
cells and used as stress tests rather than as conformal intervals, were evaluated on each
held-out cell: the mean held-out-cell coverage was 92.6% for Gaussian process regression,
at an average interval width of 21.05 state-of-health points, but 76.2% and 76.0% for
random forest and extra trees, whose coverage fell below 5% on one cell because their
intervals were centered on systematically biased predictions [184]. Calibration reported
systematically across cells, temperatures and rates nevertheless remains limited in the
evidence reviewed here.

10.3. Validation Protocols

A metric is interpretable only in combination with the split that produced it, and the
splits used in this field differ in what they establish. Five protocols should be distinguished,
according to the deployment question each one answers.

Cycle-wise splitting partitions cycles of the same cells between training and test. A
random cycle-wise split measures interpolation within trajectories the model has already
seen, while a chronological split of the same cells tests prediction of the future of a cell
already observed, which is the relevant question for online, cell-specific estimation; neither
tests transfer to an unseen cell, and the random variant is nonetheless the most commonly
reported. Cell-wise splitting holds out entire cells, so that no cycle of a test cell appears
in training, and measures generalization to a new unit of the same design under the same
conditions. Cross-temperature and cross-rate splitting, which together form the third
protocol, hold out whole operating conditions, along with all cells tested under them,
so that the model is tested at a temperature or a C-rate absent from training, and test
transfer across operating conditions; this is extrapolation only when the held-out condition
lies outside the training range, and interpolation otherwise. Cross-condition splitting
holds out combinations of the two. External validation evaluates on cells from a different
dataset, laboratory or cell design altogether, and tests transfer across that change of source.
Which protocol is relevant depends on the intended use: cell-wise splitting answers the
deployment question for new cells of a characterized design, and external validation
answers it for a population that differs from the training source.

The difference between the first two protocols is large. In a systematic comparison on
four cells of a public aging dataset, ten random cycle-wise splits were set against leave-one-
cell-out testing for seven regression models. With all discharge diagnostics as predictors,
the RMSE under random splitting lay between 1.23 and 2.75 state-of-health points; under
leave-one-cell-out the best model attained 4.45 points, and the error of support vector
regression rose from 1.84 to 9.19 points. The median ratio between the two protocols was
3.61 across 28 cell-and-model comparisons, with model-level ratios from 1.65 to 5.16, and
the rank correlation between the two orderings of the models was zero [184]. The second
finding is particularly important, since it shows that a cycle-wise comparison not only
overstates accuracy but can also fail to identify the better estimator. The same study reports
that richer predictor sets widen the gap rather than closing it, because additional features
improve within-cell interpolation far more than transfer to an unseen cell. Results obtained
under different protocols are therefore not comparable, and the protocol should be stated
wherever an error figure is reported.

Two further requirements follow for prognosis specifically. The prediction starting
point must be stated, because accuracy improves trivially as the end-of-life threshold is
approached, so an aggregate over starting points concentrated late in life is not comparable
with one over starting points early in life. And where several observations from the same
cell appear in the test set, they are dependent, so the sampling uncertainty of a pooled
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metric is understated unless the grouping is accounted for; per-cell results should be
reported alongside the pooled value.

10.4. Data Leakage

Several of the protocols above fail in practice not because the split is chosen badly but
because information crosses it elsewhere in the pipeline. Four mechanisms are common in
this literature, and each inflates reported accuracy without any error in the model itself.

The first is the split itself. Where the claim concerns unseen cells, assigning cycles
of the same cell to both partitions, as random cycle-wise splitting does by construction,
permits the model to recognize the cell rather than to estimate its health. Adjacent cycles of
one cell are strongly dependent, so the effect can be large: the median ratio of 3.61 reported
in Section 10.3 indicates its size on that benchmark, although the benchmark does not rank
it against the other three mechanisms.

The second is preprocessing fitted across the split. Normalization constants, the feature
mean and standard deviation of Equation (26), filter parameters, and the components of any
dimensionality reduction must be estimated on the training partition alone and then applied
unchanged to the test partition. Estimating them on pooled data transfers information
about the test distribution into the training pipeline. The requirement is stated in Section 5.2
and is repeated here because it is the easiest of the four to commit inadvertently.

The third is feature or model selection performed on the full dataset. Ranking indica-
tors by their association with the target through Equations (39)–(42), or choosing a model
order or hyperparameter by test-set performance, uses the test labels to make a modeling
decision; the resulting estimate of generalization error is optimistic even though no test
sample ever entered a training batch. Selection must be nested within the training partition,
using an inner validation split, and the test partition used only once.

The fourth is specific to prognosis and the hardest to detect: the use of future infor-
mation in constructing features or labels. A health indicator computed over a window
extending beyond the prediction time, a trajectory smoothed with a non-causal filter such
as the symmetric kernel of Equation (28), a capacity normalized by a maximum attained
later in life, and a threshold or normalization chosen with knowledge of the observed end
of life of the test cells all give the model access to information unavailable at the moment
the prediction would be made. Future failure times may legitimately define the RUL targets
of the training cells, since a supervised target is necessarily known only in retrospect;
leakage occurs when information unavailable at the prediction time enters the predictors,
the preprocessing, the split design or the evaluation conditions. Causality of the feature
pipeline with respect to the prediction time should be verified explicitly, because none of
the metrics of Section 10.1 can detect its violation.

A reported result is therefore incomplete without three further items: the split protocol,
the stage at which each preprocessing and selection decision was fitted, and a statement
that the feature pipeline is causal with respect to the prediction time. Where self-supervised
pre-training is used, as in Section 7.4, the pre-training corpus must be included in this
accounting, since unlabeled records from test cells carry the same identifying information
as labeled ones.

10.5. Reporting Practice

Reliability practice outside the battery field offers a template here, in which the
evidence required to support a life claim is specified before testing begins rather than
selected afterwards. Three practices would materially improve comparability. Reporting
several metrics rather than one gives a fuller account of the error distribution. Specifying
the prediction starting point is essential for RUL results, for the reason given in Section 10.3.
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Evaluating on held-out cells, under the protocols of Section 10.3 and free of the leakage
mechanisms of Section 10.4, supports comparison across studies when the prediction
targets, cohorts, operating conditions, preprocessing and metrics are also aligned. The
metrics are summarized in Table 11.

Table 11. Evaluation metrics used in battery diagnostics and prognostics, with the governing
formulation, the aspect of model behavior each metric captures, and the interpretation appropriate
to each. The first seven metrics describe predictive accuracy and the last four the quality of the
uncertainty statement; the two groups are not substitutes for one another.

Metric Equation Captures Interpretation

Absolute error Equation (82) Deviation of a single prediction Diagnostic inspection of individual cycles

Mean absolute error Equation (83) Average deviation with equal
weighting

Robust to isolated outliers; reported in
physical units

Mean squared error Equation (84) Average squared deviation Emphasizes large errors; sensitive to
regeneration spikes

Root mean squared error Equation (85) Square root of the mean squared
error

Same units as the target; the most widely
reported metric

Mean absolute percentage
error Equation (86) Relative deviation Use only with declared nonzero targets;

unstable near zero

Maximum absolute error Equation (87) Worst-case deviation Largest error observed on the evaluated set;
not a deployment guarantee

Coefficient of
determination Equation (88) Variance explained relative to a

mean predictor

Near one indicates a close fit relative to the
mean baseline on the evaluated set, not
correct specification or generalization

Prediction interval
coverage Equation (89) Empirical marginal interval

coverage
Compare with nominal coverage and report
width and sampling uncertainty

Mean prediction interval
width Equation (90) Sharpness of the intervals at the

stated level

Report with coverage and in the units of the
target; narrow intervals are informative only
if calibrated

Calibration error Equation (91) Agreement of stated with realized
frequencies across nominal levels

Numerical form of the reliability diagram;
zero indicates agreement at the evaluated
levels only

Worst-group coverage
deviation Equation (92) Departure from nominal coverage

within the worst subgroup

Audits coverage within chosen groups, such
as cells, temperatures or rates; report group
sizes and sampling uncertainty

11. Open Problems and Emerging Directions
11.1. Data Availability and Label Scarcity

Run-to-failure data requires months or years of cycling, so it is expensive and rare,
and as cell longevity improves the volume obtainable within a fixed program falls further.
Labeling is the harder constraint, since a reference capacity measurement is not routinely
available in the field. Weak and semi-supervised schemes exploit partially labeled opera-
tional records and require further validation. Public corpora also remain predominantly
cell-level, whereas pack-level data capturing cell-to-cell dispersion, thermal gradients,
and electrical imbalance remain scarce [11,185–188]. Evaluation of pack-level and cross-
chemistry prognosis requires datasets that explicitly represent the target system, operating
conditions and failure definition. This narrative review does not quantify the overall
availability of such datasets.
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11.2. Generalization Under Distribution Shift

Estimators generalize poorly beyond the conditions represented in training. Degra-
dation depends on chemistry, cell design, thermal environment, and duty, and a model
calibrated on one configuration typically requires retraining on another. Transfer learning
and domain adaptation address this by initializing from a source corpus and adapting on
limited target data. The discrepancy between the two distributions is commonly quan-
tified by the maximum mean discrepancy of Equation (93), minimized jointly with the
supervised loss so that the learned representation becomes approximately invariant across
domains [189].

MMD2(Ds,Dt) = ∥ 1
ns

ns

∑
i=1

φ(xs
i )−

1
nt

nt

∑
j=1

φ
(︂

xt
j

)︂
∥

2

H

(93)

with Ds and Dt representing the sets of ns source samples xi
s and nt target samples xj

t,
and with φ representing the feature map projecting samples into the reproducing kernel
Hilbert space H, in whose norm the discrepancy is measured. Aligning the marginal
feature distributions does not by itself preserve the relation between features and target:
where that relation differs between source and target, for example, because a different
degradation mechanism dominates, alignment can reduce accuracy, a failure known as
negative transfer. Labeled target data therefore remains necessary for validation, and the
target cells used for adaptation must be kept apart from those used for testing, by the split
controls of Section 10.4. Table 12 summarizes the principal robustness challenges together
with the corresponding mitigation strategies and the limitations each leaves unresolved.

Table 12. Model robustness challenges in battery diagnostics and prognostics and the corresponding
mitigation strategies, with the residual limitation that each strategy leaves unresolved.

Challenge Manifestation Mitigation Strategy Residual Limitation

Distribution shift
Accuracy loss when a
laboratory-trained model is
applied to field data

Domain adaptation
minimizing the maximum
mean discrepancy, Equation
(93)

Requires representative target
data, and labeled target data for
validation; marginal alignment
does not ensure that the
feature-target relation transfers

Chemistry and format
transfer

Retraining required for each
new cell design

Transfer learning from a
pre-trained backbone;
foundation models

Gains depend on how far source
and target share degradation
behavior; negative transfer is
possible where they do not

Label scarcity
Reference capacity
unavailable in field
monitoring

Weak and semi-supervised
learning; physics residuals at
unlabeled points

Pseudo-label error accumulates
over training

Measurement uncertainty Sensor noise and drift
degrade input quality

Filtering and decomposition;
probabilistic estimators

Calibration of intervals remains
difficult for deep models

Cell-to-cell variability Pack behavior is not the sum
of its cells

Pack-level modeling with
inconsistency terms Pack-level datasets remain scarce

Data confidentiality Field data held privately by
competing operators

Federated learning with
parameter exchange

Non-identically distributed
clients slow convergence; shared
updates can leak information
without further safeguards

Embedded resource limits
Deep models can exceed
onboard computing power
and memory

Pruning, quantization,
lightweight architectures

Compression trades accuracy
against footprint

The conclusions on generalization, uncertainty treatment and data requirement drawn
in Sections 4.4, 5.1, 10 and 11, and restated in Section 12, are of unequal evidential standing:
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some rest on quantified comparisons, others on analysis of the formulations or of the
available datasets, and one on sparse evidence. Table 13 summarizes them, together with
the basis and the limits of each.

Table 13. Evidence underlying the review’s qualitative conclusions on generalization, uncertainty
treatment and data requirement. Each row states the conclusion as it is made in the text, the form and
magnitude of the evidence supporting it, the source of that evidence, and the inference the evidence
does not support.

Conclusion as Stated in This
Review Form of the Supporting Evidence Source What the Evidence Does Not

Establish

Accuracy reported under
cycle-wise splitting overstates
generalization to unseen cells

Quantified, for the all-diagnostics predictor set:
across seven regression models, RMSE of 1.23 to
2.75 SOH points under ten random cycle-wise
splits; under leave-one-cell-out the best model
attained 4.45 points, the median ratio was 3.61
over 28 cell-and-model comparisons, and
model-level ratios ranged from 1.65 to 5.16

[184]
Four cells of one dataset and seven
models; the ratio is a finding on that
cohort and not a universal constant

The ordering of models obtained
under cycle-wise splitting does
not transfer to cell-wise
evaluation

Quantified, for the all-diagnostics predictor set:
rank correlation of zero between the two orderings
of the same seven models

[184]
Whether the ordering transfers for
models outside those seven, or on
larger cohorts

Richer feature sets improve
interpolation more than they
improve transfer

Quantified: median cell-paired error ratio rising
from 1.24 for an age-only predictor to 4.53 for
diagnostics combined with age

[184]
That the effect holds for feature sets
constructed differently from those
tested

Early-cycle data can support life
prediction within one chemistry
under controlled protocols

Quantified: 9.1% test error for cycle-life prediction
from the first 100 cycles, and 4.9% test error for
two-group classification from the first 5 cycles, on
124 LFP cells with lives from 150 to 2300 cycles

[93]

Transfer to another chemistry, format
or laboratory, or to field duty; all cells
were of one type and were cycled in
one laboratory under fast-charging
protocols

Early prediction converts
experimental cost into
computational cost

Quantified: high-cycle-life protocols identified
among 224 six-step ten-minute candidates in 16
days, against more than 500 days for exhaustive
search without early prediction

[94]
That the same reduction is attainable
outside the protocol space and
chemistry searched

Interval coverage close to the
nominal level does not establish
conditional calibration

Analytical, following the
calibration-and-sharpness decomposition:
marginal coverage averages over the test
population, so subgroup deviations of opposite
sign can cancel, which the worst-group deviation
of Equation (92) exposes. Quantified for SOH on
four cells with 90% residual intervals: averaged
held-out-cell coverage hid cell-level failures, since
random forest and extra trees averaged 76.2% and
76.0% but covered less than 5% of one cell, while
Gaussian process regression reached 92.6% only
with intervals 21.05 SOH points wide

[182,184],
Section 10.2

Coverage behavior across
temperatures, rates and larger cohorts,
or a coverage guarantee for grouped
constructions; the quantified evidence
covers four cells of one dataset

Run-to-failure labels rather than
record volume are the binding
data constraint

Structural: among the sources of Table 3, those
with the largest cell counts are aggregations of
heterogeneous sources or calendar-aging cohorts;
the largest single-source cohort cycled to failure
has 124 cells; and the only pack-level source carries
no health labels

Tables 3
and 4,
Section 11.1

A quantitative estimate of the labeling
cost, or of how much labeled data a
given accuracy requires

Cross-chemistry transfer is
unestablished for solid-state
systems

Sparse evidence: two isolated studies estimate a
state or a cycle life on measured solid-state cells,
one of them on 12 polymer-electrolyte cells whose
records are public, and no larger public cycling or
aging dataset was located

Section 4.4,
[87,88]

That the formulations fail to transfer;
sparse evidence is not evidence
against transfer, and the search of
Section 2.1 was not exhaustive

11.3. Hybrid and Physics-Informed Formulations

Hybrid schemes combine the transparency of mechanistic models with the flexibility
of learned ones. In the first pattern, a learned component is coupled to a physical model,
either correcting the residual of its prediction or estimating and updating its parameters;
the particle-filter constructions of Section 8.3, which update the parameters of a physical
degradation model online, are model-based estimators of related structure but contain no
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learned component. In the second, physical relations are imposed on the learning problem
itself. Physics-informed learning adds a residual of the governing relation to the training
objective, as shown in Equation (94) [190]. Figure 12 shows a representative coupling of
the first kind, in which a long short-term memory network estimates the parameters of a
pseudo-two-dimensional electrochemical model from current, voltage, temperature, and
state of charge, and the estimated parameters update the physical model [67].

LPINN =
1

Nd

Nd

∑
i=1

∥ŷi − yi ∥2 +λp
1

Nc

Nc

∑
j=1

∥N [ŷ]
(︁
xj
)︁
∥2 (94)

where ŷi is the network output for the ith of the Nd labeled samples and yi is its label, λp

balances the two contributions, and N [ŷ](xj) is the residual of the governing relation, written
in the form N [y] = 0, evaluated for the network output ŷ at the jth of the Nc unlabeled
collocation points xj. The differential operator N [·] is written as is usual in physics-informed
learning and is unrelated to the Gaussian distribution N of Equation (73). The collocation
count Nc is distinct from the particle count Np in Equations (78)–(80). In the battery setting,
formulations of this type have been applied to degradation modeling and prognosis [191] and
to state-of-health prognostics from partial charging segments [192]. Table 14 summarizes the
hybrid and physics-informed strategies in current use, the mechanism by which each couples
physical knowledge to the learned component, and the benefit each provides.

 

Figure 12. Coupling of a pseudo-two-dimensional (P2D) electrochemical model with a long short-
term memory (LSTM) network, in which current, voltage, temperature, and state of charge drive
parameter estimation and the estimated parameters update the physical model. Reproduced without
modification under the terms of the Creative Commons Attribution (CC BY) license from [67].
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Table 14. Hybrid, model-based, data-driven, and physics-informed modeling strategies in battery
diagnostics and prognostics, with representative method combinations and the specific benefit each
combination provides.

Strategy Representative Combination Mechanism Benefit

Model-based sequential
estimation

Empirical degradation function
with a particle filter

Physical model captures the
trend; the filter updates
parameters online

Retains physical plausibility
while adapting to the individual
cell

Physics-constrained loss Neural network with an added
physics residual, Equation (94)

Governing relation is enforced
at unlabeled collocation points

Extracts information from
operating data that carries no
label

Physics-inspired features
Incremental capacity and
impedance features fed to a
learner

Feature construction encodes
electrochemical structure

Improves interpretability
without altering the model class

Data-driven architecture
fusion

Convolutional layers with
recurrent layers

Spatial extraction followed by
temporal modeling

Combines local feature
extraction with temporal
modeling; any gain over either
architecture alone requires a
matched baseline comparison

Probabilistic fusion Gaussian process regression
with a state-space filter

Kernel model supplies the
trend; the filter supplies
recursion

Delivers model-based
predictive intervals for
multi-step prognosis

Reduced-order coupling Single-particle model with a
neural correction term

Simplified physics is corrected
by a learned residual

Approaches full-order accuracy
at tractable cost

11.4. Interpretability

High-capacity estimators resist physical interpretation, which impedes adoption where
a prediction must be justified. Attribution methods supply model-agnostic explanations
by estimating the marginal contribution of each input to a given prediction. Shapley
additive explanations derive that contribution from cooperative game theory [193] and
local interpretable model-agnostic explanations fit a simple surrogate in the neighborhood
of the prediction [194]. Both identify which indicators, charging segments, or temperature
ranges drive an estimate, which supports validation against physical expectation. Attention
weights offer a native form of interpretation and should be read as a description of where
the model attended rather than as a causal account.

11.5. Foundation Models, Language Models, and Federated Training

Three developments postdating the previous generation of reviews are reshaping
the agenda. The first is the transfer of the pre-train-and-adapt paradigm to prognostics.
Time-series foundation models, pre-trained on large time-series corpora and then adapted
to battery data, have reduced the error of long-horizon state-of-health forecasts in cross-
condition and cross-chemistry tasks on public datasets, and their generalization has been
related to the size of the fine-tuning set [195]. This offers a route to transfer learning that
requires evaluation under explicit target-domain and out-of-distribution protocols.

The second is the application of large language models to health forecasting, where
few-shot and zero-shot SOH forecasting has been demonstrated from structured prompts
without task-specific fine-tuning [196]. The significance lies less in raw accuracy than in the
prospect of a general estimator requiring no bespoke model per cell type, together with an
interface through which a diagnosis can be interrogated directly.

The third is federated learning, which responds to the fact that the organizations
holding the most valuable field data are commercial competitors. Federated schemes train
a shared model across distributed private corpora by exchanging model updates rather
than raw data, which keeps the records local while drawing on a much larger body of
training data [197]. Confidentiality is not guaranteed by this alone, since shared updates
can leak information, and depends on the threat model and on the safeguards applied to
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those updates. The principal technical obstacle is the non-identically distributed character
of the client datasets, since each fleet operates under a different usage regime [198].

11.6. Deployment Architecture

Networked monitoring aggregates data from many operating units and supports
fleet-level inference that a standalone controller cannot deliver [199]. Figure 13 shows the
resulting architecture, in which the onboard management system and a cloud-resident
battery database exchange operating data and derived health information over a com-
munication network [101]. Edge computation complements this by processing locally,
which reduces latency and bandwidth. Digital twins maintain a continuously updated
computational model of the physical system and offer a route to improved accuracy across
the lifecycle [200]. A frequent constraint on both edge and cloud deployment is the com-
putational cost of high-capacity models, which can require pruning, quantization, or
architectural simplification for embedded execution.

 

Figure 13. Cloud-based battery modeling and monitoring architecture, in which the onboard manage-
ment system exchanges operating data and derived health information with a cloud-resident battery
database over a communication network. Reproduced without modification under the terms of the
Creative Commons Attribution (CC BY) license from [101].

12. Synthesis and Conclusions
12.1. Cross-Family Comparison

Table 15 operationalizes the comparison promised in the abstract. Each family is
characterized by the assumption it makes about the degradation process, the condition
under which its parameters are identifiable, the data scale at which it becomes usable, its
dominant computational cost, how uncertainty is obtained, the condition under which
extrapolation is defensible, and the validation protocol that will detect its characteristic
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failure mode. Figure 14 places that comparison against the estimation problem of Section 3
and the lifetime laws of Section 4.2.

Table 15. Model families compared on assumptions, identifiability, data requirement, cost, uncertainty,
extrapolation condition, and recommended validation. Section numbers give the derivation.

Family Core
Assumption Identifiability Data Need Cost Uncertainty

Generalization
and
Applicability
Conditions

Recommended
Validation

Deterministic
laws
(Section 4)

Fade follows a
fixed algebraic
trend

Few
parameters;
identifiable
from one
trajectory

Very low Negligible
None natively;
bootstrap over
fits

Stress factors
stay within the
fitted range

Cross-
condition
holdout

Wiener process
(Section 4)

Increments
independent
Gaussian;
monotone drift

Drift and
diffusion
identifiable
from repeated
paths

Low to
moderate Low

Closed-form
inverse
Gaussian life
distribution in
operational
time; usually
numerical with
random effects
or
measurement
error

Chosen drift,
diffusion, time
transformation
and threshold
remain
appropriate

Cell-wise split;
PICP and
interval width

Gamma
process
(Section 4)

Independent
non-negative
Gamma
increments
with the
specified shape
and common
rate structure

Requires
informative
repeated
increments or
paths and an
identifiable pa-
rameterization;
monotonicity
alone is
insufficient

Low to
moderate Low

Survival via
incomplete
gamma

Latent
increments fit
the Gamma
law; negative
observations
due to
measurement
noise are
modeled
separately

Check
increment sign
before fitting

Reduced-order
electrochemi-
cal (Section 4)

Governing
transport and
kinetics known

Often weakly
identifiable;
parameters
correlated

Low, but needs
characteriza-
tion

Moderate to
high

Propagated
from
parameter
posterior

Model form
and
parameters
remain valid

Parameter re-
identification
as cell ages

Kernel and
Bayesian
(Section 6)

Smooth map
from features
to target

Conditional on
kernel choice
and hyperpa-
rameter
estimation; not
guaranteed by
kernel
selection alone

Small to
moderate

Cubic in
sample count

Native for
Gaussian
processes and
RVM

Test features lie
inside the
training hull

Cell-wise split;
leakage audit

Tree ensembles
(Section 6)

Piecewise-
constant map

Not
identifiable;
many
ensembles fit
the data
equally well

Moderate Moderate
Quantile or
ensemble
spread

Rarely;
extrapolation
is flat by
construction

Cross-
condition
holdout

Deep
architectures
(Section 7)

Representation
learnable from
raw sequences

Over-
parameterized;
not identifiable

Large labeled
corpora

High training;
inference cost
depends on
architecture
and hardware

Requires
ensembling or
Bayesian layers

Deployment
distribution
matches
training

Cell-wise and
cross-dataset
external
validation

Sequential
filters
(Section 8)

Transition and
observation
models known

Requires
observability
of the state

Low; online Low to
moderate

Native
recursive
posterior

Transition
model remains
faithful

Innovation
whiteness;
consistency of
the normalized
estimation
error squared
(NEES)

Physics-
informed
(Section 11)

Governing
residual is a
valid
constraint

Constrained,
not guaranteed,
by the physics
residual;
depends on
collocation
coverage and
residual
weighting

Moderate High
By the
probabilistic
variant used

Governing
equation holds
over the query
domain

Residual audit
outside
training range

https://doi.org/10.3390/math14213906

https://doi.org/10.3390/math14213906


Mathematics 2026, 14, 3906 55 of 74

Figure 14. Graphical synthesis of the unified estimation problem and of the lifetime laws it induces,
drawn by the authors: (a) the latent degradation state is observed only through terminal measure-
ments, from which diagnosis proceeds by an engineered or learned map or by recursive estimation,
while prognosis is the first passage of the declared end-of-life threshold; (b) inverse-Gaussian first-
passage densities of Equation (14) for three drift and diffusion pairs, with the threshold distance
held fixed; (c) the survival function of the first of these Wiener cases and that of a Gamma process
of Equation (16) with the same mean degradation rate, illustrating two selected lifetime distribu-
tions whose relative spread is set by the chosen variance parameters rather than by monotonicity
alone. Panels (b,c) are computed from synthetic parameters and are illustrative only; they report
no measured data. Both use the linear clock Λ(t) = t, with t in cycles, the initial state x0 = 0 and the
threshold w = 20, the degradation measure being expressed in percentage points of state of health
lost; the drift and diffusion pairs are given in the legend of (b), with µ in points per cycle and σB

in points per square-root cycle. The Gamma process in (c) has αΓ = 0.04 per cycle and βΓ = 2.0 per
point, so that its mean increment per cycle, αΓ/βΓ = 0.020, equals the drift µ = 0.020 of the Wiener
case with σB = 0.30, while its variance per cycle, αΓ/βΓ

2 = 0.01, is one ninth of σB
2 = 0.09. Integrating

the survival functions gives mean lives of 1000 and 1012.5 cycles, and standard deviations of about
474 and 158 cycles, for the Wiener and Gamma cases, respectively.
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This review has treated data-driven diagnostics and prognostics for battery systems
as a single estimation problem and has presented the principal method families through
their governing mathematics. Posing the problem as the recovery of a latent degradation
state from partial noisy observation clarifies why the field has converged on the structures
it has: capacity control is central to estimator selection because the number of independent
cells cycled to failure is limited (124 cells in the largest single-source cohort of Table 3);
probabilistic formulations are preferred for prognosis because a maintenance decision
requires a distribution; and physics-informed constructions are attractive because the
physics residual is computable where labels are not.

12.2. Concluding Remarks

A consistent notational framework, with the symbols collected in Appendix A, has
been used to place deterministic, stochastic, physics-based, kernel, ensemble, deep, and
sequential Bayesian formulations on a common footing, and Table 15 collects the resulting
comparison. On that basis, the trade-offs are explicit. Selected stochastic process models
admit analytic lifetime laws under restrictive assumptions; other settings require numer-
ical evaluation of survival probabilities or conditional lifetime distributions. Kernel and
ensemble methods can be competitive with limited data, but their computational costs are
method-dependent; exact Gaussian process inference, in particular, scales cubically with
sample count. Deep architectures learn representations, at a cost in data and interpretation
effort that rises in proportion. Sequential filters supply model-based recursive posterior
estimates whose calibration must be verified empirically, and they require a transition
model whose fidelity bounds the result.

Several directions follow. Extending inference from cells to packs is the most con-
sequential gap, since pack behavior is not the superposition of its constituents. Transfer
across chemistry remains a validation question, requiring explicit target-system evidence
and reporting of the conditions under which a model can be reused. Evaluation practice
requires standardization, in particular: splits matched to the intended use, with cell-wise
rather than random cycle-wise splitting wherever generalization to unseen cells is claimed;
joint reporting of nominal coverage, empirical interval coverage, interval width, calibration
error across nominal levels, worst-group coverage deviation and sampling uncertainty;
and a statement of the leakage controls of Section 10.4. Foundation models and federated
training address generalization and data access, respectively, and warrant assessment
against established baselines rather than bespoke comparisons. Interpretability remains a
precondition for regulatory acceptance. Sustained progress will finally depend on renewed
attention to degradation mechanisms, material evolution, and multi-physics coupling,
rather than on continued refinement of model architecture alone [45].
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Appendix A. Nomenclature
Table A1 lists the principal symbols used in the numbered equations, with the meaning

and the dimensions or units of each. Because the review draws on several bodies of
literature, a number of established symbols carry more than one meaning. Where re-
lettering would not obscure a standard equation, one of the meanings has been re-lettered
or subscripted, as listed in Section 2.2; every symbol that still carries more than one meaning,
including those distinguished only by a subscript or an argument, is stated in the text
where it occurs and is collected in Table A2, which states every meaning each such symbol
carries, the equation that fixes each meaning, and how the ambiguity is resolved. The
conventions behind this treatment are stated in Section 2.2.

Table A1. Symbols used in the governing equations, with the meaning, the dimensions or units, and
the equations in which each symbol is defined or principally used. Weights, penalty coefficients and
learning rates of the statistical-learning formulations are listed as dimensionless on the convention
that inputs and targets are scaled to dimensionless form as in Equation (26); for unscaled variables
their units follow from the objective in which they appear. Symbols that carry more than one meaning
across the review are collected separately in Table A2.

Symbol Meaning Equation

x(n), z(n)
Latent degradation state and measurement vector at cycle n.
Units: component-dependent, those of the quantities each
component represents.

Section 3

n, nf, SOHEOL

Cycle index; failure index at which the health threshold is first
crossed; declared end-of-life value of the health metric. Units:
dimensionless (cycle counts); percent.

Equations (8) and (9); Section 3.3

Q, td, C0, Cmax
Delivered capacity; total discharge duration; pristine capacity;
maximum capacity at cycle n. Units: A h; h; A h; A h. Equations (1), (2) and (12)

Cmax(n), η
Capacity basis for SOC, as in Equation (4); coulombic efficiency.
Units: A h; dimensionless. Equation (5)

t, t0, τ

Time; initial time of integration; integration variable; in
Equations (69)–(71), t is instead a discrete step index. Units: h in
Equations (1), (5) and (7), with the conversion for time in
seconds stated after Equation (1); s in the circuit, diffusion and
thermal relations of Equations (19), (21) and (24); cycles or
hours, as declared, in Section 4.2.

Equations (5) and (69)–(71)

Voc
−1(·), δV, δSOC

Inverse of the open-circuit-voltage characteristic, defined where
that characteristic is strictly monotone; error in the
reconstructed open-circuit voltage; resulting error in the
inferred SOC. Units: V to percent; V; percent.

Equation (6)

εSOC, bI

Error of the ampere-hour estimate, taken as the estimate minus
the true value; constant bias in the measured current. Units:
percent; A.

Equation (7)
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Table A1. Cont.

Symbol Meaning Equation

R(n), R0, R1, REOL, RBOL

Internal resistance at cycle n; ohmic resistance of the equivalent
circuit; polarization resistance; end-of-life resistance;
beginning-of-life resistance. Units: Ω.

Equations (3), (6) and (17)–(19)

Vt, Voc, V1 Terminal, open-circuit and polarization voltage. Units: V. Equations (6) and (17)–(19)

C1
Polarization capacitance, distinct from the capacities C0 and
Cmax. Units: F (farad). Equation (19)

A, Ea, Rg, T

Pre-exponential factor; activation energy; gas constant; absolute
temperature. Units: A carries the units of the rate constant k,
which follow from the assumed rate law; Ea in J mol−1; Rg =
8.314 J mol−1 K−1; T in K.

Equation (10)

Qloss, B, γ, Crate, Ah, z

Capacity loss; pre-exponential factor; rate weighting; C-rate;
ampere-hour throughput; fade exponent. Units: Qloss in A h or
percent of C0, and B in the same units; γ in J mol−1 per unit
C-rate; Crate and z dimensionless; Ah normalized by a stated
reference throughput, hence dimensionless.

Equation (11)

α, β
Diffusion-limited and linear capacity-fade coefficients. Units: A
h cycle−1/2 and A h cycle−1, respectively. Equation (12)

X(t), x0, w
Degradation path; initial state; failure threshold. Units: those of
the declared degradation measure, commonly A h or percent of
C0.

Equations (13) and (14)

µ, σB, B, Λ(t; θ)

Drift; diffusion coefficient; Brownian motion; time
transformation. Units: µ in degradation units per unit
operational time; σB in degradation units per square root of
operational time; B in square-root operational-time units, since
Var B(s) = s; Λ in operational-time units.

Equation (13)

tc, xc, u
Current time; degradation state at the current time; future
elapsed time. Units: tc and u in cycles or hours as declared; xc
in degradation units.

Text after Equation (15)

θ

Parameter vector of the model under discussion: of the time
transformation in Equation (13), the encoder in Equations (58)
and (59), the network in Equation (65), and the Bayesian model
in Equation (81). Units: component-dependent.

Equations (13), (58), (59), (65) and
(81)

Tf

First-passage (failure) time, the continuous-time counterpart of
the failure index nf. Units: cycles or hours, matching the time
variable of Equation (13).

Equations (14) and (15)

αΓ, βΓ

Gamma shape coefficient and rate parameter. Units: αΓ in
reciprocal operational-time units, so that the Gamma shape is
dimensionless; βΓ in reciprocal degradation units, so that its
inverse is the scale.

Equation (16)

j, j0, αa, αc, F, ηov

Local and exchange current density; transfer coefficients;
Faraday constant; surface overpotential, distinct from the
coulombic efficiency η of Equation (5). Units: A m−2;
dimensionless; F = 96,485 C mol−1; V.

Equation (20)

cs, Ds, r Solid-phase concentration; diffusivity; radial coordinate. Units:
mol m−3; m2 s−1; m. Equation (21)

Rp, cs,0
Particle radius; initial solid-phase concentration, taken uniform.
Units: m; mol m−3. Equation (22)

q̇, m, cp, h, As, Tamb

Heat generation; mass; specific heat; heat transfer coefficient;
surface area; ambient temperature. Units: W; kg; J kg−1 K−1; W
m−2 K−1; m2; K.

Equations (23) and (24)
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Table A1. Cont.

Symbol Meaning Equation

Nw, L, σ
Moving-average window length; Gaussian half-window;
Gaussian smoothing width. Units: samples, hence
dimensionless.

Equations (27) and (28) and text
after (28)

µx, σx

Sample mean and standard deviation: of the feature, estimated
on the training partition, in Equation (26), and of the signal over
the analysis window in Equation (33). Units: those of the
feature or signal.

Equations (26) and (33)

m, r, Am(r), Bm(r)

Embedding dimension; tolerance; template-match counts.
Units: m dimensionless; r in the units of the signal, or as a stated
multiple of its standard deviation; template-match counts
dimensionless.

Equation (34)

ρ, ρ̂j, λ, mh, DKL
Target and observed activation; sparsity weight; hidden-unit
count; Kullback–Leibler divergence. Units: dimensionless. Equations (38), (60) and (61)

∆i(k), ∆min, ∆max, ζ
Grey relational deviation; its smallest and largest values over all
candidates and indices; distinguishing coefficient. Units: those
of the normalized sequence; ζ dimensionless.

Equation (41)

R(f ), R̂N(f ), ℜN(F ), δ
Expected and empirical risk; empirical Rademacher complexity
of the loss class induced by F ; confidence parameter. Units:
dimensionless, the loss being bounded in the unit interval.

Equation (44)

λ1, λ2

Lasso and ridge penalty weights. Units: dimensionless for
inputs and target scaled as in Equation (26); otherwise set by
the terms of Equation (45).

Equation (45)

C, ξi, ξi*, ε

SVR penalty; slack variables; insensitivity width. Units: C
dimensionless for inputs and target scaled as in Equation (26),
otherwise set by the objective of Equation (46); slack variables
and ε in the units of the target.

Equation (46) and its constraints

w, b, αi, αi
*, ei, λ

Weight vector and bias of the support-vector regression
function; Lagrange multipliers of the two sets of constraints;
residuals and regularization constant of the least-squares
variant. Units: dimensionless for inputs and target scaled as in
Equation (26); otherwise set by the objectives of Equations (46)
and (49).

Equations (46), (47) and (49)

k(·, ·), K, k*, ℓ

Kernel or covariance function; covariance matrix; test
covariance vector; length scale. Units: for Gaussian process
regression, the kernel values, the covariance matrix and the test
covariance vector in the squared units of the target, and
dimensionless for the support-vector kernel; the length scale in
the units of the input.

Equations (47), (48) and (53)–(56)

z, ϕ
Latent code of the autoencoder; decoder parameters, distinct
from the feature map φ of Section 6.2 and Equation (93). Units:
dimensionless.

Equations (58)–(60)

σ(·)
Logistic sigmoid activation, distinct from the smoothing width
σ defined after Equation (28) and from the subscripted standard
deviations. Units: dimensionless.

Equations (63), (64) and (69)–(71)

η
Learning rate, distinct from the coulombic efficiency η of
Equation (5). Units: dimensionless. Equation (65)

H Hidden-layer output matrix of the extreme learning machine.
Units: dimensionless. Equation (66)

wj
l, Ri

Convolution kernel weights of layer l; pooling window of
output position i. Units: dimensionless. Equations (67) and (68)
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Table A1. Cont.

Symbol Meaning Equation

xk, zk, f k, hk, wk, vk, Qk, Rk

State; measurement; transition and observation functions;
process and measurement noise; their covariances. Units: those
of the state and of the measurement; the noise covariances in
the corresponding squared units.

Equation (73)

Fk, Hk, Kk, Pk

Transition and observation matrices, which are the Jacobians of
Equation (77) in the extended filter; Kalman gain; error
covariance. Units: the matrices and the gain are ratios of the
corresponding quantities; Pk in the squared units of the state.

Equations (74)–(77)

Np, ωk, Neff
Particle count; importance weights; effective sample size. Units:
dimensionless. Equations (78)–(80)

D Observed data in the model-averaged predictive distribution
and in the posterior update. Units: component-dependent. Equations (57) and (81)

Ns, Y, Ŷ
Test-set size; measured and predicted target. Units: Ns
dimensionless; the targets in the units of the estimated quantity. Equations (82)–(90)

Li, Ui
Lower and upper prediction-interval bounds. Units: those of
the target. Equations (89) and (90)

MPIW Mean prediction interval width. Units: those of the target. Equation (90)

CE, M, τm, ĉ(·)
Calibration error; number of nominal levels; nominal level;
empirical coverage of the central interval at a nominal level.
Units: dimensionless.

Equation (91)

∆cov, G, g, ĉg, α
Worst-group coverage deviation; set of groups; group index;
empirical coverage within group g; nominal non-coverage level,
so that 1 − α is the nominal coverage. Units: dimensionless.

Equation (92)

φ, H, ns, nt

Feature map; reproducing kernel Hilbert space; source and
target sample counts. Units: the feature map is dimensionless
under a normalized kernel; the sample counts are
dimensionless.

Equation (93)

N [·], Nd, Nc, λp

Differential operator; labeled sample count; collocation count;
physics-loss weight. Units: the operator returns the units of the
governing-equation residual; the counts are dimensionless; λp
is chosen so that the two loss terms are commensurable.

Equation (94)

I(t), Qavail(k) Current, positive on discharge; available charge at sample k.
Units: A; A h.

Equations (1), (4)–(6), (17)–(19)
and (23)

N
Number of samples or points in the stated window or training
set; distinct from cycle n and evaluation Ns. Units:
dimensionless.

Equations (31)–(34), (39)–(41), (44),
(46), (47), (49) and (59)

gj
Discretely normalized Gaussian filter weight. Units:
dimensionless. Equation (28)

ψ, a, b Mother wavelet, scale and translation; Units: a and b in the
units of the independent variable; ψ normalized to unit energy. Equation (29)

Vnom Nominal reference voltage for mean voltage falloff. Units: V. Equation (31)

t1, t2
Endpoints of the energy-integration interval. Units: s or h as
declared. Equation (35)

di
Difference between paired ranks in Spearman’s coefficient.
Units: dimensionless. Equation (40)

σε
2

Observation-noise variance, in the bias–variance decomposition
and in Gaussian process regression. Units: the squared units of
the target.

Equations (43), (54) and (55)

ν
Gradient-boosting shrinkage or learning-rate parameter. Units:
dimensionless. Equation (51)
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Symbol Meaning Equation

µ*, σ*2, σf
2

GPR posterior mean; latent posterior variance; kernel signal
variance. Units: the posterior mean in the units of the target; the
variances in its squared units.

Equations (54)–(56)

W, b, al, zi
l, ht

Neural layer or recurrent weights; bias; layer activation;
pre-activation of a convolutional layer; hidden state. Units:
dimensionless.

Equations (63) and (67)–(71)

it, f t, ot, ct
LSTM input, forget and output gates; cell state. Units:
dimensionless. Equation (70)

rt, zt, h̃t
GRU reset and update gates; candidate hidden state. Units:
dimensionless. Equation (71)

Q, K, V, dk
Attention query, key and value matrices; key dimension. Units:
dimensionless. Equation (72)

* denotes complex conjugation.

Table A2 is the reuse register referred to in Section 2.2, and it is intended to be read
as a check. Indices that serve only as summation or position indices, dummy variables of
integration, and multi-letter labels such as MAE or PICP are not listed; any other symbol
absent from Table A2 carries a single meaning throughout, and a symbol present in it
should be read with the equation that fixes the intended meaning.

Table A2. Register of symbols that carry more than one meaning across the review. Each row states
every meaning the symbol carries, the equation in which each meaning is fixed, and the device by
which the meanings are kept distinct. The conventions are stated in Section 2.2.

Symbol Distinct Meanings and the Equation That Fixes Each How the Ambiguity is Resolved

A

Pre-exponential factor of the Arrhenius law in Equation (10);
ampere-hour throughput Ah in Equation (11); cell surface area As
for convective heat exchange in Equation (24); template-match
count Am(r) of the sample-entropy statistic in Equation (34).

The throughput and the area carry the subscripts
h and s, and the count the superscript m and an
argument; the bare symbol is the pre-exponential
factor.

a, b

Wavelet scale and translation in Equation (29); layer activation
and bias in Equations (63) and (67); activations within the pooling
window in Equation (68); visible and hidden biases of the
restricted Boltzmann machine in Equation (61); recurrent and gate
biases bh, bi, bf, bo and bc in Equations (69) and (70); bias of the
support-vector and least-squares formulations in Equations (46),
(47) and (49); current-sensor bias bI in Equation (7).

In the equations the activations and biases carry
a layer superscript, a positional subscript or an
identifying subscript, except the bias b of the
support-vector formulations, which is bare and
is used only in Section 6.2; the wavelet scale and
translation are used only in Section 5.2, where
they are defined.

B
Pre-exponential factor of the capacity-loss law in Equation (11);
standard Brownian motion in Equation (13); template-match
count Bm(r) in Equation (34).

Separated by section and by argument: the
pre-exponential factor occurs only in Section 4.1,
the Brownian motion only in Section 4.2, where it
carries its argument in the equations, and the
count only in Section 5.3.

C

Pristine and maximum capacity C0 and Cmax in Equations (2), (4),
(5), (7) and (12); polarization capacitance C1 in Equation (19);
C-rate Crate in Equation (11); penalty parameter of the
support-vector formulation in Equation (46).

The capacities, the capacitance and the C-rate
carry a subscript; the bare symbol is the penalty
parameter and occurs only in Section 6.2.

c

Solid-phase concentration cs in Equations (21) and (22); specific
heat cp in Equation (24); cell state ct of the long short-term
memory in Equation (70); empirical coverage ĉ in Equations (91)
and (92).

Every use carries a subscript or, for the coverage,
a circumflex.
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Symbol Distinct Meanings and the Equation That Fixes Each How the Ambiguity is Resolved

D

Solid-phase diffusivity Ds in Equations (21) and (22);
Kullback–Leibler divergence DKL in Equations (38) and (60);
discriminator of the adversarial objective in Equation (62);
observed data D in Equations (57) and (81); source and target
samples Ds and Dt in Equation (93).

The data sets are set in script type and the
diffusivity in italic; the divergence carries a
subscript, and the discriminator occurs only in
Section 6.5.

d
Dimension of the state space in Section 3; difference between
paired ranks di in Equation (40); key dimension dk of the attention
operator in Equation (72).

The two indexed uses are subscripted and occur
in different sections; the state dimension appears
only as the exponent of R in Section 3.

E
Activation energy Ea in Equations (10) and (11); expectation
operator in Equations (43), (60) and (62); energy function of the
restricted Boltzmann machine in Equation (61).

The activation energy is subscripted; the
expectation is set in blackboard type with a
bracketed argument, and the energy function is
written with its two arguments.

e
Base of the natural logarithm in Equations (16) and (64);
regression residual ei of the least-squares support-vector
formulation in Equation (49).

The residual is subscripted.

F

Faraday constant in Equations (20) and (22); boosted ensemble
FM and its stages in Equations (51) and (52); transition matrix or
Jacobian Fk in Equations (74) and (77); function class F in
Equation (44).

The ensemble is written with its argument or
stage subscript, except at the evaluation point F
= Fm−1 of Equation (52), the transition matrix
with the time index, and the function class in
script type; elsewhere the bare symbol is the
Faraday constant.

f

Densities of the first-passage time and of the Gamma increment in
Equations (14) and (16); regression function in Equations (43),
(44), (47) and (53); state-transition map f k in Equations (73) and
(77); encoder fθ in Equations (58) and (59); forget gate f t in
Equation (70).

Distinguished by subscript and argument; the
densities are subscripted by their random
variable, and the bare symbol is the regression
function.

G Generator of the adversarial objective in Equation (62); set of
groups in Equation (92).

The generator occurs only in Section 6.5 and the
set of groups only in Section 10.2.

g Discrete Gaussian weights gj in Equation (28); decoder gϕ in
Equations (58) and (59); group index in Equation (92).

The weights and the decoder are subscripted; the
bare symbol is the group index and occurs only
in Section 10.2.

H
Hidden-layer output matrix of the extreme learning machine in
Equation (66); observation matrix or Jacobian Hk in Equations
(75)–(77); reproducing kernel Hilbert space H in Equation (93).

The observation matrix carries the time index
and the Hilbert space is set in script type.

h

Convective heat-transfer coefficient in Equation (24); base
learners hk and hm in Equations (50) and (51); hidden-unit vector
of the restricted Boltzmann machine in Equation (61); recurrent
hidden state ht in Equations (69)–(71); observation function hk in
Equations (73) and (77).

Distinguished by argument and subscript: hk(x;
Θk) is a tree of the random forest, hm(x) a
boosting stage, hk(xk) an observation function
and ht a recurrent state; the bare symbol is a
coefficient in Section 4.3 and the hidden-unit
vector in Section 6.5.

I
Current in Equations (1), (5), (6), (17)–(19), (23) and (35); mutual
information in Equation (42); identity matrix in Equations (54),
(55) and (76).

The current is written with its time argument or
as a factor in the circuit relations; the mutual
information with its two random arguments; the
identity matrix only inside matrix expressions.

i Input gate it of the long short-term memory in Equation (70);
otherwise a summation or sample index. The gate carries the time subscript.

j Interfacial and exchange current density j and j0 in Equations (20)
and (22); otherwise a summation index.

The current density occurs only in Section 4.3,
where j is not used as an index.

K

Number of intrinsic mode functions in Equation (30); number of
trees in Equation (50); covariance matrix in Equations (54) and
(55); attention key matrix in Equation (72); Kalman gain Kk in
Equations (75) and (76).

Distinguished by subscript and section; the
kernel function itself is written in lower case, as
k(·, ·).
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Symbol Distinct Meanings and the Equation That Fixes Each How the Ambiguity is Resolved

k

Sample index within a cycle in Equations (4) and (25); rate
constant k(T) in Equation (10); kernel or covariance function in
Equations (47), (48) and (53)–(56) and test covariance vector in
Equations (54) and (55); time step of the sequential estimators in
Equations (73)–(80); sequence-point, tree and iteration index in
Equations (41), (50) and (65).

The rate constant and the kernel are written with
their arguments and the test covariance vector
with the subscript *; the remaining uses are
indices, fixed by the section in which they occur.

L, l

Gaussian half-window L in Equation (28); loss functionals in
Equations (38), (52), (59), (60), (65) and (94); lower
prediction-interval bound Li in Equations (89) and (90); layer
index l in Equations (63), (67) and (68); kernel length scale ℓ, set in
script type, in Equations (48) and (56).

The loss functionals carry an identifying
subscript or an argument; the interval bound is
indexed by sample; the length scale is set in
script type; the layer index appears only as an
unparenthesized superscript, the parenthesized
superscript (i) being reserved for the particle
index of Equations (78)–(80).

M

Number of boosting stages in Equation (51); number of candidate
models in Equation (57), in which the models themselves are
written Mm in script type; number of nominal levels in Equation
(91).

Separated by section: Sections 6.3, 6.4 and 10.2,
respectively; the models are set in script type and
carry the subscript m.

m

Cell mass in Equation (24); embedding dimension of the
sample-entropy statistic in Equation (34); stage index of the
boosting expansion in Equations (51) and (52); prior mean
function m(x) of the Gaussian process in Equation (53); model
index in Equation (57); visible and hidden unit counts mv and mh
in Equations (38) and (61); nominal-level index in Equation (91).

The mean function is written with its argument
and the unit counts with subscripts; the mass
carries physical units and occurs only in
Section 4.3; the remaining uses are indices or
dimensions fixed by section.

N

Generic sample count and the counts Nw, Ns, Np, Neff, Nd and Nc
in Equations (27), (31)–(34), (39)–(41), (44), (46), (47), (49), (59),
(78), (80), (83)–(86), (88)–(90) and (94); the Gaussian distribution
N in Equation (73); the differential operator N [·] in Equation (94).

The counts are subscripted to identify the set
counted, except the generic sample count; the
Gaussian distribution and the differential
operator are both set in script type and are
distinguished by their arguments, N (0, ·) with
two parameters in parentheses and N [·] with a
bracketed function.

n
Cycle index in Equations (2)–(5), (7), (9) and (12), with the failure
index nf in Equations (8) and (9); source and target sample counts
ns and nt in Equation (93).

The bare symbol always denotes the cycle index;
the failure index and the sample counts carry
subscripts, and the sample counts are used only
in Section 11.2.

P Error covariance Pk in Equations (74)–(76); probability measure in
the survival expression that follows Equation (16).

The covariance carries the time index; the
probability is written with its argument.

p
Dimension of the measurement vector in Section 3; probability
density or mass p(·) in Equations (42), (57), (60), (62), (78), (79) and
(81).

The dimension appears only as the exponent of
R in Section 3; the densities are written with their
arguments, except the distributions pdata and pz
of Equation (62), which carry identifying
subscripts.

Q

Delivered capacity in Equation (1) and the charge accumulated
up to sample i in Equations (36) and (37); available charge Qavail
in Equation (4); capacity loss Qloss in Equation (11); attention
query matrix in Equation (72); process-noise covariance Qk in
Equations (73) and (74).

The delivered capacity is bare in Equation (1)
and the accumulated charge carries a sample
argument in Equations (36) and (37); the other
capacities and the covariance carry a subscript or
the time index; the query matrix occurs only in
Equation (72).

q

Heat-generation rate, written with an overdot, in Equations (23)
and (24), with its volumetric counterpart q′′′ in the text that
follows; variational posterior in Equation (60); proposal density in
Equation (79).

The heat-generation rates carry an overdot or a
triple prime; the densities are written with their
arguments.
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Symbol Distinct Meanings and the Equation That Fixes Each How the Ambiguity is Resolved

R

Internal, ohmic, polarization and reference resistances in
Equations (3), (6) and (17)–(19); gas constant Rg in Equations (10),
(11) and (20); particle radius Rp in Equation (22); expected and
empirical risk in Equation (44), together with the empirical
Rademacher complexity ℜN(F ), set in fraktur type; pooling
window Ri in Equation (68); measurement-noise covariance Rk in
Equations (73) and (75); coefficient of determination R2 in
Equation (88).

All uses other than the risk carry a subscript, a
superscript or the cycle argument; the risk is
written with its argument, as R(f ), the
Rademacher complexity is set in fraktur type,
and the coefficient of determination occurs only
in Section 10.1.

r

Radial coordinate in Equations (21) and (22); residual rK of the
empirical mode decomposition in Equation (30); sample-entropy
tolerance in Equation (34); Spearman coefficient rs in Equation
(40); pseudo-residual rim in Equation (52); reset gate rt in
Equation (71).

Distinguished by subscript and section; the bare
symbol is the radial coordinate in Section 4.3 or
the entropy tolerance in Section 5.3.

T
Absolute temperature in Equations (10), (11), (20), (23) and (24),
with the ambient temperature Tamb in Equation (24); first-passage
time Tf in Equations (14) and (15).

The bare symbol always denotes temperature;
the first-passage time carries the subscript f, as
does the failure index nf, and the discharge
duration of Equation (1) is written td.

t Continuous time in Sections 3–5, with the particular instants t0, tc,
td, t1, t2 and tk; discrete step index in Equations (69)–(71).

The step index occurs only as the subscript of the
recurrent quantities of Section 7.2, where it is
stated; elsewhere the bare symbol is continuous
time, and as a subscript or superscript t is a label,
as in Vt, Dt, nt and xj

t.

V

Terminal, open-circuit, polarization and sampled voltages in
Equations (6), (17)–(19), (23), (31) and (35)–(37); cell volume Vcell
in the text following Equation (24); variance operator V in
Equation (43); value function of the adversarial objective in
Equation (62); attention value matrix in Equation (72).

The voltages are subscripted, written with a time
or sample argument, or appear in a differential;
the cell volume carries the subscript cell; the
variance is set in blackboard type and the value
function is written with its arguments; the value
matrix occurs only in Equation (72).

v
Visible units of the restricted Boltzmann machine in Equation (61);
pooled output in Equation (68); measurement noise vk in
Equation (73).

Distinguished by section and subscript.

W Wavelet transform Wx(a, b) in Equation (29); weight matrices in
Equations (63) and (69)–(71).

The transform carries the signal subscript and its
two arguments; the weight matrices carry a layer
superscript or a gate or connection subscript,
except the candidate-state matrix of Equation
(71), which occurs only in Section 7.2.

w

Failure threshold in Equations (14) and (15) and in the caption of
Figure 14; weight vector of the support-vector formulations in
Equations (46) and (49); coupling weights wij of the restricted
Boltzmann machine in Equation (61); convolution kernel weights
wj

l in Equation (67); process noise wk in Equation (73).

The moving-average window length is written
Nw. The threshold is used only in Section 4.2 and
in the caption of Figure 14, and the weight vector
only in Section 6.2; the coupling and convolution
weights carry subscripts, the latter also a layer
superscript, and the process noise occurs only in
Section 8.

X

State space in Section 3; degradation path X(t) in Equations (13)
and (16); subscript of the correlation coefficient in Equation (39);
random variable in Equation (42); matrix of training inputs, as the
design matrix in Equation (45) and in Section 6.4.

The degradation path is written with its time
argument and the state space occurs only in
Section 3; in Section 5.4, X and Y denote the pair
of variables compared in Equations (39) and (42),
and the matrix of training inputs occurs only in
Section 6.
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x

Latent degradation state x(n) in Section 3; initial value x0 = X(0) of
the degradation path in Equations (13)–(15), with current value xc
in the text following Equation (15); argument of the increment
density in Equation (16); signal or feature value in Equations
(25)–(30), (32) and (33), including the moving average x̄(i) of
Equation (27); paired observations xi and their sample mean x̄ in
Equation (39); reference and compared sequences x0 and xi in
Equation (41); model input in Sections 6 and 7; data sample in
Equations (60) and (62); filter state xk in Equations (73), (74) and
(76)–(79); source, target and collocation samples in Equations (93)
and (94).

The degradation state is written with the cycle
argument and the filter state with the time index.
The initial state x0 is used only in Section 4.2 and
in the caption of Figure 14, and the reference
sequence x0 only in Section 5.4; the moving
average carries its sample argument, whereas the
sample mean of Equation (39) does not. In
Section 5.4, xi is a paired value in Equation (39)
and a candidate sequence in Equation (41), as
stated there. Elsewhere x is the argument of the
operation under discussion, fixed by the section.

Y

Subscript of the correlation coefficient in Equation (39); random
variable in Equation (42); target matrix of the extreme learning
machine in Equation (66); measured target Y(i) and its mean Ȳ in
Equations (82)–(89).

The measured target carries the sample
argument; in Section 5.4, X and Y denote the pair
of variables compared in Equations (39) and (42),
and the target matrix occurs only in Section 7.

z

Fade exponent in Equation (11); latent code of the autoencoders
in Equations (58) and (60); noise input of the generator in
Equation (62); argument of the activation functions in Equation
(64); pre-activation in Equation (67); update gate zt in Equation
(71); measurement z(n) and zk in Section 3 and Equations (73),
(76), (78) and (79).

Distinguished by subscript and section; the
measurement appears as z(n) or zk throughout
Sections 3 and 8.

α, β

Capacity-fade coefficients in Equation (12); Gamma shape
coefficient and rate parameter αΓ and βΓ in Equation (16); anodic
and cathodic charge-transfer coefficients αa and αc in Equation
(20); elastic-net coefficient vector in Equation (45); dual variables
αi of the support-vector expansion in Equation (47); output
weights of the extreme learning machine in Equation (66);
nominal non-coverage level in Equation (92).

The Gamma parameters carry the subscript Γ
and the transfer coefficients the subscripts a and
c; the remaining uses are separated by section
and by the objects they multiply.

γ
C-rate weighting in Equation (11); lower incomplete gamma
function in the survival expression following Equation (16); grey
relational grade in Equation (41); step size γm in Equation (51).

Distinguished by argument and subscript; the
grade and the incomplete gamma function are
written with their arguments, and the step size
with its index.

∆
Increment operator in Equation (16); grey relational deviation
∆i(k) and its extremes ∆min and ∆max in Equation (41);
worst-group coverage deviation ∆cov in Equation (92).

The deviations carry subscripts; the bare symbol
is the increment operator.

δ
Error of a reconstructed or inferred quantity, δV and δSOC, in
Equation (6); confidence parameter of the generalization bound in
Equation (44); Dirac delta in Equation (78).

The errors are written as prefixes to the quantity
and the Dirac delta with its argument; the bare
symbol is the confidence parameter.

ε

Error of the ampere-hour estimate εSOC in Equation (7);
observation-noise variance σε

2 in Equations (43), (54) and (55);
insensitivity width of the support-vector formulation stated with
Equation (46).

The estimate error is subscripted and the noise
appears only as a subscript; the bare symbol is
the insensitivity width.

η
Coulombic efficiency in Equations (5) and (7); surface
overpotential ηov in Equation (20); learning rate in Equation (65).

The overpotential is subscripted; the efficiency
and the learning rate occur in Sections 3 and 7,
respectively.

θ
Parameters of the time transformation in Equation (13); of the
encoder in Equations (58) and (59); of the network in Equation
(65); and of the Bayesian model in Equation (81).

A single symbol is retained deliberately, since
each use is the parameter vector of the model
under discussion; the model is named at each
occurrence.

λ

Sparsity weight in Equation (38); lasso and ridge penalty weights
λ1 and λ2 in Equation (45); regularization constant of the
least-squares support-vector formulation, which weights the
squared residuals, in Equation (49); physics-loss weight λp in
Equation (94).

Distinguished by subscript, except in Equations
(38) and (49), which occur in different sections: in
Equation (38) λ weights the sparsity penalty, and
in Equation (49) it weights the squared residuals
against the regularizer ½∥w∥2.
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µ
Drift of the Wiener process in Equations (13)–(15) and in the
caption of Figure 14; sample mean µx in Equations (26) and (33);
posterior mean µ* of the Gaussian process in Equation (54).

The sample and posterior means carry a
subscript; the bare symbol is the drift and occurs
only in Section 4.2 and in the caption of
Figure 14.

ρ
Target and observed mean activation in Equation (38); Pearson
correlation coefficient in Equation (39).

The correlation carries the subscript of its two
variables.

σ

Diffusion coefficient σB in Equations (13)–(15); sample standard
deviation σx in Equations (26) and (33); Gaussian smoothing
width, in samples, in the weights defined after Equation (28);
observation-noise variance σε

2 in Equations (43), (54) and (55);
Gaussian-process signal variance σf

2 and posterior variance σ*
2

in Equations (55) and (56); logistic sigmoid σ(·) in Equations (63),
(64) and (69)–(71).

Every use other than the smoothing width
carries a subscript or an argument; the
smoothing width is bare and occurs only in
Section 5.2, and in the equations the sigmoid is
always written with its argument.

τ
Integration variable in Equation (5); nominal coverage levels τm
in Equation (91).

The levels carry the subscript m; the integration
variable is a dummy variable confined to
Equation (5).

ϕ, φ
Decoder parameters of the autoencoder in Equations (58) and
(59); feature map of the support-vector kernel in Section 6.2 and
of the kernel embedding in Equation (93).

The two glyphs are distinct and are used
consistently: ϕ denotes the decoder parameters
and φ the feature map.

References
1. Zhang, Y.; Li, Y.-F. Prognostics and health management of Lithium-ion battery using deep learning methods: A review. Renew.

Sustain. Energy Rev. 2022, 161, 112282. [CrossRef]
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