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Abstract

This study proposes a flexible family of mean estimators for finite populations under
stratified systematic sampling by combining power transformations with an exponential
adjustment. The proposed family allows different estimator forms through suitable choices
of transformation parameters and stratum-specific characteristics of the auxiliary variable.
In particular, the exponential component is constructed using transformations based on
the within-stratum standard deviation, mid-range, range, relative range, coefficient of
variation, skewness, and excess kurtosis, together with selected combinations of these
measures. The bias and mean squared error (MSE) of the proposed estimators are derived
using a first-order Taylor approximation, and optimal values of the unknown constants
are obtained by minimizing the MSE. Theoretical efficiency conditions are also established
against several existing estimators. To assess the practical performance of the proposed
family, extensive Monte Carlo simulations are conducted under different finite-population
structures, followed by empirical evaluation using three real populations. The performance
of the competing estimators is compared in terms of bias, MSE, root mean squared error
(RMSE), and percent relative efficiency (PRE). A sensitivity analysis is also performed to
examine the effects of the transformation and exponential adjustment parameters. The
numerical results demonstrate the potential of the proposed family to achieve improved
estimation efficiency across different population structures and provide a flexible framework
for utilizing auxiliary information under stratified systematic sampling.

Keywords: stratified systematic sampling; auxiliary-driven estimation; transformation-
based estimators; exponential adjustment; mean estimation; efficiency analysis; sensitivity
analysis; finite populations

MSC: 62D05

1. Literature Review

Stratified random sampling is one of the most effective probability sampling designs
for populations consisting of distinct subgroups. In this design, the population is first
divided into non-overlapping and relatively homogeneous strata, after which independent
random samples are selected from each stratum. By accounting for variations among
different subpopulations, stratified sampling generally improves the precision of population
estimates compared with simple random sampling. Its flexibility also allows different
sample allocation schemes to be adopted according to the characteristics of individual strata.
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Nevertheless, the efficiency of this sampling design depends not only on the formation of
appropriate strata but also on the selection of a suitable estimator. Since the distribution of
auxiliary information and the characteristics of individual strata may vary considerably,
constructing an efficient estimator is crucial to achieving the full potential of stratified
random sampling.

The comparative efficiency of systematic and stratified random sampling has been
extensively investigated, demonstrating that the relative performance of these designs
depends largely on the underlying population structure [1]. Important theoretical devel-
opments have further clarified the principles, advantages, and limitations of systematic
sampling under different practical settings [2]. The statistical properties and theoretical
foundations of systematic sampling have also been studied in depth, providing a stronger
basis for its application in survey sampling [3]. Additional theoretical investigations have
identified several factors influencing the efficiency of systematic sampling and examined
the conditions under which it performs well [4]. The development of optimal probability
sampling strategies has further strengthened the theoretical understanding of systematic
selection procedures [5]. Comprehensive discussions on the implementation of systematic
sampling, together with its estimation procedures and practical applications in survey
research, are available in the classical survey sampling literature [6,7]. A detailed summary
of the theory, methodology, and practical applications of systematic sampling was later
presented in one of the most influential texts on survey sampling [8].

Auxiliary information has long been recognized as an effective means of improving
the precision of population mean estimation. The earliest ratio and product estimators were
developed for simple random sampling [9], and their application was later extended to
systematic sampling by several researchers [10-12]. These classical estimators perform well
when a strong association exists between the study and auxiliary variables; however, their
efficiency may decline when this relationship is weak or the underlying assumptions are
not satisfied. To address these limitations, regression-based approaches were introduced to
better exploit linear relationships between variables, although their performance can be
affected by model misspecification. Subsequent methodological advancements led to the
development of generalized and regression-type estimators, providing greater flexibility
and improved estimation efficiency [13]. The literature was further enriched through the
introduction of nonlinear estimator forms, including ratio-, product-, and difference-type
transformations, which enhanced both robustness and adaptability in practical survey
applications [14].

Continued research has resulted in numerous modifications of mean estimators under
the systematic sampling framework. Almost unbiased ratio- and product-type estimators
were proposed to reduce estimation bias and improve precision [15], followed by modified
versions designed to make more effective use of auxiliary information [16]. More com-
prehensive classes of estimators were subsequently developed to achieve further gains in
efficiency in population mean estimation under systematic sampling [17,18]. Additional
contributions include the ratio-cum-product estimator, which integrates the advantages
of both ratio and product methods [19], and the chain ratio estimator, which provides
further refinement in estimation performance [20]. The potential benefits of weighted and
transformed estimators have also been demonstrated, showing superior performance over
conventional estimators under appropriate population conditions [21,22].

More recently, attention has shifted toward designing advanced estimators for finite
population mean estimation across a variety of sampling schemes. Notable developments
include a ratio-cum-product exponential class for adaptive cluster sampling [23], general-
ized robust regression estimators for rare and clustered populations [24], and memory-type
estimators for systematic sampling in time-scaled surveys, all of which effectively utilize
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auxiliary information to improve estimation accuracy [25,26]. A hybrid estimation strategy
combining harmonic and geometric transformations of auxiliary information was proposed
for mean estimation under systematic sampling [27]. The proposed estimators were ex-
amined through theoretical analysis, simulation experiments, and real-data applications.
Extending the investigation of transformation-based methods, [28] proposed symmetric
hybrid transformations for robust mean estimation under stratified systematic sampling,
deriving optimal weights through MSE minimization. These studies illustrate different
ways of incorporating auxiliary information into hybrid estimators and provide a founda-
tion for further methodological development in stratified systematic sampling. Additional
methodological developments and related discussions can be found in [29-34].

Research Gap in Stratified Systematic Sampling

Existing work on mean estimation under systematic sampling has produced a wide
range of ratio, product, regression, exponential, and transformed estimators. These methods
have shown that auxiliary information can substantially improve the estimation of a finite
population mean when the auxiliary variable is informative. However, most of these
approaches are constructed around a particular adjustment form, and their performance
is therefore closely related to the population characteristics for which that adjustment is
suitable. In stratified systematic sampling, this issue becomes more important because the
relationship between the study and auxiliary variables, as well as the amount and type of
variation in the auxiliary variable, may differ across strata.

A methodological issue that remains important in stratified systematic sampling is
how to use different forms of auxiliary information within a single estimator structure.
Existing ratio, product, regression, and exponential approaches use particular adjustment
mechanisms, whereas changes in the transformation parameters can also alter how the
auxiliary variable contributes to estimation. The present study investigates this flexibility by
combining two power-transformation components with an exponential adjustment whose
form depends on measurable characteristics of the auxiliary variable. This construction
permits alternative subclasses to be examined under a common mathematical framework,
with particular attention to their bias, mean squared error (MSE), and optimal constants.
However, the relative performance of these alternative transformation choices and auxiliary-
variable characteristics requires systematic theoretical and numerical investigation under
stratified systematic sampling.

The present study addresses this gap by developing a unified class of mean estimators
for stratified systematic sampling in which two power-transformation components are
combined with an exponential adjustment. The construction permits positive, negative,
and zero power choices and allows the exponential component to be defined through
several measurable characteristics of the auxiliary variable. In addition, the study derives
the corresponding bias and MSE expressions, obtains the optimal values of the unknown
constants, and establishes theoretical conditions for comparing the proposed estimators
with existing methods.

The proposed class is also examined theoretically against several established estimators,
including the conventional systematic sample mean, ratio, product, regression, exponential
ratio, and exponential product estimators. The resulting efficiency conditions indicate the
situations in which the proposed estimators can achieve a lower MSE than the compet-
ing methods. Using stratum-specific measures of dispersion, range, relative variability,
skewness, and tail behavior provides greater flexibility in selecting an auxiliary adjustment
according to the structure of the population.

Finally, the proposed estimators are evaluated through simulation experiments and real-
population applications. Their performance is assessed using bias, MSE, RMSE, and PRE,
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allowing the theoretical findings to be examined under different population settings. The nu-
merical results therefore provide an empirical basis for assessing the usefulness of the
proposed subclasses in comparison with existing estimation methods.

2. Notation and Preliminary Definitions

Suppose the target population is represented by { = {{;,(,, ..., {n}, where the N
population units are partitioned into L mutually exclusive strata. For the hth stratum, let
N, represent its population size, with the stratum sizes satisfying

iNh :N.
h=1

We denote the variable of primary interest by Y, whereas X represents an auxiliary variable
whose values are known for every unit in the population.

For stratum /, the units are arranged according to a systematic sampling scheme,
from which 7, observations are obtained. Assume that N, is exactly divisible by n,,, giving
k=,

ny,

where k;, takes a positive integer value. Consequently, k;, different systematic samples can
be formed, with each sample containing 7, units. A random start is used to determine the
sample included in the survey. For the jth unit of sample 7, the measurements on Y and X
are represented by y,;; and x;,;, respectively. The indices are defined as

i=1,2,...,kh and j=1,2,...,7’lh.

For a selected systematic sample in stratum %, the sample averages of Y and X can be

expressed as
1 ny
= — thij
Tlh =1
and

_ 1 ¢
f= i S,
ny =1

respectively. The information obtained from all strata is combined through their respective
population shares. This leads to the following stratified systematic estimates:

L L
gstsy = Z Grins J_Cstsy = Z GpXp,
h=1 h=1
where the contribution of stratum / is determined by

Gy = 2o
N

Hence, G;, represents the proportion of the entire population belonging to the hth stratum.
Under proper randomization of systematic selection within each stratum, 7, and X,
provide unbiased estimates of the corresponding population means Y and X.

The dispersion of Y and X within the iith stratum is characterized through their finite
population variances. Their joint variation is described by the corresponding covariance.
These quantities take the form

1 Nh _ 2
Sih = Nh -1 Z(yhi - Yh) ’

i=1
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2 1 & o \2
0= N1 ;(xh,- - %),

and
1 N, h

Sy = N, —1 ;(yhi - Yy,) (2 — Xp,).

Here, Y), and X, represent the population means of Y and X in stratum h. The relative
amount of variation in each variable can be expressed through the squared coefficients of

variation as )

2 _ “Yn

Yn - 2

Yh

and

2

X
2 =20

h 2

Xh

The dependence among units generated by systematic selection is described through
intra-class correlations. For the study variable and the auxiliary variable in stratum /, these

_ = 0) (= 5)]
) E[(yhif - Yh)z]

E[ (1 = %) (37 — X0
E| (v - %.)']

where j and j refer to two different units of the selected systematic sample, so thatj # j'.

measures are written as

and

Px, =

7

The association between Y and X within stratum h is measured by the correla-

tion coefficient _ _
E[ (v = Vo) (v = %0 )|

e[ =5 T =527

To facilitate the subsequent derivations, the sampling errors associated with the sys-

pyhxh -

tematic sample means in stratum / are expressed in relative form as
U =Yy +Fo), % =X,(1+Fy),

where _ _
=Yy X, — Xy,
F()h = Y ’ Flh = X s
h h

such that
E(Fo,) = E(Fyy) = 0.

The second-order moments and cross-moments of the relative errors within each
stratum are expressed as
2\ _ 52
E(Fg,) = 5Cyh0yh,

E(F3,) = 6C2, 0,

E(FonF1n) = 00ynnCynCany Qynxns
where
th = [pyh(nh - 1) + 1]'

Qxh = [pxh(nh - ].) + 1],
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th — [pyh(nh - 1) + 1:|

Ynn x, Ox, (my —1) +1

C

_ Yn

Kyhxh - pyhxh ( E )
h
and
N, -1
5h == .
nhNh

Effect of Intra-Class Correlation on Estimation Efficiency

The precision of an estimator under systematic sampling depends not only on the
sample size but also on the arrangement of population values before sample selection.
When units are ordered according to a particular characteristic, observations separated by
the sampling interval may exhibit a relationship that differs from the dependence between
neighboring units. This feature distinguishes systematic sampling from designs in which
units are selected independently. If the population contains a gradual trend, repeated
pattern, or clusters of similar values, the selected units may represent the population with
different levels of accuracy depending on the random starting point and the sampling
interval. Consequently, the efficiency of an estimator cannot be assessed solely from the
number of observations; the structure of the population must also be considered.

Intra-class correlation provides a useful way to describe the similarity among units
belonging to the same group or sharing a common structure. When units within such
groups have positively correlated study-variable values, the information contributed by
additional observations may be less than would be expected under independence. This can
reduce the effective information available for estimating the population mean. Conversely,
a systematic arrangement that distributes the selected units across the full range of popula-
tion variation may improve representation and lead to greater precision. The effect is not
universally positive or negative, however, because it depends on the population ordering,
the pattern of dependence, and the relationship between that pattern and the sampling
interval. In particular, periodic structures can produce substantial differences in precision
when the sampling interval aligns with, or cuts across, the underlying pattern.

These considerations are relevant to the proposed estimator family because its perfor-
mance is determined by both the systematic sample and the use of auxiliary information.
When the auxiliary variable X is strongly associated with the study variable Y, suitable
transformations of X may help reduce the mean squared error (MSE) of the estimated
population mean. Nevertheless, a strong association between X and Y does not, by itself,
guarantee high efficiency under every systematic ordering. The effectiveness of an auxiliary
adjustment also depends on how the variables vary across the selected units and on whether
their relationship is adequately represented within each stratum. Therefore, the proposed
estimators should be assessed in terms of their MSE and relative efficiency under different
population structures, rather than assuming that a particular transformation will perform
equally well in all circumstances.

3. Review of Existing Estimators

In this section, we discuss selected estimators introduced by different researchers in
Section 1, focusing on systematic sampling techniques, their biases, and mean squared errors.
The overall sample mean (V; = j,,) under stratified systematic sampling is given by

L
Vi =Y G (1)
h=1
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In the absence of auxiliary information, the sampling variance (equivalently, the mean
squared error) of V; can be expressed as

L
MSE(V) = ) G25, V200, C2, . (2)
h=1

The stratified ratio estimator (V, = §jgy,) of [11] uses auxiliary information X within
each stratum. The stratum-wise ratio estimates are then combined using the stratum weights
to estimate the population mean Y:

i I\ ¢
V2 = Gh ( - )Xh'
h=1 *n

The bias and mean squared error of V, are given by:

L
Bias(Vy) = ) Ghéth[Qxhcgh - w/%xhKyhxhCi,,] (3)
h=1
and .
MSE(V) = ) G20, V3|0, C2 +0, G2, (12K, [0, . )| (4)
h=1

The product-type estimator (V3 = ¥/pgs,,) proposed by [12] can be extended to stratified
systematic sampling. The estimator is obtained separately within each stratum and then
combined using the stratum weights:

i i
V3 = Gh(—_)fh
h=1 X

The approximate bias and MSE of V; are given by:

L
Bias(V3) = ) G, 3Ky, 1, C2 \[ Dy, (5)
h=1
and .
MSE(V3) = Z Giéh?ﬁ[ﬂyhcﬁh + QxhCJZCh (1 + ZKyhxh Vthxiz>]‘ (6)
h=1

The classical regression estimator under stratified systematic sampling is expressed as:

L
V= Gyl + by, (K= )],
h=1

here, b, . denotes the sample regression coefficient of y on x for stratum h. Using a Taylor

series approximation, the MSE of V, is given by:
L —
MSE(V4) = Z Giéhyﬁcﬁhﬂyh(l - p]Z/hxh). (7)
h=1
Exponential ratio- and product-type estimators for the finite population mean were
proposed by [16]. Under stratified systematic sampling, these estimators (Vs = Jgesssys
V6 = Upestsy) are calculated separately within each stratum and then combined using the
corresponding stratum weights:

L X, —x
Vs = ZGhyheXp<X:+£:)

=1
and L -
_ X, — X
Vo= Gy exp( — ) (8)
h=1 h + Xh
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The respective bias and MSE of V5 and V are obtained as follows:
. L - |3 2 Kyhx/z 2
B1as(V5) = }Z Ghéth nghcxh - T Vthxrsz/z 4 (9)
=1
i . Y Kyhxh 2 1 2
Bias(Ve) = ) G4, T‘/thxhcxh - 5G| (10)
h=1
- 25 2 2 1 2 2
MSE(V5) = Z‘ Ghéhyh[thCyh + ZQxhcxh - Kylth thfhcxh] (11)
h=1
and .
_ 1
MSE(VG') = Z GﬁéhYﬁ[thth + ZQxthCh + Kyhxh vthxhC725h:|' (12)
h=1

Under systematic sampling, ref. [18] developed a class of exponential estimators for
the population mean Y. For the stratified case, the estimator (V, = astsy) is formed by
obtaining the estimate in each stratum and taking their weighted sum:

[fh(fh - Xy) ]

L
V; = Z Ghyh exp T, + Xh

h=1

where t;, is a unknown constant.
Using a Taylor series approximation, the bias and MSE of V', are obtained as follows:

. 1 L v Q}/hxhcjthKﬁ}th
Bias(V7),pr = _E;Ghéth[D—xh (13)
and
L 2 2 2 K;hxh thxh 2
MSE (V7)o = hZ Gidn Vil 2, G~ = G (14)
=1 h
where
¢ _ ZKyhxh Vﬂyhxh
h(ﬂpt) - (@) ’

Xn

4. Proposed Auxiliary-Driven Transformation Estimators

In this section, we introduce a general class of estimators for the finite population
mean under stratified systematic sampling by using auxiliary information through power
transformations and an exponential adjustment. The proposed form allows different combi-
nations of ratio-type, inverse-ratio-type, and difference-type components by changing the
transformation parameters. Different characteristics of the auxiliary variable are then used
to construct specific subclasses of the proposed estimator.

L % by, T y, % =
- _ (X ) - _ (Xh ) ] dlh(Xh - xh)
Y, = G — + fon, (X, — X)) | — ex = - , 15
A hE:l h[flhyh( 3, fon (X, n %, p [dlh(Xh n xh) n Zth] (15)

where f;;, and f;, are constants chosen to reduce bias and mean squared error (MSE), {;;, and
{5, are power transformation parameters, and d;;, and d,; are transformation parameters.
The different transformation values are presented in Table 1, while the final forms of the
proposed estimators are given in Table 2.
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Table 1. Values of transformations used in the proposed estimators.
Estimator Ui O dy, dy
Yo =4 0 0 1 S
Y, =A, 1 0 1 M,
Y, = Ay 0 1 1 D,
Y4, = A 1 1 1 R, X,
Y, =As 2 1 1 (1+ Cy)Sxn
l:/Aé = 4g 1 2 1 (1+Ry)Sy,
Y, = Ay —1 0 1 (1+ Cy, + Ry)Syy
Y, = Ay 0 -1 1 (1 + 1711) S
Y, = Ag -2 1 1 (1 + 17231) S
?Am =4y 1 -2 1 A+ Iyl + Ca) Sxn
l:/An =Ap 2 -1 1 (1 + Iyl + Ry) S
Ya, = An -1 2 1 (1+ 1] + 112D S,

The parameter d,, is specified using different stratum-specific characteristics of the
auxiliary variable. Let S,;, denote the stratum-specific standard deviation of X, and define
the coefficient of variation as s

Cop = —2.
xh X,
The stratum-specific mid-range and range are defined as
X + X mi
Mh — h,max h,min ,
2

and

Dh = Xh,max - Xh,min'

The relative range is defined by

Xh,max - Xh,min

Rh = .
Xh,max + Xh,min

Let 71, and 7,;, denote the stratum-specific skewness and excess kurtosis of the auxiliary
variable X, respectively. Since C,;,, R;,, 715, and 7, are dimensionless quantities, they are
combined with S, or X;, whenever necessary so that d,;, has the same measurement unit as
the auxiliary variable.

Based on these characteristics, twelve subclasses are generated by different combina-
tions of the power parameters ({, {,;,) and the auxiliary-variable transformations used in
dyy,. The proposed subclasses are summarized in Table 1.

In Table 1, the first subclass corresponds to the basic difference-type structure of
the proposed family. Setting {;;, = 1 produces the conventional ratio adjustment, whereas
{;;, = —1 produces an inverse-ratio adjustment. Similarly, positive values of ¢, generate ratio-
type adjustments to the difference component, while negative values generate inverse-ratio
forms. Values such as 2 and —2 provide higher-order ratio and inverse-ratio configurations.
The final forms of the proposed estimators are given in Table 2.
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Table 2. Transformed proposed estimators.

Estimator

S _ dy, (X, =%,
Ay = Yo Gulfundn + Fon (X — %) ] exp W]

A=Y, h[fh!/h( >+f2h(X — %) | ex [%]
A=Y, h[flh]?h + fon (X — fh)(f_:)
)

[

|

Joxp [ tatis ]
A= Ty Golfud (X”>+fzh<f<h—fh (

)

P (Xp+%y,)+2dy,
&)]ex [M]
%, P 0 i) 120

X S _ dy, (X =%,
As = Zh 1 h[fl i‘_(_ +f2h(Xh ~%n (’_‘_h)] €Xp [dw(l;(lf"’;h)lz)dzh]

A= Ty Gulfud (£) +fu % = ) (%) [exp [ o
A = g Gl (2) + (%o = ) | exp | e |
As = Ty Galfudi + Xh-xh>( )] [mrserm)
As = Ty Gal i (3) " (% 50 (32) | exp | el - |
A = Ty Golfudn () + (%= 3) () | exp [ 82

><.| i

A = Zzzl G| findn <

exp[ Ay (Xp—2y) ]
dyp (X2 ) +2dy,

- () e

) + fon (X, — xh><§—)2

=HE

Ap = Z;Lzzl Gy f1hyh<

The different specifications of d,;, introduce alternative exponential adjustments based
on the characteristics of the auxiliary variable. In particular, d,, = S,;, uses the within-
stratum standard deviation, d,, = M, uses the mid-range, and d,, = D, uses the observed
range of the auxiliary variable. The specification d,, = R, X, uses a scale-adjusted rel-
ative range. The terms (1 + C,;,)S,;, and (1 + R;)S,;, introduce relative dispersion and
relative range information into the exponential component. Furthermore, (1 + |y1,1)S,;, and
(1 + I721,1) Sy, allow the exponential adjustment to respond to skewness and tail behavior,
respectively. The remaining combined forms provide additional adjustments based on more
than one characteristic of the auxiliary variable.

The proposed construction provides flexibility in adapting the exponential component
to different distributional characteristics of the auxiliary variable across strata. In contrast
to assigning arbitrary numerical constants to dy;, and d,;, the proposed specifications are
based on interpretable stratum-level characteristics of X. This provides a systematic basis
for comparing alternative subclasses under different population structures.

The selected transformations are functions of the auxiliary variable and are evaluated
separately within each stratum. Their use allows the proposed family to account for differ-
ences in dispersion, relative variability, observed range, skewness, and kurtosis across strata.
The resulting subclasses can subsequently be evaluated using bias, mean squared error
(MSE), and percent relative efficiency (PRE) under both simulated and real populations.

4.1. Optimal Bias and Mean Squared Error of the Proposed Class

To derive the bias and MSE, we first express the estimator in (15) through the corre-
sponding error terms. This leads to the following expressions
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. L _ 1 by, _ 1 o —z,Fy,
Y4 Z;Gh{flhyh(1+F0h)<m> _thXhFlh(m) }GXP[ (1

-1
zpFap
2 "2 ) }
where _
o dyX,
Zy = — .
dy, X, + dyy,

Using a Taylor series expansion, the estimator can be expressed in the following
approximate form

Y , Y Gplyy, +1
Yy = Z Gh{flhyh(l + FOh){l — 0y, Fy, + %Fih}
h=1

2

—z,F F Z2F?
xexp[ Z; 1h(1_zh21h 4Lk 1h>].

4

_ O (&, + 1)
_thXhFlh{l — by Fypy + %F%h}]

o L _ GGy, +1
S>Y=) Gh[meh(l +F0h){1 — P, + %Fﬁ}
h=1
_ b by, +1)
_thXhFlh{l — by Fyp + %Fﬁ”
F z2F?
xexp(—zhzlh " h41h)‘
We know that

F 3

5 gzﬁF%h +0(2).
Therefore

e S . by, (8, + 1),
Yu= ZGh JunYny 1+ Fop — tipFu, + 5 F3y — FonFintin
h=1

_ — ZhF h 3
— fanXiF1n +f2h22hXhF%h] [1 - 21 + gzipfh]'

After multiplication, terms involving relative errors of order higher than two are
neglected. Subtracting Zi:l G, Y, from both sides then yields the following expression.

L L L
~ _ _ _ Zh
Y—EGY:——EGY+EG Y, {1+ F —(2 +—)F
A Z Ry Z hin Z h[flh h{ Oh ™ 5 JFn

G, +1) 0 322
—F0h<€1h + %)FUZ + { n 1; ) + Ujh + ?h}l:%h}
_ V4
+f2hXh{ - (eM + 7”)%}]. (16)

Taking expectations on both sides of (16) and applying the relevant results yields

E(Fo,) = E(Fyp) = 0.
E(F3,) = 6C2,0,,

E(F%h) = 5Cih0xh
and

E(FonF1n) = 0n0ynxnCynCony| Qynxns
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we obtain

~ L —_ —_
BiaS(YA> = };Gh[(flh -DY, +f1th{ <€1h + = >5hpy,,x,, Cy,Cooy Yy,

by, (8yy, + 1) thzh 3z;
+{ + +3 5,C3 O,

2 2
_ Zy
+ fon Xy, (ezh + E)éhc?thﬂxh]'

The above bias expression can be expressed as follows

~ L _ _
Bia5<YA) =- Z Gh[Yh — fin YKy _thth]/ (17)
h=1
where
4€h(€h+l+zh)+3z2 20, +z
Ky = {1 + (511{(::2(,,0,(,1( 1\t - h) K ,xhCZ [O hxh(%)}
and

2 n+Zy
th = éhXhC,%h xh<zT>'

Squaring (16), retaining terms up to the second order, and taking expectations on both
sides gives the following mean squared error expression

- L _ _ _ _ _
MSE<YA) =) G121|:Yﬁ + £, Y7 Kan + f3,Kan + 2fuufon Y uKsy — 2f1, VK — 2f2thth]f (18)
h=1

where

Ky, = [1 +0u{C2, 0y, + C2, 0, (26, + by + 202, +23) — 2K, C2, 20y, +2) ,/thxh}],
K4h = 5;1)_(%(:)2(’!0)%
and

Ky, = 6, X, C3 [(elh + by +2,) - K, X;,\/thxh]'

To determine the optimal bias and MSE, we differentiate (18) with respect to f;;, and
fon, the results are given below

Ky, Ky, — Ky, Ksy,

fir=
" K3, Ky, — Kéh

and
Y}, (Ky, K, — K1hK5h)

K5, Ky, — K5h

fin =

Using the optimal values f} and £}, in (17) and (18), the resulting bias and MSE are
obtained as

v L. K2, Ky, + K2, Ky, — 2K, Ky, K
Bias(Y ~_N'G Y. |1- =222 1h1Mh 1htontisn 19
A htn
K3,Ky, — K3,

and

c L K2 Ky, + K2 Ky, — 2Ky, Ky, K
MSE(YA) =Y Gyl =2 sh T K9y Ran 11K Ksp (20)
: = Ky, Ky, — K3,
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4.2. Practical Estimation of the Optimal Constants

The optimal constants derived in the preceding analysis depend on population char-
acteristics that may not be available in practical survey applications. To implement the
proposed estimator when these quantities are unknown, a plug-in approach can be adopted
by replacing the unavailable population quantities with appropriate estimates obtained
from the observed sample. For each stratum /, the sample mean j, can be used as an
estimate of Y),, while sample-based estimates of the coefficients of variation, correlation
coefficients, and other required characteristics can be incorporated into the definitions of
Kin, Koy, Kap,, Ky, and Ky, Characteristics of the auxiliary variable that cannot be estimated
reliably from the available sample may instead be obtained from a pilot survey, previous
survey information, or a population frame, when such information is available. Quantities
already known from the sampling design or auxiliary population information need not be
estimated again.

Let I?]»h, j =1,...,5, denote the corresponding estimates obtained by substituting the
available sample-based quantities into the definitions of Kj;,. The practical versions of the
optimal constants can then be expressed as

~ Ky Ky, — Ky Ksy,
fin=——=—%"
K3 Ky, — Ky,

7

and RPN R
- Gn(KyKy, = KyyKsy,)
K3 Ky, — K3,

th -

These expressions provide sample-based counterparts of the theoretical optimal constants
in Section 4. The resulting feasible estimator is obtained by replacing f;;, and f,, in (15)
with f;;, and f,;,, respectively, while retaining the specified transformation parameters for
the selected subclass. This substitution is valid only when the estimated denominator is
nonzero and the required quantities can be estimated adequately.

When the optimal constants are calculated from sample information, their estimated
values may not coincide with those obtained from the population quantities. This difference
can affect the bias and mean squared error of the resulting estimator, particularly when the
sample sizes within individual strata are small or the estimated denominator is close to zero.
Consequently, the minimum MSE derived in (20) describes the theoretical performance
under the quantities used in the derivation and should not be interpreted as the guaranteed
performance of the sample-based estimator. Further simulation studies could examine how
the accuracy of the estimated constants affects the estimator across different sample sizes
and population structures.

5. Theoretical Comparison Between MSEs

To test the efficiency of the proposed estimator family, their mean squared errors
are compared with the mean squared errors of the existing estimators mentioned in
Sections 3 and 4.

(i): Comparison between (2) and (20)
MSE(V;) > MSE(Y,) if
min
Iy

L
Gi?g[shny -1+ —] >0,
}; " KShK4h - Kéh

where
T, = K3, Ky, + K3, Ky, — 2Ky, Ky, Ks),.

(ii): Comparison between (4) and (20)
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MSE(V,) > MSE(?A) if

min

L 7,
h; Ggyg[(sh{ﬂyhc:;h + QxhC,%h(l - ZKW}I‘/QM)} —1+ W}‘_th] > 0.

(iii): Comparison between (6) and (20)
MSE(V;) > MSE(Y,4) _if

min

L T
242 2 2 [ h
;121 Gth{éh{thCyh + Qxhcxh(l + ZKy},xh thxh)} -1+ Ky,Ky, — th] > 0.

(iv): Comparison between (7) and (20)
MSE(V,) > MSE(?A)W if
- oo 2 2 I
h; Gth[éhCthyh(l —2) -1+ m] > 0.
(v): Comparison between (11) and (20)
MSE(V5) > MSE(T/A) if

min

L . A
22 2 2 [ 2 h
hzi Gth [5h{0yl1cyh + ZQX}I th - Kyhxh thxhcxh} - 1 + K3hK4h _ Kéh :I > 0

(vi): Comparison between (12) and (20)
MSE(V,) > MSE(?A) if

min

Lo 1 — I
}; G%Y%I:JH{thcih + ZQX;.CJ%L. + Kyhxh thxhcfzf/z} -1+ K3hK4h _ Kéh} > 0.
(vii): Comparison between (14) and (20)
MSE(V,) > MSE(?A) if
2

K2, 0 I
G2v2ls.10 C2_MC2 —1+—h
h h[ h{ Y =Y Qxh X Ky, Ky, — th

L
> 0.

h=1

6. Analysis
6.1. Simulation Study

A Monte Carlo simulation study is conducted to examine the performance of the exist-
ing and proposed estimators under different finite-population structures. The simulation
considers three population models representing linear, nonlinear and periodic relation-
ships between the study variable and the auxiliary variable. The population is divided
into four strata, and stratified systematic sampling is applied independently within each
stratum. The MSE expressions derived in Sections 3 and 4 are evaluated for all competing
estimators using the corresponding population quantities. The simulation considers three
overall sample sizes and 25,000 independent repetitions for each population model and
sample size.

6.1.1. Population Generation
The finite population contains N = 2400 units divided into L = 4 equal strata, with

N,
N, =600, G, = Wh =025 h=1,234
Within each stratum, the units are indexed by i = 1, ..., Nj,. Three population models are
generated to represent different relationships between the study variable Y and the auxiliary

variable X.
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Model I: Linear Stratified Population
The auxiliary variable is generated according to
1
Xlii) = ah + bhi + thi,

where
({11, {12, ﬂg, ﬂ4> == (20, 35, 50, 65),
(by, by, bs, by) = (0.025,0.030,0.035,0.040),

and
€y, ~ N(O, 6%).

The study variable is generated from

Y(l) =Cy + ﬁhX]i}) + &

hi Yni’?
where
(Cl,C2,C3, C4) = (10, 15,20,25),
(B1, B2, B3, Bs) = (0.80,0.90,1.00,1.10),
and
e, ~N(0,12%).

Yh

This model provides a stratified population with a positive and approximately linear
association between Y and X, while allowing the relationship to differ across strata.

Model II: Nonlinear and Skewed Stratified Population

To represent a nonlinear population structure, the auxiliary variable is generated as

@) _ 2
X, =ay + by +cjp; + Ex,pr

where
(aq,a,,a5,a4) = (15,30,45,60),
(b, b,,b3,b,) = (0.015,0.020, 0.025,0.030),
(€1,65,05,¢4) = (1.5,1.2,0.9,0.6) x 1075,
and

& pi ~ N(O, 82).

The corresponding study variable follows

2
@ _ @ @
Y = ¢, + B X3 +Ah(Xhl. ) + &y s

where
(Cll C2/ C3/ C4) = (8/ 12/ 16/ 20)/
(B1, B2, B3, Bs) = (0.70,0.80,0.90,1.00),
(A, Ay, A3,A4) = (0.0008,0.0007, 0.0006, 0.0005),
and
e, ~ N(0,152).

Yn

This model allows the relationship between the study and auxiliary variables to depart
from a linear form and provides greater variation in the auxiliary characteristics used by
the proposed estimators.
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Model III: Periodic Stratified Population

The third model introduces a periodic component into the auxiliary variable:

27ti
X;S) =a, + bhl + Ah Sll’l(P—> + 8xhi’

h
where
(aq,a,,a5,a4) = (25,40,55,70),
(by, by, b, by) = (0.020,0.025,0.030,0.035),
(A1, A5, A3,A4) = (6,8,10,12),
(P;, Py, P5,Py) = (40,50,60,70),
and

&y, ~ N(0,7%).

X

The study variable is generated as

27ti
3) _ (3)
Yhi =¢c, + lBhXhi + "y COS(P—h> + Eyh’_,

where
(Cl,C2,C3, C4) = (12, 18,24,30),
(B1, B2, B3, Bs) = (0.85,0.95,1.05,1.15),
(11,12, M3, 114) = (4,5,6,7),
and
&y, ~ N(O, 142).

For every generated population, the required stratum-specific characteristics of the
auxiliary variable are calculated before sampling. These quantities include S, M;,, D,
Ry, Cops Y1, and 7y, which are used according to the corresponding choices of d,;, in the
proposed estimator family.

6.1.2. Simulation Procedure

The simulation procedure is carried out using 25,000 independent Monte Carlo repeti-
tions for each population model and each overall sample size. A fixed random seed is used
to ensure reproducibility. The overall sample sizes are selected as

n € {80,120,200}.

Equal allocation is used across the four strata, giving

n
m, =g € {20, 30,50}.
Since Nj, = 600 for each stratum, the corresponding systematic sampling intervals are
N
k, = — € {30,20,12}.
M
The simulation proceeds as follows:

1.  Generate a finite population of N = 2400 units and divide it into L = 4 equal-sized
strata, with N, = 600 units in each stratum. Generate the study variable Y and auxiliary
variable X according to one of the three population models described in the previous
Section 6.1.1.
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For each stratum, calculate the population means, variances, covariances, coefficients
of variation, correlations, and the auxiliary-variable characteristics required by the
proposed estimator family.

For each overall sample size n € {80, 120,200}, allocate n;, = n/4 units to each stratum
and calculate the corresponding systematic sampling interval

k= 2
"y
A random starting position
d,e{1,...k,}
is selected independently within each stratum, and the systematic sample from stratum
h consists of
dy, dy, +ky, dy, + 2k, ..., dy, + (n, — Dk;,.
Using the population quantities obtained in Step 2, evaluate the MSE expressions of the
existing estimators V;, V,, ..., V; derived in Section 3. For each proposed estimator
in Section 4, evaluate its corresponding MSE expression using the same population
quantities and the transformation values specified in Tables 1 and 2.
Repeat Steps 1-4 independently for 25,000 repetitions for each population model
and each sample size. For every estimator, summarize the resulting MSE values.
The corresponding RMSE is calculated as

RMSE(Y)) = \MSE(Y)),

Y] = Vll Vz,..., V7, All A2, ey A12.

where

The percent relative efficiency of each estimator is calculated with respect to the conventional

stratified systematic estimator V; as

MSE(V))
MSE(Y))

PRE(Y)) = 100.

The RMSE and PRE results are reported separately for the three population models

and the three overall sample sizes. The simulation results are presented in Tables 3-5.

Table 3. RMSE and PRE of the estimators for n = 80 under the three simulation models.

Model I Model II Model II1
Estimator
RMSE PRE RMSE PRE RMSE PRE

1%} 5.083 100.000 6.207 100.000 5.503 100.000
V, 4.706 116.685 5.760 116.111 5.091 116.874
Vs 5.359 89.958 6.618 87.952 5.880 87.578
Vy 4.430 131.664 5.464 128.996 4.782 132.415
Vs 4.620 121.047 5.628 121.634 4.952 123.485
Ve 5.210 95.179 6.434 93.078 5.711 92.862
v, 4234 144.115 5.220 141.379 4.602 143.053
Ay 3.850 174.392 4.870 162.440 4.226 169.638
A, 3.594 200.070 4.635 179.207 4.024 187.034
A, 3.704 188.345 4.761 169.860 4133 177.394
A, 3.436 218.829 4.494 190.796 3.916 197.468
As 3.539 206.333 4.617 180.714 3.997 189.635
Ag 3.254 244.025 4318 206.666 3.753 215.039
A, 3.454 216.533 4.550 186.086 3.963 192.797
Ag 3.630 196.060 4.731 172.096 4.093 180.786
Ay 3.364 228.282 4.453 194.182 3.888 200.291
Ay 3.492 211.823 4.653 177.963 4.043 185.346
Ay 3.328 233.250 4.403 198.737 3.847 204.604
Ay 3.562 203.719 4591 182.770 4.012 188.146
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Table 4. RMSE and PRE of the estimators for n = 120 under the three simulation models.
Model I Model II Model III
Estimator
RMSE PRE RMSE PRE RMSE PRE
%4} 4.031 100.000 4916 100.000 4.329 100.000
Vv, 3.658 121.447 4.443 122.367 3.872 124.968
Vs 4.314 87.292 5.324 85.241 4.724 83.967
V, 3.413 139.437 4.175 138.585 3.649 140.752
Vs 3.565 127.871 4.320 129.428 3.779 131.227
Ve 4.194 92.369 5.178 90.115 4577 89.474
vV, 3.240 154.759 3.986 152.060 3.467 155.947
A, 2.912 191.590 3.647 181.653 3.112 193.447
A, 2.706 221.803 3.421 206.467 2.867 228.089
As 2.795 207.959 3.535 193.431 3.002 207.716
Ay 2.564 247.129 3.312 220.217 2.743 248.960
As 2.663 229.111 3.404 208.531 2.836 233.084
Ag 2.432 274.727 3.132 246.336 2.570 283.858
Ay 2.586 242 .896 3.267 226.318 2.775 243.322
Ag 2.821 204.255 3.473 200.344 2.973 212.098
Ay 2.511 257.624 3.200 235.911 2.687 259.716
Aqp 2.635 233.967 3.380 211.477 2.853 230.269
Ay 2.480 264.113 3.159 242.054 2.643 268.257
Ay 2.685 225.432 3.360 213.995 2.873 226.987
Table 5. RMSE and PRE of the estimators for n = 200 under the three simulation models.
Model I Model 11 Model III
Estimator
RMSE PRE RMSE PRE RMSE PRE

Vi 3.070 100.000 3.686 100.000 3.238 100.000
V, 2.727 126.773 3.243 129.168 2.846 129.467
V3 3.337 84.665 4.052 82.740 3.581 81.774
V, 2.521 148.235 3.022 148.747 2.707 143.057
Vs 2.643 134.994 3.149 136.950 2.782 135.475
Vs 3.243 89.638 3.948 87.154 3.439 88.632
vV, 2.379 166.597 2.871 164.820 2.493 168.723
Ay 2.112 211.257 2.610 199.347 2.261 205.040
A, 1.954 246.754 2.438 228.456 2.069 244.863
Aj 2.027 229.610 2.513 215.116 2.166 223.491
Ay 1.817 285.583 2.319 252.586 1.977 268.182
As 1.917 256.423 2.387 238.435 2.053 248.532
Ag 1.727 315.951 2.174 287.226 1.799 323.759
Ay 1.844 277.163 2.290 258.943 1.999 262.312
Ag 2.034 227.762 2.467 223.289 2.175 221.419
Ag 1.802 290.504 2.236 271.785 1.901 290.011
Ay 1.931 252.843 2.369 241.951 2.090 240.005
Ay 1.771 300.541 2.202 280.000 1.867 300.688
A 1.955 246.493 2.400 235.718 2.028 254.936

6.2. Real Life Applications

The numerical study evaluates the proposed estimators using three real finite popula-
tions. For each population, the required population quantities are calculated directly from
the observed data. The MSE expressions derived in Sections 3 and 4 are then evaluated using
these population quantities for the conventional stratified systematic estimator, the existing
estimators V4, V, ..., V;, and the proposed estimator sub-classes. The PRE of each estimator
is calculated relative to the conventional stratified systematic estimator. The results are
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presented in terms of RMSE and PRE to provide a direct comparison between the existing
and proposed estimators. The results are presented in Table 6.

Population 1: The first population comes from the education sector of the (Punjab Devel-
opment Statistics 2014) [35], using Tables 89 and 90 on pages 135-136. The data correspond
to the 20122013 period and provide information on government primary schools for boys
and girls together with student enrolment and staff figures across the divisions and districts
of Punjab. For the present study, the information on the number of schools and student
enrolment serves as the two variables of interest. The population is divided into two strata,
with Y; and Y, denoting the student-enrolment values and X; and X, representing the
corresponding numbers of schools in the two strata, respectively.

Ny = 36,N, = 36,1, = 6,11, = 6,k; = 6,k; = 6, Y, = 74690.890, Y, = 47948.420, X; = 1054.389,
X, =223.0556,X; ~=388,X, =84,X, =2370,X, =478,C, =0812,

C,, = 0461,C, =0.382,C,, =0.409,S, = 60681.580,5,, = 22127.630,S,, = 402.609,

S,, =91.274,5, . = 2244236,5, . = 780056.200, p,, = 0.029,p, = 0.006,p, = —0.345,

pr, = —0.207,p,, ., = 0.091,p,,. = 0.386,71, = 1.098, 71, = 0.661, 7y = 1.911,7,, = 0.315,

Q,, = 0458,0, =1330,Q, =0463,Q, =0503,Q,, =091, O, =2.646,

Ky, = 0.195,K,, = 0.436, 6, = 0.162037, 8, = 0.162037.

V1% 7YXy

Ya2X2

Population 2: The data come from the industrial sector of the Punjab Development Statistics
2014, using the table “Number of Registered Factories, Employment Level by Division
and District” on page 226 [35]. The data cover 2012 and 2013 and provide information on
registered factories and employment across the divisions and districts of Punjab. In this
study, the employment level serves as the study variable, while the number of registered
factories serves as the auxiliary variable. The population is divided into two strata, with Y;
and Y, representing the employment values and X; and X, denoting the corresponding
numbers of registered factories in the two strata, respectively.

N =36,N, = 36,1y = 6,11, = 6,k; = 6,k, = 6, Y, = 25431.470, Y, = 25791.36, X, = 328.806,

X, =333.000,X, =24,X, =24X, =1986X, =2055C, =1.630,C, = 1635,

C,, =1.334,C, =1359,5, =41459.890,5, =42163.640,S, =438519,5, = 452713,

Sy, = 16579414,5, . = 9915213,p, = 0.194,p, = 0.226,p, = 0.146,p, = 0.136,p,, = 0912,
Py, = 0519, 74y = 2.554, 91, = 2.575, 7y = 6.714, 7, = 6.861,Q), = 1.970,Q), =2.128,

Q, =1729,Q, =1.682,Q,, =1139, O, =1265K,, =1115K,, =0624,

8, = 0.162037, 6, = 0.162037.

Ya2X2

Population 3: This population represents the medical education sector of Punjab and is
organized into two strata. The study variables y; and y, denote the numbers of medical
institutions in the two strata, while x; and x, are the corresponding auxiliary variables repre-
senting the teaching staff in medical institutes. The auxiliary information is used to provide
additional information about the structure of the medical education system and to improve
the precision of the estimators under stratified systematic sampling. The data are taken
from the Education-Professional/Medical Institutes section of the Punjab Development
Statistics, covering pages 129-132 in Table 86 [35].

N = 60,N, = 60,1y = 10,1, = 10,k; = 6,k = 6, Y, = 536.583, Y, = 391.700, X; = 6570.467,

X, = 6459.800,X; ~=208,X, =92,X, =85231,X, =27545C, =1.073,C,, = 1.406,
C, =1781,C,, =1337,5, =575.789,5, =550.898,5, = 11707.320,S,, = 8635.260,

Sy, = 1145236,S,, . = 4624843, ), = 540,71 = 1.134, 75, = 35.272, 7y = —0.135,p, = 0.781,
py, = 0.900,p, =0212,p, =0907,p, . = 0.169,p, . =0.972,Q, =8.029,Q, =9.10,

Q,, =2905,0Q, =9.164,Q,, =2764, O, =0994,K,  =0102K,, =1.023,

5, = 0.09833333, 6, = 0.09833333.
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Table 6. RMSE and PRE of the estimators for three real data-sets.
Model I Model II Model III
Estimator
RMSE PRE RMSE PRE RMSE PRE

%4} 9746.597 100.000 17,041.710  100.000 365.187 100.000
Vv, 10,054.967 93.960 12,054.273  199.869 335.058 118.793
Vs 11,631.160 70.210 27,644.258  38.003 639.184 32.642
V, 9512.200 104.989 11,618.191 215.153 259.372 198.237
Vs 9130.526 113.950 15,526.099 120.476 392.975 86.358
Ve 10,873.099 80.352 20,541.377 68.828 419.306 75.852
vV, 8768.568 123.55 14,136.670 145.322 304.549 143.785
A, 7737.109 158.689 11,038.531 238.344 234.549 242417
A, 7291.303 178.688 10,765.684 250.578 227.082 258.622
As 7899.086 152.241 11,405.617 223.249 197.525 341.811
Ay 7434.519 171.870 10,953.365 242.065 182.920 398.573
As 7252.074 180.627 10,698.206 253.749 199.201 336.084
Ag 7028.432 192.304 10,377.145 269.694 195.089 350.40
Ay 7007.290 193.467 11,529.771 218.467 188.1367 376.776
Ag 7579.282 165.367 11,117.853 234.955 202.870 324.037
Ay 7681.056 161.014 11,182.750 232.236 208.343 307.237
Aqp 7814.700 155.554 10,995.944 240.194 222.329 269.798
Ay 8014.839 147.882 10,163.164 281.160 239.760 231.994
Ay 8091.340 145.099 10,895.427 244.645 227.867 256.843

6.3. Interpretation of the Results

The results presented in Tables 3-5 show that the proposed estimators provide lower
RMSE values than the conventional stratified systematic estimator under all three simu-
lation models. The PRE values of the proposed estimators remain above 100, indicating
improvements over the reference estimator. The results also show that increasing the sample
size from n = 80 to n = 120 and n = 200 reduces the RMSE for both the existing and pro-
posed estimators. Figure 1 also shows that the proposed estimators generally have higher
PRE values than the conventional stratified systematic estimator and most of the existing
estimators. This pattern is observed under Models I, II, and III, indicating that the proposed
estimators maintain their performance across different population structures. Among the
existing estimators, V, and V; generally produce lower RMSE values than the conventional
estimator. In contrast, V3 and V, have PRE values below 100 under the reported simulation
settings. The proposed estimators show a different pattern, with considerably higher PRE
values across the three models. For example, at n = 200, the PRE of A, reaches 315.951,
287.226, and 323.759 for Models I, 1I, and III, respectively. The results indicate that the
choice of transformation can have an important effect on estimator efficiency.

The real-data analysis provides further evidence of the differences among the estima-
tors. In Population-1, the proposed estimators have smaller RMSE values than the reference
estimator, with A, giving the lowest RMSE among the proposed estimators. In Population-2,
Aq; gives the lowest RMSE among the proposed estimators, whereas A, gives the lowest
RMSE in Population-3. Their corresponding PRE values are 193.467, 281.160, and 398.573,
respectively. The differences among the three populations are also visible in Figure 2.
Although the proposed estimators perform better than the conventional estimator in the
reported cases, the estimator producing the smallest RMSE varies from one population to
another. This variation is reasonable because the three populations have different character-
istics and different relationships between the study and auxiliary variables. It indicates that
the choice of transformation can influence estimator performance in practical applications.
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Figure 1. Simulation results for the three population models, comparing existing estimators (V,-V)
with the proposed estimators (A;-A;,).

Overall, the results in Tables 3-6, together with Figures 1 and 2, support the theoretical
findings developed in Section 5. The proposed family provides several transformation-based
alternatives that can reduce estimation error when informative auxiliary information is
available. The numerical results also indicate that the choice of a particular subclass should
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be based on the characteristics of the population and the auxiliary variable rather than on
the assumption that one transformation will perform identically in every setting.
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Figure 2. Comparative results for the three real-data populations, illustrating the performance of the
existing estimators (V;-V) and the proposed estimators (A;-A;,).
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7. Conclusions

This study proposed a family of estimators for estimating the finite population mean
under stratified systematic sampling. The proposed estimators use different power transfor-
mations of the auxiliary variable together with auxiliary characteristics such as the standard
deviation, range, relative range, coefficient of variation, skewness, and kurtosis. The theo-
retical expressions for bias and MSE were derived using first-order approximations, and the
optimal constants were obtained through MSE minimization.

The simulation study considered three population models representing linear, non-
linear, and periodic relationships. The results showed a clear reduction in RMSE as the
sample size increased. The proposed estimators also produced PRE values greater than
100 across the reported simulation settings, showing lower RMSE than the conventional
stratified systematic estimator. These findings provide numerical support for the theoretical
comparisons developed in the study. The analysis of the three real populations produced
similar overall findings, although the individual subclasses behaved differently from one
population to another. The proposed estimators generally provided lower RMSE values
than the conventional estimator, while the subclass with the smallest RMSE changed across
the populations. This result indicates that the proposed family provides several trans-
formation choices that can be considered according to the characteristics of the available
auxiliary information.

There are some limitations to the present study. The theoretical results are based on
first-order approximations, and the numerical analysis uses a limited number of simulated
and real populations. In addition, the theoretical MSE calculations rely on population
quantities that may not always be known in practical surveys. Therefore, the results should
be interpreted within the settings considered in this study.

Future Research Directions

Further research may examine the performance of the proposed estimators when their
optimal constants are obtained from sample-based estimates rather than known population
quantities. Particular attention could be given to the effects of stratum-specific sample sizes,
variation in population characteristics, and the accuracy of estimated auxiliary measures
on bias, mean squared error, and numerical stability. Such an investigation would help
identify the conditions under which the resulting estimators perform reliably in practical
survey applications.

The proposed framework may also be extended to settings involving multiple auxiliary
variables, unequal allocation among strata, non-response, missing observations, and mea-
surement errors. Further studies could investigate its behaviour under alternative systematic
sampling designs and population structures with pronounced periodic or nonlinear pat-
terns. In addition, data-driven methods could be explored to construct auxiliary information
for populations in which the relationship between the study variable and auxiliary variables
is more complex. These extensions would help establish the scope and practical usefulness
of the proposed estimation approach across a wider range of survey settings.

Overall, the findings indicate that the proposed estimator family provides a useful
alternative for finite population mean estimation under stratified systematic sampling,
particularly when relevant auxiliary information is available.
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