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Abstract

This paper develops a unified analytical approach for a broad class of delay differential
equations with proportional delay and an arbitrary forcing term. The models under consid-
eration incorporate a proportional delay characterized by a contraction of the independent
time variable, a structure that arises naturally in various applied settings. The proposed ap-
proach is based on power series expansions, which yield explicit recursive relations for the
solution coefficients and provide a systematic procedure for constructing the correspond-
ing solutions. The resulting solution is naturally decomposed into two complementary
components: one associated with the underlying homogeneous delay equation and the
other representing the contribution of the external forcing function. In addition, rigorous
convergence analysis is presented, establishing the absolute convergence of the resulting
series representations. Building upon the general formulation, several exact closed-form
solutions are derived for important classes of forcing functions, including polynomial,
periodic, and exponential functions. A range of distinguished and limiting cases is also
investigated to illustrate the versatility, consistency, and unifying character of the proposed
methodology. The results extend and encompass several existing findings in the litera-
ture while providing a systematic and effective analytical tool for a broad class of forced
delay models.

Keywords: Ambartsumian equation; delay; forcing term; series

MSC: 34K06; 34K07; 65L03

1. Introduction

Delay differential equations (DDEs) constitute an essential class in which the evolution
of a system depends not only on its present state but also on its past behavior [1-3]. A
wide range of applications for DDEs arise in modeling population dynamics [4], biomedi-
cal/biological sciences and engineering [5-7], and applied sciences [8-10], where memory
effects or aftereffects cannot be neglected [11]. A particular kind of DDE is formed by
equations with proportional delays, where a scaled version of the independent variable is
involved [12,13]. Notable models of such a category are often referred to as pantograph-
type equations [14-16] and its different forms [17,18]. Additional examples include the
Ambartsumian-type equations which are of practical interest in astrophysical studies of
radiative transfer [19-21]. Some of its generalizations have been considered in [22-24] and
also in a variable form [25]. Applications of pantograph-type equations arise in electrified
railway systems [26-28], the current collection system for an electric locomotive [29,30],
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analytic number theory [31], and nonlinear dynamical systems [32]. Over time, the Ambart-
sumian equation and its generalizations have been analyzed utilizing various analytical
and numerical techniques. Despite these developments, the major ratio of these studies
have focused primarily on the homogeneous forms or those with specific types of forcing
terms. So, considering that a general forcing function represents an additional complexity,
it remains less explored from an analytical perspective, which may significantly broaden
the scope of potential applications. The present work aims to fill this gap by considering
the Ambartsumian equation with a general forcing term in the form

V) =y +Ey(5) 10, v =A 31, @
where ¢ and g are real constants while A is the initial condition. In the absence of the
forcing terms f(t), and if { = 1, the forced Ambartsumian Equation (FAE) (1) becomes
the standard Ambartsumian equation (SAE) [20,21]. The literature is rich with numerous
numerical and analytical approaches to treat different kinds of differential equations. For
numerical approaches, there are the spectral methods [33], the tau method [34], and the
finite difference method [35]. However, numerical approaches are either restricted to
particular forms of DDEs with /without a forcing term, require auxiliary transformations or
additional assumptions, or provide numerical approximations rather than explicit analytical
representations. The analytical approaches include the Laplace transform (LT) [36-38],
the Adomian decomposition method (ADM) [39-41], the homotopy perturbation method
(HPM) [42—-44], the differential transform method (DTM) [45,46], the homotopy analysis
method (HAM) [47-49], the power series method (PSM) [50], and the ansatz method [51].

Although there is availability in the varieties of analytical approaches, the PSM is
preferred in this work, not only for its simplicity but also for its capability of obtaining
closed-form solutions. These observations help identify the methodological gap addressed
by the present work. Thus, the main objective is to introduce a unified analytical treatment
capable of obtaining closed-form solutions under a variety of analytic forcing functions.
To achieve this target, a power series approach is developed to determine the series so-
lution in terms of recursively defined coefficients. This leads to explicit series solutions
depending on the system parameters and the derivatives of the forcing term. Beyond,
this paper presents a rigorous convergence proof, ensuring the validity of the obtained
series representation. Our approach also identifies the conditions under which the se-
ries is truncated, leading to exact solutions in different forms. Different types of forcing
functions are to be investigated, including polynomial, periodic, and exponential forms,
to illustrate the versatility of the proposed approach. The rest of the paper is structured
as follows. Section 2 applies the series approach on the problem (1) and also introduces
the closed-series solution. A convergence analysis of the resulting solution is addressed
in Section 3. Section 4 reformulates the series solution in a compact form. Subsequent
Sections 4-7 focus on deriving exact solutions for specific forms of the forcing function and
presenting equivalent representations that facilitate further analysis. Additional examples
are provided to demonstrate the applicability of the method. This paper concludes with a
summary of the main findings and potential directions for future research.

2. Series Approach

The present approach is based on assuming the following series forms for y(t) and f(¢):

n

00 00 (n)
v = Yan, fo =y LW @
n=0 n=0 :
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We have
t S . —n. oo n
v(1) = Leamme', v (0= L+ Daat’ ®
n=0 n=0
Substituting into the given equation gives
Y (e Dayat" ==Y apt" + Y &g Va4 (4)
n=0 n=0 n=0 n=0
Hence, -
- o (n+1) _ _ f " (O) _
L [+ Ve — (297 Vay — =] =0, 5)
which yields the recurrence relation
_ G — A()
Il = T ””+( T =0 ©)
Forn =0, 1, 2, we obtain
a1 = (37" —1)ag + £(0),
ay = (8972 = Dar + 5 f(0)
= 516072 = 1)(@g7! = Dao + % [(8972 = 1)£(0) + F1(0)], .
a3 = 3(897° = Daz + 3£ (0)
=36 =1)(Eq7 = 1)(Eq > — Dao+
3@ 2 =)@ = DFO) + (@972 —D)F D) + A (0)].
The structure of the above first few terms leads to
ay 1 _
an= 1@ Zf 0 I @*-1, n=1 ®)
k=1 j k j+2
Note that H,’c’:j+2(§q’k —1) = 1when j =n — 1. Introducing

and noting that a9 = A (from applying the initial condition), then the coefficients can be
rewritten as

A 1 n—1 ) n
an = Tt — 3 FO0) TT e (10)
k=1 j=0 k=j+2
Hence, the solution admits the series representation
oo ) n
Z Hﬂk+zn,2f 0) T me (11)
n=0 1" j= =0 k=j+2
or simply
[ee] t}’[ [ee] tn
:/\ngbana—l—n;lana, (12)
where

n
s Bin= T1 mo m=¢&" -1, n>1 (3

k=j+2

n n—1 .
ny = 1, ay, = H#k, = Z ﬁ],nf(])(o)
k=1 j=0
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Remark 1. The coefficients ., and oy, have specific asymptotic behavior as described below. For
lg] > 1, we have p = &g~F —1 — —1as k — co. Hence, there exists a positive constant C
such that |py| < C, Vk > 1. Therefore, the product defining ay, satisfies |a, | = [T} |px| < C™.
Similarly, for Bj, we ob'tain Bjnl = TTizjua 1l < C"=i=1. Thus, the coefficients o, satisfy
jow| < g €I FD(0)].

3. Convergence Analysis

This section analyzes the convergence of the obtained solution consisting of the two
series Yo o an Ly and Y07 0y, L. For the first series, we assume that by, (t) = a, L. Using
the relation &, 1 = ay,41, we observe by the ratio test that

bn+1(t)

.
bn(t) n+1

n-+

(14)

—_

Since py1 = &g~ —1 — —Tasn — oo (|g| > 1), it follows that |p, 1| is bounded.
Accordingly,
lim bl’l+1 (t)
n—oo| by (t)

‘ =0. (15)
Moreover, suppose for the second series that ¢, () = an;—n!, then

cn1(t) _ |‘7n+1|, |t]
cn(t) low] n+1

(16)

From the formulas 0,, = 2;7:_01 ,B]-,nf(j) (0) and Bjn = Hlig:j-rz pr, wehave B 1 = Hni1Bjn
and

n—1 .
Tl = Hns1 ) ,Bj,nf(]) (0) + f"(0) = pps10u + £(0). 17)
=0
Therefore,
On+1 _ f(n)(o)
oy Hn+1 + 7(7” . (18)

Assume that the function f(f) is analytic in a neighborhood of t = 0, i.e., there exist
constants M, R > 0 such that | f(")(0)| < M.
From Remark 1, we have |o,| < C"~! 2}7;01 C/|f1(0)|, where C > 0. Consequently,

% — 0. Thus,

. 0-71-1—1 BT _
A g, Al =L (19)
and therefore,
. Cn+1(t) 1 |t| _
lim OR Mo [psa| -2 = 0. (20)

By the ratio test, the series Y ; ¢, () converges absolutely for all t € R.
4. Equivalent Expansion Form
Expanding the series (12), one can write

2 f3 2 3

t t t
y(t) —/\(ao+a1t+a22!+a33!+--~> ot F o dosg (21)
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From the recurrence relation 0, 1 = pt, 10y + £ (0), it then follows

o1 = f(0),
02 = poo1 + f'(0),
22
03 = p3o2 + f"(0), 22)
So
2 t3 P NN =
) = 2 (w0 ot vy o o) £ FO)+ (oo FO) 5+ Graoa + /O g+, 2
which can be written as
t? t3 PR - =
V1) = Ao+ oa8) + (haz o+ paon) 5+ (s paom) 54+ (FOF+FO 5+ F/OF ), 2
ie.,
t 0 g
y(t) = Mso-+eat) + [ F(5)ds+ Y (Aau + pacr1) - 5)
n=2 .
Inserting a9 = 1 and a7y = p; into Equation (25) and using the recursive relation
Qp+1 = Ppn+10n, We obtain
tﬂ+1
O = A+ p) + | F(s)ds L (A i o1y 26)

The solution in this form facilitates the derivation of various solutions for the problem (1)
once f(t) is assigned. Although Formulas (26) provide an explicit series solution repre-
sentation in terms of convergent infinite series, its direct implementation in numerical
computations necessarily requires truncation to a finite number of terms.

Furthermore, it will be used in the next section to establish several exact solutions
when f(t) takes the form of polynomials of different degrees. In this context, we start our
next section with the simplest case in which f(t) represents a constant function, just to
make our analysis as clear as possible. Then, in subsequent sections, the results are to be
generalized to include polynomial functions of higher degrees. Additionally, a unified
solution form is to be provided when f(t) is a polynomial of an arbitrary positive degree.

5. Special Cases vs. Exact Solutions
5.1. f(t) = do
Let f(t) = dp (constant), then £(0) = dg and f)(0) = 0Vj > 1. Thus,

n n
on=do [ [ e an =] (27)
k=2 k=1

Substituting into Equation (26) gives

n+1
y(t) = A(1+ pat) +dot + 2 (Anﬂk‘f'donﬂk) Bl (nt+ ik (28)

n=1 k=1 k=2

or

y(t) = A+ (Apg +do)t+ (Aur +do) Y T e

(29)
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If Apy +dop=0,ie, 1 = —dTO ordgl=1- dTO This yields y(t) = A as the trivial solution

toy'(t) = —y(t) + (1 - %)y(%) +dp, y(0) = A. Moreover, if y = 0, i.e., & = ¢, then
another exact form arises as

y(t) = A+ (Apg +do)t, p1=q—1, (30)

t
y'(H) =—y(t) +qy(q> +do, y(0) = A. (31)
Similarly, if u3 = 0, i.e., & = ¢°, we get the exact solution

t2
y(t) = A+ ()L]/tl + do)f + ()L]/tl + do)"l/lzg, M1 = q2 -1, up=¢q-1, (32)

for .
y'(t) = —y(t) + qzy(q> +do, y(0) =A. (33)
Generally, if yr = 0or ¢ = q" (r > 2), we obtain

r—2n+1 tn-i—l

_ =k _
y(t) = /\+(Aﬂl+do)nzzogﬂk(n+l)!, Hi =4 1, (34)
as the exact solution for
t
y'(t) = —y(t) + qrfl y<q) +do, y(0) =A. (35)

5.2. f(t) =dy+dqt

If f(t) = dg + dit, then £(0) = do, f1)(0) = d1, and fU)(0) = 0V} > 2. From the
definition of 0,,, we have

n n
Ul:f(o):do/Un:donﬂk+d1nyk,1”!22. (36)
k=2 k=3
Hence,
n+1
(Atn + n)pnr1 = (Apapa + dopz +d1) [T e n > 2. (37)
k=3

Therefore, Equation (26) becomes

t2 t2 oo n+l tn+1
y(t) = A1+ pgt) +dot +di + (A +do)pa = + [(Aug + do) uz + d1] Z Uk , (38)
2! 2! P ralie (n+1)!
or
oo n+l tn+1
y(t) = A+ (A +do)t + [(Apy +do)pa +d1] Y [ T e (39)
nike3

Itis clear that the selection dy = —(Apy +dp) 2 leads to the exact solution y(t) = A+ (Apq +
do)t for v (t) = —y(t) + gy(g) +do — (Ap1 +do)at, y(0) = A, where p; = &/g — 1 and
=&/¢* -1

Additionally, if y3 =0, ie., ¢ = q3, we obtain

t2
y(t) = A+ Ap +do)t + (A +do)pa + il =0 =1, ja=q—1,  (40)
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for
t
y'(t) = —y(t)+ q2y<q> +do+dit, y(0) = A. (41)
Also, when py = 0 or ¢ = g*, the exact solution reads
12 3
y(t) = A+ (Apy +do)t + [(Ap +do) p2 + d] (2, + #33,>, (42)
with
=g -1
po=q*—1, (43)
pz=4q-1,
for
t
Y (t) = —y(t) + q3y<q> +do+dit, y(0)=A. (44)

y(t) =

Form > 3 and p;, = 0 or ¢ = g™, one can derive

—3n+42 t}’l+2 r
y(t) = A+ (Apr +do)t + | (A1 +do)uz + d Z I My M= q" =1, (45)
ok (n+2)
as the exact solution of the problem
t
v (t) = —y(t) +q" ! y<q> +do+dit, y(0) =A. (46)

5.3. f(t) =dy+dit+ dztz
This section considers f(t) = dg + dit + dpt?> which implies f(0) = do, f1(0) = dy,
F@(0) = 2d,, and f)(0) = 0V} > 3. This gives

o1 = f(0) = do,
02 = a0 +f(1)(0) = ;ledo +dy, (47)
on = do TT{—p i+ TTf =3 e +2d2 TT{—y piar 11 > 3.

Accordingly, we find
n—+1
(A + 0n)pngr = | (A +do)paps + pady +2dp | [ ] e 1> 3. (48)
k=4
Thus, the solution takes the form
2 3 i’2 f3
(1+]/l1f) +d0t+d1 —I—Zdz ()\“I/ll +d0)]42§ + ()\“111 —|—d0)}l2+d1 “I/l3§+
o n+l 1
(Apr +do)pops + padr +2d2 | Y [ mer—— (49)
iy (m+1F

ie.,
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12
y(8) = A+ (Apn +do)t + | (Ap +do)pa + | 5 + | (Apa + do)papis + pady + 22 | X
o n+l A+l
. (50)
L Iy,
From this equation, one can find the following exact form when py = 0 (¢ = g*):
2 £
y(t) = A+ (Apa+do)t + | (Apn +do)pa +dy | 5+ | (Apn +do) papis + pady +2d2 | 77 (51)
for the problem
t

y'(t) = —y(t) +q3y(q) +do +dit +dat?,  y(0) = A (52)

Moreover, if s = 0 (¢ = ¢°), we get

£2 I .
y(H) = A+ (A +do)t + | (Apr +do)pz +dy | 7 + | (Ap + do)papts + piady + 2d; <3, + y44,>, (53)
with
_ A4
=9 -1
=g —-1
H2 q2 (54)
pus=4q-—-1,
Ha=4qg-1,
for
t
y'(t) = —y(t) +q4y(q) +do + dqt + dat?, y(0) = A. (55)

Repeating this analysis I-times (I > 4) under the condition y; = 0 ({ = q’ ), we obtain

t2
y(t) = A4 (Apg +do)t + | (A +do)pz +dy o T [ (A + do)pap3 + pady +2dy | x
[—4 n+3 tn+3 Ik
T AN/ - = 1/ 56

as the exact solution of the problem
t
y'(t) = —y(t) + ¢! y(q) +do+dit+dot?, y(0) = A (57)

54. f(t) =8 dit

This section generalizes the obtained results in the previous sections by considering
the general polynomial function f(t) = Yf_ d;t' = do + dyit + dot? + - - - + d,t°, where
p is positive and finite. In this case, we have f(0) = dy, f'(0) = dy, f"(0) = 2!dy, - -,
£)(0) = pldy, and fU)(0) = 0Vj > p+1. Recall that o, = E;’;Ol ‘Bj,nf(j) (0) where
Bin = HZ:]. 2 Mk, one can decompose 0y, in the form

https://doi.org/10.3390/math14213887


https://doi.org/10.3390/math14213887

Mathematics 2026, 14, 3887

9of 15

anfz,[%]nf )+ 2 ,B]nf n>2, (58)

j=p+1

where 07 = f(0) by definition. Since fU)(0) = 0Vj > p+ 1, then the summation
truncates to

oy = f%]ﬁj,nf(j) (0). (59)
=
Thus,
On = Bondo + B1ud1 + B2u(2!d2) + - + Bpn(pldp) (60)
Zdoﬁﬂk+d1ﬁﬂk+2!d2ﬁﬂk+"'+P!dp ﬁ Hi- (61)
k=2 k=3 k=4 k=p+2

Factorizing leads to

p+1 p+1 n
Un:ldonﬂk+dlnﬂk+"'+P!dp H Mk (62)
k=2 k=3 k=p+2

or equivalently

o _Ji) i, ( 1 yk> ( 11 yk>. (63)

k=j+2 k=p+2

On the other hand, we express «,, as

n o+1 n
wn =T = (Hw)( IT m)- (64)
k=1 k=1

k=p+2
Therefore,
p+1 p+1 n+1
(At + 0u)pin 1 = [AHVH i IT me| TT me n=2. (65)
=0 k=j+2 k=p+2
Hence, the solution is finally obtained as
ti+1 ptl ptl
y(1) = A+ ) + (A + dopasy +Zd AH#HZN IT me|x
20 =41 ~
i=0 =0  k=j+2
Vk (66)
n=2k=p+2 Tl + 1
The solution can take the compact form:
() )+ Oty + a0 5 TT gl
y(t) = A1+ pqt (Apr +do ;42 -|— d +Q Uk (67)
2! =0 i+1 n=2k=p+2 ( + 1)
where
p+1 p+1
Q= /\H#k+21'd IT me (68)
j=0 k=j+2

It is quite obvious that the obtained solutions in the previous sections can be recovered
as special cases from the compact form (67)—(68) by just setting o =0,p = 1,and p = 2,
respectively.
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Remark 2. The implemented assumptions in this section arise naturally from the algebraic structure
of the transformed differential equation and are required to obtain the corresponding explicit closed-
form representations. These assumptions are used to separate different parameter regimes and they
do not invalidate the general analytical formulation developed in the preceding sections. The cases
excluded by a particular non-degeneracy assumption correspond to special or limiting parameter
configurations and can be considered separately when necessary.

6. Verification
In Ref. [52], the problem

P
y(t) =ay(t) +by(ct) + Y _dit', y(0) =4, |c|<1, (69)
i=0
has been solved in the form
1Y . o0 n —1 tn
y(h) =Yt + A —xo) 1 (TT(a+b") ) (70)
i=0 n=0 \k=1 n
where the coefficients x; were recurrently given by

p—i—1

R N e R .
Xi=— Z]':O mdp_] ~ b’ ifp > 2,
_ 4o 4 4 e 71
X0 =~ rmerey ~ by M= e HP=1 )

assuming that a + bc' is not zeroati = 0,1,...,p. Settinga = —1,b = ¢/g,and c = 1/q in
Equations (70) and (71), noting that a + bck—1 = Cq’k —1 = py, yields

P R N tn
yt) =Y xit +(A—=x0) Y [ Tme—, (72)
i=0 n=0k=1 ™
with -
e e, .
Xi= Zj:() 71_[?;{ et dp,] Hiv1’ lfp > 2, (73)
d d d .
XO:_T;AZ_V;}/ Xlz_y%/ lfP:L
X0 = 7%/ 1fP = OI

where &g~ (1) —1 =y and a + be' = &g+ —1 = p;, . In order to compare between
our solution and the above one reported in [52], it may be sufficient to examine some cases
such as the constant function (o = 0), the first-degree polynomial (0 = 1), and the second-
degree polynomial (o = 2). Of course, other cases for higher values of p can also be checked
as desired.

For p = 0, Equations (72) and (73) give

y() = xo+ (A — x0) T o TTi_y mily,

(74)
— _do
Xo =~y

https://doi.org/10.3390/math14213887
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Hence, the solution becomes

[ee] n tn [e9) n t?’l
]/(t)—X0+(A—Xo)+()\—?€0)znﬂk,—)\+(7\+0)#12 Hk—
n=1k=1 ™ S A s
oo n+l t”+1
= 7
A+ (Apr +do)t + (A +d0);§1k:zyk(”+1)" (75)
which agrees with our result in Equation (29).
For p = 1, the solution is
y() = xo+ xut + (A = xo0) Toio Ty e 26
Lk 4 (76)
XO= T — s AT Ty
or
> " RN
y(t) = A+ xt+ (A= x0) ) ]_[1141% = A+ xat+ (A = xo)pat + (A = xo)p Zzg_lzﬂka/
n=1k= n=2k=
+ (Ap+ x1 — xop)t+ (A = xo)Hip2 Z Hﬂk
n=2k=
co n+l tn+1
= A+ (Apr +do)t+ [(Ap1 +do)pa +d1] ) Hﬂk CESE (77)
n=1k=
This result corresponds to our solution in Equation (39).
For p = 2, the solution is
y(t) = xo+xat + x2t + (A = xo) oo TTizy ety .
_ 1 1L ;(2 ) o _di -
z] 0 mdz_] - VH»I’ 1= 0, 1,2
or
y(t) = A+ xat + xot? + (A — xo) ZHan|
n=1k=
2
+ (A4 = xop)t+ | 202+ (A = Xxo)mpz | 57+
(A = Xo)p1paps Z H}ikn, (79)

n=3 k=4

From the second equation in (78), the expressions for Xy, x1, and x» can be determined as

1 d
Xo=— (4ady +2d,) — 20,
U123 251 (80)
2d, dq dy
X1=—"7"-——— = ——

/ 2 .
Hakz K2 X H3
By inserting these expressions into Equation (79) and simplifying, we obtain the same result

given in Equation (50).

Remark 3. This section confirms the agreement of our results with the corresponding ones in
Ref. [52] when f(t) is of polynomial type. It was seen that the results in the literature were recovered
as special cases of the present ones. However, this work offers advantages over Ref. [562], including
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its direct applicability to deduce compact series solutions for other types of analytic functions f(t).
For declaration, the next sections address this point for the two other types of f(t) in periodic and
exponential forms.

7. Solutions for Other Types of f(t)
7.1. Periodic Forced Term: f(t) = Q) sin(wt)
Suppose that f(t) = Qsin(wt); then the derivatives at t = 0 are

f@(0) =0,

, . (81)
FEHD0) = (1)@, j>0.
Since only odd derivatives are nonzero, then
G 2
On = Z IB] nf] Z .B2J+1 nf( A )( ) (82)
where [4] equals the greatest integer less than or equal to 5. Thus,
[%]71 L n
o =Q (C UL AR [ TS (83)
j=0 k=2j+3
The solution becomes
ot 00 tn+1
y(t) = A(1+ ) + / Qsin(ws)ds + Y (A + 0 st ' (84)
JO n=1 (1’1 + 1)
Hence,
0 o | n+l [5]- o ontl pr+1
y(t) = A1+ ) + (1 — cos(wt)) + Z A H U +Q Z w1 1_[ i (85)
ajps | (D!
7.2. Exponential Form: f(t) = ne"!
Let f(t) = ne!, then
f00)=mid, j>0, (86)

and

n—ﬂZV’Hw 87)

j=0  k=j+2
This leads to the compact form solution
7 =) n+1 — n+1 tn+1
y(t) = A1+ put) + (" L AHMMZVJ IT m . (88)
v n= j=0  k=j+2 n + 1

Based on the obtained results, the present approach offers a unified treatment to handle
a wide class of the FAE with different types of forcing functions including polynomial
of arbitrary degree, periodic term, and an exponential term. The main advantage lies in
expressing o, in terms of the derivatives of any analytic function f(f) at the initial time, i.e.,
£1)(0), j > 0, which significantly simplifies the analysis.
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8. Conclusions

This paper introduced a comprehensive study on solving an Ambartsumian-type delay
equation with a general forcing function. A power series approach was adopted to derive
an explicit representation of the series solution with prescribed coefficients in terms of the
model’s parameters and the derivatives of the forcing function. A rigorous convergence
analysis was presented, showing that the obtained series solution is convergent under broad
conditions, ensuring its applicability over the problem’s domain. The developed analysis
was capable of deriving exact solutions in different forms when the forcing function satisfies
specific structural conditions. The results demonstrate the effectiveness and efficiency of
the proposed unified approach, making it possible to analyze a wide class of DDEs with
proportional delays. In addition to recovering the known results in the literature as special
cases, the analysis extends the applicability to more general forcing functions, offering new
insights and solution forms. This suggests exploring extensions of the developed approach
to include nonlinear models in addition to systems of delay equations as future works.
In this context, the symmetry reduction approach is useful for obtaining exact analytical
solutions of invariant DDEs, as pointed out by Dorodnitsyn et al. [53].
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