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Abstract

Disease progression can be statistically represented as a network of patient states con-
nected by transition probabilities, providing a natural basis for quantifying progression
toward favorable and unfavorable outcomes. This study develops a statistical reliability
framework for disease progression networks based on discrete-time Markov transitions,
integrating maximum-likelihood estimation, first-passage reliability, bootstrap uncertainty
quantification, and probability-simplex-constrained sensitivity analysis. The framework
converts patient-level longitudinal trajectories into an estimated transition structure and
subsequently quantifies the probability of reaching a favorable target state before an ab-
sorbing unfavorable outcome. A row-preserving perturbation strategy is used to assess
the influence of individual transitions while maintaining the probability constraints, and
a dimensionless elasticity measure is introduced to rank transitions according to their
contribution to network reliability. Monte Carlo experiments demonstrate stable statistical
performance of the proposed estimator: for the specified baseline network, the true reliabil-
ity is approximately 0.7483, while the RMSE decreases from 0.0465 for n = 100 to 0.0098 for
n = 2000, indicating substantial improvement in estimation accuracy as the sample size
increases. The sensitivity analysis further identifies the most influential transitions, with
progression from localized disease to treatment and treatment to remission showing the
strongest positive effects on reliability, whereas transitions toward death exhibit negative ef-
fects. The framework is also applied to a real longitudinal breast cancer dataset comprising
169 patient records. The empirical analysis identifies 16 recurrence events and four deaths
and characterizes the observed treatment, surgery, recurrence, and survival-time patterns.
Importantly, because the available clinical variables do not unambiguously identify all
states of the theoretical seven-state model, the real-data analysis is restricted to directly
observable patient events rather than imposing unsupported clinical state assignments.
Overall, the results demonstrate that the proposed framework provides a statistically in-
terpretable pipeline linking patient-level transition data, network reliability, uncertainty
quantification, and transition importance, with potential applications to reliability-based
analysis of multistate disease progression and other longitudinal health processes.
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1. Introduction
Disease progression is often observed longitudinally through a sequence of clinically

meaningful patient states. A patient may move from an initial state to early detection,
localized disease, treatment, remission, metastasis, or death. Such progression can naturally
be represented by a directed graph in which vertices correspond to patient states and
directed edges represent possible transitions between consecutive observations—see [1,2].

1.1. Literature Review

Multistate Markov models provide a well-established statistical framework for de-
scribing disease progression and estimating transition behavior from longitudinal obser-
vations [3,4]. These models have been applied to a wide range of medical processes in
which patients move among clinically defined states. Recent methodological developments
continue to emphasize the flexibility of multistate models for analyzing complex state-
transition processes [5]. Zingoni et al. [6] reviewed multistate modelling approaches for
monitoring disease progression, including Bayesian estimation based on the Kolmogorov–
Chapman forward equations. More recently, Akwiwu et al. [7] compared methods for
modelling multistate cancer progression using screening data with censoring after inter-
vention. In discrete-time settings, transition probabilities can be estimated directly from
observed patient trajectories, and the resulting transition matrix provides a natural basis for
statistical analysis of functions of the transition process [8,9]. At the same time, assumptions
concerning the Markov property, state definition, and model specification can substantially
affect inference and therefore require appropriate assessment [10].

Beyond the formulation of multistate models, previous studies have examined the
statistical challenges arising when transition processes are inferred from longitudinal
clinical data. Jackson et al. [3] considered multistate Markov models for disease progression
in the presence of classification error, highlighting the importance of distinguishing the
underlying clinical states from their observed classifications. Titman and Sharples [10]
investigated diagnostic methods for multistate models, emphasizing the need to assess
model adequacy when drawing statistical conclusions from estimated transition structures.
In addition, Welton and Ades [9] studied the estimation of Markov transition probabilities
and rates from fully and partially observed data, with particular attention to uncertainty
propagation and model calibration. These studies establish important foundations for
statistical inference in multistate systems. However, when the scientific objective is to
quantify the probability of reaching a specified target state before an adverse absorbing
state, the uncertainty in the estimated transition structure must be related to the resulting
first-passage probability. This motivates the outcome-oriented reliability analysis developed
in the present study.

Multistate reliability theory extends the classical binary reliability setting by allowing
system and component performance to be represented through multiple states and by
relating state configurations to system-level performance measures [11]. Beyond clinical
applications, Tanchev et al. [2] developed a Bayesian graph-based Markov chain model for
African swine fever transmission, illustrating the use of network-based Markov models
in epidemic transmission analysis. This perspective provides a natural connection with
disease-progression networks, where patients occupy multiple clinical states and the overall
outcome depends on the sequence of transitions among these states. In the present setting,
this reliability perspective is formulated through the probability of reaching a desirable
clinical state before entering an absorbing adverse state, thereby connecting multistate
disease progression with first-passage reliability.
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1.2. Novelty and Contribution

Although multistate Markov models provide a natural description of disease progres-
sion, the estimated transition matrix itself does not directly provide a reliability measure for
an outcome-oriented clinical question. In particular, when remission is viewed as a desir-
able target and death as an adverse absorbing state, it is useful to quantify the probability
that a patient reaches remission before death. This motivates a reliability interpretation
of the disease progression network. The resulting reliability is a nonlinear function of
the estimated transition probabilities, so uncertainty in transition estimation must also be
propagated to the reliability measure.

The present study does not claim novelty for the individual statistical components,
which are established in the literature. Instead, its methodological contribution lies in
their integration into a single statistical workflow. Specifically, the framework connects
(i) transition-probability estimation from longitudinal patient trajectories, (ii) first-hit net-
work reliability, (iii) patient-level bootstrap uncertainty quantification, and (iv) probability-
constrained sensitivity analysis of individual transitions. This integration provides a direct
pathway from observed patient trajectories to an outcome-oriented reliability measure
and then to transition-level importance, while preserving the stochastic constraints of
the transition matrix. A related network-level perspective is also emphasized in recent
resilience modeling of engineered networks under recurrent hazards, where overall sys-
tem performance is determined by the collective evolution of multiple performance states
and their transitions [12]. Although that setting concerns engineered systems rather than
disease progression, the underlying network-level perspective is relevant here: individ-
ual transitions contribute jointly to an overall system-level performance measure. In the
present framework, this role is played by the first-passage reliability RH , which aggre-
gates the admissible disease-progression pathways into a single outcome-oriented measure.
Thus, the framework links estimation, reliability, uncertainty assessment, and transition
interpretation within one statistically coherent procedure.

patient trajectories −→ P̂ −→ R̂H −→ CI95% −→ transition importance.

The main research question is as follows:

Which transitions in a disease progression network have the greatest statistical
influence on the probability of reaching remission before death?

A related question is how uncertainty in the estimated transition probabilities affects
the resulting disease-network reliability. These questions motivate the use of patient-level
bootstrap resampling and a row-preserving sensitivity analysis that respects the stochastic
constraints of the transition matrix.

The framework is formulated at the patient level, with clinical states represented as
vertices and observed transitions represented as directed edges. It therefore provides a
statistical representation of clinical progression rather than a mechanistic model of disease
biology. The methodology is illustrated in a breast-cancer progression setting and evaluated
through a Monte Carlo simulation study.

2. Graph-Based Markov Disease Progression Model
Let

G = (V, E)

be a directed disease progression graph, where V is the set of clinically defined patient states
and E is the set of admissible transitions between states. For the illustrative breast-cancer
setting, consider the state space V = H, E, L, T, R, M, D, as in Table 1.
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Table 1. Definition of the disease progression states.

State Description

H Initial (healthy) state
E Early detection
L Localized cancer
T Treatment
R Remission
M Distant metastasis
D Death

The admissible inter-state transitions are in Figure 1.

Figure 1. Patient-level disease progression network. Nodes represent clinically defined patient
states, while directed edges represent possible transitions between distinct states. Self-transitions are
represented in the transition matrix and omitted from the graph for visual clarity.

The state D is absorbing. Self-transitions are also allowed and are represented by
the diagonal elements of the transition matrix. For visual clarity, these self-transitions are
omitted from the network diagram. The graph is defined at the patient level: each vertex
represents a clinically defined state of a patient, while each directed edge represents a
possible transition between two consecutive observation occasions. Thus, the graph de-
scribes the statistical structure of patient-level disease progression rather than a mechanistic
interaction among individual cancer cells.

Discrete-Time Markov Assumption

Let Xt denote the clinical state of a patient at observation occasion t. The index t
represents successive observation occasions on a common discrete time scale. We assume a
first-order Markov property:

P(Xt+1 = j | Xt = i, Xt−1, . . . , X0) = P(Xt+1 = j | Xt = i).

For i, j ∈ V, define the one-step transition probability by

pij = P(Xt+1 = j | Xt = i).

In practical applications, the discrete observation cycle should be selected according to
the clinical follow-up schedule and the temporal resolution at which clinically meaningful
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state changes can be distinguished. When observation times are irregular, the recorded
times should first be mapped to a clinically meaningful common observation scale before
one-step transition probabilities are estimated. The chosen cycle should be sufficiently short
to represent relevant changes in disease status, while avoiding unnecessary sparsity in the
transition counts. If transition times remain substantially heterogeneous or the timing of
transitions is itself of primary interest, a continuous-time multistate model may be more
appropriate. The transition matrix is

P = (pij)i,j∈V ,

where
pij ≥ 0, ∑

j∈V
pij = 1 for every i ∈ V.

Using the state ordering

(H, E, L, T, R, M, D),

the transition matrix takes the form

P =



pHH pHE 0 0 0 0 0
0 pEE pEL 0 0 0 0
0 0 pLL pLT 0 pLM pLD

0 0 0 pTT pTR pTM pTD

pRH 0 0 0 pRR pRM 0
0 0 0 pMT pMR pMM pMD

0 0 0 0 0 0 1


.

The Markov property is a modeling assumption and should be assessed when lon-
gitudinal data are available. Patient heterogeneity, unequal observation intervals, state
misclassification, or dependence on a longer history may require an extended multistate
formulation [3,5,10]. Figure 2 illustrates the discrete-time Markov assumption for dis-
ease progression.

Figure 2. Illustration of the discrete-time Markov assumption for disease progression. The figure
shows an example patient trajectory, the first-order Markov property, and the conditional distribution
of the next state given the current state.

3. Disease-Network Reliability
The directed disease progression network defines several possible pathways through

which a patient may move from the initial state toward either a desirable or an adverse
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outcome. To obtain an outcome-oriented measure of the network, we define reliability in
terms of the first arrival at remission before death.

Let
τR = inf{t ≥ 0 : Xt = R}

denote the first observation occasion at which the patient enters the remission state, and let

τD = inf{t ≥ 0 : Xt = D}

denote the first observation occasion at which the patient enters the death state. For an
initial state i ∈ V, define the disease-network reliability by

Ri = Pi(τR < τD).

The primary reliability measure considered in this study is therefore

RH = PH(τR < τD).

Thus, RH represents the probability that a patient starting from the initial state H
reaches remission before death. This definition is a first-hit reliability measure. In par-
ticular, once the process reaches R for the first time, the event {τR < τD} has occurred.
Consequently, subsequent transitions from R do not affect the value of RH . This distinction
is important because remission is not required to be a permanent clinical state for the
proposed reliability measure.

3.1. First-Step Reliability Equations

Let the transient states with respect to the reliability event be

T = {H, E, L, T, M},

while the target and failure states are

A = {R, D}.

For each transient state i ∈ T , define

ri = Pi(τR < τD).

The boundary conditions are

rR = 1, rD = 0.

Applying the law of total probability after one transition gives

ri = ∑
j∈T

pijrj + piR, i ∈ T .

The term piD does not appear explicitly because a transition to D contributes zero to
the probability of reaching R before D. Let

Q =
(

pij
)

i,j∈T
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denote the transient-to-transient transition matrix and define

b =


pHR

pER

pLR

pTR

pMR

.

For the specific network considered here,

pHR = pER = pLR = 0,

and hence

b =


0
0
0

pTR

pMR

.

Writing

r =


rH

rE

rL

rT

rM

,

The first-step equations can be written compactly as

r = Qr + b.

Therefore,
(I − Q)r = b,

and, provided that the transient subnetwork is proper,

r = (I − Q)−1b.

Consequently, the reliability for a patient starting in H is

RH = e⊤H(I − Q)−1b (1)

where
eH = (1, 0, 0, 0, 0)⊤.

The matrix
N = (I − Q)−1

is the fundamental matrix of the transient part of the absorbing Markov chain [13]. Its use
here provides a direct connection between the estimated transition structure and the proba-
bility of reaching the desired outcome before failure. For the specific disease-progression
network considered here, the first-step equations can also be written explicitly as follows:

rH = pHHrH + pHErE,

rE = pEErE + pELrL,

https://doi.org/10.3390/math14213897
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rL = pLLrL + pLTrT + pLMrM,

rT = pTTrT + pTR + pTMrM,

and
rM = pMTrT + pMR + pMMrM.

Because the rows corresponding to H and E contain only a self-loop and one forward
transition, their eventual reliability is unchanged by the waiting probability. Hence,

rH = rE = rL.

Define
∆ = (1 − pTT)(1 − pMM)− pTM pMT .

Provided that ∆ > 0, the reliability probabilities associated with the treatment and
metastasis states are

rT =
pTR(1 − pMM) + pTM pMR

∆

and

rM =
(1 − pTT)pMR + pMT pTR

∆
.

Consequently, the reliability from the localized-disease state is

rL =
pLTrT + pLMrM

1 − pLL

and, since rH = rE = rL,
RH = rH = rE = rL.

These expressions provide an explicit interpretation of the reliability measure in terms
of the transition probabilities. In particular, transitions into remission, transitions toward
metastasis, and transitions from metastasis back to treatment or remission jointly determine
the probability of reaching remission before death.

3.2. Interpretation

The quantity RH summarizes the probability of reaching remission before death over
all admissible disease-progression pathways starting from the initial state H. In matrix
form, see Equation (1), where (I − Q)−1 accounts for repeated visits to transient states and
b represents the one-step transitions into the remission state. Thus, RH is a network-level
probability rather than a single transition probability such as pTR or pMR.

The matrix formulation automatically combines alternative pathways and their asso-
ciated transition probabilities. Consequently, changes in one transition probability may
affect RH indirectly through subsequent transitions and repeated movements among
transient states.

The reliability measure is also distinct from the probability of remaining in remission
after treatment. The present analysis concerns only the ordering of the first occurrence of
remission and death,

τR < τD.

Thus, once remission is reached for the first time, the reliability event has occurred,
regardless of subsequent transitions from the remission state. This first-hit formulation al-
lows the proposed measure to be used for comparing estimated disease-transition networks
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and for quantifying how statistical uncertainty or admissible perturbations in individual
transition probabilities influence the overall probability of successful progression.

4. Statistical Estimation of Transition Probabilities
Suppose that longitudinal patient records are observed at successive observation

occasions on a common discrete time scale. For each pair of states (i, j), let

nij = #{observed transitions from state i to state j}

denote the number of observed transitions from state i to state j. The total number of
observed transitions originating from state i is

ni = ∑
j∈V

nij.

For a fully observed discrete-time Markov chain, the transition counts within each
row of the transition matrix follow a multinomial structure. Consequently, the likelihood
of the transition matrix, up to a multiplicative constant that does not depend on P, is

L(P) ∝ ∏
i∈V

∏
j∈V

p
nij
ij ,

subject to the stochastic constraints

pij ≥ 0, ∑
j∈V

pij = 1, i ∈ V.

Maximizing the likelihood under these constraints gives the maximum-likelihood
estimator

p̂ij =
nij

ni
, ni > 0.

Thus, each estimated transition probability is the observed proportion of transitions
from state i that subsequently enter state j. This estimator is the standard maximum-
likelihood estimator for a fully observed discrete-time Markov transition matrix [8,9].
Transitions that are not allowed by the disease progression graph are treated as structural
zeros. Therefore,

p̂ij = 0

for any transition i → j that is excluded from the proposed network.
The diagonal elements p̂ii represent the probability that a patient remains in the same

state between two consecutive observation occasions. These self-transitions are retained in
the transition matrix because they are part of the Markov representation, even though they
are omitted from the graphical visualization for clarity.

5. Estimated Disease-Network Reliability
After estimating the transition matrix P̂, the corresponding transient-to-transient

submatrix is obtained as
Q̂ = P̂T ,T ,

where
T = {H, E, L, T, M}.

https://doi.org/10.3390/math14213897
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For the proposed disease-progression network, the vector of estimated one-step transi-
tions directly into remission is

b̂ =


0
0
0

p̂TR

p̂MR

.

The estimated vector of first-hit remission probabilities is therefore

r̂ = (I − Q̂)−1b̂,

provided that the estimated transient subnetwork is proper. The estimated reliability for a
patient initially in state H is consequently

R̂H = e⊤H(I − Q̂)−1b̂.

Thus, the proposed estimator is obtained by substituting the statistically estimated
transition probabilities into the first-step reliability formulation. It incorporates all admissi-
ble pathways from the initial state to remission and automatically accounts for competing
transitions to death.

Importantly, R̂H is a nonlinear function of the estimated transition probabilities.
Therefore, uncertainty in P̂ propagates through (I − Q̂)−1 and affects the resulting reliability
estimate. This motivates the bootstrap procedure developed in the next section.

Statistical Interpretation

The estimation procedure separates the analysis into two stages. First, the transition
probabilities are estimated directly from the observed patient trajectories. Second, the
estimated transition matrix is transformed into the disease-network reliability measure.
Thus, the overall estimation pipeline can be summarized as

Observed transitions −→ P̂ −→ (Q̂, b̂) −→ R̂H .

This separation is useful because uncertainty in the observed transition counts is sub-
sequently propagated to the reliability estimate through the bootstrap procedure presented
in Section 5.

The direct count estimator assumes that the relevant states and transitions are observed
without ambiguity at the specified observation occasions. In practice, patient records may
contain missing visits, unequal observation intervals, misclassification of disease states,
or unobserved intermediate transitions. Under such circumstances, the simple empirical
estimator may no longer be sufficient, and more general multistate estimation procedures
may be required [3,4]. These issues are treated as extensions and limitations of the present
discrete-time framework rather than as additional modeling assumptions.

For practical applications, the discrete-time cycle length should be selected according
to the clinical follow-up schedule and the time scale over which a transition can reasonably
be regarded as occurring within one observation interval. A common cycle length should
then be used when successive observations are treated as Markov transitions. If the recorded
follow-up times are substantially irregular, the observations should not automatically be
interpreted as transitions on an identical time scale. Instead, the records may be organized
into prespecified observation windows when clinically appropriate. When the timing of
transitions itself is of primary interest or a common observation scale cannot be justified,
continuous-time or other general multistate methods may be more appropriate.

https://doi.org/10.3390/math14213897
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6. Bootstrap Uncertainty Quantification
The estimated disease-network reliability is a nonlinear function of the estimated

transition probabilities. Consequently, sampling uncertainty in P̂ propagates through
the fundamental-matrix calculation and affects the resulting estimate R̂H . To quantify
this uncertainty without relying on a closed-form variance expression, a patient-level
nonparametric bootstrap procedure is employed.

Let B denote the number of bootstrap replications. For each replication b = 1, . . . , B, a
bootstrap sample is generated by resampling complete patient trajectories with replacement
from the original sample. If the original dataset contains n patients, each bootstrap sample
therefore contains n complete trajectories. The transition counts are recalculated from the
resampled trajectories, giving

n∗(b)
ij = #{resampled transitions i → j},

and the corresponding transition probabilities are estimated by

p̂∗(b)ij =
n∗(b)

ij

n∗(b)
i

, n∗(b)
i > 0.

The bootstrap transient matrix and remission-entry vector are then constructed as

Q̂∗(b) = P̂∗(b)
T ,T

and

b̂∗(b) =


0
0
0

p̂∗(b)TR

p̂∗(b)MR

.

The reliability is subsequently recalculated for each bootstrap sample according to

R̂∗(b)
H = e⊤H

(
I − Q̂∗(b)

)−1
b̂∗(b) (2)

The resulting values
R̂∗(1)

H , . . . , R̂∗(B)
H

form the empirical bootstrap distribution of the estimated disease-network reliability. A
percentile-based 95% bootstrap confidence interval is then obtained from the empirical
quantiles of this distribution as

CI95% =
[
R̂∗

H,(0.025), R̂
∗
H,(0.975)

]
(3)

Thus, the bootstrap procedure propagates patient-level sampling variability from the
observed transition histories through the estimated transition matrix and ultimately to the
disease-network reliability.

Interpretation of Bootstrap Uncertainty

The bootstrap distribution provides an empirical assessment of the sampling vari-
ability of R̂H . A narrow confidence interval indicates relatively stable estimation of the

https://doi.org/10.3390/math14213897

https://doi.org/10.3390/math14213897


Mathematics 2026, 14, 3897 12 of 29

reliability, whereas a wider interval indicates greater statistical uncertainty in the estimated
disease-network reliability.

Importantly, the confidence interval quantifies uncertainty for the reliability estimate
obtained from the observed sample. It should not be interpreted as an empirical coverage
probability. Evaluation of the actual coverage probability of the proposed confidence inter-
val requires repeated independent datasets generated under a specified data-generating
mechanism, which is addressed separately in the Monte Carlo simulation study.

The bootstrap approach is particularly useful here because the reliability measure is a
nonlinear function of several estimated transition probabilities. It therefore avoids the need
to derive a closed-form sampling variance for

R̂H = e⊤H(I − Q̂)−1b̂ (4)

Bootstrap-based uncertainty assessment for functions of estimated discrete-time
Markov transition matrices has been considered in the statistical literature [8], while the
general theoretical foundation of the nonparametric bootstrap is given by Efron and Tibshi-
rani [14].

7. Constrained Reliability Sensitivity Analysis
Because every row of a transition matrix is required to satisfy

∑
j∈V

pij = 1,

transition probabilities cannot generally be perturbed independently. A sensitivity analysis
must therefore preserve the stochastic structure of the transition matrix. For a selected
admissible transition i → j, consider first a positive perturbation

p+ij = pij + δ,

where δ > 0 is sufficiently small. The remaining nonzero outgoing probabilities in row i
are rescaled proportionally according to

p+ik = pik
1 − pij − δ

1 − pij
, k ̸= j.

For a negative perturbation, define

p−ij = pij − δ,

with the remaining nonzero outgoing probabilities given by

p−ik = pik
1 − pij + δ

1 − pij
, k ̸= j.

In the numerical sensitivity analysis, the baseline perturbation size is set to
δ = 0.005. To assess the numerical stability of the resulting elasticity ranking, additional
calculations are performed using δ = 0.001 and δ = 0.01. In all cases, the perturbed tran-
sition probabilities remain within [0, 1], and the row-sum constraint is preserved. Under
these constructions, the stochastic row constraint is preserved. Indeed,

∑
k

p+ik = pij + δ + (1 − pij)
1 − pij − δ

1 − pij
= 1,

https://doi.org/10.3390/math14213897
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and similarly,

∑
k

p−ik = pij − δ + (1 − pij)
1 − pij + δ

1 − pij
= 1.

Let P+ and P− denote the transition matrices obtained from these row-preserving
perturbations. The corresponding reliabilities are

RH(P+) = e⊤H(I − Q+)−1b+,

and
RH(P−) = e⊤H(I − Q−)−1b−.

The numerical local sensitivity of the reliability with respect to the selected transition
is estimated by the central finite difference

Sij =
RH(P+)−RH(P−)

2δ
.

This measure quantifies the local change in disease-network reliability resulting from
a small admissible perturbation of the selected transition probability while maintaining
the normalization of its transition row. To facilitate comparisons across transitions with
different baseline probabilities, a scale-free elasticity measure is defined as

Eij =
pij

RH
Sij.

Thus, Eij represents the approximate proportional change in RH associated with a
proportional change in pij under the specified row-preserving perturbation.

Positive values of Eij indicate that increasing the selected transition tends to increase
the probability of reaching remission before death. Negative values indicate that increasing
the selected transition tends to reduce this probability. The magnitude |Eij| can there-
fore be used to rank transitions according to their local influence on the overall disease-
network reliability.

Analytical Sensitivity Representation

The numerical sensitivity analysis can also be expressed analytically. Let

N = (I − Q)−1

denote the fundamental matrix. Differentiating the identity

N(I − Q) = I

gives
dN = N(dQ)N.

Since
r = Nb,

its differential is
dr = dN b + N db.

Substituting dN = N(dQ)N and using r = Nb gives

dr = N[(dQ)r + db].
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Because
RH = e⊤Hr,

the corresponding differential of the reliability is

dRH = e⊤H N[(dQ)r + db].

This expression shows that the effect of a transition perturbation is determined not
only by the transition itself, but also by its position within the entire disease progression
network. A transition can therefore have a substantial effect on RH even when its individual
probability is not among the largest entries of the transition matrix. Figure 3 shows the
local influence of admissible disease-state transitions on disease-network reliability.

Figure 3. Transition elasticity map showing the local influence of admissible disease-state transitions
on disease-network reliability. Positive values indicate transitions that increase reliability when
perturbed upward, whereas negative values indicate transitions that decrease reliability.

The analytical expression provides the theoretical basis for the numerical sensitivity
calculation and confirms that the sensitivity analysis must account for the dependence
among transition probabilities within each stochastic row.

8. Monte Carlo Simulation Study
To evaluate the finite-sample performance of the proposed estimator, a controlled

Monte Carlo simulation study is conducted using the following baseline transition matrix:

P0 =



0.20 0.80 0 0 0 0 0
0 0.15 0.85 0 0 0 0
0 0 0.15 0.55 0 0.20 0.10
0 0 0 0.15 0.60 0.20 0.05

0.15 0 0 0 0.70 0.15 0
0 0 0 0.20 0.35 0.30 0.15
0 0 0 0 0 0 1


.
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The ordering of the states is

(H, E, L, T, R, M, D).

All rows of P0 sum to one and all entries are nonnegative. The reliability corresponding
to this baseline transition matrix is

Rtrue
H = e⊤H(I − Q0)

−1b0 ≈ 0.74828.

This value is treated as the true reliability against which the Monte Carlo estimates are
evaluated. A fixed random-number seed,

20260904,

is used to ensure reproducibility of the simulation experiment. Each simulated patient
starts in the initial state H and follows the transition matrix until first reaching either
remission R or death D. The resulting complete patient trajectory is then used to construct
the transition counts required for estimation.

8.1. Simulation Design

The sample sizes considered are

n ∈ {100, 250, 500, 1000, 2000}.

For each sample size, M = 300 independent Monte Carlo datasets are generated. For
each simulated dataset, the transition probabilities are estimated using

p̂ij =
nij

ni
, ni > 0. (5)

and using Equation (4), The finite-sample performance of the estimator is assessed using
bias, root mean squared error (RMSE), empirical confidence-interval coverage, and average
confidence-interval width.

Bias =
1
M

M

∑
m=1

(
R̂(m)

H −Rtrue
H

)
,

and

RMSE =

√√√√ 1
M

M

∑
m=1

(
R̂(m)

H −Rtrue
H

)2
.

These measures quantify, respectively, the systematic deviation of the estimated relia-
bility from its true value and the overall estimation error.

For each Monte Carlo replicate, a percentile bootstrap confidence interval with B =

2000 patient-level bootstrap replications is constructed. The empirical coverage probability
is defined as

̂Coverage =
1
M

M

∑
m=1

I
(
Rtrue

H ∈ CIm
)
,

where CIm denotes the 95% percentile bootstrap confidence interval from the mth simulated
dataset. The average confidence-interval width is defined as

W =
1
M

M

∑
m=1

(Um − Lm),
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where Lm and Um are the lower and upper endpoints of CIm, respectively.

8.2. Monte Carlo Results

The resulting Monte Carlo performance under the baseline transition matrix is sum-
marized in Table 2. Additionally, Figure 4 shows the root mean square error (RMSE) of the
estimated disease-network reliability for different sample sizes.

Table 2. Monte Carlo performance of the estimated disease-network reliability under the baseline
transition matrix.

n True RH Mean R̂H Bias RMSE Coverage Average CI Width

100 0.7483 0.7427 −0.0056 0.0465 0.9333 0.1683
250 0.7483 0.7476 −0.0007 0.0274 0.9733 0.1075
500 0.7483 0.7489 +0.0006 0.0187 0.9500 0.0757

1000 0.7483 0.7483 −0.0000 0.0143 0.9533 0.0535
2000 0.7483 0.7477 −0.0006 0.0098 0.9467 0.0379

Figure 4. RMSE of the estimated disease-network reliability as a function of sample size.

The results show that the estimator becomes increasingly accurate as the number of
observed patient trajectories increases. The absolute bias is small across all considered
sample sizes and becomes negligible for n ≥ 500. More importantly, the RMSE decreases
consistently with sample size, from

0.0465

at n = 100 to
0.0098

at n = 2000. Thus, the simulation provides numerical evidence of the finite-sample stability
of the proposed reliability estimator. The empirical coverage probabilities are close to the
nominal 95% level across the considered sample sizes, ranging from 0.9333 to 0.9733. The
average confidence-interval width decreases from 0.1683 at n = 100 to 0.0379 at n = 2000,
indicating increasingly precise uncertainty quantification as the sample size increases.
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8.3. Bootstrap Illustration

To illustrate the uncertainty quantification procedure, one simulated dataset containing
n = 1000 patients is considered. Using B = 2000 patient-level bootstrap replications, the
estimated reliability is

R̂H = 0.772,

with the corresponding percentile bootstrap confidence interval

CI95% = (0.745, 0.798).

The true baseline reliability,

Rtrue
H = 0.74828,

lies within this interval.
This example illustrates the patient-level percentile bootstrap procedure. The empirical

confidence-interval coverage and average interval width are evaluated across the M = 300
Monte Carlo replications and the five sample sizes reported in Table 2.

8.4. Constrained Sensitivity Results

The constrained sensitivity analysis is applied to the same baseline transition matrix.
For each admissible transition, a row-preserving perturbation is applied as described in
Section 6, and the corresponding elasticity

Eij =
pij

RH
Sij

is calculated. The resulting benchmark elasticity ranking is presented in Table 3.

Table 3. Constrained elasticity ranking of disease-state transitions.

Rank Transition Elasticity

1 L → T +0.2587
2 T → R +0.2115
3 M → R +0.1058
4 M → T +0.0259
5 L → M +0.0016
6 T → M −0.0393
7 T → D −0.0559
8 M → D −0.1053
9 L → D −0.1307

As a numerical stability check, the elasticity calculations were repeated using δ = 0.001
and δ = 0.01, in addition to the baseline value δ = 0.005. The resulting transition ranking
was unchanged across these three perturbation sizes, with only negligible differences in
the reported elasticity values. This confirms that the identified transition ranking is not
sensitive to the particular small perturbation size used in the finite-difference calculation.
The largest positive elasticity is associated with the transition

L → T,
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indicating that this transition has the greatest positive local influence on the probability of
reaching remission before death under the specified baseline network. In contrast, the most
negative elasticity corresponds to

L → D,

indicating that increasing the probability of direct transition from localized disease to death
has the strongest negative local influence on the reliability measure.

These results demonstrate that the proposed framework provides information beyond
the overall reliability value. In particular, it identifies individual transitions that are statisti-
cally important for the reliability of the disease progression network. Figure 5 presents the
constrained elasticity values for the admissible disease-state transitions, highlighting the
transitions with the strongest positive and negative effects on disease-network reliability.

Figure 5. Transition elasticity heatmap for disease-network reliability.

9. Breast Cancer Application: Empirical Illustration
The proposed framework is illustrated using a longitudinal breast-cancer dataset

containing records for N = 169 patients. The purpose of this application is to demon-
strate how observable longitudinal patient records can be organized within the proposed
transition-based statistical framework. Because the available data do not provide direct
and independently verifiable observations for all seven theoretical states, the complete
seven-state transition matrix and the corresponding reliability functional are not estimated
from these data. Instead, the empirical analysis is restricted to clinical events that can be
directly identified from the available records.

The available database contains demographic, pathological, treatment, surgical, recur-
rence, survival, and follow-up information. In particular, recorded dates include biopsy
date, first-treatment date, surgery date, recurrence date, death date, and last-seen date.
Thus, the database provides a natural longitudinal structure for evaluating the statistical
ingredients of the proposed framework. Figure 6 illustrates the progression of breast cancer
and its representation within the proposed statistical framework.

The empirical analysis is deliberately restricted to variables and events that are di-
rectly observable in the available records. States for which an unambiguous statistical
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classification cannot be established are not inferred. This distinction is important because
the theoretical state space

V = {H, E, L, T, R, M, D}

is a methodological representation, whereas an empirical state space must be supported by
the actual information recorded for each patient.

Figure 6. Breast-cancer disease progression and its representation within the proposed statistical
framework.

Observed Longitudinal Structure

For patient k, let
Yk = (Yk0, Yk1, . . . , Ykmk

)

denote the ordered sequence of clinically recorded events, where mk denotes the number of
observed transitions between successive recorded events.

In contrast to the theoretical state sequence Xt used in Sections 2–6, the empirical event
sequence Yk is constructed only from variables that are directly recorded in the database.
For the present dataset, the principal observed events are diagnosis/biopsy, first treatment,
surgery, recurrence, and death, together with administrative follow-up.

Accordingly, the empirical analysis distinguishes between the theoretical state space
and the observable event space:

O = {B, T, S, Rec, D},

where B denotes biopsy/diagnosis, T treatment, S surgery, Rec recurrence, and D death.
This observable event representation is used for the empirical illustration of the observ-
able component of the proposed framework. It does not replace the seven-state disease
progression model defined earlier. earlier.

Figure 7 summarizes the empirically observed progression of patients through the
recorded clinical events. The network shows a predominantly sequential pattern from
biopsy/diagnosis to treatment and surgery, followed by recurrence for a subset of patients
and death for a smaller subset. The transition from diagnosis to treatment and from
treatment to surgery is observed for the majority of patients, whereas recurrence and death
occur less frequently. The network therefore provides a direct statistical representation
of the observed longitudinal structure of the dataset. Importantly, this empirical event
network is used to illustrate the observable component of the proposed framework and does
not imply that the observed events constitute a complete representation of the seven-state
theoretical disease progression model.
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Figure 7. Empirically observed patient-event progression in the breast cancer dataset. Edge widths
represent the number of observed transitions.

The available records show that all 169 patients have a biopsy date, a first-treatment
date, a surgery date, and a last-seen date. Recurrence is recorded for 16 patients, while
death is recorded for 4 patients. Therefore,

N = 169, NRec = 16, ND = 4.

The corresponding empirical proportions are

π̂Rec =
16
169

= 0.0947,

and
π̂D =

4
169

= 0.0237.

Thus, approximately 9.47% of the observed patients experienced a recorded recurrence,
whereas 2.37% experienced a recorded death during the available follow-up. Among the
16 patients with recorded recurrence, 4 subsequently had a recorded death. Hence the
empirical conditional proportion is

π̂D|Rec =
4
16

= 0.25.

Consequently,

π̂Rec \D =
12
16

= 0.75.

These quantities are descriptive empirical event probabilities. They are not interpreted
as estimates of pLM, pTR, or any other element of the theoretical seven-state transition matrix
unless the corresponding clinical-state mapping has been independently established.

Empirical Transition Counts

The statistical estimation procedure developed in Section 4 is based on transition
counts. For a fully observed patient-level state sequence, define

nij =
N

∑
k=1

Tk−1

∑
t=0

I(Xkt = i, Xk,t+1 = j),

where I(·) is the indicator function.

https://doi.org/10.3390/math14213897

https://doi.org/10.3390/math14213897


Mathematics 2026, 14, 3897 21 of 29

For the observable event sequence, the analogous count is

n(O)
ab =

N

∑
k=1

mk−1

∑
t=0

I(Ykt = a, Yk,t+1 = b), a, b ∈ O.

If
n(O)

a = ∑
b∈O

n(O)
ab

is positive, the corresponding empirical conditional probability is

p̂(O)
ab =

n(O)
ab

n(O)
a

.

This is the same maximum-likelihood principle used for the theoretical transition
matrix. Indeed, if the observations associated with state i are independent conditional on
the current state, the row likelihood is

Li(pi) = ∏
j∈V

p
nij
ij ,

subject to
pij ≥ 0, ∑

j∈V
pij = 1.

The resulting maximum-likelihood estimator is

p̂ij =
nij

∑j′ nij′
.

Hence, the proposed transition estimator is directly interpretable as a multinomial
maximum-likelihood estimator for each row of the transition matrix. For the present breast-
cancer data, however, the complete seven-state transition counts nij cannot be constructed
without imposing additional assumptions about unrecorded states. In particular, the
available records do not provide an independently verified classification of all patients
into the theoretical states H, E, L, R, and M at successive observation occasions. Therefore,
a complete numerical estimate of the seven-state matrix P̂ is not reported from these data.

9.1. Observed Event-Time Structure

Although the complete state-transition matrix is not identifiable, the recorded dates
provide direct information about the temporal ordering of major observed events. For
patient k, define the observed time intervals

∆(B,T)
k = tk,T − tk,B,

∆(T,S)
k = tk,S − tk,T ,

and
∆(B,S)

k = tk,S − tk,B.

For patients with recurrence,

∆(B,Rec)
k = tk,Rec − tk,B,
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and for patients with recorded death,

∆(B,D)
k = tk,D − tk,B.

The empirical summaries are presented in Table 4.

Table 4. Observed longitudinal time intervals in the breast-cancer dataset. The negative value of
−113 days for the biopsy-to-first-treatment interval corresponds to one anomalous record in which
the recorded treatment date preceded the biopsy date. This record was retained as a data-quality
anomaly and was not interpreted as a valid negative treatment delay.

Interval n Median Mean Range (Days)

Biopsy → first treatment 169 32.0 35.11 −113–141
First treatment → surgery 169 181.0 179.48 74–503
Biopsy → surgery 169 213.0 214.59 121–578
Surgery → recurrence 16 684.0 769.06 34–1694
Surgery → death 4 1252.0 1357.75 836–2091

The median interval from biopsy to first treatment is 32 days, whereas the median
interval from first treatment to surgery is 181 days. The median biopsy-to-surgery interval
is therefore 213 days.

For patients with recorded recurrence, the median time from biopsy to recurrence
is 684 days. Among the four patients with recorded death, the median biopsy-to-death
interval is 1252 days. These observed intervals provide an empirical temporal structure for
the patient trajectories and demonstrate that the database contains repeated longitudinal
information rather than a single cross-sectional measurement.

Figure 8 shows the distributions of the main clinically observed time intervals in
the breast cancer dataset. The median time from biopsy/diagnosis to first treatment was
32 days, whereas the median time from first treatment to surgery was 181 days. The median
interval from biopsy/diagnosis to surgery was 213 days, indicating that the treatment
and surgical stages account for a substantial portion of the observed progression time.
Among patients with recorded recurrence, the median time from diagnosis to recurrence
was 684 days, with noticeably greater variability than the earlier treatment-related intervals.
The wider spread observed for the recurrence interval reflects substantial heterogeneity
in the timing of disease recurrence across patients. These empirical distributions provide
a statistical description of the observed longitudinal follow-up and support the use of
transition-based analysis for the subsequent reliability framework.

Figure 8. Distribution of clinically relevant observed time intervals in the breast cancer dataset. Box-
plots summarize the observed time intervals between diagnosis, treatment, surgery, and recurrence.
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Empirical Outcome Structure

The observed clinical outcomes can be summarized by the following empirical count
decomposition:

N = Nneither + NRec

with
153 + 16 = 169.

The recurrence group can further be decomposed as

NRec = NRec,D + NRec,D,

where
4 + 12 = 16.

The resulting outcome is given in Table 5.

Table 5. Observed recurrence and death outcomes.

Outcome Number Percentage

No recorded recurrence 153 90.53%
Recorded recurrence 16 9.47%
Recorded death 4 2.37%
Death among recurrence cases 4/16 25.00%
Recurrence without recorded death 12/16 75.00%

An important feature of the observed data is that all four recorded deaths occur among
patients with a previously recorded recurrence. Thus, within this dataset,

{Death} ⊂ {Recurrence}.

This empirical ordering is consistent with the interpretation of the records as longitu-
dinal trajectories and illustrates the usefulness of representing clinical information as an
ordered transition structure.

It should nevertheless be emphasized that recurrence cannot automatically be iden-
tified with the theoretical metastasis state M, and absence of a recurrence record cannot
automatically be identified with remission R. Such mappings would require a validated
clinical variable dictionary and would introduce assumptions that are not supported by
the available data.

9.2. Application of the Statistical Framework

The reliability functional, patient-level bootstrap procedure, and row-preserving tran-
sition sensitivity analysis developed in the preceding methodological sections provide the
statistical tools for analyzing the disease-progression network. In a completely observed
seven-state dataset, the estimated reliability is obtained by applying the previously defined
functional to the estimated transition matrix, Equation (4).

Sampling uncertainty is then assessed using the patient-level bootstrap, and transi-
tion importance is evaluated using the row-preserving sensitivity procedure described in
Section 6. For the present breast-cancer dataset, these procedures are not used to produce a
numerical seven-state reliability estimate because the required clinical state classification is
not fully identifiable. The purpose of the empirical application is instead to demonstrate the
observable longitudinal information, assess its temporal consistency, and identify the data
requirements needed for a complete implementation of the proposed reliability framework.
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9.3. Empirical Interpretation and Illustration

The breast-cancer records provide three important forms of empirical illustration for
the proposed framework. First, the data contain complete longitudinal data information
for the main recorded clinical events. This permits patient-level trajectories to be ordered
temporally and demonstrates the practical basis for transition-based statistical analysis. Sec-
ond, the observed recurrence and death events illustrate competing outcome information.
In particular,

π̂Rec = 0.0947

and
π̂D|Rec = 0.25

show how event probabilities can be obtained directly from patient-level records without
introducing a mechanistic disease model. Third, the empirical analysis demonstrates an
important statistical principle of the proposed methodology: **state definitions must be
identifiable before transition probabilities and network reliability can be estimated. The
theoretical reliability, Equation (1), requires explicit identification of the transient states and
the remission/death boundary states. The available dataset begins with patients already
recorded at breast-cancer diagnosis and therefore does not directly observe the theoretical
healthy state H or the early-detection state E. Similarly, the variables available in the
current file do not provide a sufficiently verified basis for assigning every patient to the
theoretical states R and M.

Consequently, replacing the unavailable states by assumptions would create artifi-
cial transition probabilities and would undermine the statistical validity of the reliability
estimator. The correct empirical interpretation is therefore

observed patient records → identifiable events → empirical transition information

while the complete theoretical framework remains

patient state trajectories → P̂ → R̂H → CI95% → transition importance.

The controlled Monte Carlo study in Section 7 and the breast-cancer illustration
serve complementary purposes: the simulation evaluates the statistical behavior of the
reliability estimator under a known transition network, whereas the real-data analysis
demonstrates the longitudinal information available from patient records and identifies the
data requirements for a complete reliability analysis.

A basic temporal consistency check identified one record with an anomalous date
ordering involving the chemotherapy-related date variable. In that record, the recorded last-
chemotherapy date precedes the biopsy date. Rather than silently modifying or deleting the
observation, the anomaly is retained and flagged as a data-quality issue. This is consistent
with the statistical philosophy of the proposed framework: transition estimation should be
based on explicitly defined and validated observations.

Importantly, the anomaly does not alter the principal biopsy-to-treatment, treatment-
to-surgery, biopsy-to-surgery, recurrence, and death intervals reported above because
those calculations use the corresponding event dates directly. This check also illustrates
why empirical transition analysis requires careful verification of event ordering before
constructing nij and P̂.
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10. Discussion
The proposed framework provides an integrated statistical approach for representing

disease progression as a patient-level directed transition network and for transforming the
estimated transition structure into an outcome-oriented reliability measure. The framework
combines four main statistical components:

transition estimation → network reliability → bootstrap uncertainty → constrained sensitivity.

The central quantity,
RH = PH(τR < τD),

has a direct probabilistic interpretation: it represents the probability that a patient starting
from the initial state reaches the target remission state before the adverse absorbing state of
death. Unlike an individual transition probability, RH integrates all admissible pathways
through the transient network. The matrix representation, Equation (1), therefore provides
a compact summary of the global behavior of the estimated disease-transition structure.
The proposed framework should not be interpreted as claiming that multistate Markov
modeling itself is novel. Markov and multistate models are well-established statistical tools
for disease progression [3,4], and recent methodological developments continue to address
model assessment, uncertainty, and complex multistate processes [5]. The methodological
contribution of the present study is instead the explicit integration of transition estimation,
first-hit network reliability, bootstrap uncertainty quantification, and row-constrained
transition sensitivity within a single statistical framework. A central statistical feature is
that the reliability is a nonlinear functional of the transition probabilities. Consequently,
sampling variability in the estimated transition matrix propagates to the reliability estimate.
The differential identity

dRH = e⊤H(I − Q)−1[(dQ)r + db]

makes this propagation explicit. This also provides the mathematical basis for the transition-
level sensitivity analysis and explains why uncertainty should not be assessed solely at the
level of individual transition probabilities.

The bootstrap procedure complements this analytical representation by resampling
complete patient trajectories rather than individual transitions. This preserves the de-
pendence structure within each patient’s trajectory and allows the complete reliability
functional to be recalculated for each bootstrap sample. Thus, the uncertainty analysis
follows the same statistical pathway as the estimator itself:

P̂∗(b) −→ Q̂∗(b) −→ R̂∗(b)
H .

The resulting empirical distribution provides a direct basis for estimating the sampling
variability and constructing a percentile confidence interval [8,9,14]. The constrained
sensitivity analysis is also important from a statistical perspective. The elements of a
transition-matrix row cannot be varied independently because

∑
j

pij = 1.

Therefore, an unconstrained perturbation of a single transition probability generally
produces an invalid probability vector. The proposed row-preserving perturbation instead
moves the probability vector along the simplex
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∆i =

{
pi : pij ≥ 0, ∑

j
pij = 1

}
.

This provides a statistically valid basis for comparing the local influence of different
transitions on the global reliability measure. The Monte Carlo results provide numerical
evidence for the finite-sample behavior of the proposed estimator. Under the specified
baseline transition matrix, the true reliability is

Rtrue
H ≈ 0.7483.

The simulation results show a systematic reduction in RMSE as the number of patient
trajectories increases. Specifically, the RMSE decreases from approximately 0.0465 for
n = 100 to 0.0098 for n = 2000. This behavior is consistent with increasing statistical
precision as more patient trajectories become available.

The sensitivity results provide additional information beyond the overall reliability.
Under the baseline network, the largest positive elasticity is associated with

L → T,

with elasticity approximately
ELT = 0.2587.

The transition
T → R

has the second largest positive elasticity,

ETR = 0.2115.

In contrast, the most negative elasticity is associated with

L → D,

with
ELD = −0.1307.

These results illustrate that the statistical importance of a transition is determined not
only by its probability but also by its location within the network and by the alternative
pathways available from that state.

The real breast-cancer application provides an important complementary perspective.
The dataset contains 169 patient records with longitudinal information on diagnosis, treat-
ment, surgery, recurrence, death, and follow-up. Sixteen patients had a recorded recurrence
and four had a recorded death. The observed recurrence proportion is therefore

16
169

= 0.0947,

while the recorded death proportion is

4
169

= 0.0237.

Among patients with recurrence, the observed proportion with subsequent recorded
death is

4
16

= 0.25.
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These empirical quantities demonstrate that the available data contain the longitudinal
event information required for a transition-based statistical analysis. The median time from
biopsy to first treatment is 32 days, the median time from first treatment to surgery is 181
days, and the median time from biopsy to surgery is 213 days. For patients with recorded
recurrence, the median biopsy-to-recurrence time is 684 days.

An important methodological finding from the empirical application is that the com-
plete seven-state transition matrix cannot be identified from the available variables without
introducing additional assumptions. In particular, the database begins with patients al-
ready observed at the diagnosis stage and therefore does not directly provide longitudinal
observations of the theoretical states H and E. Furthermore, the available variables do not
provide sufficient validated information for unambiguously classifying every patient into
the theoretical remission state R or distant-metastasis state M.

This limitation is statistically important. Estimating

p̂ij =
nij

∑j nij

requires an identifiable state sequence. Similarly, Equation (4) requires identifiable estimates
of all transition probabilities entering Q and b. Therefore, assigning unverified clinical
variables to R or M merely to obtain a numerical reliability estimate would introduce
model-based information that is not contained in the observed data.

For this reason, the empirical application is interpreted as an illustration of the data-
to-transition component of the framework rather than as a claim of a fully identified
seven-state reliability estimate.

The distinction between simulation and empirical analysis is therefore essential. In
the Monte Carlo experiment, the complete transition matrix is known and the statistical
properties of

R̂H

can be evaluated directly through bias and RMSE. In the real-data analysis, the observed
longitudinal records establish the feasibility of constructing patient-level trajectories and
transition information, while the identifiability assessment determines which components
of the theoretical model can legitimately be estimated.

The current empirical dataset reaches the first stages of this pipeline directly and
demonstrates the type of longitudinal information required for the subsequent stages.
A complete seven-state empirical reliability analysis would require a validated state-
classification scheme that maps the recorded clinical variables to the theoretical states
without ambiguity.

Several limitations should therefore be acknowledged. First, the Markov assumption is
a modeling assumption and may be affected by patient heterogeneity, unequal observation
intervals, state misclassification, or dependence on a longer clinical history [3,10]. Second,
the current empirical dataset is relatively small for estimating rare transitions such as death.
Third, administrative censoring and incomplete observation of intermediate states can
prevent direct construction of the complete transition matrix. Fourth, the present framework
uses a discrete-time representation and therefore requires a common observation scale
when successive observations are used as Markov transitions.

These limitations do not invalidate the proposed framework; rather, they define the
conditions under which its empirical implementation is statistically justified. Future studies
with larger longitudinal cohorts and validated state definitions can estimate the complete
transition matrix, apply the reliability functional directly to observed trajectories, and
quantify uncertainty and transition importance entirely from empirical data.
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11. Conclusions
This study developed a unified statistical reliability framework for disease progression

networks based on discrete-time Markov transitions. The framework combines transition
estimation, first-passage reliability, bootstrap uncertainty quantification, and probability-
constrained sensitivity analysis. The Monte Carlo results demonstrated increasing estima-
tion stability as the sample size increased, with RMSE decreasing from 0.0465 at n = 100 to
0.0098 at n = 2000 for a baseline reliability of approximately 0.7483. The sensitivity analysis
identified treatment- and remission-related transitions as important positive contributors
to reliability, while transitions toward death had negative effects. Application to 169 real
breast cancer patients identified 16 recurrence events and four deaths and demonstrated the
practical value of the proposed statistical approach for analyzing longitudinal patient-event
patterns. Since the available clinical variables do not uniquely identify all seven theoret-
ical states, the empirical analysis was restricted to observable events without imposing
unsupported state assignments.
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